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Abstract This study is concerned with the design
of a non-fragile controller for an offshore steel jacket
platform with nonlinear perturbations. The delay-
dependent sufficient conditions are derived in terms of
linear matrix inequalities based on suitable Lyapunov—
Krasovskii functional, the second-order reciprocally
convex approach and the lower bound lemma. The
results indicate asymptotic stability of the offshore
steel jacket platform utilizing the proposed non-fragile
controller. Besides that, robust stability conditions are
derived for an uncertain offshore platform subject to the
non-fragile controller. A numerical example is given to
illustrate the effectiveness of the proposed theoretical
results.
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1 Introduction

In our modern world, the oil and gas crisis has become
a bottleneck of economy. Therefore, certain offshore
structures, especially the oil and gas production plat-
forms, play an increasingly important role. The envi-
ronment surrounding the offshore platform is harsh
and complicated. They have to endure strong dynamic
forces caused by wind, sea wave, sea current, sea ice,
and even earthquake. Therefore, the structural safety
and durability of offshore platforms have raised great
concerns in the oil and gas industry. In order to increase
stiffness of the offshore platform, many researchers
have attempted to design different controllers, and cor-
responding results were published in the literature (see
e.g., [1-10]). As an example, a network-based model-
ing and active control scheme for offshore steel jacket
platforms with tuned mass damper (TMD) mechanisms
were investigated in [1]. In [4], a new multi-loop feed-
back control design was developed and applied to an
offshore steel jacket platform. A sliding mode H, con-
troller was designed to reduce the oscillation ampli-
tudes of the offshore platform in [6]. The problem
of stabilization control for offshore steel jacket plat-
forms with actuator time delays was investigated in
[7]. The authors in [8] studied nonlinear and robust
control schemes for offshore steel jacket platforms. A
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dynamic output feedback controller was proposed to
improve the control performance of offshore platform
with a TMD mechanism in [9]. Active vibration Hy,
control of offshore steel jacket platforms using delayed
feedback was investigated in [10]. More recently, pure
delayed non-fragile control was proposed to improve
the performance of the offshore steel jacket platform in
[11].

On the other hand, it is almost impossible to obtain
an exact mathematical model of dynamical systems
due to various factors including modeling errors, mea-
surement errors, linearization approximation. Indeed
it is reasonable and practical to assume that the sys-
tem to be controlled has certain amount of uncertainty
(seee. g., [12-23]). As an example, robust H, control
and non-fragile control problems for Takagi—Sugeno
fuzzy systems with linear fractional parametric uncer-
tainties were studied in [12]. An approach to design
static output feedback and non-fragile static output
feedback H, controllers for active vehicle suspensions
by using linear matrix inequalities (LMIs) and genetic
algorithms was presented in [16]. Besides that, robust
reliable dissipative filtering for networked control sys-
tems with sensor failure was discussed in [21]. Very
recently, the authors in [24] proposed a new type of
uncertainty named randomly occurring uncertainties
due to the fact that the uncertainties may be subject to
random changes in environmental circumstances, for
instance, repairs of components and sudden environ-
mental disturbances. Therefore, the uncertainties occur
in a probabilistic way with certain types and inten-
sity. In [25], a non-fragile procedure was introduced
to study the problem of synchronization of neural net-
works with time-varying delay. Robust synchronization
of chaotic systems with randomly occurring uncertain-
ties through stochastic sampled-data control was inves-
tigated in [26]. The problem of robust state estimator
design for a class of uncertain discrete-time genetic
regulatory networks with time-varying delays and ran-
domly occurring uncertainties was studied in [27]. In
[28], the problem of robust dissipativity analysis for
uncertain neural networks with time-varying delay was
examined. The design problem of state estimator for
genetic regularity networks with time-varying delays
and randomly occurring uncertainties was addressed
by a delay decomposition approach in [29]. In fact,
offshore platforms involve some uncertainties such as
unknown system parameters and structure flexibility. In
particular, minor variations in some system parameters
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can bring about undesired effects on the performance of
the system in deep water fields. So, designing a robust
controller for offshore platforms subject to parameter
perturbation is of prime significance.

A controller for which the closed-loop system is
destabilized by small perturbations in the controller
coefficients is referred to as a ’fragile’ controller.
In practice, many controllers are implemented digi-
tally. Therefore, controller implementation is subject
to round-off errors and finite word length in numeri-
cal computations. Moreover for any controller design,
it is necessary to conduct manual tuning to obtain the
desired performance of a control system. Therefore,
the controller design must be able to tolerate some per-
turbations in controller coefficients. Such a controller
design is nothing other than the non-fragile controller.

In the literature, the problem of non-fragile passive
control for uncertain singular time-delay systems with
time-invariant norm-bounded uncertainty was investi-
gated in [30]. Robust integral sliding mode control for
an offshore steel jacket platforms subject to nonlin-
ear wave-induced force and parameter perturbations
was discussed in [31]. The problem of non-fragile Hy
controller design for linear time-invariant systems with
multiplicative controller gain variations was discussed
in [32]. In [33], the authors proposed a robust and non-
fragile Hy, state feedback controller design method
for discrete systems with multiplicative uncertainty.
The problem of non-fragile synchronization control for
complex networks with time-varying coupling delay
and missing data was addressed in [34]. Exponen-
tial synchronization of fractional-order chaotic systems
with mixed uncertainties was discussed in [35]. More-
over, the problem of non-fragile synchronization con-
trol for complex networks with additive time-varying
delays was investigated in [36].

Motivated by the above account, we design a non-
fragile controller for an offshore steel jacket platform
subject to nonlinear perturbations in this paper. Some
sufficient conditions which ensure asymptotic stabil-
ity of the offshore platform are presented in terms of
LMIs. Furthermore, the robust asymptotic stabilization
is proposed for an uncertain system by employing the
second-order reciprocally convex approach. To the best
of authors’ knowledge, no results have been found in
the existing literature for asymptotic stabilization of
the offshore platform with randomly occurring uncer-
tainties under the non-fragile controller by using the
second- order reciprocally convex approach.
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Fig. 1 A steel jacket platform with TMD [8]

The rest of the paper is organized as follows: Prelim-
inaries and problem formulations are given in Sect. 2.
In Sect. 3, some sufficient conditions which guarantee
the asymptotic stabilization of the considered system
under the non-fragile controller are proposed. In addi-
tion, the stabilization of the system with random occur-
ring uncertainties is discussed. In Sect. 4, a numerical
example is presented to illustrate the effectiveness of
the results. Finally, conclusions are drawn in Sect. 5.

2 Notations

Throughout this paper, superscript T stands for matrix
transposition. R” denotes the n-dimensional Euclidean
space. R"*" denotes the set of all n x n real matrices.
P > 0 (P > 0) means that P is positive definite (pos-
itive semi-definite). /,, and O, stand for n x n identity
matrix and n X n zero matrix, respectively. The sym-
metric term in a symmetric matrix is denoted by *. Let
Prob {«} denote the occurrence probability of an event
«. The conditional probability of o and B is denoted
by Prob {«|B}. E{x} is the expectation of a stochas-
tic variable x, and diag{.} stands for a block-diagonal
matrix.

3 Preliminaries and problem formulation

Consider an offshore steel jacket platform model with
an TMD mechanism shown in Fig. 1, [8]. The dynamic
equation of the model can be expressed as

F1(1) = 2810121 — iz — d1KTld1z1(1)
+ o2+ P1Krzr(t) + ¢1Krir

—$1Crlg121(t) + ¢222()] — Pru(?)

+ f1(z1(®), z2(0), )+ f2(z1 (1), 22(2), 1), Z2(2)
(1) = =250 — w3z — 2Kl 21(0)

+ 2]+ G2 Krzr(t) + ¢2Krir

—2CrlP121(2) + P2, 22()] — Pou(t)

+ f3(z1(1), 22(0), 1) + fa(z1(1), 22(2), 1), (1)
Zr(t) = =28ror[27 () — $121(t) — P222(1)]

1
o = w3 lzr (1) + ¢rz1(t) + daz2(0)],

where z; and z; are the generalized coordinates of
vibration modes 1 and 2, respectively; zr is the horizon-
tal displacement of the TMD; &| and &; are the damping
ratios in the first two modes of vibration, respectively;
w1 and w, represent the natural frequencies of the first
two modes of vibration, respectively; ¢; and ¢, are the
first- and second-mode shape vectors, respectively; &7
is the damping ratio of the TMD. Damping, mass, and
stiffness of the TMD are denoted by Cr, mr and Kt
respectively; wr = /K7 /mr is the natural frequency
of the TMD; u is the control force; fi, f2, f3 and f4
are nonlinear self-excited force terms. By defining

x1(t) = z1(), x2(t) = 21(8), x3(¢) = z2(t)
x4(t) = 22(t), x5(t) = z7 (1), x6(t) = 27 () 2)

as state variables and vectors

x(1) = [x1(t) x2(8) x3(2) x4(2) x5(1) x6(2)],

| Al x3, ) + faler, x3, 0)
fl )= |:f3(x1,X3, 1) + falxr, x3, t)i| '

the state space model of system (1) can be written as

xX() =Ax(t)+ Bu(@)+ Df (x(t),1), x(0) = x0, (3)

where
0 1 0
—w} — Kr¢3 —2£101 — Cr¢?  —Krdi¢n
0 0 0
A=
—Kr¢142 ~Créi¢p  —} — K13
0 0 0
w71 28rwr 1 w72
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The non-fragile control law can be defined as

u(t) =[K + AK@)Ix( — t(2)), 4)
where 0 <171 <1t(t) < T, TI2 =Tp — T,
AK(t)=EF()H o)

with E and H are the known matrices of appropriate
dimension, F(¢) is the unknown time-varying matrix
satisfying FT(1)F(t) < I, t > 0and K is the gain
matrix to be determined. Then the controlled system
can be written in the form as

%) = Ax(t) + BIK + AK()]x(t — (1))
+ Df (x(2), 1), x(0) = xo. (6)

Before deriving our main results, the necessary assump-
tion, lemmas and definition are introduced.

Assumption 1 The nonlinear wave force f(x(¢), t) in
(3) is uniformly bounded and satisfies the following
constraint

Ifx@®), DIl < erllx@)]. (M

Lemma 1 [26] For any constant matrix X € R™",

X = XT > 0, two scalars ho > 0, hy > 0, such that
the integrations concerned are well defined, then

]’l2 _ h2 rt—hy ot
2 1 T
— / / x* (s)Xx(s)dsdo
2 t—hy J146

t—hy ot T t—hy ot
< - (/ / x(s)dsd@) X (/ / x(s)dsd@)
t—hy Ji46 Ji—hy J1+0

®)

t—h
— (h2 — hy) / xT(x)Xx(s)ds
Ji—ny

t—hy T t—h
- ds) X ds). 9
(L o) < (L, o)
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Lemma 2 [37] (lower bound lemma) Let fi, fa, ...,
fn : R™ — R have positive values in an open subset
D of R™. Then the reciprocally convex combination of
fi over D satisfies

1
min —fi(t)= ; (1 FHmax ii (1)
{a,-loz,->(),zl- a,-:l}zl_: o; ﬁ Zl:ﬁ gij(t)g;g”

subject to

. Tm fl(t) gij(t)i| ]
iR R, gii (), > .
[gf — R & (0) [gl-j(r) fiw | =0

Lemma 3 [38] For the symmetric matrices R > 0, 2

and matrix I, the following statements are equivalent:

1. 2 -T'TRI <0,

2. There exists an appropriate dimensional matrix T1
such that

+rf'oa+n’r o’
N R < 0.

Lemma 4 [39] For a positive definite matrix M and

any differentiable function w in [a, b] — R", the fol-
lowing inequality holds:

b
/ w! (w)yMw(u)du > b;wT(a,b)Mw(a, b),
a —da

where
B w(b)
w(a, b) = w(a) ,
Lo [ b (u)du
o [M-MO| L [MM-2M
M=|+ MO|+2| « M—2M
|+ x 0 * *x 4M

Definition 1 Let @1, @5, P3,..., Py : R™ — R be
a given finite number of functions that have positive
values in an open subset D of R”. Then, a second-
order reciprocally convex combination of these func-
tions over D is a function of the form

1 1 1
_2¢1+_2¢2+...+—2¢N2D—>Rn, (10)
Ol] Olz aN

where the real numbers «; satisfy oy > 0 and >,
o = 1.
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4 Main results

Now, we are in a position to derive the sufficient con-
ditions for which the considered system (6) can be
asymptotically stable, which can be realized through
the following theorem.

Theorem 1 Given scalars 0 < 11 < 13, system (0) is
asymptotically stable if there exist matrices P >0,
0; >0,i=123 T, W, i = 1,2, Ri >0,
S’i >0,i=1,2,...,6.and 1:[1, 1:12 with appropriate
dimensions such that the following conditions hold:

C, f7 Ml
* —T1 0 | <0, (11)
L * % —Tz
2Rs 0§ 0 2R¢ 0 83 0
* Rs 0 S * Re 0 84
x % 2Rs 0 >0, x % 2Rs 0 >0, (12)
L * * % R5 * Kk % R@
_R3 +‘[1221§5 B §5 . -0 Ié4 S(, -0 (13)
" Ry + 1t Rs "L x Ry ’
where
Q21 (OWy 205 ()W, @
D= x =2W 0 + 02, I,
* * —2W2 02n
T
O] rym
+ 00| 0 | +]| Ox
02n 02n
T
N I 40
H2+H2 02n
02n
~ 31%5 S] + 52 ~ 3R6 §3 + §4
T] = ~ B T2 = ~
* 3R;5 * 3Rg

and 2 = [Q2;jl1ax14, I, I, Ié5 and Ié6 are defined
as

2
~ ~ ~ ~ T ~
211 =01+ 02+ 03— (Rl + TRI)
~ T2 . -
—(Rz—i—TRz)-l- AG
+GAT + w4 Rs + pa?,
212 = BE, 213=P -G+ AG,

s = (Z -2, 2= -7
1,5 = 4 1 1] 1,6 = 4 2 2191

2 2 1

T° ~ T ~
218 = =Ry, Q19=—FRa, 2114=D, §$72=——,
2 2 €]

4 4
~ ~ ~ T ~ T ~ ~
253 = 1R + 3Ry + thHRy + %R5 + %RG —2G,
1
§237 = BK, 2314 =D, 244 = o’
- - 7-[2 - 7-[2 -
255 =—01— (R + TRI), 0258 = 7R1,
~ ~ 7{2 ~ nz ~
26,6 = —02 — (Ry + TRZ)’ §26,9 = 7R2,

277=—-(1-w0s+¢ 'H H+e,'HH,

25 25 5
§288 = —mw" Ry, 299 = —w Ry, 210,10 = — R4,
2
~ ~ ~ le ~
£210,11 = —S6, 211,11 = — R4, 212,12 =—R4 — 7R5,
2

~ ~ T ~
212,13 = =S5, 213,13 = —R4 — %Rs, 14,14 = —pl

o= | 9000004000 0p 0y On —Ly On Oy Op On]
a _On 04 04 04 0y 0y T12ly 0 04 0y —1 0y 0, Oy ’
Iy = —On 0y 04 0y T120y 0y 0p 0p 0 =1 0 0y Oy On:|
_On 0,0, 0, 0n 0,0,0,0, O =1 0,0, 0y ’
Dy = -On 0y 04 0, 0y (N 0n 04 0y I 0y 0, 0y On:|
_On 0y 0y 0, 0, —7121, 0, 0, 0y 0y 0y 0y Iy Oy ’
Dy = -On On On On On On —Ti2ln On On Iy On On On On
_On 0, 04 0y 0y 0y On 0r 0, 0, 0, 05 1, O |~

W= | B0 = | R O

* Rjs * Rg
Moreover, if the above condition is feasible, a desired
controller gain matrix is given by K = LG~

Proof Consider the Lyapunov—Krasovksii functional
as

7
V() =D Vi, (14)

i=1
where,

Vi(t) = xT (1) Px (1),

t t
Va(t) = / xT(s)Q1x(s)ds+ / xT(5) Qox(s)ds
t—t (1) t—11
t
+ / xT(s)Q3x(s)ds,
11—
0 zt
Va(t) = / / 2T ()R %(s)dsdo
—11 Jt+6

0 t
+/ / T (s)Ryx (s)dsdo,
—17 Jt+6

—T1 13
Va(t) = 112 / 2T (s)R3x(s)dsdo,
t+6

-T2
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—T t
Vs(t) = 112 / 1 / xT(s)Rax(s)dsdo,
- +6

-7 —T t
Ve(t) = 72 / 1 / l / 1T (s)Rsx(s)dsdrdo,
- +A

2 -1
1 / / 1T (s)Rex (s)dsdrds.
-1 —1 Jt+A

Define the infinitesimal operator, L as follows:

Vi) =

LV(t) = lzmhﬁo+ {{V(t +h)|t} = V(D)}.

Setting A = (t(?ﬂ‘), § = @=T@) it can be seen that
12 T12
LV (1) = LVi(t)+LVa(t)+ LV3(t)+ LVa(t)+LVs (1)
+ LVe(t) + LV7(2),

where

LVi(t) = 2xT (1) Px (1), (15)
LVa(t) < xT(1)(Q1 + Q2 + Q3)x (1)

—xT(t = 1) Qi1x(t — 71)

—xT(t = 1) Q2x(t — )

— (1= wx" @t — () Q3x(t — T(1)), (16)
LV3(r) = 12T () Ryx(r) + t25T (1) Raxk (1)

t
—n/ 2T (s)R 1% (s)ds
-1

t
—1’2/ 2T (s) Ry (s)ds,
t—1
(17)
_ 2T .
LVy(t) = 15T (1) Rax (1)
t—1(t)
—112 / T (s)R3x(s)ds
t

ey
-1
— 112 / %7 (s)R3x(s)ds,
t—1(t)
< il (O R3x (1)

1 r—t@® 1—1(t)
——/ xT(s)dng/ %(s)ds
t t

8 Ji—n -0
] 1—11 1—11

——/ )'CT(S)R3/ x(s)ds, (18)
A= 1—t()

LVs(t) = tix” (1) Rax(1)

t—1(t)
—‘L’12/ xT(s)R4x(s)ds
-1
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LVe(1)

LV7(1)

IA

| /\

-1
— rlz/ xT(s)Rax(s)ds,
t—t(t)

t2xT (1) Ryx (1)
1 -t t—1(t)
——/ xT(s)dsR4/ x(s)ds
t t

8 Ji—r, -7

1 -1 -1
——/ xT(s)dsR4/ x(s)ds, (19)
Adi—z@) 1—7(1)

‘L'2
%XT(I)Rs)é(t)

.’: —T 1—11
12 / / 1T (s)Rsx(s)dsdo,
— t+6

f T () Rsi (1)

—7(1)
/ / %7 (1)Rsx (t)dsd6
- +6

- %(rz ey [ AT ORs (s

t—1(t)

_ / / 27 (1) Rs (1)dsdo
—1(t) Jt+0

f T (1) Rsx (1)

T2 S t—11 t—1]
12 / )'cT(s)dsR5/ x(s)ds
2 2 ), 0] 1—1(1)

—T -1
/ %7 (s)dsdORs
—1(t)

-1 —T11
/ x(s)dsd6o
—r(t)

—1(1) t—1(t)
/ / T (s)dsdo Rs

—‘L'(t) )
/ / X(s)dsdo, (20)

f %7 (1) Rex (1)

i / / 7 (5) Rei (5)dsdo

jf T ()R (1)

.[2 —T11 t+6
-2 / / 1T (s)Rex (s)dsdo
2 Jory Ji—z o)

.[2 t—t(t)
- -m) / 7 (5) Rei (5)ds
-1
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(1) 46
/ / T (s)Rex (s)dsdo
1—1

< f T (1) Rex (1)

'L'122 A /tr(t)

2
-7

—1(t)

-1

—1(t)
/_ [.

Let us define

n(t)

t—1(t)
T (s)dsRg / x(s)ds
t

-0

/ T (s)dsdO R
—1(t) Jt—1(1)

—11 t+6
—r(t)/t (1)

/ 1T (s)dsdO R
t

x(s)dsdo

1)
X (s)dsd6. 201

= [X(l) X() x(r —11)

x(t — 1) )c(t—t(t))1 fz Tlx(s)ds— fz o, X(s)ds

1—T1

Y, t)x(s)dsftt T(t)x(s)dsf[' :(lt)x(s)dsftt T(t)x(s)
ds f(x(¢),1)]. By using Lemma 1, the 1ntegral term
of LV (t) can be bounded as:

ot
—n/ T (s)R1%(s)ds
-1

x(1) Trr
< — x(t —11)
% ftt_n x(s)ds L

2 [ Ri R 2R, i
+ — * Ry —2R;
4 * x 4Ry

t
- 1:2/ T (s)Rax(s)ds
—1

x(7) mr
< — x(t — 1)
7.'2 [[ sz(s)ds L

2 Ry Ry —2R» B
+— | * Ry —2R»
4 * *x 4R)

L % j;l712 x(s)ds

* * 0

x(1)
x(t — 11) :| s
L % ftt—rl x(s)ds

Ry —R; O
* R; O

(22)

Ry —R, 0
* R O
* * 0

(23)

x(t)
x(t — 1) :| .

From Lemma 1, if there exist matrices S5 and Sg such
that (13) holds, then we can obtain

1 -1
A /tr(t)

1—11
T (s)dsRs / %(s)ds
t

—1(t)

1 [t—t® t—1(t)
- 5/ )'cT(s)dsR3/ %(s)ds
t t

-1

-0

'L' > 8 1—T1] -1
12 / )'cT(s)dsR5/ x(s)ds
2 AJi—cw 1=t (t)

.[2 2 t—1(t) t—1(t)
- ﬁ—/ )'cT(s)dsR6/ x(s)ds
2 8 — 1—1

t . T 2
_ e ¥ (5)ds R3 + 2 Rs Ss
< - . 2
,t TZ(I) x(s)ds * R3 + %R5

i K ()ds
(@) X(s)ds

t—1

(24)

and

1 -1 -1
— —/ xT(s)dsR4/ x(s)ds
AJi—t@) t—1()

1 t—t® 1—=1(1)
— —/ xT(s)dsR4/ x(s)ds
8 1—1 1—1
1—1

T _
o _| S ¥$)ds [th 56i| e X ($)ds
N tt:rrz(t)x(s)ds * Ry IO x(s)ds |
If ©(¢) = 71 or T(t) = 12, we have

1—1
t—1] =1
/ x(s)ds = / x(s)ds =0or
t—1(t) t—1(t)

t—1(t) t—1(1)
/ x(s)ds = / x(s)ds =0,
—1 =10

respectively. So inequalities (24) and (25) still hold.

Similarly, we can derive the upper bounds of the
second-order reciprocally convex combinations in (20)
and (21) for the matrices S1, S2, S3 and Sy satisfying
(12) as

(25)

—T

/ 1T (s)dsdO Rs
—t(t) Jt+0

—T11 -1
/ / x(s)dsdo

r(t)

—1(1) t—1(t)
/ / %7 (s)dsddRs

—(t) pt—1(1)

/ / Xx(s)dsd6o

T
11—
[ T (s

IO [0 i (s)dsdo *  Rs

I Jie i (s)dsde

IO [0 i (s)dsdo

(26)
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and

—-11

- = / X (s)dsd9R6
—t(t) Jt—1(t)

—11 t+60
/ / x(s)dsdo
r(t) t—t(t)
—t(t) 40
/ / 1T (s)dsdd R
— -1
—(t)
/ / x(s)dsdo
1—1

-7 t+60 . T
f—r(lt) t—1(1) X(s)dsd¢ |:R6 S3 + S4:|
—1(t) (t46 ©(s)dsdd *  Rg

-T2 -1

-7 t+6 .
f—r(lt) =2 () x(s)dsdé

—TO 149 5 (5)dsdd

—12 t1—1

27)

When 7(t) = 1 or T(t) = 13, we have

—11 1—11
/ / x(s)dsdo
(t) Jt+0

—T1 1—11
/ x(s)dsdd =0 or
—t(t) Jt+0

—1(t) pt—1(t)
/ / x(s)dsdo
—1(1) +6
/ / x(s)dsdd =0
— 1—1

respectively. Therefore, the conditions (26) and (27)
still hold.

For any appropriately dimensioned symmetric matrix
G, the following equation holds:

2 [0+ 0] G-k + Axr)

+B(K + AK(@)x(t — (1)) + Df(x(t), )] =0,
(28)

Now, by using the fact that 2aTh < eaTa + ¢ 1bTh
for any real vectors a, b and a positive scalar €, as well
as positive scalars €1, €, and equation FT (1)F(t) < I,
we have:

2T (1) GBEF(t)Hx(t — (1))
<xT(t)(e,GBEET BT G)x(1)
+ 2Tt —t@)e, " HT Hx(t — (1)) (29)
2xT (1) GBEF(t)Hx(t — (1))
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< xT(t)(e2GBEET BT G)x(t)
+ xT(t —v()e; "HT Hx(t — (1)). (30)

From (15)—(30) and the Schur complement, we have

LV <n (t)[sz F%)[’“ Sllzsﬂn(r)
~r7 o [RG 53;;5“} Fz(t)} no),

where

F = [0000G@@ =m0 0 00-L 0000
"= 10000 0 0(@m-—t®)00 0 —,000]"

pz(,):[OOOOO 0 f(r(t)frl)OOInoooo]

00000 —(r2 —7(1)) 0 0000017,0]

Furthermore, the condition that

Rs §1+ 52
Rs ]Fl(l)

Re §3 + S4
Re

Q- FT(t)[

0 [ i|F2(t) <0 31)

is intrinsically linear in t(¢) from the Schur comple-
ment and lemma as

o) nl n?
* =T 0 <0,
* x —1p

where

Q2 (OW 201 W, rf
D()y=| » =2W; 0 +1 02 I
* * —2W, 02,

T T
i (@ i)
T T
+ 1 1 0211 + 0211 HZ + H2 0211 .
02n 02n 02

Pre- and post-multiplying matrix @ () by diag{G ™",
1,G7L1, G*1,G*1,G*1,G*1,G*1,G*1,G*1,1,
', ¢',¢",¢',¢',g ! Gg! G*‘} with

G=G"01=G6"0G", 0 =G"0G7",
03 = G'0sG7!, Ry = G- 'RIGT!, Ry =
G 'RG™', Ry = G 'R3G™!, Ry = G 'RsG™!,

Rs = G_1R5G_1, Iéﬁ = G_lRﬁG_l, S] =
1667 8 = GG, §3 = GTls;67L,
S4=G718,G7!, S5=G7185G7!, S¢ = G1S6G !,
ﬁll = G_IH“G_I, ﬁlz = G‘1H12G‘1. There-

Q
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fore, (31) can be treated non-conservatively by two cor-
responding boundary LMIs (11): one for t(¢) = 71 and
the other for 7(t) = 12, which imply LV (t) < 0. This
completes the proof.

If we consider some uncertainties in the system para-
meter of (6), it can be written as:

x(t) =[A+y@OAAD)]x() + B[K + y(1)AK(1)]
xx(t—1t(@)+ Df(x(t),t), x(0) = xp.
(32)

The real-valued matrices AA(¢) and AK (¢) represent
the parameter uncertainty that satisfies

[AAAK|=EF®)[Hi H], (33)

where, E, H; and H, are known constant matrices
and the time-varying nonlinear function F(¢) satisfies
FT(HF@) < 1.

To account for the phenomena of randomly occur-
ring uncertainties, we introduce a stochastic vari-
able y (#) which is a mutually independent Bernoulli-
distributed white sequence. A natural assumption of
y (t) is as follows:

Prob{y (1) = 1) = y, Prob{y (1) =0} = 1 — y
where y € [0, 1] is known constant.

Theorem 2 Given scalars 0 < 11 < 12, y, system
(6) is asymptotically stable if there exist matrices P>
0, 0; >0,i=1231T >0 W >0,i=
1,2, R >0, 8 >0,i=12,...,6and I1;, T,
with appropriate dimensions such that the following
conditions hold:

réy 1l n?
* =T; 0 <0, (34)
L * *x = v2
2Rs 0 S 0O 2Rg 0 S3 0
* Rs Q \Y) -0, * Rg Q S4 =0, (35)
*x *x 2R5 0 * * 2Rg O
* x * Rs * * * Rg
R3 + 1, Rs 552 5 0 Ry S | - 0. (36)
* R3 + 15 Rs * Ry

Q200W, 200 Ws

D= x —2W 0
* * —2W2
- - - -T
ol o
+| 0 | +TI] | 0o
L 025 i L 02n _
— - — -T
fol  [Ho
+| 0y |T+T111| 0, ,
L 02n a L 02n a

. 3Rs S|+ 8 | 3Re S5+ Sy
Tl fd v s T2 e v
* 3R;5 * 3Rg

and 2 = [2;jl16x16, 11, 12, Wl and Wz are defined
as

2
v v v . TS o
211 =01+ 02+ 03— (Rl + TRI)

- (Iéz + T[—zléz)
4
+AG + GAT + ] Rs + pa?
+yel_1H1TH1 + yez_lHlTHl,
Q12 =yBE, 213=yE, 21.4=P—G + AG,
217 = —(%2 vl—él) ,91,8=—(%2132—132),

2 2

T~ ~ T v
2110 = —R1, 2111 = —Ro, 21,16 =D,
2 2
1 1 bx s
$225 = et 93,3=—6—, 244=7T R +13R
1 2

v 'L'4 v
+1122R3 + %R5
4

T2 5 % _
+TR6 —2G, $245 =yBE,

1
246 =vE,$249=BK, £2416=D, 95,5=—g,
1 v . 72,
266=—,8277=—01—|Ri+—R;),
€4 4

7T2v v v 7T2v
97,1o=7R1, 288 =—07 — RH_TRZ ,

2
T v p4 _

2811 = 7R2, 209 =—(1—p)O3+ye; 'HIH,
+ye; 'HY Hy, 210,10 = —7*Ri,

5 s . .
211,11 = 7Ry, 212,12=—R4, 212,13 = — S,
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2
v v T v
12
£213,13 = —R4, 21414 = —R4 — BN Rs,

214,15 = — S5,

2
Q.15 = —Ra — 2Rs 21616 = —pl
15,15 = 4 ) 55 16,16 = —pP

ro— [0, 0,0,0,0,0,0,0, 0, 0,0, —1I,
b= _On 04 04 0, 0, 0, 0, 0y 7121, 0, 0, O,
0, 0,0, 0,
_In On On On ’
I = -On 0, 0, 0, 0, O, 7121, 0, 0, 0, 0, —1,
_On 0, 0, 0, 0,0, 0, 0,0,0,0, 0,
0, 0,0, 0,
_In On On On ’
D= |:0n 0,0,0,0,0,0, 0, 0,0,0,1,
On On On On On On On 1121, On On On On
0, 0, 0, 0, i
0, 0, I On_ ’
I = On On On On On On On On =120 On On I,
*~10,0,0,0,0,0,0,0, 0, 0,0,

* Rjs * Rg

Moreover, if the above condition is feasible, a desired
controller gain matrix is given by K = LG,

Proof Consider the Lyapunov—Krasovskii functional
defined by

7
V()= Vi,

i=1

where, V;(t), i = 1,2,...,7 are defined as in Theo-
rem 1. For any appropriately dimensioned symmetric
matrix G, the following equation holds:

E {2 [xT(t)+)'CT(t)] G [ () +(A+y () AAW))x (1)

+ B(K + y () AK (1)x(t—t(1))+Df (x(1), )]} =0,
(37

Now by using the fact that 2a”b < ea’a + ¢ 'bTb
for any real vectors a, b and a positive scalar €, as well

@ Springer

as positive scalars €1, €2, €3, €4 and FT(t)F(t) <1,
we have:

EQ2y ()x" (1)GEF (1) Hix(1)}

<E{y)x" (t)(e1GEE" G)x(1)
+yxT (e ' H] Hix (1)) (38)
E{2y (1)i" (1)GEF (t) Hyx (1)}
<E{y®)i" (1) (e2GEET G)i(1)

+yxT ey "HI Hix (1)) (39)
]E{Zy(t)xT(t)GBEF(t)Hzx(t —1(1))}

<E{y®)x" 1)(e3GBEET BT G)x (1)

+yOxT(r — t(0)e; ' HY Hox(t — (1))} (40)
]E{Zy(t))'cT(t)GBEF(t)Hzx(t —1(1))}

<E{y®)xT (1)(esGBEET BT G)x (1)

+yOxT (¢t —t0)ey 'HY Hox(t —T(1)}. (41

From (15)—(30) and by using the above equations sim-
ilarly as in the proof of Theorem 1, we can obtain

By el o (2 - o 5 ne
-l [’iﬁ 53,*{6&‘} Fz(r)] n(r)], (“2)

where

e = 000000 (t(t) —11) 0 0 00
=1000000 0 0(a—7() 00

-1, 0 000
0 —-7,000 |’

) = 0000000 0 —(t(t) —11) 00
2 =10000000 —(12 — () 0 00

I,0000
0007,0]|"

Furthermore, the condition that

2-rfo T3 2 ne
e [Iiﬁ 53;{6‘94] () <0 (43)
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is intrinsically linear in 7(¢) from the Schur comple-
ment and lemma as

o) N ni?
* —T1 0 <O,

* * —1
where
2N ()W 205 (1) W,
o) =| » —2W 0
* * —2W,

@ rro]"
+| 0 | +T] | 0
Ozn 02n

rf ) rfo]"
T
+ 02, I, + 115 02, .
(U 02p,

Pre- and post-multiplying matrix @ () by diag{G ™",
1.6\ 1,67 1,67V 67 G, 6L G, G
1,7V, ¢\, ¢ ¢, G™Y, Gy, wit
G=G"01=G"01G"", 02 = GG

0 = G'O:67', By = G 'RIG™!, R, =
G R:G™, R3 = G7IR3GY, Ry = G 'RsG,
Rs = G 'RsG™!, Re = G 'RG7L, § =

G567, § = GG, 8 = GG,
S = GIG, S5 = G856, S = G
SeG~!, T = G ' G, M = G MG
Therefore (43) can be treated non-conservatively by
two corresponding boundary LMIs (34): one for t(¢) =
71 and the other for 7(¢) = 12, which imply E{LV (¢)}
< 0. This completes the proof.

Remark 1 From the application point of view, it is of
great significance to investigate stability with uncer-
tainty for system (6). Randomly occurring uncertain-
ties have been introduced to deal with uncertain para-
meters that vary in a random manner. Therefore, in
this paper, we have studied asymptotic stabilization
of system (6) with randomly occurring uncertainties.
Random variable y (¢) that satisfies E{y (#)} = y and
E{(y (1) —y)?} = y(1 —y), is used to model the prob-
ability distribution of the randomly occurring uncer-
tainties, which was introduced in [29].

Remark 2 In [25], the problem of non-fragile synchro-
nization of neural networks with time-varying delay
and randomly occurring controller gain fluctuations
was addressed. The problem of robust sliding mode
control for discrete stochastic systems with mixed

time delays, randomly occurring uncertainties and ran-
domly occurring nonlinearities has been investigated
in [40]. Robust non-fragile decentralized controller
design for uncertain Large-scale interconnected sys-
tems with time delays was investigated in [41]. In [42],
the authors addressed fuzzy filtering with randomly
occurring parameter uncertainties with interval delays
and channel fadings.

In the literature, many control methods have been
developed for offshore structures such as sliding mode
control, optimal tracking control, active vibration Hy,
control, and multi-loop feedback control to improve
the performance of the structure. Sliding mode con-
trol with mixed current and delayed states for offshore
steel jacket platforms was considered in [43]. Optimal
tracking control problem with feedforward compensa-
tion for offshore steel jacket platforms with active mass
damper was studied in [44]. However, investigation on
stabilization of offshore platforms with uncertainties
through a non-fragile controller has yet to be found
in the literature. Motivated by the above discussion, a
robust non-fragile controller for asymptotic stability of
the offshore steel jacket platform, which is different
from other existing literature, has been developed in
this paper.

5 Numerical simulations

In this section, a numerical example is given to demon-
strate the effectiveness of the proposed control scheme.
We consider two cases. Case 1 discusses the result of
the conventional system, while case 2 deals with the
system with random occurring uncertainties.

We consider an offshore steel jacket platforms
with the following parameter values: the wave height
is 12.19 m, the wave length is 182.88 m, and the
depth of the water is 76.2 m. The TMD parame-
ters are mr = 469.4836kg, oy = 1.81801ps, &ér =
0.15, K7 = 1551.5and C7 = 256. The density of steel
is 7730.7kg/m?, the density of water is 1025.6 kg/m?,
the weight of the concrete deck is 6672300N and the
current velocity at the water surface is 0.122 m/s. The
natural frequencies of the first two modes of vibra-
tion are assumed to be §£2; = 1.818rps and wp =
10.8683 rps, respectively. The structural damping in
each mode is assumed to be 0.5%. The first- and
second-mode shape vectors are ¢; = —0.003445 and
¢ = 0.00344628 respectively. Based on the above
settings, we can obtain matrices A and B as follows:
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0 1 0 0 0 0
—3.3235 -0.0212  0.0184  0.0030 —5.3449 —0.8819

A= 0 0 0 1 0 0
0.0184 0.0030 —118.1385 —0.1118 5.3465 0.8822

0 0 0 0 0 1

L —0.0114 —0.0019 0.0114  0.0019 —3.3501 —0.5454

B = [0 0.003445 0 —0.00344628 0 0.00213]",

D =

r0100007"
(000100
Let the wave frequency to be 1.8 rps. The nonlinear
wave force can be computed as in [8].
Case 1: In this case, we design a non-fragile controller
for the given system. By solving the LMIs in Theo-
rem 1, with 1y = 0.3, o = 0.5, F(t) = 0.9sin(?),
E=[00.1500.1500.15] (44)
and H=diag{-0.1, —0.1, —0.1, —0.1, —0.1, —0.1},
the following controller gain is obtained

K=10* x [ — 0.1247 0.0345 3.8983 1.3768 — 0.4356

—0.7681].

When the designed control law is applied to the con-
sidered system, displacements of three floors of the sys-
tem and control responses of the system are shown in
Fig. 2.

Case 2: In this case, we consider randomly occurring
uncertainties which obey certain mutually uncorrelated
Bernoulli-distributed white noise sequences. The para-
meter uncertainties are defined (as follows) and the sto-
chastic variable is defined as y = 0.1. By solving the
LMIs in Theorem 2, with 11 = 0.3, 75 = 0.5,

Hy = H, =diag{-0.1, —0.1,
-0.1, —0.1, —0.1, —0.1}.

We can obtain the corresponding gain matrix as

K =10° x [ —0.9800 0.5673 1.4211 2.6547
~0.7213 - 0.1072].

When the designed control law is applied to the con-
sidered system, displacements of three floors of the sys-
tem and control responses of the system are shown in
Fig. 3. In Fig. 4, time evolutions of y (¢), which switch
between values O to 1, are in shown.

6 Conclusions

In this paper, we have designed a non-fragile con-
troller for an offshore steel jacket platform with ran-
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Fig. 2 State and control response of the nominal system
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Response of the first floor (m)
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Response of the third floor (m)
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Fig. 3
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Fig.4 Time evolutions of y (¢); y (¢) switch from values 0 and 1
according to their expectations

domly occurring uncertainties. The randomly occur-
ring uncertainties in the underlying offshore structure
have been assumed to obey certain mutually uncor-
related Bernoulli-distributed white noise sequences.
Based on suitable Lyapunov—Krasovskii functional and
the second- order reciprocally convex approach, the
sufficient conditions have been derived in terms of
LMIs, which guarantee the asymptotic stability of the
offshore steel jacket platforms. It has been shown that
the design of a proper non-fragile controller is directly
accomplished by means of the feasibility of LMIs.
Finally, a numerical example is given to ascertain the
validity of the proposed results.

References

1. Zhang, B.L., Han, Q.L.: Network based modeling and active
control for offshore steel jacket platform with TMD mech-
anisms. J. Sound Vib. 333, 6796-6814 (2014)

2. Zhang, B.L., Huang, Z.W., Han, Q.L.: Delayed non-fragile
Hy, control for offshore steel jacket platforms. J. Vib. Con-
trol (2013). doi:10.1177/1077546313488159

3. Zhang, B.L., Liu, Y.J., Ma, H., Tang, G.Y.: Discreet feed-
forward and feedback optimal tracking control for offshore
steel jacket platforms. Ocean Eng. 91, 371-378 (2014)

4. Terro, M.J., Mahmoud, M.S., Abdel-Rohman, M.: Multi-
loop feedback control of offshore steel jacket platforms.
Comput. Struct. 70, 185-202 (1999)

5. Raheem, E.A.: Nonlinear response of fixed jacket offshore
platform under structural and wave loads. Coupled Syst.
Mech. 2, 111-126 (2013)

6. Zhang,B.,Ma, L.,Han, Q.: Sliding mode H, control for off-
shore steel jacket platforms subject to nonlinear self-excited
wave force and external disturbances. Nonlinear Anal. Real
World Appl. 14, 163-178 (2013)

@ Springer


http://dx.doi.org/10.1177/1077546313488159

2056

K. Sivaranjani et al.

7.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Zhang, B., Hu, Y., Tang, G.: Stabilization control for off-
shore steel jacket platforms with actuator time-delays. Non-
linear Dyn. 70, 1593-1603 (2012)

. Zribi, M., Almutairi, N., Abdel-rohman, M., Terro, M.: Non-

linear and robust control schemes for offshore steel jacket
platforms. Nonlinear Dyn. 35, 61-80 (2004)

. Zhang, X.M., Han, Q.L., Han, D.S.: Effects on small time-

delays on dynamic output feedback control of offshore steel
jacket structures. J. Sound Vib. 330, 3883-3900 (2011)
Zhang, B., Tang, G.: Active vibration Hy, control of offshore
steel jacket platforms using delayed feedback. J. Sound Vib.
332, 5662-5677 (2013)

Zhang, B., Han, Q., Huang, Z.: Pure delayed non-fragile
control for offshore steel jacket platforms subject to non-
linear self-excited wave force. Nonlinear Dyn. 77, 491-502
(2014)

Zhang, B., Zhou, S., Li, T.: A new approach to robust and
non-fragile H, control for uncertain fuzzy systems. Inform.
Sci. 177, 5118-5133 (2007)

He, P, Jing, C.G., Fan, T., Chen, C.Z.: Robust decentralized
adaptive synchronization of general complex networks with
coupling delayed and uncertainties. Complexity 19, 10-26
(2014)

Zhao, Y. P, He, P, Nik, H. S., Ren, J.: Robust adaptive
synchronization of uncertain complex network with multiple
time-varying delays. Complexity doi:10.1002/cplx.21531
Duan, Q., Park, J. H., Wu, Z. G.: Exponential state estimator
design for discrete-time neural networks wirh discrete and
distributed time-varying delays. Complexity doi:10.1002/
cplx.21542

Du, H., Lam, J., Sze, K.Y.: Non-fragile output feedback Ho,
vehicle suspension control using genetic algorithm. Eng.
Appl. Artif. Intell. 16, 667-680 (2003)

Zhou, S., Zheng, W.X.: Robust H, control of delayed sin-
gular systems with linear fractional parameter uncertainties.
J. Franklin Inst. 346, 147-158 (2009)

Wau, J., Karimi, H.R., Shi, P.: Network-based H,, output
feedback control for uncertain stochastic systems. Inform.
Sci. 232, 397-410 (2013)

Balasubramaniam, P., Lakshmanan, S.: Delay-interval-
dependent robust-stability criteria for neutral stochastic
neural networks with polytopic and linear fractional uncer-
tainties. Int. J. Comput. Math. 88, 2001-2015 (2011)
Sakthivel, R., Santra, S., Mathiyalagan, K., Marshal
Anthoni, S.: Robust reliable sampled-data control for off-
shore steel jacket platforms with nonlinear perturbations.
Nonlinear Dyn. 78, 1109-1123 (2014)

Mathiyalagan, K., Park, J.H., Sakthivel, K.: Robust reliable
dissipative filtering for networked control systems with sen-
sor failure. IET Signal Process. 8, 809822 (2014)
Sakthivel, R., Santra, S., Mathiyalagan, K.: Admiisibility
analysis and control synthesis for discriptor systems with
random abrubt changes. Appl. Math. Comput. 219, 9717-
9730 (2013)

Sakthivel, R., Selvi, S., Mathiyalagan, K.: Fault tolerant
sampled-data control of flexible spacecraft with proba-
bilistic time-delays. Nonlinear Dyn. (2014). doi:10.1007/
s11071-014-1778-2

Hu, J., Wang, Z., Gao, H., Steriouslas, L.K.: Robust slid-
ing mode control for discrete stochastic systems with mixed
time-delays, randomly occurring uncertainties and non-

@ Springer

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

linearities. IEEE Trans. Industr. Electron. 59, 3008-3015
(2012)

Fang, M., Park, J.H.: Non-fragile synchronization of neural
networks with time-varying delay and randomly occurring
controller gain fluctuation. Appl. Math. Comput. 219, 8009—
8017 (2013)

Lee, T.H., Park, J.H., Lee, S.M., Kwon, O.M.: Robust syn-
chronization of chaotic systems with randomly occurring
uncertainties via stochastic sampled-data control. Int. J.
Control 86, 107-119 (2013)

Sakthivel, R., Mathiyalagan, K., Lakshmanan, S., Park, J.H.:
Robust state estimation for discrete-time genetic regulatory
networks with randomly occurring uncertainties. Nonlinear
Dyn. 74, 1297-1315 (2013)

Wu, Z., Park, J.H., Su, H., Chu, J.: Robust dissipativity
analysis of neural networks with time-varying delay and
randomly occurring uncertainties. Nonlinear Dyn. 69, 1323—
1332 (2012)

Lakshmanan, S., Park, J.H., Yung, H.Y., Balasubramaniam,
P., Lee, S.M.: Design of state estimator for genetic regularity
networks with time-varying delays and randomly occurring
uncertainties. Biosystems 111, 51-70 (2013)

Li, X., Xing, W.: Non-fragile passive control for uncertain
singular time-delay systems. Int. J. Inf. Syst. Sci. 1, 330-337
(2005)

Zhang, B., Han, Q., Zhang, X., Yu, X.: Integral sliding mode
control for offshore steel jacket platforms. J. Sound Vib. 331,
3271-3285 (2012)

Yang, G.H., Wang, J.L.: Non-fragile Hy, control for linear
systems with multiplicative controller gain variations. Auto-
matica 37, 727-737 (2001)

Kim, J.H., Oh, D.C.: Robust and non-fragile Hy, control for
descriptor systems with parameter uncertainties and time
delay. Int. J. Control Autom. Syst. 5, 8-14 (2007)

Wu, Z.G., Park, J.H., Su, H., Chu, J.: Non-fragile synchro-
nization control for complex networks with missing data.
Int. J. Control 86, 555-566 (2013)

Yang, J.S.: Robust mixed H>/ Hy, active control for offshore
steel jacket platform. Nonlinear Dyn. 78, 1503-1514 (2014)
Sakthivel, N., Rakkiyappan, R., Park, J. H.: Non-fragile syn-
chronization control for complex networks with additive
time-varying delay. Complexity doi:10.1002/cplx.21565
Park, P., Ko, J.W., Jeong, C.: Reciprocally convex approach
to stability of systems with time varying delay. Automatica
47, 235-238 (2011)

Liu, J., Zhang, J.: Note on stability of discrete-time time-
varying delay systems. IET Control Theory Appl. 6, 335—
339 (2012)

Seuret, A., Gouaisbaut, F.: Jenson’s and Writinger’s inequal-
ities for time-delay systems. In Proceedings of 11th IFAC
Workshop on Time-delay systems, pp. 343-348 (2013)
Hu, J., Wang, Z., Gao, H., Stergioulas, K.L.: Robust slid-
ing mode control for discrete stochastic systems with mixed
time-delays, randomly occurring uncertainties, randomly
occurring non linearities. IEEE Trans. Industr. Electron. 59,
3008-3015 (2011)

Park, J.H.: Robust non-fragile decentralized controller
design for uncertain large-scale interconnected systems with
time-delays. J. Dyn. syst. Meas. control 124,332-336 (2002)
Zhang, S., Wang, Z., Ding, D., Shu, H.: Fuzzy filtering
with randomly occurring parameter uncertainties, interval


http://dx.doi.org/10.1002/cplx.21531
http://dx.doi.org/10.1002/cplx.21542
http://dx.doi.org/10.1002/cplx.21542
http://dx.doi.org/10.1007/s11071-014-1778-2
http://dx.doi.org/10.1007/s11071-014-1778-2
http://dx.doi.org/10.1002/cplx.21565

Robust non-fragile control

2057

43.

delays and channel fadings. IEEE Trans. cybern. 44, 406—
417 (2013)

Zhang, B.L., Han, Q.L., Zhang, X.M., Yu, X.: Sliding mode
control with mixed current and delayed states for offshore
steel jacket platforms. IEEE Trans. Control Syst. Technol.
22, 1769-1783 (2014)

44. Zhang,B.L., Liu, Y.J.,Han, Q.L., Tang, G.Y.: Optimal track-
ing control with feed forward compensation for offshore
steel jacket platforms with active mass damper mechanisms.
J. Vib. Control (2014). doi:10.1177/1077546314532117

@ Springer


http://dx.doi.org/10.1177/1077546314532117

	Robust non-fragile control for offshore steel jacket platform with nonlinear perturbations
	Abstract
	1 Introduction
	2 Notations
	3 Preliminaries and problem formulation
	4 Main results
	5 Numerical simulations
	6 Conclusions
	References




