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Abstract In this paper, a new lattice hydrodynamic
traffic flow model is proposed by considering the
driver’s anticipation effect (DAE) in sensing optimal
current difference (OCD) for two-lane system. The
effect of anticipation parameter on the stability of traf-
fic flow is examined through linear stability analysis
and shown that it can significantly enlarge the stabil-
ity region on the phase diagram. Nonlinear analysis is
conducted, and mKdV equation is derived to describe
propagation behavior of a density wave near the criti-
cal point. The driver’s physical delay in sensing optimal
current difference effect is also investigated and found
that it has different effect on two-lane traffic based on
whether lane changing is allowed or not. Simulation
results are found in good agreement with the theoreti-
cal findings, which confirms that traffic jam can be sup-
pressed efficiently by considering the DAEOCD effect
in a two-lane traffic system.
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1 Introduction

Due to the rapid increase in automobile on roads, the
traffic problems became more and more serious and
attracted much attention of scientists and researchers
because of its complex mechanism, recently. There-
fore, to understand the dynamics of traffic flow and
investigate the properties of traffic jams, a considerable
variety of traffic models have been developed and dis-
cussed by physicists, mathematicians, and so on [1-23]
in past few decades. To explain the dynamical phase
transitions on freeway, Nagatani [11] firstly in 1998
proposed a simple lattice hydrodynamic model and
derived modified Korteweg—de Vries (mKdV) equa-
tion to describe the traffic congestion in terms of kink
density wave near the critical point. Thereafter, this
modeling approach was widely referred and extended
to study various nonlinear phenomenon present in real
traffic flow like backward effect [12], lateral effect of
the lane width [13] and anticipation effect of potential
lane changing [14]. Recently, Peng [15] incorporated
the effect of anticipation individual driving behavior
and proposed a new lattice model. Kang and Sun [16]
introduced alattice hydrodynamic model by taking into
account driver’s delay effect in sensing relative flux
(DDSRF) and found that this effect has an important
influence on the traffic jams.
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Most of the aforementioned models focus mainly on
some traffic phenomena only on a single lane. These
models cannot fully describe the real traffic on road-
ways consists of two or more lanes since they do not
consider the lane-changing behavior. In view of the
above mentioned facts, Nagatani [24] further extended
his model to two-lane system, two-dimensional traffic
system [25] and also to high-dimensional [26] traffic
dynamics. Later, some modifications have been made
in two-lane lattice model by incorporating different fac-
tors like optimal current difference [27] and flow differ-
ence effect [28]. Peng [29] analyzed the effect of driver
anticipation in two-lane system. Very recently, Gupta
and Redhu [30] developed a new model to investigate
the effect of driver’s anticipation in sensing relative flux
(DAESREF) for two-lane system.

In real traffic, the driver always adjusts his/her
velocity according to observed traffic situation in the
surroundings and estimates his/her driving individual
behavior. Most of highways comprise of multi-lanes,
so it will be more adequate to investigate this effect on
a two-lane system with the consideration of potential
lane changing. However, in the existing lattice models,
driver’s anticipation effect in sensing optimal current
difference effect (DAEOCD) in two-lane system has
not been studied. This motivates us to develop a two-
lane lattice model by incorporating the effect of driver’s
anticipation individual behavior in sensing OCD effect.

In this paper, a more realistic lattice model with
DAE in sensing OCD effect for two-lane traffic sys-
tem is presented. In Sect. 3, the stability condition of
traffic flow is investigated by means of linear stability
theory. To describe the propagation behavior of traf-
fic jams, Sect. 4 is devoted to the nonlinear analysis in
which mKdV equation is derived near the critical point.
Numerical simulations are carried out to validate the
theoretical findings in Sect. 5, and finally, conclusions
are drawn in Sect. 6.

2 A new model

To describe the traffic phenomena on single lane, the
simplest lattice hydrodynamic model was, firstly, pro-
posed by Nagatani [11] in 1998 and is given as

dpj + po(pjvi — pj—1vj-1) =0, (1)
d(pjvj) =alpoV(pj+1) — pjvjl. )
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where pg is the average density; p; and v;, respec-
tively, represent the local density and velocity at site j
attime ¢. V (.) is the optimal velocity function, which is
a monotonically decreasing function having an upper
bound and an inflection point at critical density. The
idea is that the variation in traffic flow pv at site j is
determined by the difference between the actual flow
at site j and the optimal flow poV (p;41) at the next
site.

While describing the traffic flow on road networks,
multi-lane models are found to be more appropriate as
most of the road networks are made up of more than
one lane. In this regard, Nagatani [11] further extended
single-lane lattice model to describe traffic phenom-
enon on two lanes by incorporating lane change effect
in the lattice version of continuity equation. The lane
changing on a two-lane highway occurs only in the fol-
lowing two cases.

Case (a): If pp,;j—1(t) > p1,;(¢), ie., the density
at site j — 1 on the second lane is higher than that at
site j on the first lane, the lane changing occurs from
the second lane to the first lane and the lane-changing
rate will be proportional to their density difference as
follows: ¥ |pg V' (00)| (02,j-1(1) — p1,;(1)).

Case (b): If py j(t) > p2,j+1(), i.e., the density at
site j on the first lane is higher than that at site j + 1 on
the second lane, the lane changing occurs from the first
lane to the second lane and the lane-changing rate will
be proportional to their density difference as follows:
v1pgV' (o)l (p1,(t) = p2,j+1(D)).

Here, p1, j(t) and p; j(t) are the densities on the
first and second lane, respectively, and y is a fixed
dimensionless coefficient. The proportionality con-
stant (y|p5V'(po)|) is chosen in such a way that
it becomes dimensionless. Based on the above lane-
changing rules, the continuity equation for two-lane
traffic can be obtained in the same fashion as in Ref.
[24] and is given by

dqpj + polpjv; — pj—1vj-1)
=103V (po)|(pj+1 — 205 + pj-1), 3)

= % represents the local density at site

where p; =
jand pjv; = w represents the local flow
at site j for the two-lane system.

In addition, the evolution equation of traffic current
on each lane will not be affected by lane changing.
Hence, the evolution equation for two-lane traffic [24]

was incorporated as
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0 (pjvj) = alpoV(pj+1) — pjvjl. “4)

Further, Peng [27] extended the Nagatani’s two-lane
lattice model by considering the optimal current differ-
ence effect and found that it has an important influence
on multi-lane traffic flow system. The continuity equa-
tion remains preserved, while the evolution equation is
modified by looking at the difference of optimal traffic
currents on site—j + 2 and j + 1. This effect plays a
significant role in stabilizing the traffic flow and sup-
presses effectively the traffic jams. Then, the modified
evolution equation is given by

0 (pjvj) =apoV(pj+1) —ap;v;
+ ailpoV(pj+2) — poV(0j+1)]. )

Here, A is the reaction coefficient of optimal current
difference. However, the important aspect of driver’s
anticipation effect (DAE) was not incorporated in this
lattice traffic flow model. As observed in real traf-
fic flow, drivers always adjust their vehicles based on
the available dynamic estimation information. In this
dynamic process, drivers sense the traffic relative infor-
mation from surroundings at time ¢ and make a deci-
sion to adjust velocity of their vehicles at a later time
t + 11, where 17 is the delay of driver’s response in
sensing headway. Once the decision has been taken,
vehicle actually moves at some later time ¢ + 71 + 1o
due to the delay of car motion, where 1, represents the
delay time of car motion. So, the total delay time is
the sum of two different delay times 7; and 7>. With-
out lose of generality, a linear relationship between
driver’s response delay t; and the total delay time t
is chosen as 71 = «t, where the « is the anticipa-
tion coefficient that corresponds to driver’s behavior
and t = 1/a denote the delay time, which allows for
the time lag, that it takes the traffic current to reach
the optimal current when the traffic is varying. How-
ever, driver’s anticipation effect was not explicitly con-
sidered in two-lane Peng’s model [27]. Therefore, we
propose a new evolution equation with consideration
of anticipation driving effect in sensing optimal current
difference effect (DAEOCD) on a two-lane system as
follows:

A (pj(vj@)) = apoVIpj+1(t +at)] —ap;j)v;(t)
+ar[Qj2(t+at) — Q1 (t+aT)].
(6)

where Q;(1) = poV[p;(t)] and the last term in the
above evolution equation denote the optimal current
difference on site j + 1. In the proposed model, the sign
of anticipation coefficient o explores different char-
acteristics of driver’s behavior on two-lane highway.
The positive value of « represents anticipation driving
behavior or the drivers forecast effect in a traffic sys-
tem with intelligent transportation system (ITS). Here,
driver adjusts his driving individual speed to the antic-
ipation optimal speed at time ¢ + o7 after delay time
7 in advance. So, the bigger value of « corresponds to
more skillful drivers in the model.

For « < 0, i.e., negative anticipation coefficient
corresponds to the explicit driver’s physical delay in
sensing optimal current difference effect. The effect of
driver’s delay in sensing relative flux is also analyzed in
single-lane model by Kang and Sun [16] and for two-
lane traffic system by Zhang et al. [31], recently. When
o = 0, the new model reduces to Peng’s [27]. For sim-
plicity, using the Taylor series expansion and neglecting
the nonlinear terms, the new evolution equation can be
obtained as:

9 (pj()v;(1) = apolV(pj+1(1))
+ otV (pj+10)dpj+1(1)] — ap;(t)v;(1)
+arpolV(pj+2(t)) — V(pj+1(1))]
+ aratpolV'(0j42(1))d;pj12(t)
— V' (pjr1()0pj+1 (D] @)

By taking the difference form of Eqgs. (3) and (7) and
eliminating speed v}, the density equation is obtained
as

pj(t+27) — pj(t +7) + o[V (P11 (1))
— Vipjt)]
+apgtlV (041 () Apj1 (1) = V'(p; ) Apj(1)]
+ Atpg [V (pj42(1) — 2V (pj41(D)) + V(pj(1))]
+at2pp [V (pj+2(1) Apj2(1)
— 2V (pjr1(1))Apj1(t) + V' (0 (1) Ap; (1)]
— ylogV (o) |lpj+1(t + 7)
—2pj(t+1T)+pj1t+1)] =0, (8)
where A~,0j(t) =pjt+1)—p;).

3 Linear stability analysis

To investigate the influence of driver anticipation effect
on jamming transition of traffic flow, linear stability
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analysis is conducted on the extended model in this
section. For this, under the condition of homogeneous
traffic flow, the state of uniform traffic is defined by con-
stant density pop and optimal velocity V (pp). Hence, the
steady-state solution of the homogeneous traffic flow
is given as

pj()=po, vj)=V(po). 9

Let y;(¢) be asmall deviation to the steady-state density
on site j. Then,

pj) = po+ ;). (10)

Putting this perturbed density profile into Eq. (8) and
linearizing it, we obtain

yi(t +20)=y;(t + 1) + 05V (po)yj1(t) — y;(1)]

+atpg V' (p0) Alyj1 () — y;(0)]

+ Apot V' (p0)[yj+2(t) — 2yj41(t) + y; ()]

+atipg V' (p0) Alyj4a(t) = 2yj41() + y;(1)]

—7y1o5 V' (po)[yj41(t + 1) = 2y, (t + 7)

+ yj—1(t + 1)1 =0. (In
Substituting y; (1) = exp(ikj + zt) in Eq. (11), we get
¥ — e ogV/ (po)le™ — 1]

+ atpdV'[e™ — 1][e'F — 1]

+hog TV (po)le — 11

+ Atpga V' (po)le™ — 1][e™ — 17

—ylpgV'(po)lle® =2+ e e =0.  (12)
Inserting z = z1(ik) + z2(ik)* ... into Eq. (12), we
obtained the first-order and second-order terms of the
coefficient ik and (i k)2, respectively, as

21 = —p3V'(po), (13)
322 p3V'(po)
n=-—~1-2 — zapg V' (p0)z1
2 2
— 203V (po) + 103V’ (00)!. (14)

When z; < 0, the uniform steady-state flow becomes
unstable for long-wavelength waves. For z, > 0, the
uniform flow becomes stable. Thus, the stability con-
dition for the steady state is

142y 424
T=—— tay e (15)
o5V (p0)(3 —2a)

The instability condition for the homogeneous traffic

flow can be described as
1+2y +2x

> — .
5V (o) (3 — 20)

(16)
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Asa = 0, the above unstability criteria (Eq. 16) will
become same as that of Peng’s model [27].

Eq. (16) clearly shows that lane-changing parameter
y, anticipation coefficient « and reaction coefficient A
play a significant role on the stability of traffic flow.
The neutral stability curves in the phase space (p, a)
are shown by solid curves in Fig. 1 for different values
of «. Figure 1a corresponds to without lane changing,
i.e., ¥ = 0 and Fig. 1b corresponds the lane-changing
case for y = 0.1. It can be observed from the figures
that the apex of these curves (p., a.) decreases with an
increase in « in both the cases, which means that larger
value of « leads to enlargement of stability region, and
hence, the traffic jam is suppressed efficiently. For neg-
ative values of o, when explicit driver’s physical delay
is present, the instability region increases, which is in
accordance with the result of Gupta and Redhu [30] for
two-lane and Kang and Sun [16] for single-lane traffic
models. On comparing Fig. 1a, b, it can also be con-
cluded that under the same conditions, the traffic flow
has been strengthen with the increase in the value of
y, which means that lane changing reduces traffic jams
significantly. This is similar to the real traffic phenom-
enon as under the jam situation, vehicles try to accom-
modate themselves in a less denser lane by changing
their lane quite frequently to overcome the congestion.

4 Nonlinear stability analysis

In this section, we investigate the evolution character-
istic of traffic jam around the critical point (o, a.)
on coarse-grained scales using reduction perturbation
technique. Long-wavelength expansion method is used
to understand the slowly varying behavior near the crit-
ical point. For that, the slow variables X and 7 for a
small positive scaling parameter €(0 < € < 1) are
defined as follows:

X =e(j+bt), T=¢er, (17)

where b is a constant to be determined. Let p; satisfy
the following equation:

pi(t) = pe+€R(X, T). (18)

By expanding Eq. (8) using Taylor expansion up
to fifth order (see Appendix 1) of € with the help of
Egs. (17) and (18), the following nonlinear equation is
obtained.
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Fig. 1 Phase diagram in parameter space (o, a), A = 0.1 foray =0, and b y = 0.1, respectively
Table 1 The coefficients k; of the model
ki ko k3
2y
b+ p2V’ 3¢ + p2V' [4 + bat + 1+ )] 2b3e2 4+ S 1+ 3abr(l +b1) + 64 + babei + 6y br |
ka4 ks ke k7
2y 2y _ 2y

—p": 3bt + atp?V’ %b4r3 + %[% + % +a (br + L’;TZ + b3t3) SDoc Ve 11)2'0"V

+30A[bP2 4 2b7] + L) |

€’k19x R + € kad% R
+ e* (07 R + k303 R + kgdx RY)
+ € (ksdrdx R + kedy R + k703 R?) = 0. (19)

The coefficients k; i = 1,2,---,7) are given in
3

Table 1, where V/ = S/ 2|, v = 20|, .

Near the critical point (o, a.), the value of 7 is set as

T=1.(2 + 1). (20)

By taking b = —,oCZV’ and eliminating the second-
order and third-order terms of €, we obtain

e*(OrR — 2103 R + £20x R?)

+ € (g30% R + g40% R + g50% R>) = 0, Q1)
where the coefficients g; (1,2,---,5) are shown in
Table 2.

In order to determine the value of propagation veloc-
ity for the kink—antikink solution, it is necessary to sat-
isfy the following condition:

(R}, M[R})) = / dXRyM[R}] =0, (22)

with M[R(] = M[R']. By solving Eq. (22), the selected
value of ¢ is

58283

c= —
28284 — 38185

(23)
Hence, the kink—antikink solution is given by

c c
pj = pc+e [81€ tanh (\/i(X—cng)), (24
82 2

with €2 = % — 1 and the amplitude A of the solution
is
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Table 2 The coefficients g; of the model

81

83

7132
A

o2V’
— =1+ 3abt (1 + bt,)
+ 61 + 6abT A + 6y bT,]

/)(2‘ v

%bzrc + bat.p2V’

84

85

o2V’

2.2
(3b+apfv’)rcg1+%b4r3+ d y(+6b7z;)

1 I
[Z+7+ 2

2.2
+ 30?2 + 2t + o (b + 25 0773 |

Q2r=1)p2V"
12

(25)
82

The kink—antikink soliton solution represents the coex-
isting phase including both freely moving phase (within
low density) and congested phase (within high density),
which can be described by p; = p. £ A, respectively,
in the phase space (p, a). For a particular case, when
a = 0, the results become similar to those found by
Peng [27]. The dashed lines in Fig. 1 represent the

200

o O

(V]

coexisting curves, which divide the phase plane into
three regions: the stable region, the metastable region
and the unstable region. In the stable region, the traffic
flow will remain stable under a disturbance, while in
metastable and unstable region, a small disturbance will
lead to the congested traffic. Moreover, with the con-
sideration of DAE when lane changing is allowed, the
corresponding neutral and coexisting curves both lower
down, which means that the stability of uniform traf-
fic flow has been further strengthen, while the negative

(b)

200

0 0

(d)

Cell number

Fig. 2 Spatiotemporal evolutions of density when y = 0,1 =0.1forae =0,ba =0.1,ca = 0.3, and d o = 0.5, respectively
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Fig. 3 Density profile at time r = 20300 when y = 0,A = 0.1 foraa =0,ba =0.1,ca = 0.3, and d @ = 0.5, respectively

value of « produces the opposite effect and the ampli-
tude of these curves increases, which leads to reduction
in the stability region of traffic flow.

5 Numerical simulation

In this section, we carry out numerical simulation of
the new model to investigate the effect of drivers antic-
ipation on traffic flow dynamic as well as to validate
linear and nonlinear analysis. Periodic boundary con-
ditions are chosen, and the initial conditions are taken
as follows:

£0; jEY Y+
pj()=pj@)=1p—0; j=4
po+o; j=24+1

where o 1s the initial disturbance, M is the total number
of sites taken as 100, and other parameters are set as
follows: 0 =0.1,a =23, 7 = é

The optimal velocity function given by Nagatani

[24] is adopted.
V(p)=—— | tanh +tanh { — )|, (26)
2 Pc

P P
where Viax and p. denote the maximal velocity and the
safety critical density, respectively. The optimal veloc-
ity function is monotonically decreasing and has an
upper bound and a turning point at p = p. = po. For
computation, maximal velocity and critical density are
set at 2.0 and 0.25, respectively.

Figure 2 depicts the simulation results of spatiotem-
poral evolution of density after 2 x 10* time steps for
different values of & under no lane-changing situation
(y = 0)and A = 0.1. It is clear from the Fig. 2a—d
that initial disturbance leads to the kink—antikink soli-
ton, which propagates in the backward direction. Due
to this, initial uniform flow under a small amplitude
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disturbance evolves into congested flow as the stability
condition is not satisfied. Figure 2d shows that as soon
as @ = 0.4, i.e., we entered into the stable region, a
small amplitude perturbation to the homogeneous den-
sity dies out and stop-and-go wave disappears. It is also
clear from Fig. 2a—d that anticipation driving behavior
has efficiently suppressed the traffic jam and also vali-
date the theoretical findings when lane changing is not
allowed.

Figure 3 describes the density profile at time ¢ =
20, 3005 corresponding to panel of Fig. 2. It can be
easily depicted from Fig. 3a—d that the number of stop-
and-go waves gradually decreases with an increase in
anticipation coefficient. This validates the fact that in
real traffic, more skillful drivers help in removing the
traffic congestion. The region of free flow turns wide,
and the amplitude of density waves is weakened with
the increase in anticipation coefficient, which means
that anticipation effect enhances the stability of the traf-
fic flow. The traffic jam disappears, and flow becomes
homogeneous at « = 0.5. Therefore, it is worth to
conclude that driver’s anticipation effect significantly
enhances the stability of system.

Now, we examined the effect of anticipation coeffi-
cient « on traffic flow dynamics when lane changing is
allowed (y = 0.1). Figures 4 and 5 display the simu-
lation results under the different values of anticipation
coefficient « for A = 0.1. The results corresponding
to y = 0.1 are found qualitatively similar to those
obtained for y = 0. Parallel to no lane-changing case,
initial small amplitude disturbance is amplified in pat-
terns (a, ¢), while the disturbance will dissolve quickly
and the traffic flow becomes uniform over the whole
space for an appropriate value of the parameter « as
shown in pattern (d). It is also clear from the density
profile (Fig. 5d) that the traffic flow becomes stable for
small value of anticipation coefficient for lane changing
in comparison with without lane-changing situation.
This verifies that more skillful drivers play a crucial
role in avoiding jams when lane changing is permit-
ted in two-lane system. It indicates that the stability
of the new two-lane lattice model is better than that
of Nagatani’s lattice model by taking the DAE’s effect
into consideration.

We further investigate the effect of negative antici-
pation coefficient representing the explicit drier’s phys-

200

(a)

Cell number

Fig. 4 Spatiotemporal evolutions of density when y =0.1,A =0.1 foraa =0,ba =0.1,ca = 0.2, and d o = 0.3, respectively
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200 200

Cell number

Fig. 6 Spatiotemporal evolutions of density when y = 0, A = 0.1 foraa = —0.1, and b o = —0.2, respectively

increases with an increase in the explicit drier’s phys-
ical delay, which means that jam can easily appear as

the driver has large delay of response.
Figures 8 and 9 show the simulation results when

the anticipation coefficient takes the negative values
and lane changing is permitted (y = 0.1). The results

ical delay in sensing optimal current difference effect.
Figures 6 and 7 show the simulation results when @ < 0
and lane changing are not allowed (y = 0.0). Itis clear
from the Fig. 6a, b that driver’s delay in sensing opti-
mal current difference effect plays an important role in
traffic congestion. The amplitude of the density waves
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Fig. 8 Spatiotemporal evolutions of density when y = 0.1, A = 0.1 fora o = —0.1, and b @ = —0.2, respectively

corresponding to y = 0.1 are quite different from those
obtained for y = 0. On comparing Fig. 7 with Fig. 9, it
is observed that the density profiles of congested flow
in passing case are no longer periodic. This jam pattern
exhibits irregular complex structure and propagates in
the opposite direction to the vehicle’s movement that
is a characteristic of chaos. In chaotic flow, density
waves band with one another, break up, and propagates
in the backward direction. From these results, we can
conclude that kink—antikink as well as chaotic region
can exist in the instable region on the phase plane for
different values of @ when passing is allowed in two-
lane traffic system.

Figures 10 and 11 represent the phase space plot
of density difference p () — p(t — 1) against p(¢) for
t = 10000 — 20000 corresponding to the traffic flows
in Figs. 7 and 9, respectively. Figure 10 of kink jam

@ Springer

exhibit the limit cycle, which corresponds to the peri-
odic traffic behavior. The points on the right and left
ends represent, respectively, the states within the traf-
fic jams and within the freely moving phase. The pat-
tern in Fig. 11 represents the set of dispersed points
around a closed loop in the phase space plot. It corre-
sponds to the irregular traffic behavior, which exhibits
the behavior characteristic of chaos. It is also clear from
the figure that the chaotic jam becomes more stronger
by decreasing the vale of o, which validates the fact
that as the driver’s delay increases, the traffic becomes
more and more irregular on a two-lane highway when
lane changing is allowed. Therefore, from theoretical
and simulation results, it is reasonable to conclude that
traffic jam can efficiently be suppressed by incorporat-
ing the driver’s anticipation effect on a two-lane traffic
system.
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6 Conclusion

In this paper, we presented a new lattice hydrodynamic
model for two-lane traffic flow by considering antici-
pation driving individual behavior in sensing optimal
current difference effect (DAEOCD). Linear and non-
linear analyses are performed to investigate the traf-
fic behavior analytically. We derived the mKdV equa-
tion to describe the traffic jam near the critical point
and obtained kink—antikink soliton solution related to
the traffic flow density. In addition, phase diagrams in
the density-sensitivity space with the neutral stability
curves and the coexisting curves are presented, show-
ing the phase transition among the freely moving phase
to uniform congested phase through coexisting phase
in two-lane system. It is concluded that anticipation
coefficient corresponds to driver’s behavior in sensing
that optimal current difference increases the stability of
traffic flow significantly in two-lane system, while the
negative value of anticipation coefficient corresponds
to driver’s delay response in sensing that optimal cur-
rent difference effect reduces the stable region and
increases congestion. The simulation results are in good
accordance with the theoretical findings. Therefore, itis
reasonable to conclude that driver’s anticipation effect
plays an important role in stabilizing/destabilizing the
traffic flow on two-lane highway. Though the results
discussed in this paper are complete, yet the proposed
two-lane model will be analyzed in our future work to
incorporate many important factors discussed in Refs.
[1-10] .
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Appendix 1

In this appendix, we give the expansion of each terms
in Eq. (8) using Egs. (17) and (18) to the fifth order of
€.

pj(t+71) = pc+€R+ ez(br)BXR
63 64
+ 3(bf)Za)%R + g(bt)38)3(R +e*tarR
5
+ ;—4(bz)4a§R +Eb20raxR. (27)
pj(t +21) = p + €R + €2(2bT)dx R

63
+ 7(2br)23§1e
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i 343 4
+ S @00 R + ' QDo R
5
+ 2—4(2br)4a;§R + S @brHaraxR. (28)

pj+1(1) = pe+ €R + €*0x R

3 4 ed

€ 3 4

—Jdy R+ —0y R+ —OJyR. 29
TR R % 29
Pj+1(t+71) =200+ 1)+ pj—1( + 1)

=R+ 4 (bT)d3R
5
+ %(1 + 621294 R. (30)

The expansion of optimal velocity function at the turn-
ing point is

Vipj) =V(pe) + V' (pe)(pj — pe)

V/// 3
+ 6(" Lo = po. (31)
Vipjr1) = V(pe) + V' (p)(pj1 — pc)
V/// »
+ 6(‘) ) (011 — o). (32)

Using Egs. (31) and (32), we get

V(pj+1) — V(pj)

3 4 5
, 2 € 2 € .3 € 4
= V'(pe) | €0xR + S OXR + 3R+ 10X R
V/// 5
+% [e4aXR3 n 628)2(R3i| . (33)

Some other important expansions are also computed
using Egs. (27)-(33) and are given as

V/(0j2(0) Apjia(t) — 2V (pj11(t) Apjy1 (1)
+ V'(pj ) Ap;(t) = € BTIV' ()% R

+e*b)V/ (po)d3 R
5

+ %(bzﬁ 260V (p) 3% R. 34)

V(pj2) =2V (pjr1) + V(pj)
=V (p)ax R + €'V ()3 R
7¢€d

+ ﬁV’(pc)E);‘(R. (35)

V' (pjs1(t)Apj1(t) — V' (0 (1) Apj(t)

63 ’ 2
= S 1)V (PR
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4
+ %(B%2 + b))V (0e)0% R + €V (0c)

4bt + 6272 + 4b373
x[rBTSXR+( s 274+ T)a“R]

(36)

By inserting (27), (28), (30), (33), (34), (35) and (36)
into Eq. (8), we obtain Eq. (19).
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