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Abstract Recently, operational matrices were
adapted for solving several kinds of fractional differ-
ential equations (FDEs). The use of numerical tech-
niques in conjunction with operational matrices of
some orthogonal polynomials, for the solution of FDEs
on finite and infinite intervals, produced highly accu-
rate solutions for such equations. This article discusses
spectral techniques based on operational matrices of
fractional derivatives and integrals for solving several
kinds of linear and nonlinear FDEs. More precisely,
we present the operational matrices of fractional deriva-
tives and integrals, for several polynomials on bounded
domains, such as the Legendre, Chebysheyv, Jacobi and
Bernstein polynomials, and we use them with differ-
ent spectral techniques for solving the aforementioned
equations on bounded domains. The operational matri-
ces of fractional derivatives and integrals are also pre-
sented for orthogonal Laguerre and modified general-
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ized Laguerre polynomials, and their use with numer-
ical techniques for solving FDEs on a semi-infinite
interval is discussed. Several examples are presented
to illustrate the numerical and theoretical properties of
various spectral techniques for solving FDEs on finite
and semi-infinite intervals.
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1 Introduction

Many phenomena in engineering, physics and other
sciences can be modeled successfully by using mathe-
matical tools inspired in the fractional calculus, that is,
the theory of derivatives and integrals of non-integer
order [1-19]. This allows one to describe physical phe-
nomena more accurately. In this line of thought, FDEs
have emerged as interdisciplinary area of research in the
recent years. The non-local nature of fractional deriva-
tives can be utilized to simulate accurately diversified
natural phenomena containing long memory [20-35].

In recent years, there has been considerable interest
in employing spectral methods for numerically solv-
ing many types of integral and differential equations,
due to their flexibility of implementation over finite
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and infinite intervals [36—47]. The speed of conver-
gence is one of the great advantages of spectral meth-
ods. Besides, spectral methods have exponential rates
of convergence and high level of accuracy. Spectral
methods can be classified into three types, namely the
collocation [48-52], tau [53-56] and Galerkin [57-59]
methods. As it is well known, one of the most accu-
rate methods of discretization for solving numerous
differential equations is spectral method. The spec-
tral method employs linear combinations of orthogonal
polynomials, as basis functions, and so often leads to
accurate approximate solutions [60,61]. The spectral
methods based on orthogonal systems, such as Bern-
stein polynomials, Jacobi polynomials and their spe-
cial cases, are only available for bounded domains for
approximation of FDEs [62,63]. On the other hand,
several problems in finance, plasma physics, porous
media, dynamical processes and engineering are set on
unbounded domains. The use of spectral methods based
on orthogonal systems, such as the modified general-
ized Laguerre polynomials and their special cases, is
available for unbounded domains for approximation of
FDEs [64-67].

From the numerical point of view, several numerical
techniques were adapted for approximating the solu-
tion of FDEs in bounded domains. Saadatmandi and
Dehghan [68] presented a Legendre tau scheme, com-
bined with the fractional Caputo operational matrix
of Legendre polynomials, for the numerical solution
of multi-term FDEs. Doha et al. [69] formulated and
derived the Jacobi operational matrix of the Caputo
fractional derivative, which was applied in conjunction
with the spectral tau scheme by means of Jacobi poly-
nomials as a basis function, for solving linear multi-
term FDEs. The Chebyshev [53] and Legendre [68]
operational matrices can be obtained as special cases
from Jacobi operational matrix [69]. Recently, Kazem
et al. [70] defined new orthogonal functions, based on
Legendre polynomials, to obtain an efficient spectral
technique for multi-term FDEs. The authors of [71]
extended this definition and presented the operational
matrix of fractional derivative and integration for such
functions to construct a new tau technique for solv-
ing two-dimensional FDEs. Moreover, Ahmadian et al.
[72] adopted the operational matrix of fractional deriva-
tive for Legendre polynomials, which was applied with
the tau method, for solving a class of fuzzy FDEs.
Indeed, with a few noticeable exceptions, a limited
work was developed on the use of spectral methods
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in unbounded domains to solve these important classes
of FDEs.

The operation matrices of fractional derivatives and
fractional integrals of generalized Laguerre polynomi-
als were investigated for solving multi-term FDEs on
a semi-infinite interval [66]. The generalized Laguerre
spectral tau and collocation techniques were studied
in [66] for solving linear and nonlinear FDEs on the
half line. These spectral techniques were developed
and generalized by means of the modified generalized
Laguerre polynomials in [67]. Indeed, the authors of
[73,74] presented a Caputo fractional extension of the
classical Laguerre polynomials and proposed new C-
Laguerre functions.

There are different techniques for solving FDEs,
fractional integro-differential equations and fractional
optimal control problems, such as the methods denoted
as variational iteration [75,76], Adomian decompo-
sition [77], operational matrix of B-spline functions
[78], operational matrix of Jacobi polynomials [69,79],
Jacobi collocation [80], operational matrix of Cheby-
shev polynomials [81], Legendre collocation [82,83],
pseudo-spectral [60], operational matrix of Laguerre
polynomials [84] and others [85—-89].

The objective of this article is to present a broad
survey of recently proposed spectral methods for solv-
ing FDEs on bounded and unbounded domains. The
operational matrices of fractional derivatives and inte-
grals for some orthogonal polynomials on bounded and
unbounded domains are presented. These operational
matrices are employed in combination with spectral
tau and collocation schemes for solving several kinds
of linear and nonlinear FDEs. Moreover, we present
the construction of the shifted Legendre operational
matrix (SLOM), shifted Chebyshev operational matrix
(SCOM), shifted Jacobi operational matrix (SJOM),
Laguerre operational matrix (LOM), modified general-
ized Laguerre operational matrix (MGLOM) and Bern-
stein operational matrix (BOM) of fractional deriv-
atives and integrals that are employed with the tau
method to provide efficient numerical schemes for solv-
ing linear FDEs. We also introduce a Bernstein opera-
tional matrix (BOM) of fractional derivatives with col-
location method for solving linear FDEs. Finally, we
present the shifted Jacobi collocation (SJC) and the
modified generalized Laguerre collocation (MGLC)
methods for solving fractional initial and boundary
value problem of fractional order v > 0 with nonlin-
ear terms, in which the nonlinear FDE is collocated at
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the N zeros of the orthogonal functions. Several illus-
trative examples are implemented to confirm the high
accuracy and effectiveness of the use of operational
matrices combined with spectral techniques for solv-
ing FDEs on bounded and unbounded domains.

The remainder of this paper is organized as follows:
Sect. 2 introduces some relevant definitions of the frac-
tional calculus theory. Section 3 is devoted to orthogo-
nal polynomials and polynomial approximations. Sec-
tions 4 and 5 present the SLOM, SCOM, SJOM, LOM,
MGLOM and BOM of fractional derivatives in the
Caputo sense and the SLOM, SCOM, SJIOM, LOM,
MGLOM and BOM of Riemann-Liouville fractional
integrals, respectively. Section 6 employs the spectral
methods, based on shifted Jacobi, modified generalized
Laguerre and Bernstein polynomials in combination
with the SJOM, MGLOM and BOM, for solving FDEs
including linear and nonlinear terms. Finally, Sect. 7
presents several examples to illustrate the main ideas
of this survey.

2 Preliminaries and notations

In this section, we recall some fundamental definitions
and properties of fractional calculus theory which are
used in the sequel.

Definition 1 The Riemann—Liouville fractional inte-
gral JV f(x) of order v is defined by

1 X
S0 = s /0 = 0" F(dr. x> 0,
IO ) = fx). 2.1

Definition 2 The Caputo fractional derivative of order
v > 0 is defined by

DY f(x) = J"""D" f(x)
_ 1 ! _ pym—v—1
- F(m—v)/o =)
x;—’;f(t)dt, x>0, (2.2)

respectively, wherem —1 < v <m,m € Nt and I'(.)
denotes the Gamma function.

The fractional integral and derivative operator satis-
fies

b TBED g

Tr(B+1+v) ’ 23)

0 for € Ng and 8 < [v],

’1(/34-1) _

v.B _ B—v

D" xF = 7(13 1 l))x , forB e Ngpand g = [v]
orfB & Nandp > |v],

(2.4)

where |v] and [v] are the floor and ceiling func-
tions respectively, while N = {1,2,...} and Ny =
{0,1,2,...}.

The Caputo’s fractional differentiation is a linear
operation,

D”(Af(x) + ng(x)) = AD" f(x) + uD"g(x), (2.5)

where A, u € R.

Lemmal Ifm —1<v<m, meN, then

DYJVf(x) = f(x),
m—1 i
J'D" f(x) = f(x) — Zf“')(oﬂj—!, x>0. (2.6)

i=0

3 Orthogonal polynomials and polynomial
approximations

Orthogonal polynomials play the mostimportant role in
spectral methods and, therefore, it is necessary to high-
light their relevant properties. This section is devoted to
the study of the properties of general orthogonal poly-
nomials. We briefly review the fundamental results on
the polynomial approximations [90,91].

3.1 Legendre polynomials

The Legendre polynomials L;(z) are defined on the
interval [—1, 1]. In order to use these polynomials on
the interval x € [0, 1], we defined the so-called shifted
Legendre polynomials by introducing the change of
variable z = 2x — 1.

Let the shifted Legendre polynomials L; (2x — 1) be
denoted by P; (x). Then, P;(x) can be obtained with the
aid of the following recurrence formula:

I+ DP1i(x)=Qi + D2x—1DP(x) —iPi—1(x),
i=12,..., 3.1)

where Py(x) = 1 and Pi(x) = 2x — 1.
The analytic form of the shifted Legendre polyno-
mials P;(x) of degree i is given by
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2%
: l+k (l+k)‘ k lk(l-l—k—l)’Z k
Pi(x) = 2} D TR (3.2) nmm—zEJ D T GO
where P;(0) = (—1)" and P;(1) = 1. where 77 ;(0) = (—=1)" and Ty ; (L) = 1.
The orthogonality condition is The orthogonality condition is
1 L j L
/ Pi(x) Pex)w(x)dx = { 2k + 1 (3.3) / To (O Tpx @wy (¥)dx = &), 3.7)
0 0, k + j. o '
where w(x) = 1. _ 1
The special values where  wp (x) B Lx — 12 and  h;
i—qy (+q)! L =
PO ©) = (-0 XD E I N JRE N

will be of important use later.

3.2 Chebyshev polynomials

The Chebyshev polynomials are defined on the inter-
val [—1, 1] and can be determined with the aid of the
following recurrence formula:

Tip () =2Ti(t) =T (1), i=12,...,

where Tp(t) = 1 and Ty (¢) = t. In order to use these
polynomials on the interval x € [0, L], we defined the
so-called shifted Chebyshev polynomials by introduc-

ing the change of variable t = Tx - 1.

(a4 B +2i — D{a?

— B4 ta+B+2)(+B+2i—2)

The special values

i(i+q— 1)

719 0)= (1)
i O=CD rg+h i —g)La

N R
(3.8)

will be of important use later.

3.3 Jacobi polynomials

The Jacobi polynomials are defined on the interval
[-1,1] and can be generated with the aid of the following
recurrence formula:

Pi(aaﬂ) (t) —

ila+B+iD)(a+B+2i—2)

2i(@+B+i)a+B+2i-2)
C(@ti=DB+i— D+ p+2i) PP (o),

PP o)

i=2,3,...,

2
Let the shifted Chebyshev polynomials 7; fx -1

be denoted by 77, ;(x). Then, Tz ;(x) can be obtained
as follows:

Tpiv1(x) =2 (f - 1) Tpi(x) —Tpi—1(x),
i=1.2,..., (3.5)

2
where Tz o(x) = land Ty, 1 (x) = fx—l.The analytic

form of the shifted Chebyshev polynomials 77, ; (x) of
degree i is given by

@ Springer

where @, f > —1 and

2 —
PP (t)=1 and Pl(a’ﬁ)(t)=a+'§+ z+°‘2’3.

In order to use these polynomials in the interval x €
[0, L], we define the so-called shifted Jacobi polynomi-

als by introducing the change of variable t = il 1.
@p) (2%
Let the shifted Jacobi polynomials P A -1
be denoted by PL(alﬂ ) (x). Then, PL(alﬂ )(x) can be gen-
erated from:
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(a+ﬁ+2i—1)[a2

5 2x . .
- B +(T—1)(oc+ﬂ+21)(a+ﬂ+21—2)]

PP (x) = : : :
Qi+ B+ i)+ B +2i —2)
—1 —1 2
XP(aﬂ)()_(a+l YB+i—D+ B+ l)P(aﬂ)()
ila+p+i)a+B+2i—2)
i=23,..., (3.9)
where and
P(Ol ﬁ)(x) —1 and Lo(x) = 0xL¢(x) —0xLet1(x), £>0.
(@.p) a+B+2 [2x a—p The set of Laguerre polynomials is the sz(A)—
Py () = ) (f - 1) + ) orthogonal system:

The analytic form of the shifted Jacobi polynomials
PP (x) of degree i is given by

zy—an
=0

y F(i+ﬂ+1)F(i+k+a+ﬂ+1) ok
Fk+B+DI'G+a+B+ 1) —k)kILk

P(O‘ ,B) (.X)

’

(3.10)
where
@By _ i LGB+
P O = U
(aﬁ)(L) F(l+ot+.1).
I'ea+1)i!

The orthogonality condition of shifted Jacobi poly-
nomials is

L
/Pf"}ﬁ)( PP w P dy = e, (3.11)
, L

where wL ﬂ)(x) =xB(L —x)* a

LOHPHI N (k4 a4+ DI+ B+ 1)
Qk+a+B+Dk\MNk+a+B+1)°
0, i #j.

k]

hy =

3.4 Laguerre polynomials

Let A = (0, 00) and w(x) = e™* be the weight func-
tions, and let Ly(x) be the Laguerre polynomial of
degree ¢, defined by

1
Le(x) = —ea(xex), £=0,1,....

They satisfy the equations
Oc(xe 0 Le(x)) + e L¢(x) =0 x € A,

(3.12)

/ Li(x)Ly)wx)dx =85, Vi,j>0, (3.13)
A

where § j is the Kronecker delta function.
The special value

K G—j— 1)

DL;(0) = (—1)42 (3.14)
j

— (g — DI —j—q!

where ¢ is positive integer, will be of important use
later.

3.5 Modified generalized Laguerre polynomials

Let A = (0, 00) and w@P) (x) = x%e P* be a weight
function on A in the usual sense. Define

2
LY @p (A)
= {v | vis measurable on A and [|v]| @ < 00},

equipped with the following inner product and norm

(1, V) yiap) =/ u(x) v(x) weP (x) dx,
A

1
||U||w(a-ﬂ) = (u, v);(a,ﬁ)-

Let LE“”B ) (x) be the modified generalized Laguerre
polynomial of degree i for « > —1 and 8 > 0 is
defined by

L(Ol ﬂ)(x) —o ,Bxa (_xl+a ,BJC)’ [ = 1,2,....

Foro > —1 and,B > 0, we have

3nga,ﬂ)(x) _ _ﬂL(aH,ﬁ)( ).
Lz(if)( ) = [(21 +oa+1-— ﬁx)L(a P (x)

- (z +a)L‘“'5’(x)] i=1,2,...,
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where L") (x) = 1and Li* (x) = —Bx + g1,
The set of modified generalized Laguerre polyno-

mials is the szm, g (A)-orthogonal system, namely

o
/ LEP LS w®P (odx = hisje, (3.15)
0

where § i is the Kronecker delta function and h; =

I'(k+a+1)
at+1 )|

The modified generalized Laguerre polynomials of
degree i on the interval A, is given by

i
NG 1Bk
nga,ﬂ)(x) _ Z(_l)k (i+a+ . )B N3
par Fk+a+1) G —Fk)!k!
i=0,1,... (3.16)
I(i+a+l)

(o, B) _
where L;""(0) = o raen
The special value
(=9 BIT G +a+1)

DIL*P(0) =
B Ty T

i>gq,
(3.17)

will be of important use later.

Corollary 1 Inparticular, the special case for Laguerre
polynomials may be obtained directly by taking o = 0
and = 1 in the modified generalized Laguerre, which
are denoted by L;(x).

3.6 Bernstein polynomials

The Bernstein polynomials of the nth degree are
defined on the interval [0, 1] (see [62])
n . .
Bin(x) = (i)x’(l —x)", i=0,...,n, (3.18)
These Bernstein polynomials form a complete basis on
over the interval [0, 1]. A recursive definition also can
be used to generate these polynomials
Bin(x) = (1 = x)Bjn-1(x) + xBi—1,n-1(x),
i=0,...,n,
where B_1 ,—1(x) =0and B, ,—1(x) =0.
Since the power basis {l,x,xz, ..., x"} forms a
basis for the space of polynomials of degree less than
or equal to n, any Bernstein polynomial of degree n
can be written in terms of the power basis. This can
be directly calculated using the binomial expansion of
(1 — x)"%, one can show that

Bin(x) =D (~1)/~ (’l’) (’; B ;)xf,
j=i

i=0,...,n.

(3.19)

(3.20)
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The fact that they are not orthogonal turns out to
be their disadvantage when used in the least squares
approximation. As mentioned in [62], one approach
to direct least squares approximation by polynomi-
als in Bernstein form relies on construction of the
basis {Do n(x), D1 n(x), D2.y(x), ..., Dy n(x)} thatis
“dual” to the Bernstein basis of degree n on x € [0, 1].
This dual basis is characterized by the property

1 {1, i=.
/ Bi,n(x)Dj,n(x)dx = (3.21)
0

0, i#]J,
fori, j=0,1,2,...,n.
Theorem 1 the qth derivative of Bernstein polynomi-
als

D1 Bi,n(x)
min(i,q)

> (—1>k+q(Z)Bik,nq(x>.

k=max(0,i+q—n)

n!
C(n—q)!

(3.22)
(For the proof, see [62]).

4 Operational matrices of Caputo fractional
derivatives

In this section, we introduce the operational matrices
of Caputo fractional derivatives for some orthogonal
polynomials on finite and infinite intervals.

4.1 SLOM of fractional derivatives

A function u(x), square integrable in [0, 1], may be
expressed in terms of shifted Legendre polynomials as

o
u(x) = cjP;(x),
j=0
where the coefficients c; are given by

1 1
cjz—/ u(x)Pi(x)wx)dx, j=0,1,2,....
hj Jo

“.1)

In practice, only the first (N + 1)-terms shifted Legen-
dre polynomials are considered. Hence, u(x) can be
expressed in the form

N
un(x) = D cjPi(x) = CTp(x), 4.2)
j=0
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where the shifted Legendre coefficient vector C and the
shifted Legendre vector ¢ (x) are given by

' =lco,c1, ..., enl,

¢ () = [Po(x), P1(x),.... Py)]". 4.3)

Lemma 2 Let P;(x) be a shifted Legendre polynomial
then

D'Pi(x)=0, i=0,1,...,[v]1—1, v>0. (44

In the following theorem, we prove the operational
matrix of fractional derivative for the shifted Legendre
vector see [68].

Theorem 2 Let ¢ (x) be shifted Legendre vector defined
in Eq. (4.3) and also suppose v > 0 then

D"¢(x) =DM ¢(x), (4.5)

where D) is the (N 4+ 1) x (N + 1) operational matrix
of derivatives of order v in the Caputo sense and is

defined as follows:
0 0 0 0
0 0 0 0
v v v] v]
> 0ok 2 Ok 2 2k oo 2 0Nk
k=[v] k=[v] k=lv] k=[v]
D(v) — . .
i i ’ i i
> biok > Ok > Oink > 0Nk
k=[v] k=[v] k=[v] k=[v]
N N N N
2 Ovok 2 ONak 2 N2k - 2 ONNKk
k=Tv] k=Tv] k=[] k=[]
4.6)
where
0i.j.k
3 Zl: / (=D Q41 G+ 0!+ )
- i — IO k! _ NETAY _ :
k=] =0 (=R C(k—v+1) (j = O (€)= (k+L—v+1)

Note that in D", the first [v] rows are all zero.

(For the proof, see [68]).

4.2 SCOM for fractional derivatives

A function u(x), square integrable in [0, L], may be
expressed in terms of shifted Chebyshev polynomials
as

u(x) = ZC;TL,]'(X),
=0

where the coefficients ¢; are given by

1 L
Cj=h—j/0 u(x)TL‘j(x)wL(x)dx, j=0,1,2,....
4.7

In practice, only the first (N + 1)-terms shifted
Chebyshev polynomials are considered. Hence, we can
write

N
Uy (x) = D eiTy j(x) = CTo(x), (4.8)
i=0

where the shifted Chebyshev coefficients vector C and
the shifted Chebyshev vector ¢(x) are given by:

T =[co,c1,....enl,

@) = [TL,0(x). TL1 (), ... T v )] (4.9)

Lemma 3 Let Ty ; (x) be a shifted Chebyshev polyno-
mial. Then

D'Tri(x)=0, i=0,1,...,[v]1—1, v>0.

(4.10)
In the following theorem, we prove the operational

matrix of fractional derivative for the shifted Cheby-
shev vector (see [53]).

Theorem 3 Let ¢(x) be shifted Chebyshev vector
defined in Eq. (4.3) and also suppose v > 0. Then
D"¢(x) =~ DMp(x), (4.11)

where D) is the (N +1) x (N 4+ 1) operational matrix
of derivatives of order v in the Caputo sense and is

defined as follows:
0 0 0 0
0 0 o ... 0
Sy(Iv1,0) Su(Ivl, D) Su([v1,2) ... Su([v],N)
DY = : : 4 :
SU(;',O) Sv(;', 1) SU(;',Z) Su(i., N)
Su(i.\’,o) Su(l.V,l) S\)(I.sz) Su(N,N)
4.12)
where

Sv(@, J)
d (=17 20 (+k—D! T (k—v+1)
(S i LY T+ 3) =) Thk—v—j+1) T+ j—v+1)

Note that in D", the first [v] rows are all zero.

(For the proof, see [53]).
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4.3 SJOM for fractional derivatives

Let u(x) be a polynomial of degree N. Then, it may be
expressed in terms of shifted Jacobi polynomials as

N
u(x) = ¢ Pff}.ﬁ) (x) = CTdb (x), (4.13)
j=0

where the coefficients c; are given by

Lt e @p)
cj = wy (x)u(x)PL/. (x)dx

hj 0 7
i=0,1,.... (4.14)

If the shifted Jacobi coefficient vector C and the shifted
Jacobi vector @ (x) are written as

c' =lcp,c1,..senl,
T
o) = [P0, PP L P @]
(4.15)

respectively, then the first-order derivative of the vector
@ (x) can be expressed by

do (x)

=DV (x), (4.16)

where DWW is the (N +1) x (N +1) operational matrix
of derivative given by

DO = (d;)) = CiG, j), i>], .

0 otherwise,
and
Ci(, Jj)

CLPlida+ B+ D +a+B+2)(+a+2)i

(i—j—-DITQj+a+B+1)
XP(jra+p+1D30
(—i+1+j, i+j+ta+p+2, jta+l )
X 01

jta+2, 2jta+p+2

(For the proof, see [92,93], and for the general defini-
tion of a generalized hypergeometric series and special
3F>, see [94]).

For example, for even N we have

0 0 0 0 0
Ci(1,0) 0 0 0 0
Ci(2,00 Ci(2,1) 0 0 0

0 0

DV =1 ;3,00 ;3. 1) 13,2
Cl(l.\’,()) Cl(l.\l,l) C](I.V,Z) C](N,}V*l) 0

@ Springer

The main objective of this section is to generalize the
SJOM of derivatives for fractional calculus. By using
(4.16), it is clear that

d"P(x)
dxn
wheren € N and the superscriptin D", denotes matrix

powers. Thus

D(n) — (D(l))n ,

MDY P (x), 4.17)

n=12,.... (4.18)

Corollary 2 In case of a« = B = 0, it is clear that the
SJOM of derivatives for integer calculus is in complete
agreement with Legendre operational matrix of deriva-
tives for integer calculus obtained by Saadatmandi and
Dehghan (see [68] Eq. (11)).

Corollary 3 In case of « = B = —%, it is clear that
the SJOM of derivatives for integer calculus is in com-
plete agreement with Chebyshev operational matrix of
derivatives for integer calculus obtained by Doha et al.
(see [53] Eq. (3.2)).

Lemma 4 Let PL(al?ﬂ ) (x) be a shifted Jacobi polyno-

mial. Then

D'PEP(x)=0 i=0,1,2,....v] =1, v>0.
(4.19)

Theorem 4 Let @ (x) be shifted Jacobi vector defined
in Eq.(4.9) and let also v > 0. Then

D ®(x) ~ DV (x), (4.20)

where D) is the (N 4+ 1) x (N + 1) operational matrix
of derivatives of order v in the Caputo sense and is
defined by:

0 0 0 0
0 0 o .. o
o [ame Ay Ay A w
DY = . . . .
MAGO AGD A2 4,6, N)
AN.0) ANT) ALN.2) AN, N)
4.21)
where

i
Al )= D Sijks

k=Tv]

and 8;ji is given by
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5 (=D)ik et BG4 B+ DG +B+ D) T +k+a+B+1)
ik = hiT(j+a+B+DIk+B+DIi+a+p+DIk—v+1)i—k)!
J -1
n/—tr l nr DIrid+k - 1
XZ( ) (GHl+a+B+DI(a+DI+k+B—-v+1) 4.22)
= ra+p+nDrd+k+a+pg—-—v+2)(j =D
Note that in DY), the first [v] rows, are all zeros. Also, according to Lemma 4, one can write
Proof The analytic form of the shifted Jacobi polyno- D" PL(‘?,?ﬁ) (x) ~ [0, 0,0,..., O]Q(X )s
mials PL((i?ﬂ) (x) of degree i is given by (3.10). Using i=0,1,....,[v]—1. (4.28)
Egs. (2.4) and (2.5) in Eq.(3.10) we have A combination of Egs.(4.27) and (4.28) leads to the
desired result. O

D P )

D) *ri+p+0Dri+k+a+g+0
Fk+B+D)TG+a+p+1) 3G —k'k! L

(DI + B+ 1) I'i+k+a+p+1) xk
T(k+B+D(i+a+B + D)(i—k)! T (k—v+1) LK’

(4.23)

[
=~ >~
M-t
=

i=Ml W +1,....

Now, approximating x* = by (N + 1) terms of shifted
Jacobi series, leads to

PURES Zb PP (), (4.24)

where by is given from (4.14) with u(x) = xk=V. This
gives

La+ﬂ+k—v+11-(j +B8+1)
W TG +atp+l)

brj =

Corollary 4 If « = B = O and L = 1. Then &;ji is
given as follows:

DR rGHDIG+D) T +k+ 1)
hiy F(G+DIk+DEG+ DI k—v+ DG —k)!

Sijk =

Joo aNj—l s .
><Z( DT rG+i+Hrd+k—v+1)

par TF(l+k—v+2)(—DI

With the aid of properties of shifted Jacobi polynomials,
and after some analytical manipulations, we have

J
Sijk = Oijk = 2j + 1) z
=0
(=D)L G ) (G4 D)
oG — v DG DAkt —v+ D)

Xi( D/ +l+a+p+DIa+DIU+k+p—v+1)
FA+B8+D)(—DINT(+k+a+B—v+2)

=0

(4.25)

Employing Eqs. (4.23)—(4.25), it yields

D" PP (x) = ZA @ PP,

i=[], ] +1,...,N,

where A, (i, j) is given in Eq. (4.22).
Accordingly, rewriting Eq. (4.26) as a vector form
gives

(4.26)

D" P ()
=~ [406.0), 4,6, D, 4,0.2), ..,
i=[v], [v]+1,...,N.

Ay(is W) [0 (o),
(4.27)

Then, one can show that

1
Z Oijk

k=[v]

Ay, J) =

where 0;jy is given as in Theorem 2.

It is clear that the SJOM of derivatives for fractional
calculus, with « = B = 0, is in complete agree-
ment with Legendre operational matrix of derivatives
for fractional calculus obtained by Saadatmandi and
Dehghan (see [68] Eq. 14).

Corollary 5 If o = B
follows:

= —%. Then §;ji is given as

@ Springer
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DRI G+ DI+ TG+ R
T TOTk+ IOk —v+ DG — k)
N CWITG DG kv )

= Tl+NFU+k—v+ 1D —DH!

With the aid of properties of shifted Jacobi polynomials
and (3.5), and after some manipulations, we have

Sijk
DIk 2i i +k—DIT(k—v+ 1)
TG L TR+ Dm0 T k—v— j+ DT k+j—v+ D)
j=0,1,....N.

Then one can show that
Av(i, J) = Su(, ),
where S, (i, j) is given as in Theorem 3.

It is clear that the SJOM of derivatives for fractional
calculus witha = 8 = —%, is in complete agreement
with Chebyshev operational matrix of derivatives for
fractional calculus obtained by Doha et al. (see [53]).

4.4 LOM of fractional derivatives

Let u(x) € L%)(A), then u(x) may be expressed in
terms of Laguerre polynomials as

u(x) =Y ajL;(x),
=0

aj = /oou(x)Lj(x)w(x)dx, j=0,1,2,....
0
(4.29)

In practice, only the first (N 4 1)-terms Laguerre poly-
nomials are considered. Then, we have

N
uy(x) =D a;Lj(x)=CThx), (4.30)
j=0

where the Laguerre coefficient vector C and the
Laguerre vector () are given by

CcT =lco,c1,...,cenl,

B(x) = [Lo(x), L1(x), ..., Ly(x)]". (4.31)

Lemma 5 Let L;(x) be the Laguerre polynomial. Then

D'Li(x)=0, i=0,1,...,[v]—1, v>0.
4.32)

@ Springer

In the following theorem, we prove the operational
matrix of fractional derivative for the Laguerre vector
see [84].

Theorem 5 Let (J(x) be the Laguerre vector defined in
Eq.(4.3) and also suppose v > 0. Then

D"f(x) ~ DM @(x), (4.33)

where D) is the (N 4+ 1) x (N + 1) operational matrix
of derivatives of order v in the Caputo sense and is
defined as follows:

0 0 0 ... 0
0 0 o ... 0
o RN (v],0) Ry (o], D Ry(v],2) ... R([v], N)
DY = . . . .
ﬂiu(;', 0) Sﬂu(-i, 1) .‘)iv(.i, 2) mv(l:, N)
s)iv()v, 0) fvtv(}v, 1 nm)v, 2) m(z\./, N)
(4.34)
where

R A e )
Nu(, ) —kZZM GG —Vk! T(=k+v)’

Note that in D™, the first [v] rows are all zero.

(For the proof, see [84]).

4.5 Modified generalized Laguerre operational matrix
of fractional derivatives

Ifulx) e sz(a_ﬁ) (A). Then, u(x) may be expressed in
terms of modified generalized Laguerre polynomials as

o0
u) = > a;L"P (x),
j=0

1 o0
aj = —/ u()L*P (oyw@P (x)dx,
hi Jo !

j=012,.... (4.35)

In practice, only the first (N 4+ 1)-terms modified gen-
eralized Laguerre polynomials are considered. Then,
we have

N
un @) = > a;LP (x) = Ty (),
j=0

(4.36)
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where the modified generalized Laguerre coefficient

vector C and the modified generalized Laguerre vector

¥ (x) are given by

T =[co.c1,....enl,

v =g @), L o, Ly P ol
4.37)

Lemma 6 Let Ll(a’ﬂ ) (x) be a modified generalized

Laguerre polynomial. Then

D'LYPx)y=0, i=0,1,....,v] =1, v>0.
(4.38)

Theorem 6 Let (x) be modified generalized Laguerre

vector defined in Eq.(4.37) and also suppose v > 0.
Then

Dy (x) =~ DV (x), (4.39)

where DY) is the (N 4+ 1) x (N + 1) operational matrix
of fractional derivative of order v in the Caputo sense
and is defined as follows:

0 0 0 0
0 0 o ... 0
o | 210 21D 212 2oV M)
DY) = . . . .
26,0 261D 26,2 20, N)
Qv(IIV,O) QV(N,I) .QV(Z.V,Z) QV(];/,N)
(4.40)
where
i J
2, =D D,

k=[v] £=0
(=DM BN ri+a+ D Ik—v+at+e+1)

=G -0 Tk—v+ DI h+at DI@+e+1D)

Note that in D", the first [v] rows are all zero.

Proof The analytic form of the modified generalized
Laguerre polynomials L;a’ﬁ ) (x) of degree i is given by
(3.16). Using Eqgs. (2.4), (2.5) and (3.16) we have

BX I +a+1) vk
— VK T (k+o+ 1)

vy @B, | _ i ik
DVL! <x)—l§)( D' G

BE I +a+1) k—v

= > (D - kv
(=T k—v+DTk+a+1)
k=[v]

i=Tvl,...,N.

4.41)

Now, approximating x*~" by N + 1 terms of modified
generalized Laguerre series, we have

N
=" L (), (4.42)
j=0
where b; is given from (4.35) with u(x) = x¥v and

J —k+v 1y _
o e BTN Tk —vtat+e+])
bf_z( D G-=O!'@O'TE+a+1)

=0
(4.43)
Employing Eqs. (4.41)—(4.43) yields
N
DL () = 3" 2, PLTP (),
j=0
i=[v],...,N, (4.44)
where
i
Qijk= 2 2.

k=[v] £€=0
(=DKTEBY 1T+ a+ D) Mk—v+a+E+1)
(-G-8 Tk—v+D)Tk+a+)Ta+e+1)
(4.45)

Accordingly, Eq. (4.45) can be written in a vector form
as follows:

D"LP (x)
~ [.Qv(i, 0). 2,G. 1), 2,G.2). ... 2,0, N)]w(x),

i=Mvl,....N. (4.46)
Also, according to Lemma 6, we can write
DLEP (x) = [0,0,0,....0y(x),

i=0,1,....,[v] -1 (4.47)

A combination of Eqgs.(4.46) and (4.47) leads to the
desired result. O

4.6 Bernstein operational matrix of fractional
derivatives

A function f(x), square integrable in [0, 1], may be
expressed in terms of the Bernstein basis [95]. In prac-
tice, only the first n 4 1 term Bernstein polynomials are
considered. Hence, if we write

f) =D ¢jBjax)=CTB), (4.48)
j=0
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where the Bernstein coefficient vector C and the Bern-
stein vector B(x) are given by

cT = [co,c1, ... cnl,
B(x) = [Boy(x), Bin(x), ..., Bun()1T,  (4.49)
then

1
cjz/ fx) Djn(x)dx, j=0,1,2,...,n
0
(4.50)

Authors of [62] have derived explicit representations

n
Djn(x) = > AjxBiax), j=0,1,....n, (451)

k=0

for the dual basis functions, defined by the coefficients

(— l)]+k min(j,k)

oo & O

n+z+1 n—i\(n+i+1\[n—i
X
n—j n—j n—k n—kJ)’

jk=0,1,....n (4.52)

Ajk =

Theorem 7 Let B(x) be Bernstein vector defined in
Eq.(4.49) and also suppose that v > 0. Then

D" B(x) ~ DY B(x), (4.53)

where DY) is the (n + 1) x (n + 1) operational matrix
of fractional derivative of order v in the Caputo sense
and is defined as follows:

n n n
DL @00, D, @0l .- 2, WOnj
J=v1 J=M1 J=1
0 0 ... 0
D(u) — n n n
Z ; 0, Z wi1,j «-- z Wi n,j
J=M1 J=M1 J=Ml
n n n
Z Wn 0, j z W 1,j «-- z Wy n,j
J=1 J=1 J=1
(4.54)

Here w; ¢, is given by

. in\(n—1 rqg+1
s =0= ()G )G

n
X Zkz,k ek, j
k=0

(4.55)

@ Springer

where Ay i is given in Eq.(4.52) and

s—k k 1
“kf—Z< )

Proof Using Eqs. (3.20) and (2.5) we have

i
Z( 1)/ l( )( _i)ij—v
rg+1-v ’

=]
i=0,...,n. (4.56)

Now, if we approximate x/~" by Bernstein polynomi-
als. Then

n
X7V by By (),

£=0

(4.57)

where

1 n
byj :/ x!7V Dy (x)dx = z}%k/
0 0

k=0

4 % §— —k ! j—v+s
o TR
_ ik —k 1

ZAMZ( o ()( )(j—V+S+1)
= Zke,kﬂk,j.

k=0

Employing Eqs. (4.56) and (4.57) we get

DY B u(x) = Z( 1/~ ( )( _i)

J=vl
» rg+1
'+1-v)

n n

= Z( Z wi,e,j)Bi,n(x)

=0 *j=[v]

1
X777V B (x)

byj By n(x)
(4.58)

where w; ¢, ; is givenin Eq. (4.55). Rewriting Eq. (4.58)
as a vector form results

DUB;Y,,(X)
2[ D wiog. D wing. D i D wi,n.j:|B(x)v
j=M1 j=M1 j=M1 j=Mv1
i=[l,..., n. (4.59)
This leads to the desired result. O
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5 Operational matrices of Riemann-Liouville Liouville sense and is defined as follows:

fractional int 1

ractional integrals 3,00.0) 3,0, 1) -+ 3,(0. N)
In this section, we present the operational matrices S0 3@, D - S, N)
of Riemann-Liouville fractional integrals for some ) : : e :

: . S P = : ~ . (5.4)
orthogonal polynomials on finite and infinite intervals. 3p(E,0) I,3E, 1) -+ I3, N)
J J -3
5.1 SCOM to fractional integration N, 0) 3 (V. ) vV, N)
where

The main objective of this subsection is to derive an
operational matrix of fractional integration for shifted
Chebyshev vector ¢(x).

Theorem 8 Let ¢(x) be shifted Chebyshev vector

defined in Eq. (4.3) and suppose that v > 0. Then
I"p(x) = PYg(), (5.1)

where PY) is the (N+1)x(N+1)SCOM of order v in
the Riemann—Liouville sense and is defined as follows:

©,(0,0) ©,(0,1) --- ©,(0,N)
0,(1,0) ©y(1,1) --- O,(1,N)

(U) . : : oo :

= ©,30,0 6,0i1) --- ,0,N) (5-2)
@U(N, 0) @U(N, 1) ®,(N, N) .

and

O, J)
i (~DIK2% LY+ k= DITh+v+ 1)
b T+ (-0 Tk+v—j+D)Ik+j+v+1)

(For the proof, see [81]).

5.2 LOM of fractional integration

The main objective of this section is to find the frac-
tional integration of Laguerre vector in the Riemann—
Liouville sense.

Theorem 9 Let §(x) be the Laguerre vector and v >

0. Then
I 0(x) ~ PP(x), (5.3)

where P is the (N +1) x (N + 1) operational matrix
of fractional integration of order v in the Riemann—

PJ k+r
S (3 B (=DM itriCk+v+r+1)
Ml’])_;’;(i—kﬂk!(j—r)!(r!)ZF(k+v+1)'

5.3 SJOM of fractional integration

The main objective of this subsection is to present an
operational matrix of fractional integration for shifted
Jacobi vector @ (x).

Theorem 10 Let @ (x) be the shifted Jacobivector and
v > 0. Then

J'P(x) ~ PV (x), (5.5)

where PY) is the (N +1) x (N + 1) operational matrix
of fractional integration of order v in the Riemann—
Liouville sense and is defined as follows:

7(0,0,a,8) Tv(O,1,a,8) --- Ty(O0,N,, p)
(1,00, Ty(A,1,a,8) -+ TV(,N,a, B)
v —
(i, 0,a,8) Tv(@i,1,a,p) Yv(i,N,a, B)
TV(N,b,a,/S) TV(N,.I,a,,B) TV(N,N,a,ﬂ)
5.6)
and

Tv(i, jv o, }3)

_Z’: (D" *ri+p+)Ii+k+a+p+1)
_k=0F(k+,8+1)F(i+a+ﬂ+l)(i—k)!F(k+v+l)

i(—l)f*f FG+f+a+B+D)a+1)
=0 rG+a+)I(f+B+DG - Hf!
U AkvEB+D) QjtatprD) L

I'(f+k+a+B+v+2) ’

(5.7)

Proof For the proof see [79]. |
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Remark 1 Tt is worthwhile to mention here that the
operational matrices of fractional integrations, in the
Riemann-Liouville sense, for shifted Legendre and
shifted Chebyshev polynomials can be obtained as spe-
cial cases for the operational matrix of fractional inte-
gration for Shifted Jacobi polynomials.

5.4 MGLOM of fractional integration

The main objective of this section is to derive an opera-
tional matrix of fractional integration for modified gen-
eralized Laguerre vector.

Theorem 11 Let v (x) be the modified generalized
Laguerre vector and v > 0. Then

TP (x) = Py (x), (5.8)

where P is the (N +1) x (N + 1) operational matrix
of fractional integration of order v in the Riemann—
Liouville sense and is defined as follows:

v,0,0) ¥,0,1) --- ¥,(0,N)
v,(1,0) v,1,1) --- ¥, (1,N)

(V)_ : : PO '

P = v,@,0) v,G, 1) --- ¥,(i,N) (5-9)
¥, (N,0) ¥, (N, 1) --- (N, N)

where
i

AHEDIDD

k=0 r=0
. (=D Ui rG +a+ 1) I'k+v+a+r+1)
G—kNG =P Tk+v+ D) Tk+a+DT(a+r+1)°

Proof Using the analytic form of the modified general-
ized Laguerre polynomials Lga’ﬁ ) (x) of degree i (3.16)
and (2.3). Then

Bri+a+1) vk
i— VK Tk+a+1)

7LD ) =3 (-1
k=0 (

_ Zi:(_])k ﬁkp(l +a+ 1) xk+v
= (- Tk+v+ D) Tk+at

(5.10)

Now, approximate x**” by N + 1 terms of modified
generalized Laguerre series, we have

N
Kk = Z chga’ﬁ)(x),
i=0

(5.11)

@ Springer

where c¢; is given from (4.35) with u(x) = xK+V that
is

b

(G—rr'I'r+a+1)
j=12,...,N.

/ I P v+ a4+ 1)
¢ =y
r=0

(5.12)
In virtue of (5.10) and (5.11), we get

(@B
JLEP (x)

N
:lev(i,j)Lﬁ.“*ﬂ)(x), i=0,1,...,N, (5.13)

j=0
where
i
AIEDIDS
k=0r=0

=Dkt gU—v=Djrri+a+ ) Ftk+v+a+r+1)
GG A ThtviDIktat D Matr+ )
j=12,...N. (5.14)

Accordingly, Eq. (5.13) can be written in a vector form
as follows:

J°LEP (x)
= [0 00, WG 1, (0. 2), WG N [0,
i=01,....N. (5.15)

Equation (5.15) leads to the desired result. O

6 Spectral methods for FDEs

In this section, we introduce different ways to approx-
imate linear FDEs using the tau method, based on the
presented operational matrices of fractional differenti-
ation and integration, such that it can be implemented
efficiently. Also, we present the collocation method,
based on the presented operational matrices, for solving
nonlinear FDEs on bounded and unbounded domains.

6.1 Applications of the operational matrix of
fractional derivatives

In this subsection, in order to show the fundamen-
tal importance of the operational matrices of frac-
tional derivatives, we apply spectral tau method based
on these operational matrices to solve the multi-term
FDEs.
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6.1.1 Shifted Jacobi tau operational matrix
formulation method

Consider the linear FDE

k
D’u(x) = Z Y DM u(x) + yrru(x) + g(x),

j=1

xel=][0,L], (6.1)
with initial conditions
u(0) = d;, i=0,1,....,m—1, (6.2)
where y; (j = 1,...,k + 1) are real constant coef-

ficientsand m — 1 < v < m, 0 < pu; < ua <

. < g < v. Moreover, DVu(x) = u™ (x) denotes
the Caputo fractional derivative of order v for u(x), the
valuesofd; (i =0, ..., m—1) describe the initial state
of u(x), and g(x) is a given source function.

The existence and uniqueness and continuous depen-
dence of the solution of the problem are discussed in
[96]. In order to solve the initial value problem (6.1)-
(6.2), we approximate u(x) and g(x) by means of the
shifted Jacobi polynomials as

N
un() = > ¢ PP ) = CTo (), 6.3)
=0
N
g0) = > &P %P () = GTo (), (6.4)
i=0

where the vector G = [go, ..., gN]T is known and

C =[co, ..., cn]T is an unknown vector.
Using Theorem 4 (relation (4.20)) and (6.3), yields
D un(x) ~CTD & (x) = CTDM @ (x), (6.5)
DMiupn(x) ~ CTDM @ (x) = CTDH) ¢ (x),
j=1,... k. (6.6)

Employing Egs.(6.3)—(6.6) the residual Ry (x) for
Eq.(6.1) can be written as

Ry (x)

k
= (CTD(”> — Ty D) —y T — GT) @ (x).
j=1

6.7)

As in a typical tau method (see[79]), we generate
N — m + 1 linear equations by applying

L
(Ry(x). PP (x)) = / Ry ()PP (x)dx = 0
0
ji=0,1,...,N —m. (6.8)

The substitution of Eqs. (4.17) and (6.3) into Eq (6.2)
yields

u©0)=Cc™MY0)=d;, j=0,1,...,m—1.

(6.9)

Equations (6.8) and (6.9) generate N — m + 1 and m
set of linear equations, respectively. These equations
can be solved for unknown coefficients of the vector C.
Consequently, u y (x) givenin Eq. (6.3) can be obtained,
which is a solution of Eq.(6.1) with the initial condi-
tions (6.2).

Remark 2 To solve Eq.(6.1) subject to the following
boundary conditions (when m is even):

OO =a, u(L)=bi i=01.... T 1.

(6.10)

We apply the same technique described above, but the
m set of linear equations resulting from (6.9) is changed
to

u®(0) = "DV (0) = a;,
u(L) =Cc"™DPo(L) = b;,

i =0,1,..., 2 1
i=0,1,...,——1.

2
Equations (6.8) and (6.11) generate N + 1 system of lin-
ear equations. This system can be solved to determine
the unknown coefficients of the vector C.

6.11)

6.1.2 Modified generalized Laguerre tau operational
matrix formulation method

Consider the linear FDE
k
D u(x) = y;DYu(x) + yip1u(x) + g(x),
j=1

in A = (0, 00), (6.12)
with initial conditions
u®(0) = dq;, i=0,....,m—1, (6.13)
where y; (j =1,...,k+ 1) are real constant coeffi-

cientsandm—1<v<m,0<l1 <O <. <<
v. Moreover, D"u(x) = u)(x) denotes the Caputo
fractional derivative of order v for u(x), and the values
ofd; (i =0,...,m — 1) describe the initial state of
u(x), and g(x) is a given source function.
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Let w@A(x) = x%P*. Then, we denote by
L2 5 (A)(A = (0, 00)) the weighted L* space with
inner product:

(1, V) ey = / @A) (),
A

1
and the associated norm ||u||,@p = (U, u)i(aﬁ). It

is known that {Ll(a’ﬁ ) (x) : i = 0} forms a complete
orthogonal system in Li)m_ p (A).

To solve the fractional initial value problem, (6.12)-
(6.13), we approximate u (x) and g(x) by modified gen-
eralized Laguerre polynomials as

N
u(@) = > L (x) = Ty (x), (6.14)
i=0
N
g = Gl ) = Gy (), (6.15)
i=0
where vector G = [go, ..., gN]T is known and C =
[co, ..., cn]T is an unknown vector.

By using Theorem 6 (relation Egs. (4.39) and (6.14))

we have

D'u(x) ~ CTD"¢(x) = CTDMy (x), (6.16)
Déiu(x) ~ CTD%y(x) = CTDYDy (x),
ji=1,... k. (6.17)

After employing Eqs (6.14)-(6.17), the residual Ry (x)
for Eq. (6.12) can be written as

Ry (x)

k
=(C™DW - T y;DE —y 1 CT=GT | y(x).
j=1
(6.18)
As in a typical tau method (see [67,69]), we generate
N — m + 1 linear equations by applying

(Ry (). L () = / w@P Ry ()L () de =0,
A

j=0,1,...,N —m. (6.19)
Also, by substituting Eq. (6.14) into Eq. (6.13), we get
u®0)y=Cc™MO%O0)=d;, i=0,1,....,m—1,

(6.20)

Equations (6.19) and (6.20) generate N —m + 1 and m
set of linear equations, respectively. These linear equa-
tions can be solved for unknown coefficients of the
vector C. Consequently, u(x) givenin Eq. (6.14) can be
calculated, which give the solution of the initial value
problem in Egs. (6.12) and (6.13).

@ Springer

6.2 Applications of the operational matrix of
fractional integration

The proposed multi-order FDE is integrated v times,
in the Riemann-Liouville sense, where v is the highest
fractional order and making use of the formula relat-
ing the expansion coefficients of fractional integration
appearing in this integrated form of the proposed multi-
order FDE to the orthogonal polynomials themselves.
In this section, we present the tau method, based on the
SJOM and MGLOM of fractional integrations, for solv-
ing FDE in bounded and unbounded intervals, respec-
tively.

6.2.1 Tau method based on SJOM of fractional
integration

In order to show the fundamental importance of SJOM
of fractional integration, we apply it to solve the fol-
lowing multi-order FDE:

k

D u(x) = > yiDPux) + yipu(x) + f(x),
i=1

inl = (0, L), (6.21)
with initial conditions
u(0) = d;, i=0,....,m—1, (6.22)
where y; (i = 1,2, ...,k + 1) are real constant coef-
ficientsandm — 1 <v <m, 0 < B <Br<--+ <
Br < v.

If we apply the Riemann-Liouville integral of order
v on (6.21) and using (2.6), we obtain the integrated
form of (6.21):

m—1 xj

_ (Mot

ux) = > u( S
j=0

k m;—1 .
! . J
:Zyi,v—ﬁi [u(x) -y u(j)(0+))%] e 1M u(x)
i=1 =0 J:
+1If(x), uDO) =d;, i=0,....m—1,
(6.23)

where m; — 1 < B; < m;, m; € N, this leads to

k
u(x) = D yil " Pue) + yiepn Iux) + g(x),
i=1

u®(0) = dq;, (6.24)



A review of operational matrices for fractional calculus

1039

where
m—1 )Cj
__JV P
gx) = IV f(x) + Z(:)dj i
J:

k m;—1 X j
+> I h 4=
i=1 j=0
In order to use the tau method with SJOM for solving
the fully integrated problem (6.24) with initial condi-
tions (6.22), we approximate u(x) and g(x) by means
of the shifted Jacobi polynomials:

N
un() = > ¢ PP ) = CTo (), (6.25)
=0
N
g0 =D g ) = GTow), (6:26)

i=0
where the vector G = [go, g1, .- -, gN]T is given but
C =|co,c1y..., cN]T is an unknown vector.
Now, the Riemann-Liouville integral of orders v and
v — f; of the approximate solution (6.25), after making
use of Theorem 10 (relation (5.5)), can be written as

I"uny(x) ~CT1V®(x) ~ CTPY @ (x), (6.27)

and

I"Piuy(x) ~CT1"Pid(x) ~ CTPV PP (x),
j=1,...k (6.28)

respectively, where P™ is the (N+1) x (N +1) oper-
ational matrix of fractional integration of order v.

After employing Egs.(6.25)—(6.28), the residual
Ry (x) of Eq.(6.24) can be written as

Ry (x)

k
= <CT — Ty PO — TR - GT) ().
j=1

(6.29)

As in a typical tau method (see [67,69]), we generate
N — m + 1 linear algebraic equations by applying

L
(R, PP ) = [ Ru PP s =0,
i=01,... . N—m. (630

Also, substituting Eqgs. (3.2) and (6.25) into Eq. (6.22)
yields

N
u®0) = > DD PP (0) = di,
i=0

i=0,1,....,m—1. 6.31)

Equations (6.30) and (6.31) generate N —m + 1 and m
set of linear equations, respectively. These linear equa-
tions can be solved for unknown coefficients of the
vector C. Consequently, uy (x) given in Eq. (6.25) can
be calculated, which is a solution of Eq. (6.21) with the
initial conditions (6.22).

6.2.2 Tau method based on MGLOM of fractional
integration

The modified generalized Laguerre tau method based
on operational matrix is proposed to solve numeri-
cally the FDEs. The basic idea of this technique is
as follows: (i) The FDE is converted to a fully inte-
grated form via fractional integration in the Riemann—
Liouville sense. (ii) Subsequently, the integrated form
equation are approximated by representing them as
linear combinations of modified generalized Laguerre
polynomials. (iii) Finally, the integrated form equation
is converted into an algebraic equation by introducing
the operational matrix of fractional integration of the
modified generalized Laguerre polynomials.

Consider the following multi-order FDE:

k
D u(x) = >y DPiu(x) + yiriu@) + f(x),
i=1

in A = (0, 00), (6.32)
with initial conditions
u®(0) = d;, i=0,...,m—1. (6.33)

If we apply the Riemann-Liouville integral of order
v on (6.32) and after making use of (2.6), we get the
integrated form of (6.32):

m—1 i
u(x) = > u<f>(o+)7
—rt !

k m;—1 :
! . J
=3yl u - Y wDOH S [y ut)
izl =0 J:
+ 7V fx), uDO)=d;, i=0,....m—1, (6.34)

where m; — 1 < B; < m;, m; € N. This implies that

k
u(x) = D yid ") + e S ux) + g(x),

i=1

u®(0) = dq;, (6.35)

@ Springer
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where
gx) =J"fx)
m—1 i k mi—1 i
R . yv—>~i T
+Zd,j!+2ylj 4=
j=0 i=1 j=0

Let us express the approximate solution u(x) and g(x)
in terms of the modified generalized Laguerre polyno-
mials

N
un() = > L (x0) = Ty (x), (6.36)
i=0
N
g0) = > gL P (x) = GTy(x), (6.37)
i=0
where the vector G = [go, ..., gN]T is given but C =
[co, ..., cn]T is an unknown vector.

The Riemann-Liouville integral of orders v and
v—f; of the approximate solution (6.36), after employ-
ing Theorem 11 (relation (5.8)), can be written as

J un(x) ~ CT I ¢ (x) ~ CTPMy (x), (6.38)
and
T Piuy(x)
~ CTJ = Piy(x) =~ CTPOPDy (x),
j=1,...k (6.39)

respectively, where P(") is the (N + 1) x (N + 1)
operational matrix of fractional integration of order
v. Employing Egs. (6.36)—(6.39) the residual Ry (x) of
Eq. (6.35) can be written as

Ry (x)

k
= (CT —CTY P — e CTRO) — GT> ).

j=!

(6.40)

As in a typical tau method, we generate N — m + 1
linear algebraic equations by applying

(Ry (), LD (x))

= / RN(x)w(“’ﬁ)(x)L;a’ﬁ)(x)dx =0,
A
j=0,1,...,N —m. (6.41)

Also, by substituting Egs. (4.35) and (6.36) in Eq. (6.33),
we get

u®0)=c™MPy%0)=d;, i=01,....,m—1.
(6.42)

@ Springer

Equations (6.41) and (6.42) generate N —m + 1 and m
set of linear equations, respectively. These linear equa-
tions can be solved for unknown coefficients of the
vector C. Consequently, uy (x) given in Eq. (6.36) can
be calculated, which gives a solution of Eq. (6.32) with
the initial conditions (6.33).

6.3 Collocation method for nonlinear FDEs in finite
interval

Here, we apply the collocation method, based on SJOM
and BOM of fractional derivatives, for nonlinear FDEs
in finite interval subject to initial and boundary condi-
tions.

6.3.1 Collocation method based on SJOM

In order to present the implementation of the Jacobi
collocation method based on SJOM of fractional deriv-
ative, we consider the nonlinear FDE

D'u(x) = F(x,u(x), D"'v(x), ..., D*u(x)),
(6.43)

with initial conditions (6.2), where F can be nonlinear
in general.

In order to use SJOM for this problem, we first approx-
imate u(x), D'u(x) and D*iu(x) (j = 1,...,k) as
Eqgs. (6.3), (6.5) and (6.6), respectively. By substituting
these equations in Eq. (6.43), we get

CDVo(x) ~ Fx, ("o (x), (Do (v), ...,
CTDW) @ (x)). (6.44)

Also, by substituting Egs. (6.3) and (4.17) in Eq. (6.2),
we obtain

u®0)=cDPP0)=d;, i=0,1,....,m—1.

(6.45)

To find the approximate solution u y (x), we first col-
locate Eq.(6.44) at N — m + 1 points. We choose the
N —m + 1 shifted Jacobi polynomial roots as the collo-
cation points. These equations together with Eq. (6.45)
generate N 41 nonlinear equations which can be solved
using Newton’s iterative method. Consequently, the
approximate solution u y (x) can be obtained.

Remark 3 For dealing with the nonlinear FDE (6.43)
with boundary conditions (6.10), we apply the same
technique described in this subsection, but Eq. (6.45)
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should be changed to (6.11). After using the collocation
method with the aid of SJOM for fractional derivatives
at the N — m + 1 nodes, we obtain a system of N + 1
nonlinear algebraic equations which may be solved by
Newton’s iterative method.

6.3.2 Collocation method based on BOM

In order to show the high importance of BOM of frac-
tional derivative, we apply it to solve multi-order frac-
tional differential equation

F (x,u(x), DPru(x), ..., DPu(x)) =0, (6.46)

with boundary or supplementary conditions

H; (u(&), u' (&), ..., uP &) =di, i=0,...,p,
(6.47)
where 0 < p < max{B;,i=1,...,k} < p+1,
& €[0,1],i =0,..., p and H; are linear combina-
tions of u(&;), u’(&;), ..., u” (&) and u(x) € L0, 1].
It should be noted that in general F can be nonlinear.
We approximate u(x) by Bernstein polynomials as

N
u(x) = D ciBin(x) = CTB(x),
i=0

(6.48)

where vector C = [co, ..., cn]? is unknown vector.
Using Eqgs. (4.53) and (6.48) we have

DPiu(x) ~ CTDPi B(x) ~ CTD¥) B(x),
j=1... .k (6.49)

By substituting these equations in Eq. (6.46), we get

F (x, CTB(x), CTDBVB(), ..., CTD(’B")B(x)) —0
(6.50)

Similarly, substituting Eq. (6.48) in Eq. (6.47) yields

H; (C"BE). "DV B, ... CTDPBE)) = d;,

(6.51)

To find the solution u(x), we first collocate Eq. (6.50)
at N — p points. For suitable collocation points, we use

1 i .
xi:E CcoS W +1), i=1,...,N—p.

(6.52)

i=0,...,p.

These equations together with Eq. (6.51) generate N +1
algebraic equations which can be solved to find ¢;, i =
0,..., N. Consequently, the unknown function u(x)
given in Eq. (6.48) can be calculated.

6.4 Collocation method for nonlinear FDEs in a
semi-infinite interval

In this section, in order to show the high importance
of MGLOM of fractional derivative, we apply it to
solve nonlinear multi-order FDE. Regarding the non-
linear multi-order fractional initial value problems on
the interval A we propose a spectral modified general-
ized Laguerre collocation method based on MGLOM
to find the solution u y (x).
Consider the nonlinear FDE

D'u(x) = F(x,u(x), DP'ux), ..., DPu(x)),

in A = (0, 00), (6.53)

with initial conditions (6.13), where F can be nonlinear
in general.

In order to use modified generalized Laguerre poly-
nomials for this problem, we first approximate u(x),
D'u(x) and DPiu(x),for j = 1,..., k as Eqs.(6.14),
(6.16) and (6.17), respectively. Therefore, Eq.(6.53)
can be written as

CTDWy(x) ~ F (x, Ty (x),

Dy ), ..., CTD(ﬂk)l/f(x)) : (6.54)

The numerical treatment of the initial conditions as
given in Eq. (6.13) yields

u®©0) =Dy ©0) =d;, i=0,1,....,m—1,
(6.55)

To find the solution u (x), we first collocate Eq. (6.54) at
N — m points. For suitable collocation points, we use
the N — m + 1 modified generalized Laguerre roots
of nga’ﬁ ) (x). These equations together with Eq. (6.55)
generate N + 1 nonlinear equations which can be solved
using Newton’s iterative method. Consequently, the
approximate solution u(x) can be obtained.

Corollary 6 In particular, the special case for gener-
alized Laguerre polynomials may be obtained directly
by taking B = 1 in the modified generalized Laguerre,
which are denoted by Ll@(x) (see [66]).

7 Fractional generalized Laguerre functions for
systems of FDEs

The fractional-order generalized Laguerre functions
(FGLFs) can be defined by introducing the change of

@ Springer
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variable t = x*, 8 = 1 and A > 0 on modified general-
ized Laguerre polynomials. Where the FGLFs nga) (x)‘)
be denoted by Lf“’k) (x).

We use the fractional-order generalized Laguerre
collocation (FGLC) method (see, [97]) to numerically
solve the general form of systems of nonlinear FDE,
namely

D" ui(x) = fi(x,ur(x), u2(x), ..., us(x)), x € A,
i=1,...,n, (7.1)
with initial conditions
u; (0) = ujo, i=1,...,n, (7.2)
where 0 < v; < 1.
Let
N
uin(x) = > a L (x), (7.3)

j=0
The fractional derivatives D" u(x), can be expressed
in terms of the expansion coefficients a;; using (4.39)
where B = 1. The implementation of fractional-

order generalized Laguerre collocation method to solve
(7.1)=(7.2) is to find u; y (x) € Sy (A) such that

DVuin(x) = Fi(x, uin (x), uan (X), ... gy (x)),
x €A, (7.4)

is satisfied exactly at the collocation points x Z(O;\,)‘Il, k=

0,1,....,N —1,i = 1,...,n, which immediately
yields

N
A A
Zai/D”’L(“ o)

(o, M) (a,A) o (a,1)
ZNkaa L N

N
> LD D L)
Jj=0 Jj=0
(7.5)
with (7.2) written in the form
N
> a LM O) = w0, i=1.....n (7.6)

=0
This means the system (7.1) with its initial conditions
has been reduced to a system of n(N + 1) nonlinear
algebraic equations (7.5)—(7.6), which may be solved
by using any standard iteration technique.

@ Springer

8 Applications and numerical results

This section presents some numerical results obtained
by using the algorithms presented in the previous sec-
tions. Comparisons of the spectral methods with those
obtained by other methods reveal that spectral methods
are very effective and convenient.

Example 1 Consider the inhomogeneous Bagley-
Torvik equation, see [68]

D2u(x) + D7u(x) + u(x) = g(x),
u) =1, u/(O) =1, xe€l0,L]. (8.1)
where g(x) = 1 + x.

The exact solution of this problem is u(x) = 1 + x.

By applying the technique described in (Sect. 6.1.1)
with N = 2, we may write the approximate solution
and the right-hand side in the forms

2

u@) = > PP ) = o),
2

g(0) = > PP () = GTow).

Here, the operational matrices corresponding to
Eq.(8.1) can be written as follows

0 0 0
D® = 0 0 0 ,
A2(2,0) Ax(2,1) Az(2,2)
0 0 0
pG) [ o 0 o ).
A3(2,0) A3 2. 1) A3(2.2)
80
G=1|g|.
82

where g; and A, (i, j) are computed from Eqs. (4.14)
and (4.21), respectively.

Firstly, applying the tau method for (8.1) (see,
Eq. (6.8)) gives

co+ (422,00 + 432.0)) e2 — g0 =0. (8.2)

Secondly, the use of Eq. (6.9) in the initial conditions
yields

co— (B+ Der + WQ —1=0, (83)

(@+p+2)c1=B+2)(@+p+3)e2—L=0.
(8.4)
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Finally, if we solve the linear algebraic equations,
(8.2)—(8.4). Then, the approximate solution can be writ-
ten as

ri0o

ulx) = (co c1 cz) PL(‘fiﬁ)(x) =x+1,

P @

which is the exact solution of the problem.

Table 1 exhibits the 3 unknown coefficients cg, ¢
andc, with various choices of o and 8. We observed
that in each case of the Jacobi parameters o and 8, we
can achieve the exact solution.

Remark4 In case of « = f = 0O and L = 1,
the previous result is in complete agreement with the
result obtained by Saadatmandi and Dehghan, (see [68]
Example 1).

Example 2 Consider the FDE (see [68])

UV @) +ux)=0, 0<v<2, u)=1,
wW'(0)=0 xe(0,1), (8.5)

the second initial solution is for v > 1 only.
The exact solution is (see [24])

u(x) = E, 1(—x"), (8.6)
where

o0 xr
Esc(x) = ; m, (8.7)

is the generalized Mittag-Leffler function.

The solution of this problem is obtained by applying
the technique described in (Sect. 6.1.1). The maximum
absolute error for v = 0.85 and various choices of
N, « and B are shown in Table 2. From Table 2, we

Table 1 c¢p, ¢ and ¢, for different values of « and g, in Exam-
ple 1

o B o l 2
0 0 541 L 0
1 1 F+1 L 0
0.5 0.5 L+1 £ 0
-0.5 0.5 L+ L 0
0.5 -0.5 L41 L 0
-0.5 -0.5 541 L 0

Table 2 Maximum absolute errors at v = 0.85 for different
values of &, B and N, in Example 2

N o B Error o B Error

8 1.8 x 1073 8.7 x 1073
16 0 0 45x107% 05 -05 2.8x1073
24 1.9 x 107 1.5 x 1073
32 8.1x 1073 9.6 x 1074
8 2.9 %1073 32x 1073
16 05 05 58x107* —05 05 6.6x10™
24 2.4 %1074 2.6 x 1074
32 12x 1074 14x1074
8 3.8 x 1073 6.2 x 1073
16 1 1 1.1x1073 —05 —05 18x107?
24 3.8 x 1074 9.0 x 1074
32 23 %1074 52 %107

can achieve a good approximation to the exact solu-
tion by using a few terms of shifted Jacobi polyno-
mials. Also maximum absolute error for N = 10
and different values of v, «, and B are shown in
Table 3.

Remark 5 Incaseof« = 8 = 0and L = 1, this result
is in complete agreement with the result obtained by
Saadatmandi and Dehghan (see [68]).

Example 3 Consider the equation

D2u(x) — 2D3u(x) + D3 u(x) + u(x)

16
3 2.5
= 6x + ——x23,
x4+ 6x + 5\/_x
u©) =0, u'0)=0, xeA, (8.8)

whose exact solution is given by u(x) = x3.

By applying the technique described in Sect. 6.1.2
with N = 3 and x € A, we approximate the solution
as

3
u(x) = ZciLfa’ﬁ)(x) = CTllf(x).
i=0

Here, we have

D® — ,32

N - O O
- o O O
(=l e M)
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Table 3 Maximum

absolute error for different v « B Emor ¢ Error o B Emor ¢ p Error
values of v, & and f at 02 0.1684 0.1907 0.1824 0.2544
N = 10, in Example 2
0.4 0.0363 0.0617 0.0489 0.1002
0.6 0.0100 0.0202 0.0158 0.0314
0.8 0.0018 0.0045 0.0034 0.0069
1 0 0 1LOx107M 1 29x 107 L 1 oraxi07* LS opex 107
12 0.0046 0.0061 0.0046 0.0222
14 0.0014 0.0041 0.0026 0.0085
1.6 3.8x 1074 0.0029 0.0016 0.0031
1.8 7.3 x 1073 0.0016 9.0 x 10~* 0.0012
2 1.9 x 10714 5.7 % 10713 2.0x 10713 6.6 x 10714
0 0 0 0 Table 4 c¢p, c1, ¢ and c3 for different values of @ and B in
(%) 0 0 0 0 Example 3
p\3/) = ,
.Q%(Z, 0) .Q%(Z, 1) Q%(Z, 2) .Q%(2, 3) « B o o o o o« B o a o o
£253,00 253, 1) £25(3,2) £25(3,3)
3 3 3 3 _ _ 3 ~92 9 _3
0 6 18 18 —6 0 3 2 2 3
9(010)9(011)9(012)9(013) 1 24 36 24 —6 1 3 -3 3 =3
2 (1, 21, 2 (1, 2L,
i) _ S am a0 oo 21 60 —60 30 —6 2 2 &5 L1 3
Q%(3’0) Q%(3’1) Q%(3’2) Q%(3’3) 3120 =90 36 —6 3 15 -% 9 _3
23,0 223, 1) 2:3,2) 2:63,3) 4 200 —126 42 —6 4 M5 & 2 3
2 2 2 2 3 9 9 3
80 0 5 -3 3 —5 0 ® Tm o om TR
8 4 8 2 3 9 3 3
G = g; , 1 5 —3 9 ~g ! 8§ "% 8 3
20 20 10 2 15 15 15 3
23 5 -5 9 7524 % "1 n n
&3 3 40 30 4 _2 g5 15 _4 o _3
9 9 3 9 8 32 16 32
where g; and £2,,(i, j) are computed from Eqgs. (4.35) 4 »no-uoMo_z2y no-g a3

and (4.40), respectively.
Therefore, using Eq. (6.19), we obtain
co + [1+£2:(1, 0)]er + [1-2825(2,0)+£22 (2, 0)]ez
T2 -28256,0)]e3 — g0 =0, (8.9)
[1+ .Q%(l, Dler + [.Q%(2, 1) — 2.(2; 2, Dlez
+[1 - 2.(2%(3, 1)+ 52%(3, D]ez — g1 =0. (8.10)

Now, by applying Eq. (6.20) we have

o+ D(a+2
CT¢0) = co+ (o + ey + %cz
(@ + Do +2)(a +3)

+ c

6
D¢ (0) = —Be1 — Bla + ez
B Bla +3) (o + 2)C

2
Finally, by solving Eqgs.(8.9)—(8.11) we have the 4
unknown coefficients with various choices of o and

3 =0,

5=0. (8.1

@ Springer

B which are given in Table 4. Then, we get

o +6a% + 1o + 6 ~302 — 15a — 18
CO = 3 , 6‘1: 3 s
p B
6a + 18 —6
€= —73—, (3= 5.
B3 B3
Thus, we can write
LEP (x)
%P (x) \
u(x) = (co, 1, 2, ¢3) ) —
L2 (x)
LP (x)

Example 4 Consider the following linear boundary
value problem
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5 3 1
4(x~|—1)D2u(x)+4D2u(x)+mu(x)
=Vx+/7,
JT
u0) = V7, u(0) = o u(l) =27, (8.12)
The exact solution of this problem is u(x) =
Ve + ).

Now, we apply the collocation technique based on
BOM, which is described in Sect. 6.3.2, for solving
Eq.(8.12). The Lo, and L, errors are presented in
Table 5 for different values of n. Also, in Table 5, acom-
parison is made between the presented method and the
method based on linear B-spline functions (see [78]).
The method of [78] requires the solution of a rather
large systems of algebraic equations to obtain accuracy
of comparable order. Indeed, in the BOM method, we
obtain N + 1 algebraic equations while the method of

80

G=|%
82

83

’

Example 5 Consider the following initial value prob-
lem

D3ux) + 3u(x) = 323 + — 15
ros. -
w(©0) =0, u'(0) =0, xelo0,Ll, (8.13)

whose exact solution is given by u(x) = x3.

By applying the technique described in (Sect. 6.2.1)
using SJOM of fractional integration with N = 3, we
may write the approximate solution and the right-hand
side in the form

3
u@x) = > ¢ PP )= "), and
i=0

3
g =D giP P () = GTow).
i=0

From Eq. (5.6) one can write

T% 0,0,a,B) T% ©,1,a,p) T% ©,2,a,p) T% ©,3,a,8)
T%(l, 0,c, B) T%(l, 1,a,pB) T%(l, 2,0, B) T%(l, 3,a,8)
T% 2,0,a,B) T% 2,1,a,B) T% 2,2,a,B) T% 2,3,0,8) |’
T% 3,0,a, B) T% G, Lo, B) T% 3,2,,8) T% 3,3, 0,8)

[78] requires 2V + 1 algebraic equations which increase
the computational time.

Table 5 Maximum absolute error for different values of N in
Example 4

N Lo Error L, Error
Method of [78]
5 2.5x 1073 1.2 x 1073
7 2.5x 107* 1.2x 107
8 7.8 x 1073 42 x 1073
BOM method
3 1.5 %1073 6.5 x 10~*
6 1.6 x 1073 6.1 x 107°
12 1.4 x 107 9.7 x 1077
15 6.7 x 1077 4.6 x 1077

where T% (i, j, o, B) is given in Eq. (5.7) and

_ Qjta+p+ D!

COLetBFIN (a4 1)
i(—l)/‘fl“(f+j+a+ﬂ+1)
S LG = DT +B+D)

L 64 9/2
x/ T 3 P — x)%dx.
o \ 1057

Making use of (6.28) and (6.30) yields
3T% ©,2,a, B)co + 3T%(1, 2,a,B)c1 + 3T%
2,2,a, B)ca + 3T% (3,2,a,B)c3+c2— g2 =0,
(8.14)
3T% 0,3, a, B)co + 3T%(1, 3,a,B)c + 3T%
2,3,a,B)c2 + 3T% 3,3,a,8)c3+c3—g3=0.
(8.15)

8j
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Applying Eq. (6.31) for the initial conditions gives
) +D(B+2
CTp0) =co— (B+ Der + wcz

2
B+DB+2)(B+3)
- G c3 =0,
(x+B8+2) B +2)(a+B+3)
L L =
B+2)B+)(a+p+4)
+ 7L c3

c"DWe(0) =

=0.

(8.16)

Finally, by solving Eqgs. (8.14)—(8.16), we get the
approximate solution. In particular, the special cases
for ultraspherical basis (¢« = B and each is replaced by
o— %) and for Chebyshev basis of the first, second, third
and fourth kinds may be obtained directly by taking
a=p= :F%, oa=—-8= :t%, respectively, and for
the shifted Legendre basis by taking « = g = 0., we
offer some of these special cases.
Case 1. If « = 8 = 0, then
L3 913 L’ L3
T 9T @T 6Ty

20°
and the approximate solution is given by

ch PO () = 2,

which is the exact solution.

co) =

uy(x) =

1

Case 2. If we choose @ = —5, 8 = 2, then
3517 2117 7L} L
CT e NT T3 2T STy
and
L)
uy(@) =D P, () =27,
which is the exact solution.
Case 3. In the case of « = %, B = %, we have
513 9L} 513 L
CT e TT 3 T ST 0
and
H(373)
Uy (x) = Zcz v ) =x
i=0
which is the exact solution.
Example 6 Consider the equation
D*u(x) — 2Du(x) + DZu(x) + u(x)
16
3 2 25
=x" -6 6 — ,
X x“ 4 6x + Sﬁx
u(©0)=0, u'(0)=0, xel0,L], (8.17)

whose exact solution is given by u(x) = x3.

@ Springer

Now, we can apply the technique described in
(Sect. 6.2.1) using SJOM of fractional integration with
N = 3. The approximate solution obtained by using the
proposed method for some special cases of « and 8 are
listed in the following cases
Case 1. If « = 8 =0, then

L3 913 L3 L3
CEY AT 2T STy
and

3
uy((x) = ZCIP(O O)(x) = x3

which is the exact solution.

Case 2. If o« = —%,,B = 2,then

3513 2113 7L3 L3

, 1= —(J5> 2= -, = 5
64 32 24 20

co) =

and
P
uy(x) = Zc, ri ) =x7,

which is the exact solution.
Case3.If ¢ = % B = —%,then

5L} o’ 5L} L
D= T6q VT 2T ST
and

l,,
uy(x) = Zcz L(l MOEE

which is the exact solution.
Cased. Ifa = = —%, then

503 1513 3L3 L3
Cl=-—F75 C=—1, 3=,
16 32

0= 6 32

and
un( (7 7) _ .3
N-x) zcz L,i (x)—x .

which is the exact solution.

Example 7 Consider the following fractional initial
value problem

D3u(x) + 3u(x) = y2e’ + 3¢,
u@® =1, 'O =y, xe€(0,20),

whose exact solution is given by u(x) = e?~.

(8.18)
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Table 6 Maximum
absolute errors for y = 0.01 N ¢ p Error * p Error
and different values of «, 8 10 3.50 x 10-3 9.88 x 10-2
and N in Example 7 ' ’
20 3.67 x 1074 5.84 x 1072
30 0 1 0 1 2 1.4 x 1072
40 0 1.8 x 1073
50 0 0
10 7.95 x 1072 4.96 x 1072
20 9.36 x 1073 3.27 x 1073
30 3 2 3.17 x 1074 4 2 0
40 1.53 x 1074 —4.13 x 10716
50 —1.54 x 10714 —6.11 x 10716
Table 7 Maximum absolute errors for N = 10 and different values of y, « and 8 in Example 7
y o B Error o B Error o B Error o B Error
0.1 9.73 x 1072 5.13 x 107 1.48 x 1072 3.84 x 1072
0.2 2.52 x 107! 1.12 x 107! 3.65 x 1072 9.65 x 1072
-3 1 1 —4 -3
0.01 0 1 3.51 x 10 5 5 0 2 1 5.28 x 10 1 1 142 x 10
0.02 9.70 x 1073 1.48 x 1073 3.92 x 1073
0.05 3.56 x 1072 5.60 x 1073 1.46 x 1072

The solution of this problem is obtained by applying
the technique described in Sect. 6.2.2 using MGLOM
of fractional integration. The maximum absolute errors
for y = 0.01 and various choices of N, o and 8 are
shown in Table 6. From Table 6, we can achieve a
good approximation to the exact solution by using a
few terms of modified generalized Laguerre polyno-
mials. Also maximum absolute errors for N = 10 and
different values of y, o and g are displayed in Table 7.

Example 8 Consider the following initial value prob-
lem of multi-term nonlinear FDE

Déu(x) + D"u(x).DPu(x) + u?(x) = x°
6x3¢ 36x6-1—7
r4-¢ T@G-mrE-06y
ce2,3), ne(l,2), 0e(,1),
u(0) = u'(0) = u”(0) = 0.

+

The exact solution of this problem is u(x) = x3.

In Table 8, we introduce the maximum absolute
errors, using the collocation technique based on SJOM
in (Sect. 6.3.1), at ¢ = 2.5, n = 1.5, 6 = 0.9 with

various choices of @, B and N. Also, the maximum
absolute errors for four different choices of N, ¢, n, 0
and @« = B = 1.5 are shown in Table 9. From Table 9,
we see thatas ¢, n, 6 approach their integer values, the
solution of the FDE approaches that of the integer-order
differential equations and, accordingly, the approxi-
mate solutions will become accurate.

Example 9 Consider the following nonlinear initial
value problem

D?u(x) + Du(x) + u?(x) = g(x),
u@ =1, u'0) =0, x € (0, 20), (8.19)

where
g(x) = cos*(yx) — y? cos(yx)

r(l—v) /Ox (x =) lu@)dr

and the exact solution is given by u(x) = cos(yx).

+

The solution of this problem is obtained by applying
the technique described in (Sect. 6.2.2) in Eq.(8.14)
with « = 0 and B = 1 using LOM. The maximum
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Table 8 Maximum

absolute errors for N ¢ B Error ¢ p Error
gngclzi.fsfc;rrér;cll;gicisi)?.g 3.91 x 1072 184 x 1072
a, B and N, in Example 8 8 0 0 1.42 x 1073 1 1 5.40 x 107*
16 1.24 x 1074 1.03 x 1074
24 337 x 1073 3.39 x 1073
2.73 x 1073 1.27 x 1073
0.5 0.5 8.66 x 1074 1.5 1.5 3.47 x 1074
16 1.17 x 1074 8.98 x 107
24 3.50 x 1073 3.15x 1073

Table 9 Maximum absolute errors for « = g = 1.5 and different choices of ¢, 7, 6 and N, in Example 8

N ¢ n 0 Error e n [% Error
4 1.47 x 107 2.02 x 1073
8 2.000001 1.000001 0.000001 243 x 10710 275 1.75 0.75 5.93 x 1074
16 2.62 x 1071 2.40 x 1074
24 6.29 x 10~12 1.06 x 1074
4 1.85 x 10~ 1.91 x 107°
2.99 1.99 0.99 5.32 x 1079 2.9999 1.9999 0.9999 5.46 x 1077
16 3.50 x 1073 3.67 x 1077
24 1.95 x 107 2.06 x 1077

Table 10 Maximum absolute errors for y = % and different
values of v and N in Example 9

N v Error v Error

20 1.93 x 107! 2.67 x 107!
1 9

30 - 5.90 x 1072 — 4.72 x 1072
2 10

40 6.44 x 1072 2.85 x 1072

absolute error for y = % and y = ﬁ with various
choices of N and v are shown in Tables 10 and 11,
respectively.

Example 10 Finally, we consider the following nonlin-
ear boundary value problem

D2u(x) + r(%)%ﬁ DSu(x)

+ % F(g) YXDbu(x) + W' (0)? =2 + %x{
w©) =1, u(l) = 2. (8.20)

The exact solution of this problem is u(x) = X2+ 1.

@ Springer

We apply the method presented in Sect. 6.3.2 in
which we use the collocation method based on BOM
of fractional derivative. In Table 12, we compare the
Loo(0, 1) and Ly(0, 1) errors of the BOM algorithm
with the method proposed in [78].

Example 11 Consider the FDE

ra
Dzu(x) + D%u(x) +ulx) = X 4+24 Lx%,

(3)
rl=
2

(8.21)

u(0) =0, u'(0) =0,

the exact solution is given by u(x) = x°.

We convert Eq. (8.21) into a system of FDE by changing
variable u(x) = u(x) and get

DZuy(x) = ua(x)

DIuy(x) = u3(x)

D2us(x) = us(x) (8.22)
D%u x) = —ug(x) —ui(x) +x2+2+ e x%
4(x) = —uy 1 s>
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Table 11 Maximum absolute errors for y = ﬁ and different values of v and N in Example 9

N v Error v Error v Error

20 6.20 x 107! 2.12 x 107! 3.14 x 107!
30 2 2.16 x 107! i 432 x 1072 & 6.60 x 1072
40 8.51 x 1072 3.19 x 1072 1.21 x 107!

Table 12 Maximum absolute errors for different values of N,
in Example 10

N Loerror Lyerror
Method of [78]
5 5.1 x 1073 1.9 x 1073
7 33 x 107 1.2x 107
8 2.1 %1073 7.6 x 1073
BOM method
3 3.4 %1073 2.0 x 1073
6 1.5 % 10°° 7.6 x 1077
12 5.5x% 1078 23 %1078
15 1.9 x 1078 7.9 x 10~°

Table 13 Maximum absolute error using FGLC method with
various choices of « at N = 4 for Example 11

o E

-1 3.76 x 10714
0 2.84 x 10714
3 2.88 x 10714
1 5.39 x 1013
2 6.63 x 1071
3 6.73 x 10714

with initial conditions

u1(0) = u(0), u2(0) =0, u3(0) = u'(0),
1u4(0) = 0. (8.23)
The maximum absolute error for y(x) = yj(x)

using FGLC method at N = 4 and various choices
of o are shown in Table 13. It is clear that the approxi-
mate solutions are in complete agreement with the exact
solutions.

9 Conclusion

In this article, we have presented a broad discussion
of spectral techniques based on operational matrices of
fractional derivatives and integrals for some orthogonal
polynomials, such as the Legendre, Chebyshev, Jacobi,
Bernstein, Laguerre, generalized Laguerre and modi-
fied generalized Laguerre polynomials, and their use
with numerical techniques for solving fractional dif-
ferential equations on finite and semi-finite intervals.

Efficient numerical integration processes for FDEs
were investigated based on spectral methods in combi-
nation with operational matrices. Comparisons between
the obtained approximate solutions, using spectral
methods, of the problems with their exact solutions and
with the approximate solutions achieved by other meth-
ods were introduced to confirm the validity and applica-
bility of spectral techniques based on operational matri-
ces over other methods. The proposed methods can be
extended to solve the time-dependent FDES.

Acknowledgments The authors are very grateful to the review-
ers for carefully reading this article review and for their com-
ments and suggestions which have improved the article.
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