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Abstract In this paper, a (2 + 1)-dimensional gen-
eralized shallow water wave equation is investigated
through bilinear Hirota method. Interestingly, the brea-
ther-type and lump-type soliton solutions are obtained.
Furthermore, dynamic properties of the soliton waves
are revealed by means of the asymptotic analysis. Based
on Hirota bilinear method and Riemann theta func-
tion, we succeed in constructing quasi-periodic wave
solutions with a generalized form. We also display
the asymptotic properties of these quasi-periodic wave
solutions and point out the relation between the quasi-
periodic wave solutions and the soliton solutions.
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1 Introduction

A lot of phenomena in physics and engineering can
be described by nonlinear partial differential equa-
tions. When we try to study the physical mechanism of
phenomena in nature which is described by nonlinear
partial differential equations, exact solutions often are
investigated. Many mathematicians and physicists are
interested in looking for solitary wave solutions to these
equations. In physics and other fields, these solutions
may well describe miscellaneous phenomena, such as
solitons and propagation with a finite speed. Thus, they
may give a good insight into the physical aspects of
the problems. The shallow water equations have been
widely applied in hydraulic engineering, ocean and
atmospheric modeling. A generalized shallow water
wave (GSWW) equation is given by

X
U — Uxxt — QUU; — ,BMX/ udx +u, = 0. (1)

This equation can be derived from the classical shallow
water theory in the so-called Boussinesq approximation
[1]. The Hirota bilinear form [2] and a series of exact
solutions for Eq. (1) were investigated in [3-9].

The study of soliton for nonlinear equations is of
great interest not only in (1 + 1)-dimensional sys-

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11071-015-2161-7&domain=pdf

334

Y. Chen et al.

tems, but also in higher-dimensional systems. Other
exact solutions also have been investigated by many
researchers, and some of powerful methods have been
presented, such as the extended Jacobi elliptic function
expansion method [10-13], inverse scattering transfor-
mation method [14, 15], multiple exp-function method
[16,17], extended F-expansion method [18], the Hirota
method [19-25], %—expansion method [26,27], the
Weierstrass elliptic function method [28-30] and so
on. Nakamura [31,32] proposed a convenient way to
construct a kind of quasi-periodic solutions of nonlin-
ear equations in his two serial papers. Recently, Fan
and his collaborators [33] have extended this method
to investigate the discrete Toda lattice. This approach
possesses powerful features that make it practical for
the determination of quasi-periodic solutions [34-38].

Many authors had studied the (2 + 1)-dimensional
generalized shallow water wave equation
Vr + Vxx — 3(vr)y =0, Ux =Ty, ()
which can be reduced to the famous KdV equation
if y = x. In [39], an inverse scattering scheme was
developed to solve the Cauchy problem for Eq. (2). A
set of solitary-like solutions for Eq. (2) were acquired
by means of a symbolic-computation-based method
[40,41]. In [42], the generalized dromion solutions for
Eq. (2) were obtained. In [43], the author pointed out
that the symmetries of integrable model for Eq. (2)
can be obtained from the conformal invariance of its
Schwartz form. Lou et al. [44-46] exposed that Eq. (2)
is an asymmetric part of the NNV equation and revealed
its abundant dromion structures. A series of soliton-
like solutions and double-like periodic solutions for
Eq. (2) were constructed by the generalized algebraic
method in [47]. A series of exact solutions for Eq. (2)
were obtained by using a linear variable separation
approach and a projective equation in [48]. In [49,50],
the authors acquired multi-periodic (quasi-periodic)
wave solutions for Eq. (2) by employing Hirota bilinear
method and Riemann theta function. In [51], based on
the binary Bell polynomials and the bilinear form for
Eq. (2), some exact solutions were presented with an
arbitrary function in y. In [52], the multi-soliton solu-
tions for Eq. (2) were obtained by means of the multiple
exp-function method.

In this work, we investigate the soliton solutions and
quasi-periodic wave solutions with an arbitrary func-
tion in y for Eq. (2), which have not been reported
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before. Furthermore, their dynamic properties, inter-
action mechanisms and limit behavior are analyzed.
This paper is organized as the following. In Sect. 2, we
present one-soliton solutions via the simplified bilin-
ear method and acquire the rational function solution
in virtue of the limit method. By means of the asymp-
totic analysis and graphical simulations, we reveal
the dynamic properties of the solitons and investigate
the breather-type and lump-type solitons. In Sect. 3,
besides the multiple-soliton solutions are acquired by
means of the simplified bilinear method, we also inves-
tigate their dynamic properties and interaction mecha-
nisms. Furthermore, the breather-type and lump-type
multiple solitons are analyzed. In Sect. 4, we con-
struct Riemann theta function one-periodic wave solu-
tions with a generalized form and establish the rela-
tion between the one-periodic solutions and one-soliton
solutions. In Sect. 5, we investigate the two-periodic
wave solutions similar to one-periodic wave solutions.
A short conclusion is given in Sect. 6.

2 One-soliton solution

To obtain the soliton solution directly, we use the sim-
plified version of Hirota bilinear method [23] to study
Eq. (2). Letting

v=uy r=us 3)

then Eq. (2) becomes
Uyt + Uxyxy — Syxtty — 3uyuycy =0. (@)

Based on the special structure of Eq. (4), we look for
the solutions of Eq. (4) with the form

ulx,y, 1) =), &E=kx+qp(y)—yt+p,
where k, ¢, y and p are arbitrary constants and ¢ (y)
is an arbitrary function of y. Since ¢(£) contains an
arbitrary function ¢ (y), it is different from the previous
form. Substituting

ulx,y,t)=e”, o =kix+q¢(y) — it + p1,

(6)
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into the linear terms of Eq. (4), and solving the equation
for y;, we get y1 = k%. Consequently, the dispersion
variable w; becomes

w) =kix +q19 () — kit + pi. 7

Now, we use the transformation

,y, 1t

u(_xyy’ l*) — RM’ (8)
Sy, 0)

to determine R, where

f,y, 1) =1+e"" ©)

Substituting (8) into (4), it follows that R = —2. There-
fore, a solution for Eq. (4) is given by

w1

u(x, y, 1) = —ki — ky tanh( . ) (10)

From (3) and (10), we obtain one-soliton solution for
Eq. (2) in the form

k

v(x, y, 1) = —‘T‘“</>’(y)sech2 (%) , (1)
2

ry. ) = —%sechZ (%) . (12)

The dynamic properties for the solitary waves are
revealed by mean of the asymptotic analysis and graph-

ical simulations as follows. From (11), we see that the
characteristic plane of the wave is defined by (7).

Thus, the following two interesting solitons are
acquired by selecting the special ¢ ().

Case 1 Breather-type soliton
Through choosing ¢ (y) as periodic function,
the breather-type soliton is shown in Fig. 1,
where ¢ (y) = sn(y, 0.3) inFig. laand ¢ (y) =
cn(y, 0.9) in Fig. 1b.

Case 2 Lump-type soliton
Through choosing some appropriate function
¢ (y), the lump-type soliton is shown in Fig. 2,
where (a) ¢ (y) = % inFig.2and ¢ (y) =

sn(y,0.6) . .
5y 2isin(n(y2+0.001)] 11t Fig- 2b.

Similarly, applying the Hirota bilinear method to
Eq. (2), we get its single singular-soliton solution

k
v(x, y, 1) = qulqﬁ’(y)cschz (%) (13)

k% 5 (O1
r(x.y.1) = Zosch (7) (14)

Let g1 = k1, p1 = 0 and k1 — 0, and we obtain the
rational function solution for Eq. (2) in the form

2¢'(y)
) 7t = 5> 15
R P TIE ()
2
V) = —mm 16
T = L0 (1o
(b)

0.6

0.4

0.2

v 0

-0.2

-0.4

06

Fig. 1 Steady propagation of v(x, y,t) given by (11) at t+ = 0, where k& = 2,91 = 1, p; = 0 and a ¢(y) = sn(y,03); b

¢(y) =cn(y, 0.9)
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Fig. 2 Steady propagation of v(x, y, ) given by (11) atz = 0, where k; = 2,91 = 1, p1 = 0 and a ¢(y) =

sn(y,0.6)
1+y2[sin(In(y240.001))]

3 Multiple-soliton solution

To get two-soliton solutions, let

u(-xv y:t):_z[lnf(xiyst)]X9 (17)

where w is given in (7) and
@ = kox + @2 () — k31 + p2, (18)
fl,y, 1) =1+e” +e” +ape” 2. (19)

Substituting (17) into (4), the phase shifta, is obtained
as

_ (k1 — k2)(q1 — q2)
(ki +k2)(q1 + q2)

(20)

These imply that Eq. (2) has two-soliton solution

v(x, y,1) = Xy, 21
r(x,y,1) = Xx, (22)
where

—2 [k1e®" + koe®? 4 app(ky + kz)ew1+w2]
1 4 e®l +e?2 + appe@1te2

~
|

(23)
Now, we consider the asymptotic property of v4(x, y,

t). First, assume that ajp > 0, k; > ko > 0. From (7)
and (18), we get the relation between w; and w as
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sn(y,0.6) .
2009 b $(y) =

ko
wr =k (k1 k2) r+ s + (42 - —111) ¢(y)

k
¥ (Pz - —2p1) : (24)
ki

If let w; = constant, then we get

k
1q1¢( )sechz( ), t —> 400
2
v — q1
1 2 _
e see® (). 1> —ov,
(25)
where
m| = w1 + In(apn). (26)

Similarly, if we let w, = constant, then

k
2612¢ (y )sech? (—) t — 400,
v — r q 2
2492 my
27
where
my = wy + In(ayy). (28)

In order to understand above asymptotic property
intuitively, we give four examples in Fig. 3. Also, we
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(a)

(b)

Fig. 3 Surface of the two-soliton via (21) on the y — ¢ plane, where k| = 1,k = 2, p; = pp = 0,x = 0,¢(y) = y and a
Gi=lLgp=2bga=-l=2%cqa=1Lp=-2dg=-1,qp=-2

draw the following conclusions: (1) If g1, g2 > 0, then
the two-soliton consists of two dark solitons, as shown
in Fig. 3a. 2) If g1 < 0,92 > 0org; > 0,¢q2 < O,
then the two-soliton consists of a bright soliton and a
dark soliton, as shown in Fig. 3b, c. 3) If ¢1, g2 < 0,
then the two-soliton consists of two bright solitons, as
shown in Fig. 3d. From above figures, phase shifts are
evidently shown.

Next, we show that the breather-type two-soliton is
composed of two breather-type solitons in Fig. 4. Also,
the lump-type two-soliton composed by two lump-type
solitons is given in Fig. 5.

Similarly, in order to obtain the three-soliton solu-
tion, we substitute

v, y. 1) = =2[In f(x,y. Dl .
r(x,y, 1) = =2[In f(x,y, )]y (29)
[y, ) =1+e" +e” +e”
+ape” T + a2t
+ap3e” T 4 biyze” T3, (30)
(ki —kj)(qi —q;)

ajj = , 3D
Y (ki + k) (g +q))

into (2), we get

b123 = appaizazs. (32)

To determine the three-soliton solution explicitly, we
substitute the last result for f(x, y, f) in the formula
(29).
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Fig. 4 Steady propagation of the two-soliton via (21) at + = 0, where k; = 2,k = 3,91 = 1,q2 = 2,¢(y) = sn(y,0.3) and a

pr=p2=0bp =6,pp=0

(a) .
N AN
-
N
X y

Fig. 5 Steady propagation of the two-soliton via (21) at t = 0, where k; = 2,ky = 3,q1 = l,q2 = 2,¢(y) =

p1=p2=0;bp=3,p2=0

Similar to the two-soliton, the breather-type three-
soliton is composed of three breather-type solitons. The
lump-type three-soliton is composed of three lump-
type solitons. These phenomena are revealed in Figs. 6
and 7.

4 One-periodic waves and asymptotic properties

In order to obtain our results, we introduce the Riemann
theta function

0(5 ‘L') — Z e—n<rn,n>+2ni<§,n>

nezZN

(33)
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_S—W
10
86420 0 5

-2 -4 -6-10 -5

X y
sn(y,0.6)
T and a
here the integer value vector n = (ny,...,n ~)T, and

complex phase variables £ = (£1, ..., Ey)T € CV.For

two vectors f = (f1,..., fy)and g = (g1,..., &n),
their inner product is defined by
(f.8)=fig1+ fag2 +---+ fngn- (34)

T = (7;;) is a positive definite and real-valued symmet-
ric N x N matrix, which is called the period matrix of
the theta function. The entries 7;; of the period matrix
can be considered as free parameters of the theta func-
tion.
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Fig. 6 Steady propagation of the three-soliton via (29) at t = 0, where k; = 2,k = 3,k3 = 5,91 = 1,0 = 2,93 = 3,¢(y) =
sn(y,0.3) en(y,0.6)anda py = pr = p3=0;b p; =6, prp =3, p3 = —6

i AN

Fig.7 Steady propagation of the three-soliton via (29)att = 0, wherek; = 2,k» =3,k3 =5,q1 = 1, g = 2, g3 = 3, p(y) = 200

anda py =py=p3=0;bp1 =6,pr=6,p3=—6

For the sake of quasi-periodic waves, we look for
solution of Eq. (2) in the form

[v = po¢' () — 202, n 9 (), 5)

r=-292 In9 (),

where 11 is a free constantand §; = ajx + B¢ (y) +
Ojit+oj, j=1,2,...,N.

Substituting (35) into (2) and integrating with
respect to x, we obtain the following bilinear form

1+y?

G(Dx, Dy, D) (5)0(§)

= (DiDy + DID, = 3108 (VD +¢) 2§D (©)

=0, (36)
where ¢ = c(y, 1).

In the following, we consider one-periodic wave
solutions of Eq. (2). Firstly, we take N = 1, and

then Riemann theta function reduces to the following

Fourier series in n
+oo

19(55 T) = Z e—ﬂn2r+2ﬂin§’

n=—oo

(37)
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where the phase variable § = ax + B¢ (y) + 0t + o
and the parameter t > 0. The special case ¢(y) = y
has been considered in [50].

In order to make the theta function (37) satisfies the
bilinear Eq. (36), we substitute function (37) into the
left of Eq. (36), and it follows that

G(Dx, Dy, D)9 (§)9(§)
+o00 +o00
= > > G, Dy, D)
m=—00 n=—00
x e—ﬂm2r+2nim§e—nn2t+2nin§
+o0 +o00
= > > Gl2wi(n—m)a., 2mi(n —m)
m=—00 n=—00
x B¢’ (y), 2mi(n — m)6]

) : 2 .
N r+2mm§e wn t+2ming€

+00 +00
= > [ > Glri@n—m')a, 2wi(2n—m’)

m'=—oo0 Ln=—00

X /3¢/(y), 27Tl(2n — m’)@] Xe—j‘[[an,_(n_m/)Z]r]

x eZTim's (38)
+00 )
£ Z G(m)e>rims, m' =m+n.

m'=—00

In the following, we compute each series G (m’) for
m’ € Z. By shifting summation index by n = n’ + 1,
we have the following fact

E(m/) _ E(m/ _ 2)6—271(m/—1)r
{E(O)e_”’"/z

z .
2, m’ is even,

(39)

G(e ™™*=D5 1/ is odd,

which implies that G (m’), m" € Z are completely dom-
inated by two function G(0) and G(1). If G(0) =
G(1) = 0, then it follows that G(m') = 0,m’ € Z,
and thus the theta function (37) is an exact solution to
Eq. (36), namely G(Dy, Dy, D;)¥(§)9(§) = 0. And
we have

+00
G0) = > [—16w*nBO¢ (y)+2567 *n Ba’ ¢’ ()

n=—oo

+ 480 022 (y) + cle 2T = 0,
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o “+o00
G()= > [—47°2n—1)*p0¢'(y)
+167%(2n — D*pa’e’(y)
+ 12072 (2n — l)zazqﬁ/(y) + c]
X efn(2n272n+l)r — 0 (40)

By introducing the notations as

+00
an= Y (~16x2n2p)p'(np*",

n=—00
—+00 5
2
ap = Z (2
n=-—00

+00
an =Y [—4n?@n— 1219 (Np 2,

2_
a» = 6/E)Zn 2n+1’

+00
— Z (2567{4n4,30t3 + 48pom’n’a?)

n=—oo

x ¢ (NP,

by

+o00
by=— > [16x*@2n — 1)*Ba’

n=—o0
+ 12007220 — 1)22]¢/ (y)p ~2H,
p=eT, (41)

we simply change Egs. (40) into a linear system about
the frequency 6 and ¢, namely

(i) (0) - (o) “
ax axn ) \ ¢ by
Then, we get a one-periodic wave solution of Eq. (2)

r=—29% o),
(43)

v =po¢(y) — 207, In ¥ (&),

which provided the vector (9, ¢)T solves Eq. (42) with
the theta function 9 (&) given by Eq. (37) and para-
meters 0, ¢ by (42). The other parameters «, 3, T, o
and p are free. Figs. 8, 9 and 10 show one-periodic
waves for some choice of the parameters and special
d(y).

Interestingly, we further consider asymptotic prop-
erties of the one-periodic wave solution, and the rela-
tion between the one-periodic solution (43) and the
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Fig. 8 An one-periodic
wave for the GSWW
equation, where
no=0=0,0=0.1,8=
0.2, 7 =0.2,and

¢(y) =sin(y). a
Perspective view of the
wave and b overhead view
of the wave

Fig. 9 An one-periodic
wave for the GSWW
equation with a interesting
phenomenon, where
no=0 =0, =0.1,
B=02,7=0.2 and
¢(y) =sin(y). a
Perspective view of the
wave and b overhead view
of the wave

Fig. 10 An one-periodic
wave for the GSWW
equation with a interesting
phenomenon, where
no=0=0,a0a=0.1,8=
0.2, 7 =0.2,and

d(y) = ﬁf a Perspective
view of the wave and b
overhead view of the wave

X

one-soliton solution (11, 12) can be established as fol-
lows. In order to obtain our conclusion clearly, we
rewrite the one-soliton solution as following form

b= 2m(i4e)],.  r=-2fn(i4e)

xx

(44)

where @ = kx + g (y) — k3t + p.

010 g 20246 20

y y

Firstly, we let 1o = 0 and write functions a;;, b;, i,
Jj =1, 2 as the series about gp. We write the coefficient
matrix and the right-side vector of system (42) into
power series of g as

aipa) _ (01 0 0
(421 022) N (0 O) + (—8712'3(1,/(),) 2) p (45)
— 204/
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b\ 0
_ 4. .3p4/
+( stoxafy (Y))pszo(pz)'

Substituting (45) and (46) into (42) and comparing the
same order of g, we obtain

o+ o(p) — 4n’a’, (47)
as o — 0, (48)

0 = 4rn?
c=o(p) — 0,

which implies that

27i0 — 87%ia® = —k3, ¢— 0, asp — 0. (49)

To show the one-periodic wave (43) degenerates to the
one-soliton solution (44) under the limit pp — 0, we
first expand the periodic function ¥ (£) in the form

ﬂ(é, T) — 1 + (e2ﬂis +e—2ﬂi§)p + (e4ﬂié
+e et 4 (50)

By using the following transformation

_ptrmrt

270’ T 2w
(5D

we have

D, 1) =1+ 4+ (5 +e¥)p? + (e +e%)pd
+oo > 1+efasp — 0, (52)

where
£ =2mit — 7. (53)

Combining (49) and (53) deduces that

§—>w, as o — 0, 54
£ 2T s oo (55)
2mi

So we can acquire
PE, 1) > 1+e”, as p— 0. (56)

From above, we conclude that the one-periodic solution
(43) just goes to the one-soliton solution (44) as the
amplitude g — 0.

@ Springer

G(my,mh) =

5 Two-periodic waves and asymptotic properties

In this section, we consider two-periodic wave solu-
tions of Eq. (2) and their asymptotic property. In order
to obtain two-periodic solution, we consider the case
of N = 2 and the Riemann theta function (37) takes
the form

19(‘5,1’)219(51,‘52,7) ze nrn n +27‘[l(§ n)

nez?

(57)

where n = (n1,n)T € 22, & = (51, &) € C2, &) =
ajx+Bjp(y)+0t+0oj, j =1, 2. Here, t is apositive
definite and real-valued symmetric 2 x 2 matrix, which
can be taken of the form

T11 T12 2
=( ), ‘[11>0, ‘L’22>0, ‘L’11‘L’22—‘[12>0.

T2 ™2
(58)

To make the theta function (57) satisfies the bilinear
Eq. (36), we substitute function (57) into the left of
Eq. (36) and obtain that

G(Dx, Dy, D)¥ (81, &2, 1)0 (81, 62, 7)
= > GlRri(n—m, a).2mi(n—m, )¢’ (y),

m,neZ?
X 2mi{n —m, 0)]

x e—n((rm,m}+(rn,n))+27ri(S,n—i—m)

= > 1D Glrien—n' a),

m'eZ? | nez?

x2mi(2n —m', BY¢' (), 2wi(2n — m’, 6)]

—n[(tn,n)+(t(n—m'),(n—m’))] 2711 (&,m')

X €

237 G my)eP™ &M =mtn. (59)
m'eZz?
In the following, we compute each series G (m/, m5)
form/, m, € Z%. By shifting summation index by n =
n'+ 8k, k = 1,2, we obtain that
> Glrin—m' ),

nez?
X 2mi (2n —m', B¢’ (y),
X 2mi(2n —m’, 6)]

% efn[(tn,nH»(r(nfm/),(nfm/))]
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2
=>G [27”‘ > @n = () = 2810)e;,
j=1

nez?

2
x 27i Z(Zn'j — (m’j —28;0))Bj¢’ (),

j=1

j=I

2
x 2mi Yy (@2n); — (m); — 25_,-,())9_,}

= 33 1 L0048 ) ]85+ (' =, =8 1) (] = 8y

X e

B E(mfl 72’ m/2)e271(1—m’1)r||—271m/2112’ k= 1,

) [c;(mq,mgz>e2n<1~n'z>rzz—2nmam, kea, €0
where §;; representing Kronecker’s delta. If
G(0,00=0, G(1,00=0, G(0,1) =0,

G(1,1) =0, (61)

then it follows that G(m’, m") = 0,m’,m” € Z, and
thus the theta function (57) is an exact solution to
Eq. (36), namely G(Dy, Dy, Dy)9 (61, 62)0 (61, 62) =
0. So we get

> GQri2n—o1,a),27i(2n — o1, B)P' (),
neZz?
X 2mwi(2n — 01, 0))
x e~ Tl{r(n—on).n—o1)+(Tn.n)] _ 0, (62)

> GQri2n— 02, @), 27i (2n — 02, B’ (¥),
neZz?
X 2mwi(2n — 02, 0))
x e~ Tl{T(n—02).n—02)+(Tn.m)] _ 0, (63)

> GQ@mi2n — 03, ), 2mi(2n — 03, B)¢' (¥),
neZz?
X 2mwi(2n — 03, 0))
x e Tlr(r=e3).n—e3)+H{tn.m] _ (64)

> GQmi2n — o4, @), 27i (2n — 04. B)P' (7).
nez?
X 2mwi(2n — 04, 0))
x e Tlr(r=e4).n—ea)+H{tn.ml _ (. (65)

where 0; = (0j,0D". o1 = 0,07, 0 =
(LT, 03=0, D", ca =1, DT, j=1,2 3, 4,
By introducing the notations as

H = (hjr)axa, b= (b1, b, b3, bs)",

hjy=—4m% > (2n -8/ p)@2ni —8))

(n1,n2)€Z?

x @' (y)rj(n),

hjp=—47% > (2n—8/ B)(2n) - 8))

(n1,n2)eZ?
x @' (M)A (n),
hjy=127" D (2n -8/ )’
(n1,n2)ezZ?
x @' () (n),
hjg= > X,
(n1,n2)€Z?
bj=—16x* > (2n—5 a)@2n -3 B)
(n1,m2)€Z?
x @' (y)aj(n),
hj(n) = 5{)?%+(nl —5{)260;%4'("2—5%)2@;!1"24-("1—5{)(112—8%)’
pr=e7,  g=cT™,  py=e T
where j =1,2,3, 4. (66)

Egs. (62—-65) can be written as a linear system
H (61,62, po.c)' = b. (67)

Then, we get a two-periodic wave solution of Eq. (2)

[v = 1o¢' () — 202, In 9 (€1, £2), )

r =202, In0 (&, &),

where (€1, &, t) and parameters 61, 61, o, c are
given by Eqgs. (5§7) and (67), respectively. The other
parameters o1, o2, f1, B2, 01, 02, T11, T12 and 1oy are
free. Figs. 11, 12, 13 and 14 show the two-periodic
waves for different choice of the parameters and spe-
cial ¢ (y).

Finally, we further consider asymptotic properties of
the two-periodic wave solution. In a similar way to one-
periodic solution, we rewrite the two-soliton solution
as the following form

v==2[In(1+e” +e*2 + e‘“1+w2+A12)]xy ,
r=—2[In (1 +e2 + e 4 e@1tertan)]

xx

(69)

where Aj2 = In(ajz) and wy, w, ayp are given in (7,
18) and (20).

Furthermore, we establish the relation between two-
periodic solution (68) and the two-soliton solution (69)
as follows.
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Fig. 11 A degenerate
two-periodic wave for the
GSWW equation, where
o= % and
Ho=0=0a =

0.3, = 0.03, 8 =
2,=02,111 =2, 110 =
0.2, t2=2,6(y) = y.
This figure shows that the
degenerate two-periodic
wave is almost one
dimensional. a Perspective
view of the wave and b
overhead view of the wave

Fig. 12 An asymmetric
two-periodic wave for the
GSWW equation, where
mo=0=0,a; =

0.3, a2 =0.2,

,31 = 0.2, ﬂz = —0.3, 711 =
2,712 =0.2, 790 =2 and
¢(y) = y. This figure shows
that every asymmetric
two-periodic wave is
spatially periodic in two
directions, but it need not be
periodic in either the x- or
y-direction. a Perspective
view of the wave and b
overhead view of the wave

Fig. 13 An symmetric
two-periodic wave for the
GSWW equation, where
wo=0=0,01 =
0.13,0p = 0.13, 81 =
0.13, /32 = —0.13, 711 =
2,712 =0.2, 790 =2 and
¢(y) = y. This figure shows
that the symmetric
two-periodic wave is
periodic both in x- or
y-direction. a Perspective
view of the wave and b
overhead view of the wave

Firstly, we expand the periodic function 9 (£1, &) in
the following form

D(E &, 1) = 1+ (2706 4 e 2mis) e
+ (62771'52 + e—27ri§‘2) e—rrrzz (70)
n (ezm@lm) + e—zni@w&))

« e~ T +2t+)

@ Springer

By using the following transformation

k: q;
= 07 | = _jy | = _jv
1o % 2mi bi 2mwi
pj+mTjj Ala .
oj = ———=, T|p = —, =1,2, 71
J 2mi 12 2mi J D
we get

V(ELELT) =14 egl 4 egz + e§1+§2—2ﬂf12 + 89123_31
+ 50226_62 + 601269%6—51 =& 2112
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Fig. 14 An symmetric
two-periodic wave for the
GSWW equation with a
interesting phenomenon,
where g =0 =0,

a1 =013, 0 =0.13, B =
0.13, o = —0.13,

711 =2,712 =02, =2
and ¢ (y) = H—% a
Perspective view of the

wave and b overhead view
of the wave

4o > 14+ egl + egz + e§|+§z+a12,
as 1, g2 —> 0, (72)

%‘j = ZJTiEj—JTTjj =ij +£]j¢()’) + 9jl + pj, (73)
) =2mib;, j=1,2. (74)
From above, we can expand each function in a i, by,
k = 1,2,3,4 into a series with g1, g,. Actually, we
only need to make the first-order expansions of matrix
M and vector b with g1, g, to show the asymptotic
relations. Here, we consider their second-order expan-
sions to see relations among parameters for the two-
periodic solution and the two-soliton solution (69). The
expansions for the matrix M and the vector b are given
by

0001 0 0 0 0
- |0000 —872B14/(y) 0 24na{¢' (v) 2
=loooo 0 0 0 o |®
0000 0 0 0 0
0 0 0 0
Lo 0 0 0
0 872420/ (y) 24229/ (y) 2 | 2
0 0 0 0
—3272B1¢' (y) 0 967%a3¢/ (y) 2
. 0 0 0 0] »
0 0 0 0| ¥
0 0 0 0
0 —3272 29 (y) 967203’ (y) 2
n 0 0 0 0 2
0 0 0 0|%2
0 0 0 0
0 0 0 0
. 0 0 0 0
0 0 0 0
—8T2(B1—DP () A () 24n (@1 —m)* () 2
X Q1602 + 0(1@5@%)» (75)

where A} = 872(B1—B2)—8m 2 (B1+Po)As, i+j > 2.

® S

¥
0 0
=324} B1/ () 0
b= ! + :
0 T sertadp o [P
0 0
—5127%0 B19' () O
0 —5127%«
n 6,leJr 2620°(y) 503
0 0
0 0
0
0 o
+ 0 P12 + 0(9}93), (76)
220 ()

where Ay = —327% (a1 +00)3 (B1+B2) A3 —327% (1 —
)3 (B1 — B2), i+ j > 2. We also assume the solution
of system (67) in the following form

01 91(0) 91(1) 91(2)
0> 0 IS e
= 2 + 2 + |72
o 0 o [T o [
c R e c®@
(11) (22) (12)
91(1 iy} 01(22) 91(12)
0 0 0
l BCR il BRI FC-ol e
<D (22 12

<o to@el), i+j=2 (17

Substituting (75-77) into (67) and comparing the same
order of g, we obtain

O — ) @ 2 g
p16y” = an’aipy. P06y = 4n’a3pa.
g6, =0, pr03" =0,
D — 3272810 = —5127%a3 1,
¢® —32724,0)” = —5127%a3 .
(78)
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SO we can obtain

c=o(p1, 2) — 0,
0 = 471205{’ + o(p1, 2) — 4712(1%,
6, = 4712053 + o(g1, $2) — 471205%,
(79)

From above, we conclude that the two-periodic solu-
tion (68) tends to the two-soliton solution (69) as

o1, 2 —> 0.

as p1, g2 — 0.

6 Conclusion

In this work, we conduct an analysis on a (2 + 1)-
dimensional shallow water wave equation. In the light
of the construction of the Eq. (4), the new spe-
cial multiple-soliton solutions and the singular-soliton
solutions are acquired by means of the Hirota method.
Also, the rational function solution is obtained through
the limit method. By means of the graphic analysis
and asymptotic analysis, dynamic properties and inter-
action mechanisms for the solitons are revealed. Fur-
thermore, the breather-type and lump-type solitons are
obtained for the certain ¢ (y). The higher level soli-
ton solutions, for n > 4 can be obtained in a parallel
manner. And their dynamic properties and asymptotic
analysis can be discussed similarly.

Using the Hirota method and Riemann theta func-
tion, we construct quasi-periodic wave solutions with
a generalized form. Besides, the asymptotic analysis
of the quasi-periodic(multi-periodic) wave solution is
presented and the relation between the quasi-periodic
solutions and soliton solutions acquired in this paper
are rigorously established. Furthermore, all the solu-
tions we obtained above can be verified by Maple. Also,
the results perhaps can be extended to the case when
N > 2, but there are still certain numerical difficul-
ties in the calculation. We will consider it in our future
work.
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