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Abstract The spatial, temporal, and spatiotempo-
ral dynamics of a reaction—diffusion predator—prey
system with ratio-dependent Holling type III func-
tional response, under homogeneous Neumann bound-
ary conditions, are studied in this paper. Preliminary
analysis on the local asymptotic stability and Hopf
bifurcation of the spatially homogeneous model based
on ordinary differential equation is presented. For the
reaction—diffusion model, firstly the parameter regions
for the stability or instability of the unique constant
steady state are discussed. Then it is shown that Tur-
ing (diffusion-driven) instability occurs, which induces
spatial inhomogeneous patterns. Next, it is proved that
the model exhibits Hopf bifurcation, which produces
temporal inhomogeneous patterns. Finally, the exis-
tence and nonexistence of nonconstant steady- state
solutions are established by bifurcation method and
energy method, respectively. Numerical simulations
are presented to verify and illustrate the theoretical
results.
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1 Introduction

Pattern formation is an important research aspect of
modern science and technology. It can be used to
describe the structure changes of interacting species or
reactants of ecology, chemical reaction, and gene for-
mation in nature. Spatial, temporal, and spatiotemporal
patterns could occur in the reaction—diffusion models
via Turing instability, Hopf bifurcation, and noncon-
stant positive solutions.

Turing instability is an important way to study spa-
tial inhomogeneous patterns. In the early 1950s, the
British mathematician Alan M. Turing [42] proposed a
model that accounts for pattern formation in morpho-
genesis. Turing showed mathematically that a system
of coupled reaction—diffusion equations could give rise
to spatial concentration patterns of a fixed characteris-
tic length from an arbitrary initial configuration due
to so-called diffusion-driven instability, that is, diffu-
sion could destabilize an otherwise stable equilibrium
of the reaction—diffusion system and lead to nonuni-
form spatial patterns. Turing’s analysis stimulated con-
siderable theoretical research on mathematical mod-
els of pattern formation, and a great deal of research

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11071-015-2088-z&domain=pdf

1536

J. Zhou

have been devoted to the study of Turing instability
in chemical and biology contexts (see [4,10,17,43,57]
for Brusselator model; [6,12,24,48] for Gray—Scott
model; [15,16,27,53,55] for Lengyel-Epstein model;
[32,52,56] for Oregonator model, [14,36,47,49] for
Schnakenberg model, [5,29,33,45] for Sel’klov model,
[18,19,23,37,51] for predator—prey model).

Hopf bifurcation is used to study the temporal peri-
odic patterns. In [54], the authors gave a detailed Hopf
bifurcation analysis for both the ODE and PDE mod-
els, deriving a formula for determining the direction of
the Hopf bifurcation and the stability of the bifurcat-
ing spatially homogeneous periodic solutions (see also
[1,11,21,34,35,41,46] for the studies of Hopf bifurca-
tion in diffusive predator—prey models).

In spatially inhomogeneous case, the existence of
a nonconstant time-independent positive solution, also
called stationary patterns, is an indication of the rich-
ness of the corresponding partial differential equa-
tion dynamics. In recent years, stationary patterns
induced by diffusion have been studied extensively, and
many important phenomena have been observed (see
[3,7,8,20,22,26,30] and references therein).

In this paper, we investigate the spatial, temporal,
and spatiotemporal patterns of the following diffusive
predator—prey model with ratio-dependent Holling type
III functional response

d u?
M gy A (1 — = 2D o s,
ot u? + mv?
0
—v—dzszkv(l—B), xef2,t>0,
ot u
0 ad
L — X €8, 1>0,
v av
u(x,0) =ug(x), v(x,0) =vy(x), x € £2.
(D

To study the stationary patterns, we also consider the
steady-state equations associated with (1):

a(m + Duv

—diAu=u(l —u) — , 2,
1Au = u( u) 2 me? X €
—dzsz)»v(l—E), x € £,

u
d d
M _ %y, x €082.
ov ov
(2
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Here, u and v stand for the densities of the prey and
predator; £2 is a bounded domain of RV , with smooth
boundary 952, A is the Laplace operator with respect
to the spatial variable x = (x1,...,xy), Vv is the
unit outward normal on 92. The homogeneous Neu-
mann boundary conditions indicate that the predator—
prey system is self-contained with zero population flux
across the boundary. The positive constants d; and d»
are diffusion coefficients, and the initial data ug(x) and
vo(x) are nonnegative functions. The parameters m, A
are positive constants and 0 < o < 1. Then it is easy to
see that (2) possesses a unique positive constant steady-
state solution

(u,v) =1 —-a,1 —a). 3)

Problem (1) was studied in [39] recently, and the
uniform persistence of the solution semiflows, the exis-
tence of global attractors, local and global stability of
the positive constant steady state were derived. On the
other hand, the understanding of patterns and mech-
anisms of spatial dispersal of interacting species is
an issue of significant current interest in conserva-
tion biology and ecology, and biochemical reactions
[2,9,25,28,38].

The goal of this paper was to give a comprehensive
mathematical study of the model (1). In particular, we
are interested in the spatiotemporal pattern formation,
Turing instability, bifurcation, and the effect of system
parameters and diffusion coefficients on the dynamics
of the solutions of (1).

The organization of the remaining part of this paper
is as follows. In Sect. 2, we investigate the asymptotical
behavior of the positive equilibrium (1 — ¢, 1 — ) and
occurrence of Hopf bifurcation of the local system (4)
of (1). In Sect. 3, we firstly consider the asymptotical
behavior and Turing instability of the positive equilib-
rium (1 — «, 1 — «) for the reaction—diffusion system
(1), and then we study the existence of Hopf bifurcation
and the stability of the bifurcating periodic solution. In
Sect. s4, we consider the existence and nonexistence of
positive solutions for problem (2) by bifurcation the-
ory and energy method. Throughout this paper, N is
the set of natural numbers and No = N U {0}. The
eigenvalues of the operator —A with homogeneous
Neumann boundary condition in £2 are denoted by
0=puo < 1 < p2 < ... < pu, < ... and the
eigenfunction corresponding to 1, is ¢, (x).
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2 Analysis of the local system

For the diffusive predator—prey model (1), the local sys-
tem is an ordinary differential equation in the form of
a(m—+ Du 2y
————>— >0,

u 2 + m 'U2 ( 4)

v
=AU(1——), t > 0.
u

du
pri u(l —u) —
dv
dr
By (3), (1 —«a, 1 — ) is the unique positive equilibrium
of (4). We consider the stability of the constant equi-
librium (1 — &, 1 — o) with respect to problem (4) and
study the existence of periodic solutions of problem (4)

by analyzing the Hopf bifurcations from the constant
equilibrium (1 — o, 1 — ).

2.1 Stability analysis

The Jacobian matrix of system (4) at (1 —«, | — @) is

2a (m— Do

m+1  m+1 |- 5)
A A

Lo(x) =
The characteristic equation of Ly(}) is
£ —T(E+ D) =0, 6)

where

To) = -2 _1—% DG)=i(l—a)>0.
m—+ 1

Then the equilibrium (1 —«, 1 —«) is locally asymptot-
ically stableif 7(1) < 0, and itis unstableif 7(1) > O.
Thus, we have the following conclusions

Theorem 1 The unique positive equilibrium (1 —

o, 1 — ) of the local system (4) is locally asymptoti-

cally stable ifa < mTH ora > mT'H and A > mz—zl -1,
m+1 20 1

and it is unstable if @ > == and A < =5 —

2.2 Hopf bifurcation

In this part, we analyze the Hopf bifurcation occurring

at (1 —o, 1—«) under the assumption o > mT“.Denote
o= 2% )
0= m—+1 ’

Then Lo (A) has a pair of purely imaginary eigenvalues
& = +/x0(1 — a) when A = Ag. Therefore, accord-
ing to Poincaré—Andronov—Hopf Bifurcation Theo-
rem [50, Theorem3.1.3], system (4) has a small ampli-
tude nonconstant periodic solution bifurcated from the
interior equilibrium (1 — «, 1 — o) when A crosses
through A if the transversal condition is satisfied.

Let £(A) = B(A) = iw(X) be the roots of (6). Then

Ne=iry=—2 _Lasa
/3()—5 ()_m—+1_§( + A),

w(k) = 1\/4D()\) — T2

2

o 1 2
=\/A(1—a)— (m—_H—E(1+A)) .

Hence, 8(Ag) = 0 and B'(Ag) = —% < 0. This shows
that the transversal condition holds. Thus, (4) under-
goes a Hopf bifurcation at (1 — «, 1 — &) as A passes
through the Xo.

However, the detailed property of the Hopf bifur-
cation needs further analysis of the normal form of
the system. To this end, we translate the equilibrium
(1 — o, 1 — ) to the origin by the translation u =
u— (1 —a),v =v— (1 —a). For the sake of conve-
nience, we still denote  and v by u and v, respectively.
Thus, the local system (4) becomes

[ du _ 2
a_(th—l)u—u +oa(l —a)
am+Dw+1—a)?w+1—a)
— , t>0,
u+1—a)2 +mv+1—a)?
d—v—k( +1 ) (1 v+l — o 1=0
| dr v _a(_u—i—l—a)’ e
3
Rewrite (8) to
du
a ) - u fu,v, 1)
=m0 () (ann) o
dt
where

f(u,v, 1) = a1u2 + aruv + a3v2 + a4u3
+ a5u2v +aﬁv3 + -

gu,v, 1) = b1u2 + bouv + b3l}2 + b4u3
+ bsu?v + bev’ 4 - - -
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and and
am(3 —m) FOey, ) =f(x, Nx + My, 2)
A= T 2,2
(m+ D2(1 — ) = (a1 +aN +a3N?) x
am(m — 3) 2.2
a=—-—ag=——-——, + (@oM 4 2a3M N)xy +azM*y
m+ 121 —a) N 3
dam(m — 1) am(m? — 14m +9) + (“4 +asN +asN )x
ag = 3 3 as = 3 3 5 2
(m+ 131 —a) 3m+1)3(1 — ) +(a5M+3a6MN)xy
2 _
ag = am(m 6m+1)’ +3a6M2ny2+a6M3y3+~'~ )
(m+ 131 — w)? |
A A (x,y, 1) =— (g(x, Nx + My, )—Nf(x, Nx + My, 1
by = by = —by = — by = . g(x,y, ) M@@ x Y, M)=Nf(x, Nx Y. A)
) -« (1-a) _bi+ (b2 —aDN + (b3 —a)N? —a3N?
bs = ———— be=0. M
3(1 —w)?

Set the matrix

1 0
P= (Nm M(A))

where
NG = 2a+(m+1)()»—1)7 MG = (m+Dw)
20 (1—m) a(l—m)
Clearly,
1 0
pl= N 1 ,
MO ML)

and when A = ¢,

2ma + (m + 1)(1 — m)

No=NGo) = — 0 N a—m)
1
Mo = MGo) = 0 Jiod —a).

a(l —m)

By the transformation (u, T = P(x, y)T, system (8)
becomes

dx _

R X) (Jj(x,y,/\))’ 10
”dﬂ (/\)(y + glx,y,A) (19)
dt

where
o B —w®)
‘p(“‘(wm BG) )
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+ (bz + 2bz —ap)N — 2a3N2) Xy
+ (b3M — a3 M N)y?

by + (bs —ay))N — asN? —agN* 5
+ Xx°
M

+ (b5 —asN — 3a6N3) x2y

- 3a6MN2xy2 - a6M2Ny3 + -

Rewrite (9) in the following polar coordinates form

T B +atr -

dr (11)
Y o)+ e +
— =w C r ceey
dr
then the Taylor expansion of (11) at L = A¢ yields
[ dr , 3
prl B (20)(A — ro)r +a(ro)r
+0(0: =207, 6. = 200, 1%) .
40 (12)
5 = W00+ w o) = 2o) + cCro)r?
+0(0-= 2% 0. = 2002 ).

In order to determine the stability of the periodic solu-
tion, we need to calculate the sign of the coefficient
a(ro), which is give by

L /x x - .
a(ro) == % (fxxx +fxyy+gxxy +gyyy) (0,0, 20)

1 - - -
+ gma (For (Foct 1)
- gxy (g’xx +§yy) _fxxgxx“r‘ ]?yygyy) (0,0, 1o),

13)
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where

Foxn(0,0,20) = 6 (a4 +as + a6N3 )
Feyy (0,0, 10) = 6as Mg No,

Zeay (0,0, 20) =2 (bs — asNo — 3a6 N3 )
Zyyy (0,0, 1) = —6agM§ No,

frx(0,0,20) =2 (a1 +axNo + a3N§) ,
Sfiy(0,0, Ao) = axMo + 2a3 Mo Ny,

Fiy (0,0, 1) = 2a3 M3,
8xx (Ov Os )\O) =2

X(br+wz—aoMy+w3—a»N§—aﬂ@)

My

81y(0,0, A0) = by + (2b3 — a2) No — 2a3Ng,
8yy = 2(baMo — azMoNo).

Now from Poincaré-Andronov-Hopf Bifurcation
Theorem, B'(Ag) = —% < 0 and the above calcula-
tion of a(1g), we summarize our results as follows.
Theorem 2 Suppose mTH < o < 1 and let a(ro) be
defined as in (13). Then system (4) undergoes a Hopf
bifurcation at (1 —«, 1 —a) when A = Ao. Furthermore,

1. ifa(rg) < O, then the direct of the Hopf bifurcation
is subcritical and the bifurcating periodic solutions
are orbitally asymptotically stable;

0.8F

06 -

021

Fig. 1 When A = 0.156 > A9 =~ 0.1429, the solution tra-
jectories spiral toward the positive equilibrium (0.4, 0.4) (see
left-hand side of the above figure). When A = 0.14 < Ay =

2. ifa(io) > 0, then the direct of the Hopf bifurcation
is supercritical and the bifurcating periodic solu-
tions are unstable.

2.3 Numerical simulations

To illustrate Theorem 2, we give some numerical sim-
ulations for the following particular case of system (4)
with fixed parameters « = 0.6, m = 0.05.

du 0.6(0.05 + Du?v

—=u(l—uw)——— 2~ >0,

a - s 0502 -

dv v

5=)\.U(1—;), t > 0.
(14)

Itiseasytosee 1.05 =m+1 < 1.2 = 2w, and sys-
tem (14) has a unique positive equilibrium (0.4, 0.4).
Noticing that Ao ~ 0.1429 and a(Ag) =~ —0.2907,
it follows from Theoreml that (0.4, 0.4) is locally
asymptotically stable when A > o ~ 0.1429 and
unstable when A < Ag ~ 0.1429. Moreover, when A
passuses through Ao from the right side of A9, (0.4, 0.4)
will lose its stability and Hopf bifurcation occurs,
that is, a family of periodic solutions bifurcate from
(0.4,0.4). Since a(rg) ~ —0.2907 < 0, it follows
from Theorem 2 that the Hopf bifurcation is subcriti-
cal and the bifurcating periodic solutions are orbitally
asymptotically stable. Numerical simulations are pre-
sented in Fig. 1. The left of Fig. 1 shows the stable

0.8

061

0.2} =

-02} -

0.1429, there is a limit cycle surrounding the positive equilib-
rium (0.4, 0.4) (see right-hand side of the above figure)
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behavior of the prey and predator when A > X. The
right of Fig. 1 is the phase portrait of the problem (14),
which depicts the limit cycle arising out of Hopf bifur-
cation around (0.4, 0.4).

3 Analysis of the PDE model (1)

In this section, we consider the stability of the constant
equilibrium (1 — «, 1 — &) with respect to problem (1)
and study the existence of periodic solutions of prob-
lem (1) by analyzing the Hopf bifurcations from the
constant equilibrium (1 — o, 1 — «).

3.1 Stability analysis

The stability of (1 —c, 1 —«r) withrespectto (1) is deter-
mined by the following eigenvalue problem, which is
got by linearizing the system (2) about the constant
equilibrium (1 — o, 1 — «)

dAd + 270[_1 ¢+M¢_ é cQ
! m+1 m+1 THe X ’
LAY + A — 2 = py, X €8,
% = % =0, X € 082.
v v
(15)
Denote
d A4 22— n=he
L) = m+1 m+1 . 16
() ( g o (16)
For each n € Ny, we define a 2 x 2 matrix
2 (m—1)a
L,(\) = —dipn + m_zl o m+1 NGV
A —daptn — A

The following statements hold true by using Fourier
decomposition:

1. If i is an eigenvalue of (15), then there exists n €
Np such that p is an eigenvalue of L, ().

2. The constant equilibrium (1 — o, 1 — o) is locally
asymptotically stable with respect to (1) if and only
if for every n € Ny, all eigenvalues of L, (i) have
negative real part.

@ Springer

3. The constant equilibrium (1 — ¢, 1 — «) is unstable
with respect to (1) if there exists an n € Ny such
that L, (1) has at least one eigenvalue with positive
real part.

The characteristic equation of L, (}) is
1 = T, + Dy () =0, (18)

where

2a
T,(A) =—(di +d)pn + —— —1—2,

m+1
Zad
m+12 Mn

Then (1 — @, 1 — «) is locally asymptotically stable
if T,(A) < 0 and D,(A) > O for all n € Ny, and
(I — a, 1 — @) is unstable if there exists n € Ng such
that 7,,(A) > O or D, (%) < 0.

Obviously, if 2 < m + 1, then T,(A) < 0 and
D,(A) > Oforalln € No. We get (1 — o, 1 — ) is
locally asymptotically stable.

Next, we consider the case « > (m + 1)/2, which
implies m < 1 since o < 1.

We define

D, (M) = didapi? + (m +dy —

+ A1 — ).

2
TOL ) = —A—(d +d)pu+ ———1,  (19)
m+1

D(h, ) = (1 — )k + dypuh + didapi®

a1
2 mt 1 o,

H = {(, n) € (0,00) x [0,00) : T(A, n) =0},
S={,n) € 0,00) x[0,00): D(A, u) =0}.

and

Then H is the Hopf bifurcation curve, and S is the
steady-state bifurcation curve. Furthermore, the sets H
and S are graphs of functions defined as follows

Ag(u) = —(dy +da)p + Ao, (20)
rodop — dydop*

A = 21

s() dij—atl (21)

where Aq is defined as in (7), which is positive since
o> m+1)/2.

The following properties of the functions A g (1) and
As(w) can be derived by direct calculations.
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Lemma 1 Suppose 1 > o > (m + 1)/2. Let Ao be
defined as in (7), and let g () and Ls() be the func-
tions defined as in (20) and (21), respectively. Define

— )2 _ _
it VA -2+ (1 —a)r+a 16(0’170)’ 22)

dl dl
A0
A= , 23
2 dy +dp (23)
«._ Mo
m=g (24)
y e Ak —ad}
= ,
2d?
¢ = (d1 +dr)(1 — )+ (da — dy) o, (25)
| dd)io—(da—d)X3~4drdr (1=
ro= 2dyd - 29
142
(da=d)ho+(da—d 213 ~4dida(1—a) ko
W= 2d,d @D
142
)
DF = 1, (28)
1l—«a
1
D} = — (xo +2(1—a) + 2V (1—a)? + (1—a)xo) . (29
A0
e m+DA+V2)  (m+1
R TP e( 2 ’1)’ G0
A5 = As(uy)
2
d (Ao +l—a—/(—a) + (1—a)x0)
= >0, (31
di(ho + 1—a)

A= A (uy)

d
= Ao— <1+d—f) (\/(l—a)z-&-(l—oe))\o—(l—ot)). (32)

1. The function Ly () is strictly decreasing for n €
(0, 00) such that

A (0)=xo, g (13)=0, Ag(n) < O for

wo>p5, lim Ay (p) = —oo.
n—>+00

2. = pf is the unique critical value of Aks(i),
the function Ls(w) is strictly increasing for p €
(0, u}), and rs(u) is strictly decreasing for p €
(47, 4+00). Furthermore,

As(0) = Aig (M?) =0, max

A =A%,
wel0,+00) s(u) S

lim As(p) = —oo.

= +00
3. Ag(u) and )L’SL cross at the point (,uH, Ay (,U,H))
and Ay () > hs(u) for 0 < p < pf Ap(p) <
As(u) for p* < p < .
4. 05 > A?ifﬁ—f < 1,y =A§i]‘3—f =1, and
My < Ag ifZ—f > 1.

S5.ouf > /L;lfg—? > DY, uj =yf£if§—f = Dj, and
W< wyif$ <Dy

6. 3% > ho if ¢ > D3, 0% = ro if & = D3, and
Ag < o if‘di—f < Dj. Moreover, ifj—? > Dj, then

(@) 0 < pul < pt < p and s (u!) =g (u") =
0;

(b) As() > Ao for u € (ul,;ﬂ) and 0 <
As(w) < Ao for e (0, ) U (u”, u13).

7. Let us view DY and D} as functions of o €
((m +1)/2, 1). Then Dy is strictly increasing, and
Dy is strictly decreasing. Furthermore,

lim Df=1, lim D¥ = +oo0,
1 1
o m;—l + a—1-

lim D} =+oo, lim D} =1,

a_)mg-lJr a—1-

Di(@*) = Di(a*) = /22 + 3.

Moreover, DY < D} lfmTH <a < o* and DY >
Diifa* <a < 1.

Now we can give a stability result regarding the con-
stant equilibrium (1 — &, 1 — «) by above analysis. We
define

Xi=max As(un) < A% (33)
neN

Theorem 3 Let Ao, A%, A, and D3 be the constants
defined as (7), (31), (33), and (29), respectively. The
constant equilibrium (1 — a, 1 — &) is locally asymp-
totically stable with respect to (1) if 2a < m + 1; or
200 > m + 1 and

A > max{Ag, A}. (34)
In particular, (34) holds if

* crdy *.
)\.S, le>D2,

A > max{ig, A5} =
(o, 2s) [AO, otherwise.

The constant equilibrium (1 —o, 1 — ) is unstable with
respect to (1) if A < max{\g, ).

Remark 1 In [39], the authors also studied the locally
asymptotic stability of (1 —«, 1 — @) for N = 1, i.e,,
2 = (0,¢) for some constant £ > 0, and they got
(1 — o, 1 — @) is locally asymptotically sable if 2«0 <
m-+1. In view of above theorem, we extend their results
about two aspects:
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— The condition 2e¢ < m + 1 also ensures the locally
asymptotic stability of (1 — «, 1 — «) for general
dimensional N > 1.

— The are also some stability results when 2o >
m + 1, which includes the effects of the diffusion
coefficients d and d».

For global stability results of the constant equilibrium
(1 —a, 1 —a), werefer [39, Theorem?2.7].

Next, we derive conditions for the Turing instability
with respect to constant equilibrium (1 — o, 1 — @),
which means (1 — «, 1 — @) is locally asymptotically
stable with respect to (4), and it is unstable with respect
to (1). In view of Theorem 1, Lemma 1 and Theorem 3,
we have

Theorem 4 Letfixm € (0, 1) anda € (’”TH, 1). Then
Turing instability happens if

d»
i) = > D,
(i) 4 >
(ii) there exists k € N such that ;. € (,ul, /L’), and
Ao < A < As(u),

where Ay, As (), u!, u”, D¥, and A are defined as (7),
(21), (26), (27), (29), and (31), respectively.

3.2 Hopf bifurcations

In this part, we study the existence of periodic solu-
tions of (1) by analyzing the Hopf bifurcations from
the positive constant equilibrium (I — &, 1 — «) for
20 > m+1since (1 —a, 1 —a) islocally asymptotic sta-
ble when 2o < m+1, and we will show the existence of

AA _ AA

Aol b e

spatially homogeneous and spatially nonhomogeneous
periodic orbits. In this part and Sect. 4.1, we assume
that all eigenvalues p; are simple and denote the corre-
sponding eigenfunction by ¢; (x), where i € Ny. Note
that this assumption always holds when N = 1 for
2 = (0, ¢m), as fori € No, i = i2/0% and ¢; (x) =
cos(ix/f), where ¢ is a positive constant, and it also
holds for generic class of domain in higher dimensions.
We use A as the main bifurcation parameter. To identify
possible Hopf bifurcation value A, we recall the fol-
lowing necessary and sufficient condition from [13,54].

(Ag) There exists i € Ng such that

;A" =0, D;(A") > 0and T; (A7) # 0,
DAy # 0 for j € No\ {i}, (35)
where T;(A) and D;()\) are defined as (18),

and for the unique pair of complex eigenvalues
o (X) £ iw(X)) near the imaginary axis,

o' Wy £ 0and 00 7) > 0. (36)
For i € Ny, we define
M= am (), 37

where the function Ay () is defined as (20). Then
T;(\f) = 0and T; (M) # 0 for j # i.

By (35), we need D; (AiH) > 0 to make )»lH as a
possible bifurcation value, which means u; < u by
part 3 of Lemma 1, where u is defined as in (25).
Let ng € Ny such that w,, < pf < w41, then
we can see (35) holds with A7 = 17 for0 <i < ny
(see Fig. 2). Finally, we consider the conditions in (36).

AA

P Aoh------------ A

N

dom o s M
Fig.2 The line is the graph of A (1). The curves are the dgraphs
of Ag(p). Left is for ‘j—f < Df,in which (1) is the case of d—f <1,
(2) is the case of Z—f =1, (3) is the case of Z—f > 1 and j—f < Dj,
(4) is the case of Z—f > 1 and Z—f = D3, and (5) is the case of

% > land & > Dj. Middle is for % = Dy, in which (1) is
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the case of g—f < Dj, (2) is the case of g—f = Dj, and (3) is the
case of Z—? > Dj. Right is for j—? > Df, in which (1) is the case
of % < Dj, (2) is the case of Z—? = Dj, and (3) is the case of

dy *
o > D
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Let the eigenvalues close to the pure imaginary one at
A=2",0<i<ngbea(r) £io(). Then
H
TG 1

H
o' (M) = 5 ) <0,

oy = /D) > 0.

Then all conditions in (A g ) are satisfied if 0 < i < ny.
Now, by using the Hopf bifurcation theorem in [54],
we have

Theorem 5 Suppose that o, m, dy, d» are fixed such
that (m + 1)/2 < a < 1. Let Ay, L(}), D; (1), n*!
be defined as in (7), (16), (19), and (25), respectively.
Let 2 be a smooth domain so that all eigenvalues
Wi, i € No are simple. Then there exists ng € Ng such
that pu,, < wfl < Mno+1, and )le is a Hopf bifurcation
value fori € {0, ..., no}. At each )LiH, the system (1)
undergoes a Hopf bifurcation, and the bifurcation peri-
odic orbits near (A, u, v) = ()LZH, l—a,1— Ol) can be
parameterized as (A(s), u(s), v(s)), so that .(s) € C*
in the form of M(s) = AIH +o(s) fors € (0, §) for some
small constant § > 0, and

u(s)(x,t) =1—a + sa; cos (a) (AIH) t) ¢i (x) + o(s),
() (x. 1) = 1 — & + sb; cos (a) (Af’) t) i (xX) + 0(s),

where @ (AlH ) =
frequency, ¢;(x) is the corresponding spatial eigen-

function, and (a;, b;) is the corresponding eigenvector,
ie.,

()~ (1) 1) (299) = (5).

Moreover,

D; ()\lH ) is the corresponding time

1. The bifurcation periodic orbits from A = kg’ =X
are spatially homogeneous, which coincide with the
periodic orbits of the corresponding local system
4);

2. The bifurcation periodic orbits from le 1 <i <
no, are spatially nonhomogeneous.

Next, we consider the bifurcation direction (A'(0) >
0 or A’(0) < 0) and stability of the bifurcating periodic
solutions bifurcating from A = X¢, and we have the
following theorem.

Theorem 6 Suppose the assumptions in Theorem 5
hold, and let

p(at, m) = —(a+2)(1—aym® — (6a2+21a— 14) m>

+ (9012 4190 + 10) m—150 —6. (38)

Then,

1. if p(a, m) < 0, the Hopf bifurcation at .. = Aq is
subcritical and the bifurcating periodic solutions
are orbitally asymptotical stable;

2. if p(o, m) > O, the Hopf bifurcation at A = g is
supercritical and the bifurcating periodic solutions
are unstable.

Proof We use the normal form method and center man-
ifold theorem in [13] to prove this theorem. Let L*())
be the conjugate operator of L(A) defined as (16):

20
" uy d1A+m_+l_ A u
L3 (v) _( —(":n;ll)a drA — ) v
(39)

with domain Dy = Dy = X¢c = X ®iX = {x1 +
ixy 1 x1,x3 € X}, where

X = [(u, v) € HX(2) x H*(2) : g—z

ad
— %0 xe 89] .
av
Let
(ot o )
= H—Alo—a (R0 = VAT =)i) ) °
1 Ao :
o _ (7m0 (1 + ﬁl)
q = _ 1+Xo— i
INzr ]

It is easy to see that

1. (L*(M)E&,n) = (€, L(A)n) for any & € Dp+ and
ne Dy,

2. L*(Wg* =—ivro(I=a)g*, LM)g=i/Ao(1—-a)q,

3. (g% q)=1,{g".q) = 0.

Here (&, 1) := f o ET ndx denotes the inner product in

L2(£2) x L*(2).

According to [13], we decompose X = X @
X5 with X¢ := {zg+7zg:z€C} and X5 :=
{w e X : (¢g*, w) = 0}. For any (u, v) € X, there exits
z € Cand w = (w1, wy) such that

o) =2q+ 7+ @non)", 2= (" '),
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Thus, where
1
W=7 +7+ o 820 =7 (fuu(0,0) +2£,,(0,0)g2) = a1 + a2q2
z am(3 —m)
=— (ro—Vao(— ) = -
v I+ 2 - ( 0 ol —ai m+ D21+ 2 — )
+— (Xo-{-\/)»()(l—ol l) + ws. am(3 —m) ')LO(I_O[)I"
1+A — m+1D21—a) 142 —«
1
Our system in (z, w) coordinates becomes g = (fuu(0,0) + f10(0,0)(@ + q2))
dz =a; + Ao
3 = iVaod =)z +{g"¢). R PP
d (40) am(3 —m)

=~ Lo+ (p -

dr (a*. ¢)a —(a* ¢)q) .

with ¢ = (f, g)T, where f and g are defined as (9).
Straightforward calculations show that

= 3(r-(fi%r - mar))
=5 (1 (2 - Samse))

m+ D21+ 21 —a)
1
g2 =3 (fuu(0,0) + 2 £4,(0, 0)75)

=ay +axq, =gy

1 =13
(0% ¢)q == =a) = Tl |
? g+i(\/ﬁ—°ag—ﬁ(m+/\o,/lk_—°a)f)
(7", go);]:; f+i( el - Jﬁ%g) ’

(a* 0)a+(a* ¢)7= (f)

g
_ . . . (0
H(z.Z.0):=9—(q¢". 0)q — (7. ¢)7 = (0)~

g—i (@g e («/)»0(1 —) +,\0\/g) f)

Let H = § Hyoz? + Hy12Z + Y HppZ? + o (|z)?). It fol-
lows [13, Appendix A] that the system (40) possesses
a center manifold, and then we can write w in the form
w = %a)zozz + w1122 + %wozzz +o0 (|z|2). Thus, we
have

~1
oy = wrp = (21‘ (I —a) — L) Hop = 0,
wi = (—=L)""Hj = 0.

Thus, the equation on the center manifold in z, 7 coor-
dinate now is

dz ) 1 _ 1
i ivio(l —a)z + Egzoz2 + 81122 + Egozz2

]
+ ez +o (|z|3) ,
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_ am(3 —m) _
Cm4+ D21+ —a)
amB—m)  Jio(I—a),

T 120 —a) l+ro—a

(fuuu (0,0) + fuuv(0,0)g5 + 2 fuuv (0, 0)612)
= 3a4 +asq, + 2asq>

12am(@m — 1)
T m+ 130 —a)?

amig(m? — 14m +9)
m+1310 —a)2(1 + 1y —a)
am(m? — 14m + 9vV/ro(1 — @) .
T3m+ 30— a2+ Ao —a)

1
821 =35
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According to [13],

i
100 = - (g8 — A
1(20) NI 820811 lg1

1 2 821
y@ﬂ)+2.

Then,

Recl(ko)zRe[ m“%]

i
mgzogl

B am(3 —m)
©2(m A+ D21 =) (1 + 2o — )
amio(m? — 14m +9)

2(m + 131 —a)2(1 + 1o — @)
6am(l —m)
S m+ 131 —a)?
a?m?(3 — m)?

C2m+ DA —a)(1 + Ag — )2

Since Ay = mzﬁl — 1, we get
mp(a, m)
Re ¢ () = ,
Rl YTy i —— b

1. Firstly, we choose di = 0.05 and d = 20
so that % > Dj. Then u o~ 002,00 =~
2.8307, As(u1) = As(0.4) ~ 2.341, and Ay ~
4.3566 it follows from Theorem 3, (0.4,0.4) is
locally asymptotic stable if A > A% (see Fig. 3),
it follows from Theorem 4 that Turing instability
happens if Ao < A < Ag(u1) (see Fig. 4), and it
follows from Theorems 5 and 6 that Hopf bifurca-
tion occurs at A = Aq, and the bifurcation periodic
solutions exist when A < A, and they are orbitally
asymptotically stable since p < 0 (see Fig. 5).

2. Secondly, we choose d; = d = 1sothat Z—? < Dj.
Then it follows from Theorem 4 that no Turing
instability happens, it follows from Theorem 3,
(0.4,0.4) is locally asymptotic stable if A > Aq (see
Fig. 6), and it follows from Theorems 5 and 6 that
Hopf bifurcation occurs at A = A, and the bifurca-
tion periodic solutions exist when A < Ao, and they
are orbitally asymptotically stable since p < O (see
Fig. 7).

4 Analysis of the steady-state model (2)

where p(a, m) is defined as (38). |
In this section, we analyze the steady-state model (2) by
studying the existence and nonexistence of nonconstant
3.3 Numerical simulations solutions.
We give some numerical simulations in this part to 4.1 Existence of nonconstant solutions
illustrate the results got in Theorems 3, 4, and 5. We
consider the following particular case of system (1) in In this part, we consider the existence of nonconstant

one-dimensional interval £ — (O mﬂ) with fixed solutions for problem (2) by bifurcation theory. The

parameters « = 0.6 and m = 0.05:

( du u 0.6(0.05 + Du?v
— —di—=u(l—u) - ——
dr x2 u? +0.0502
dv v v
— —dh— =2 (1-2),
ar - Pox2 v( u)

u . v .

ox  ox

u(x,0) = 0.4 4 0.02 cos(2x /+/2.5),
v(x,0) = 0.4 + 0.05 cos(2x/+/2.5),

)

xe(O,«/ﬁn),t>O,
xe(O,«/ﬁn),t>0,
x=0,+257,1>0, (41)

X e (0, «/ﬁn)
X € (O, «/ﬁn).

Then i, = % Ao ~ 0.1429, D ~ 13.1204, and following a priori estimate can be easily established

p=—1377. Ttiseasytosee 1.0S=m+1 < 1.2 =

via maximum principle.

2a, and system (41) has a unique positive equilibrium Lemma 2 Suppose m > 0 and 0 < o < 1 are fixed

0.4,0.4).

such that

@ Springer



1546

J. Zhou

0.425

0.42

0.415

0.41

0.405

u concentration

0.4

0.395

00

0.39
Space x 0o Time t

v concentration

00

Space x 00 Time t

Fig. 3 Numerical simulations of the system (41) with d; = 0.05, d» = 20 such that Z—f > D3 ~ 13.1204 and A = 5 > 1 ~ 4.3566,

the solution converges to the unique positive equilibrium (0.4, 0.4)

o o
2] =]
L 4

u concentration
o
=N

200

Space x 00 Time t

v concentration
o
i.d o
(53] =N

200

Space x 00 Time t

Fig. 4 Numerical simulations of Turing instability of the system (41) with d; = 0.05, d» = 20 such that % > Dj ~ 13.1204 and
A = 0.2 such that Ag =~ 0.1429 < 0.2 = A < As(u1) = A5(0.4) ~ 2.341

< M (42)
m+1

Then for any A > 0, the positive solution (u, v) of
problem (2) satisfies

_ a(m+1)

1
2/

<u(x), v(x) <1, x € 2. 43)

Proof 1t follows from the first equation of (2) that
—d1Au < u(l — u). Then we get © < 1 by maxi-
mum principle. Similarly, by the second equation of
(2), we obtain v < 1. So the upper bounds follows.

Next, we derive the lower bounds. By the first equa-
tion of (2), we have

@ Springer

—d| Au

( a(m+1)uv)
ull—u— ————

u? + mv?

(1 a(m + l)uv)
ull—u— —2\/n_1uv .

v

Then we get u > 1 — % The inequality com-

bining with the second equation of (2) implies v >
1— a(m+1) O
2m

As in the previous section, we use A as the bifur-
cation parameter to consider the bifurcation solutions.
We identify steady- state bifurcation value A% of (2),
which satisfies the following steady-state bifurcation
conditions [54]:
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00

Space x 00 Time t
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00

00

Space x Time t

Fig.5 Numerical simulations of the stable periodic solutions for the system (41) with d; = 0.05, dy = 20 such that Z—f > Dj ~ 13.1204

and A = 0.12 such that A = 0.12 < A9 &~ 0.1429

0.45

0.46
05~
_ 0.44
0454
0.42

e 0.4

0364 .38

u concentration

0.36

0.34

0.32

Space x o0 Time t

v concentratio

00

Space x Time t

Fig. 6 Numerical simulations of the system (41) with d; = d> = 1 such that Z—? < D} ~ 13.1204 and 2 = 0.16 > Ao ~ 0.1429, the

solution converges to the unique positive equilibrium (0.4, 0.4)

(Ag) There exists i € Ng such that
D;(%) =0, T;(:%) #0, D;(A%) # 0 and

T;(A%) # 0, for j € No \ {i}, (44)
and
D;(.%) # 0, (45)

where T;(A) and D; ()) are defined as (18).

Apparently, Do(A) # 0; hence, we only consider
the case i € N. If the following we fix o and m to
satisfy (m + 1)/2 < a < 1, to determine A values
satisfying (As), we notice that D; (A) = 0 is equivalent
to L = As(ui), where Ag(w) is defined as (21). Then

we make the following assumption on the spectral set
{ttn}nen, according to Lemma 1:

(SP) there exist p, g € N such that u,—1 < u? <
Wp < g < 13 < Wg41, where uf and ' are
as (24) and (25), respectively.

In the following, we denote

[p,gl NN, if p < g;
s = . 46
(p.q) [p, it p=gq. (46)
2= hs(ui), fori € (p.q). 47)

Points Af are potential steady-state bifurcation points.
It follows from Lemma 1 that foreach i € (p, ¢), there
exists only one point kf such that D; (Af) = 0 and
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Time t

Space x 00
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Time t

Space x 0o

Fig. 7 Numerical simulations of the stable periodic solutions for the system (41) with d; = d» = 1 such that Z—? < D35 ~ 13.1204 and

A =0.13 < A9 =~ 0.1429

Tl-(kf ) # 0. On the other hand, it is possible that for
some A € (0, 1) with A defined as (31) such that

(SS) 7 =23 = A forsomei, j € (p,q)andi # j,

ie., Di(A) = Dj(A). Then for A = A, (As) is not
satisfied, and we shall not consider bifurcations at such
a point. On the other hand, it is also possible such that

Ky H .o . .

(HS) 27 = Aj , for some i, j € (p,q) andi # j,
where A% is a Hopf bifurcation point defined as
(37).

However, from an argument in [54], for N = 1 and
2 = (0, £m), there are only countably many ¢, such
that (SS) or (HS) occurs for some i # j. For general
bounded domains in R, one can also show (SS) or
(HS) does not occur for generic domains [44].

According to above analysis, to satisfy the bifurca-
tion condition (Ag), we only need to verify le (kf ) #
0. In fact, since o < 1, we obtain

D) =dipi+1—a>1—a>0.

Summarizing the above discussion and using a gen-
eral bifurcation theorem [54], we obtain the main result
of this part on bifurcation of steady-state solutions:

Theorem 7 Suppose that o, m, dy, d» are fixed such
that (m + 1)/2 < o < 1. Let (SP) holds and let §2
be a smooth domain so that all eigenvalues i, i € No
are simple. Then for any i € (p, q), which is defined as
(46), there exists unique )»ls € (0, A5] with ) defined
as (31) and Af defined as (47) such that D; (Af )=20

@ Springer

and Ti(kis) # 0, where D;()) and D;(A) are defined
as (18). If in addition, we assume (SS) and (HS) hold.
The following conclusions are valid.

1. There is a smooth curve I'; of positive solutions of
(2) bifurcating from (A, u,v) = (kf, l—a,1-—
«). Near (A,u,v) = ()»ls, l—a,1l—w),l; =
{(Ai(s), ui(s), vi(s)) : s € (—¢, €)}, where

H ui(s) =1 — o+ slii (x) + 91, (),
vi(s) =1 —a—+smi¢;(x) + sy i (s),

Sfor some C*° functions ’i, {1, Yo such that
2i(0) = A% and y1;(0) = ¥2;(0) = 0. Here
(li, m;) satisfies

LD, m)T ¢i(x)] = (0,0)7,

where L(}) is defined as (16).

2. In addition, if we assume (42) holds, then I'; con-
tained in a global branch X; of positive nontrivial
solutions of the problem (2), and either X con-
tains another AJS., 1l—a,1— Ot) or the projection

of i onto Ah-axis contains the interval (0, Af ) or
the projection of X; onto A-axis contains the inter-
val (A5, 00).

Proof The condition (Ag) has been proved in the pre-
vious paragraphs, and the bifurcation of solutions to
(2) occurs at A = Ais. Note that we assume (SS) and
(HS)hold,so A = kf is always a bifurcation from sim-
ple eigenvalue point. By (43), we know that («, v) has
positive upper and lower bounds, which are uniformly
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Fig. 8 Numerical simulations of the system (41) with d; = 0.05,d> = 10 and A = 3.5. The solution converges to a spatially

nonhomogeneous steady-state solution

in A. From the global bifurcation theorem in [40], [
contained in a global branch ¥; of positive solutions,

and either X; contains another (Af -, 1 — oc) or

X; is not compact. Furthermore, if X; is not compact,
then X; contains a boundary point (X, i, V), and since
(i1, D) satisfies (43), it follows that A must satisfy =0
or A = oo and the conclusion follows. O

4.2 Numerical simulations

We give some numerical simulations in this part to
illustrate the results got in Theorem 7. We consider
problem (41) with di = 0.05 and d» = 20 again.
Then 11, = 25,0 ~ 0.1429, u¥ ~ 0.053, u% ~
2.8571, A5 ~ 4.3566. Itiseasy tosee 1.05 =m +1 <
1.2 = 2, and system (41) has a unique positive equi-
librium (0.4, 0.4). We can find that

0=po < u! < p1=04<pup=1.6<u} < uz=3.6.

This gives possible steady-state bifurcation points
AT = Ag(n1) ~ 23401 and A5 = As(u2) ~ 4.1905,
while the largest Hopf bifurcation point )»5’ = Ay ®
0.1429 is much smaller. Hence, for this parameter
set (dy, d>) = (0.05,20), when XA decreases, the first
bifurcation point encountered is )Lg ~ 4.1905, and a
steady-state bifurcation (Turing bifurcation) occurs. A
numerical simulation for A = 3.5 is shown in Fig. 8§,
where a nonhomogeneous steady-state solution can be
observed for large .

4.3 Nonexistence of nonconstant solutions

‘We consider the nonexistence of nonconstant solutions
in this part by energy methods, and the main result is
the following theorem.

Theorem 8 Suppose m > 0and 0 < o < 1 are fixed
such that (42) holds. Let w1 be large enough such that

. i a(m+1) _
ny > v = 5 (—ﬁ 1) (48)

and

=2 ED () Vi
i T Um a(m+1)
N 4am?(4ym — a(m + 1))
Qym —a(m + 1)3(da/mpy +1(/m—a(m + 1)) )’
(49)

then (2) has no positive nonconstant solution.

Remark 2 1tis clear that Theorem 8 holds if 1 is large
enough. Note that large i1 is reflected by small “size”
of the domain £2 (here, the “size” should be understood
under a rescaling without changing the geometry of £2.
For precise explanation of this, one may refer to [31]).
Therefore, the prey u and the predator v will be spa-
tially homogeneous distributed when the “size” of £2 is
sufficiently small. On the other hand, we observe that
limy—o¥ = —X\/d and limyg—0® = —1. So Theo-
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rem 8§ holds for any “size” of the domain £ if « is we find
small enough. +1
(dzm Y (1 - M))/ (v — 7)2dx
denote Vm £

Proof of Theorem 8 In  the proof, we
127" [, fdx by f for f € L'(£2). Let (u,v) be
a positive solution of (2), then it is obvious that
Jo —wdx = [5(v —v)dx = 0. Multiplying the
first equation of (2) by u — u, we obtain

dl/ IV(u — )| *dx
2
O (U S (U5 2 VG P
_/Q(u u R~ )(u u)dx
_ 22
/Q(u u (u u) a(m )

u?v W’ ( d
— u—u)ax
uz+mv? w2+ mv?

_ am(@m + 1)(u +ﬁ)v2i _2
= 1— — —u)“d
/.Q ( () (u2 + mvz)(ﬁ2 + mv2)) (w=u)'dx

22 2,=
/ a(m+ 1)(u“u mu vv)(u—ﬁ)(v—ﬁ)dx.
2

w2 + mv2)(ﬁ2 + mU2)

By (43), we get

dl/ IV(u —u)|*dx
2

a(m+1) )/ _2
— -1 —u)“d
5( — Q(u u)“dx

2Jm )
2/m —a@m+1)

x/ lu —ullv —vl|dx.
Q

Similarly, we obtain the following inequality by the
second equation of (2) and (43)

dz/g |V (v—1)%dx < ,\(“(m—\/%l)—l)/g(v—v)%x

4rm — —
+ 2/ lu —ullv —vldx.
2ym —a(m+1)" Ja

(50)

+a(m+1) (1+

(5D

Thus, thanks to the well-known Poincaré’s inequal-
ity

i /g (f—Prdx < /Q V(f—T)dx. Vf € H'(2),
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4rm _ _
< 2/ lu —ullv —v|dx
(2ym—a(m+1)" Je

< A (/ (u— ﬁ)zdx)é
T @ym—am+1)* Ve

3
( /9 (v—v)2dx) ) (52)

If v = v on £2, the second equation of (2) shows u =
v. We assume that v # v. Thus, the above inequality
direct leads to

(a0 (= =) (Lo =)

< Am ( / (u —E)de);
T 2ym—am+ 1)’ Ve ’

which, together with (52), infers

/ |lu —ullv —v|dx
2

=<

4im
(2/m —a(m + l))2 (dzlu + A (1 — %))

/Q (u — )*dx (53)

By virtue of (50), (53), and Poincaré’s inequality
again, we obtain

m/ (u—w)’dx < qb/ (u —w)’dx, (54)
2 Q

where @ is defined as (49). Under our hypothesis, (54)
deduces u = u, which in turn indicates v = v. O
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