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Abstract One-dimensional anisotropic Heisenberg
ferromagnetic spin chain can be described by the fifth-
order nonlinear Schrodinger equation, which is inves-
tigated in this paper. Through the Darboux transfor-
mation, we obtain the Akhmediev breathers (ABs),
Kuznetsov—Ma (KM) solitons and rogue-wave solu-
tions. Effects of the coefficients of the fourth-order
dispersion, y, and of the fifth-order dispersion, §, on
the properties of ABs, KM solitons and rogue waves
are discussed: (1) With y increasing, the AB exhibits
stronger localization in time; (2) The propagation direc-
tions of an AB and a KM soliton change with the pres-
ence of §; and (3) Enhancement of y makes the exis-
tence time of the rogue waves shorter, while enhance-
ment of § increases the existence time of the rogue
waves.
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1 Introduction

Rogue waves are the large amplitude waves in the
ocean which appear unexpectedly [1-3]. Notion of the
rogue waves has been transferred into the realm of plas-
mas [4], Bose—Einstein condensation [5], Heisenberg
ferromagnetic spin chain [6] and optical fibers [7]. The
formation of rogue waves in nonlinear dispersive media
can be described within the framework of nonlinear
evolution equations, such as the nonlinear Schrodinger
(NLS) equation [8-10, 13], which has the analytic solu-
tions in the forms of certain types of breathers or
solitons on the finite background, i.e., the Akhme-
diev breathers (ABs), Kuznetsov—Ma (KM) solitons
and Peregrine solitons [8—12]. Such solutions allow
the analytic studies into the conditions that support the
emergence of rogue waves [8—12,14,15].

To describe the wave propagation more realistically,
some models with the higher-order effects, such as the
third- and fourth-order dispersion, self-steepening and
symmetric perturbations, have been proposed [16,17].
In this paper, via the Darboux transformation (DT)
[18-21], we will investigate the analytic solutions in
the forms of ABs, KM solitons and rogue waves of the
fifth-order NLS equation as follows [22,23]:

_ .
igr + 5 (5 +21q) = icr (us +6la1q: )
+7 [ + Blal*a +24%5,

+4ql:? + 60* @) + 81422 | = 18 [ xrens
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+301g1*gx +204*qxqrx + 101q17Grxx
+10(q1g: ) | =0, ()

which works as a model corresponding to a one-
dimensional anisotropic Heisenberg ferromagnetic spin
chain, where ¢(x,t) represents the envelope of the
waves, ¢ and x, respectively, denote the scaled time
and spatial coordinates, the asterisk represents the com-
plex conjugation, and the real parameters «, y and §
are, respectively, the coefficients of the third-order dis-
persion gy, fourth-order dispersion ¢,y and fifth-
order dispersion gyyxx [22,23]. Infinitely, many con-
versation laws and N-soliton solutions of Eq. (1) have
been obtained [22]. Lax pair and soliton solutions of
Eq. (1) have been derived [23].

Special cases of Eq. (1) have been used to describe
different nonlinear waves, depending on the particular
applicative context (e.g., Bose—Einstein condensation,
plasma physics, nonlinear optics and Heisenberg ferro-
magnetic spin chain): (1) Withae = y = 6§ = 0,Eq. (1)
can be reduced to the focusing NLS equation for the
wave evolution in different physical systems [24,26];
(2) whena # Oand y = § = 0, Eq. (1) can be reduced
to the Hirota equation for the propagation of a subpi-
cosecond or femtosecond pulse [10]; (3) fora = 8§ =0
and y # 0, Eq. (1) can be reduced to a fourth-
order dispersive NLS equation for the one-dimensional
anisotropic Heisenberg ferromagnetic spin chain with
the octuple—dipole interaction [27,28]; and (4) with
o =y =0and § # 0, Eq. (1) can be reduced to a
fifth-order NLS equation for the Heisenberg ferromag-
netic spin system [22,28]. Relevant issues can also be
seen in [29-34].

However, to our knowledge, the breather and rogue-
wave solutions of Eq. (1) have not been constructed
through the DT. In Sect. 2, through the DT and limit
process, the breathers and rogue-wave solutions of
Eq. (1) will be derived. In Sect. 3, influence of y and
3, the coefficients of the fourth-order dispersion and
fifth-order dispersion, on the ABs, KM solitons and
rogue waves will be discussed. Section 4 will be our
conclusions.

2 Breather and rogue-wave solutions of Eq. (1)
based on the DT

With the 2 x 2 Ablowitz—Kaup—Newell-Segur matrix
[24,25], the Lax pair associated with Eq. (1) can be
given as [23]

@ Springer
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where ¥ = (¥, llfz)T is the vector eigenfunction, ¥
and ¥, are the complex functions of x and ¢, 7 denotes
the transpose of the matrix, and U and V are expressible
in the form of [23]

sk
u=i(* 4,0\
q(x,t) —A
5
(A, B*
— 7 C c c
V=>ix (Bc —Ac)’ 3)
c=0
with
1 :
Ag = —Elql2 —3ylgl* —ia (q}q — gxq")
—y (q;‘xq — g« l* + qqu*)
—id (q:qu - q;ckqu + qXXQ: - %cqu*)
—6i8 (¢Fq — qxq%) 191,
_ 2 4 1 2
By = 2alq|"q + 68|q1"q +lqu +6iy|ql gy
+aqex + 289} ,.q% + 481qx17q + 68(q:)*q*

+ 85qxx |Q|2 + iVCIxxx + 551xxxx,

Ay =2alg|” +68|q* — 2iy (g7q — q:q¥)
+26 (Q:xq - |CIX|2 + CIqu*) s

Bi = q +4ylql’q — 2iaqy — 12i8|q|*qx
+2Yqxx — 2i0qGxxx,

Ay = 1+ 4ylq® +4i8 (¢%q — q:q7) ,

By = —4aq — 85|q|*q — 4iy gy — 454,

Az = —4a —85|q]>, B3 = —8yq + 8idqs,

Ay = —8y, By=163q, As =165, B; =0,

where A is an eigenvalue of Lax Pair (2).

One can check that the compatibility condition U; —
V,4+UV—-VU = Oisequivalentto Eq. (1). Considering
the gauge transformation,

w[1] =D[1]¥, “

through which we can cast Lax Pair (2) into

W[l = U[1¥[1], U[1] = (D[1], + D[1TU)D[1] ™",
(5a)

w[1], = V1@ [1], V[1] = (D[1], + D[1]V)D[1]"",
(5b)

where [j] (j = 0,1,2,...N) represents the jth-
iteration, N is a positive integer, D[1] is a 2 x 2 matrix,
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U[l]isa?2 x 1 vector eigenfunction, D[1]~! denotes
the inverse matrix of D[1], U[1] and V[1] are the 2 x 2
matrices.

Cross differentiation of Lax Pair (2) leads to

U[1]; — V[11¢ + [U[1], V[1]]
=D[1](U, — V, + [U, VD[1]7}, (6)

which implies that in order to keep Lax Pair (2) invari-
ant under Transformation (4), we need to obtain a
matrix D[1] such that U[1] and V[1], respectively, pos-
sess the same forms as U and V, while g, which works
as the old potential of the Lax-pair representation in U
and V, is mapped into the new one ¢[1] in U[1] and
VI1].
Hereby, we assume the matrix D[1] in the form of

o= (53) - (ot o) (52
2,1 1,1 1
IR 2 -

) (‘1’2,1 ¥y ) 7 @
where A is an eigenvalue of Lax Pair (2), ¥1 1 and ¥ ;
are the complex functions of x and ¢. It can be verified
that if (Y11, ¥2.1 )T isan eigenfunction of Lax Pair (2)
with the eigenvalue A = A1, then (=¥, ¥ 1)T is also
an eigenfunction of Lax Pair (2) with the éigenvalue
A=A

Via Expressions (5), the DT for Eq. (1) is given by
* *
gl =g 420~ OV
Vi + vy
To construct the breather and rogue-wave solutions
of Eq. (1), we obtain the seed solutions first, as

q(x’ t) — e(l“ré)/)lf' (9)

The corresponding solutions for Lax Pair (2) at A = ih
are

LA . A\ Ui
ine” —iuge e” 2
o(h) = (( H 2 )(1+gy)ir ), (10)

®)

(n2e® —pie=?) e
where
= VRT 1) G+ VR
M= =

A=Vh—1x+ {[8ih3y +ih(1 +4y) + 16h%s

T4k (o +28) + 2(a + 38) W2 — 1} ‘.

Substituting Solutions (10) into DT (8), we obtain the
breather solutions of Eq. (1) as follows:
LIRLSN

(1+6y)it _4lh ,
Vv + vy

qg=ce (11

where
(1+6y)it
. A . — Ay = UHopie
U1 = (ine” —ipge e 2,
(1+6y)it
A —A, ddonit
U1 = (ae” —pre e 2.

Solutions (11) include the ABs (0 < & < 1) and
KM solitons (1 < h). When 0 < h < 1, the AB,
which exhibits the localization in ¢ but periodicity in x,
can be observed. When 1 < 4, the KM soliton appears.
In contrast to the AB, the KM soliton is periodic in ¢
and localized in x. We note that |¢|2(0, 0) = (1+2h)?,
which is the height of peaks of breathers.

Then, we consider what will happen with respect to
a breather when its period goes to the infinity. Based
on Solutions (11) and setting # — 1, we obtain the
rogue-wave solutions of Eq. (1) as

(l+6y)itﬂ (12)

h—1 = —€ 5
qh— P

where

G = {—3 4 4x? 4 4721 + 3602 + 24y + 1442
+360a8 +9008%) + 8¢ [—i (1 + 12y)
+6x(@ +50)] ]

Fi =1+ 4x> + 48tx(a + 58) + 412 (1 + 360>
+ 24y + 144y?% 4+ 36008 + 9008).

The first-order rogue wave corresponds to a single
wave with localization in # and x. The peak height of
that rogue wave is l1%(0, 0) = 9. Effects of y and § on
the properties of ABs, KM solitons and rogue waves
will be discussed in Sect. 3.

Let W11, Y07, W12, W), (Wi N, Yo, N)T
be the N distinct solutions of Lax Pair (2) atAq, ..., Ay,
respectively, where ¥ ’sand ¥ ;s (k = 1,2, ..., N)
are the functions of x and 7, and A ’s are the eigenvalues
of Lax Pair (2). Via the N iteration of Expression (4)
and (5), the N-fold DT for Eq. (1) is

gIN1 = ¢[0] (13)

N . _ o
4 Z Ay — M)Wk ik 1k [k —1] -~
= Yiilk — 1 il — 1% + o gk — 1]1¥2 [k — 1]

Y[N]=DI[NID[N —1]---D[1]¥,

with

_(* 0 Uy alk — 11 =W ilk — 17F
D[k]_(o A)_(%,k[k—l] Wi alk — 1]* )

(0 (Wl =11 —wudk— 17}
0 A7) \Woxlk =11 Wixlk— 11" ’
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Fig. 1 Breathers via
Solutions (11) with
a=0.01,6=0,y =0,a
h=0.2(the AB)bh =12
(the KM soliton)

Fig.2 The ABs via
Solutions (11) with
a=0.01,6=0,h=02a
y=05andby =1

(wl’k[k — 1])
Vo klk — 1]
= (D[k — 1ID[k — 2] - - D[1])[n=2, (ix) ’

. 101y (¥
ql0]=gq. (%’1[0])—(%,1). (14)

When N = 2, the 2-fold DT can be expressed as

(AT = AW 2[1]*¥ o[ 1]
o[ 1210 + oo [1]W o[ 1]
(15)

q2] =q[11+2

Since all the eigenvalues in the standard Darboux
scheme are the same, the explicit formulas for ¥ »[1]
and ¥ ;[1] cannot be obtained from the scheme.
Instead, to obtain the second-order rogue-wave solu-
tions of Eq. (1), we solve Lax Pair (2) with the g func-
tion found at the previous step, g = g[1], to obtain
Wy (1] and W) 5[1],

_a+6pic Ag
2

(1+gy)it Ay
3F;

3F
(16)

Yol =e S Wolll=e
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with

A = [3 - 12x — 16x° + 16x* + 161*(—i + 6a
—12iy 4+ 308)(i + 6 + 12iy + 308)°
+3263(i + 60 + 12iy + 308)?
x (i — 30+ 12iy — 158
+x(—i + 120 — 12iy + 603))
+ 81 (—36x%(a + 58) — 3(i + Ta + 20iy + 558)
+4x3 (i + 12a + 12iy + 608)
—3x(i 4+ 8a + 28iy + 808)) + 241*(—1 — 480>
— 40y — 336y 4+ a(2i — T2iy — 7208) + 50i8
+120iy8 — 240082 + 24x>(a + 58) (i + 6«
+12iy 4 308) — 2x(1 + 360> 4 24y + 144y
+ 360a8 + 9008%))],

Ao = [3+ 12x + 16x° + 16x* + 161*(—i + 6ax
—12iy +308)(i + 6a + 12iy + 3068)°
+3263(i + 60 + 12iy + 308)>
X (=i 4+ 30 — 12iy 4+ 156 4+ x(—i + 12«
—12iy + 608)) + 8t (36x>(a + 58) + 3(i + T«
+20iy + 558) 4+ 4x3(i + 120 + 12iy + 608)
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Fig.3 The KM solitons via
Solutions (11) with
a=001,6=0,h=12a
y =0.02and b y = 0.08

Fig. 4 Breathers via
Solutions (11) with
a=0.01,8 =0.03,y =0,
ah =0.2(the AB)b

h = 1.2 (the KM soliton)

—3x(i + 8a + 28iy + 808)) + 241> (—1 — 48a
— 40y — 336y + a(2i — T2iy — 7208) + 508
+120iy8 — 24008% + 24x% (o + 58)

X (i + 6a + 12iy + 308)

+2x(1 + 360> + 24y + 144y% + 360as

+ 9008%))] .

By virtue of Expressions (15) and (16), we obtain the
second-order rogue-wave solutions of Eq. (1) as

G
ql2] = e+ 22, 17
F
where G and F are given in the Appendix.

3 Discussions

Figure 1 shows the propagation of an AB and a KM
soliton without the presence of y and §. In the case
y # 0 and § = 0, the propagation of ABs and KM
solitons is shown in Figs. 2 and 3: As y increases,
the AB exhibits stronger localization in ¢, while the
distance between adjacent peaks keeps unchanged with

10

lq/*

Fig. 5 The first-order rogue wave via Solutions (12) with @ =
0.01,y = 0.01 and § = 0.01

y increasing, as seen in Fig. 2; for the KM soliton,
as y increases, the distance between adjacent peaks
decreases, as seen in Fig. 3. In the case y = 0 and
8 # 0, the propagation of an AB and a KM soliton
is displayed in Fig. 4. We note that the propagation
directions of the AB and KM soliton change with the
presence of §.

@ Springer
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Fig. 6 a The same as Fig. 5
except that y = 0.1; b
Comparison between (a)
(short dashed curve) and
Fig. 5 (solid curve) with
x=0

Fig. 7 The same as Fig. 5 except that § = 0.05

Here, we investigate how y and § affect the proper-
ties of rogue waves. With the presence of y and §, one
case of the first-order rogue-wave solutions is shown
in Fig. 5. With the increase in y, properties of the first-
order rogue waves can be shown in Fig. 6a. In Fig. 6b, it
is found that the rogue wave can reach its peak and dis-
appear more quickly with the increasein y atx = 0. In
other words, increasing the value of y makes the exis-
tence time of a first-order rogue wave shorter. We note
that # = 0 implies that g (x, 1) = _13:;&;2 , which means
that  and 6 do not influence the envelope of the waves
g (x, t). With the comparison between Figs. 5 and 7, we
find that increasing § would lead to an increase in the
existence time of a first-order rogue wave. Increasing
the value of y makes the existence time of a second-
order rogue wave shorter, while increasing § would lead
to an increase in the existence time of a second-order
rogue wave. For simplicity, we do not include the fig-
ures here.

@ Springer
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4 Conclusions

The ABs, KM solitons and rogue waves of the fifth-
order NLS equation, i.e., Eq. (1), which works as a
model corresponding to a one-dimensional anisotropic
Heisenberg ferromagnetic spin chain, have been inves-
tigated. Through DT (8), the ABs, KM solitons and
rogue-wave solutions, i.e., Solutions (11), (12)and (17),
have been obtained. Dependence of the properties of the
ABs, KM solitons and rogue waves on the coefficients
of the fourth-order dispersion, y, and of the fifth-order
dispersion, &, has been examined. Figure 1 has shown
the propagation of an AB and a KM soliton without the
presence of y and §. Inthecase y # Oand§ = 0: Asy
increases, the AB exhibits stronger localization in time,
while the distance between the adjacent peaks keeps a
unchanged with y increasing, as seen in Fig. 2; for a
KM soliton, as y increases, the distance between the
adjacent peaks decreases, as seen in Fig. 3. The prop-
agation directions of an AB and a KM soliton change
with the presence of §, as shown in Fig. 4. Figure 5 has
displayed the first-order rogue wave with the presence
of y and §. Figure 6 has shown that the enhancement
of y makes the existence time of the first-order rogue
wave shorter. With the comparison between Figs. 5 and
7, we have found that the enhancement of § increases
the existence time of the first-order rogue wave.
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Appendix

Gy =

F

(e"1+Y) (45 — 180x2 — 144x*

+ 64x® + 64:°(1 + 360>

+ 24y + 144y + 36008 + 9008%)3

+ 38417 (1 + 36a” + 24y + 144y?

+ 3608 +90052)% (—i (1+12y) +6x (o +58))
+ 24t (—16ix*(1 4+ 12y)

+24i x> (1428y)+3i (54+92y) +96x> (¢ +58)
—16x>(13a + 858) — 18x (13 + 1058))

+ 1262(=768ix3 (1 + 12y) (a + 568)

4+ 192ix(x(—1436y) — 505 4+ 12y)6)

+ 16x*(1 + 180a® + 24y + 144y + 180008
+45008%) —24x% (5+204a> + 152y + 1104y>
4252008 + 75008%) — 3(13 + 50002 + 376y
+ 16162 + 532008 + 77008))

+481*(—11 — 10800a* — 464y — 7200y2

— 48384y° —117504* —2505600>5 + 18008
— 129600y 8 — 1814400y28> — 110700005*
—192ix(1 + 12y)( + 58)(1 4 360> + 24y
+ 1449% +3600:8+9008%) — 21608 (1 +56y
+ 52872 +37008%) — 72a% (74264y +2160y>
+297008%) + 4x>(1 + 6480a* 4 6912y3
+20736y* + 12960008 + 540067

+ 40500008 + 86472 (149005%) +2160 x a8
x (1424y +144y2 +15008%) 448y (14-270052)
+216a%(1 4 24y + 144y2 + 4500582)))

+ 19213 (24x3 (@ +58) (14+60c> 424y + 14412
+ 6008 +15008%) —4ix>(1+12y) (1 +108c>
+ 24y + 144y? + 108008 + 27008%)

—i(1 + 84y + 15842 + 8640y°

+360%(5 + 12y) + 1080a (3 + 20y)8

+ 1170082 +97200y 8%) —6x (252a> +4500a>8
+58(7 + 264y + 21602 + 99005%)

+a(11 + 360y + 27362 + 2610052))))),

(9 + 108x% + 48x* + 64x° + 48¢x((51 — 8x2
+48xH) o + 5(75 — 40x2 + 48xH)8)

+ 23045 x (o 4 58) (1 + 360 + 24y + 144y2
+360a8 + 9008%)% + 64:°(1 + 360% + 24y

+ 14492 4 36008 + 9008%)> + 1212

x (—24x%(1 4 60a® + 56y + 528y

+1080a8 + 39008%) 4 16x*(1 + 180> + 24y
+ 14492 + 1800a8 + 45008%)

+3(11 4 5560 + 456y + 4912y + 90808
+379008%)) + 48:*(9 — 5616a* + 496y

+ 10080y % + 89856y + 29721674

— 14688005 + 234008% + 388800y 52

+ 1296000y%8% — 78300008* — 216008 (—3

— 40y — 48y? +25008°) — 720> (—5 — 24y

+ 4322 + 18900582) + 4x%(1 + 6480

+ 691293 4 20736y + 12960008

+ 540082 + 40500008* + 864y2(1 + 9005%)
+2160a8(1 + 24y + 144y2 + 15005%)

+ 48y (1 + 270082) + 216a%(1 + 24y + 144y>
+45008%))) + 1152¢3x(12(=9 + 20x2)e’
+180(—13+20x%)a?8 + a(1 — 72y — 1008y
—153008% + 4x2(1 + 24y +144y? + 450052))
+58(5 + 24y — 432y — 630082

+ x%(4 4 96y + 576y + 600082)))).
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