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Abstract In this paper, we use the bifurcation method
of dynamical systems to investigate the nonlinear wave
solutions of the modified Benjamin—-Bona—Mahony
equation. These nonlinear wave solutions contain peri-
odic wave solutions, solitary wave solutions, peri-
odic blow-up wave solutions, kink wave solutions,
unbounded wave solutions and blow-up wave solu-
tions. Some previous results are extended.
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1 Introduction

The Benjamin—Bona—Mahony (BBM) equation

U +uyx +utty — gy =0, (D
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which was first derived to describe an approximation
for surface long waves in nonlinear dispersive media
[1]. The equation can also characterize the hydromag-
netics waves in cold plasma, acoustic waves in enhar-
monic crystals and acoustic-gravity waves in compress-
ible fluids [2,3].

Yusufoglu [4] investigate the modified Benjamin—
Bona-Mahony (MBBM)

ur +uy + auzux 4+ uyy = 0. 2)

Yusufoglu used the exp-function method to obtain gen-
eralized solitonary solutions of Eq. (2). When a = 1,
Eq. (2) becomes the equation

wy + iy + Uy + gy =0, 3)

which was studied in [5-8]. Daghan et al. [5] obtained
some traveling wave solutions of Eq. (3) by using ( %)—
expansion method. Abbasbandy and Shirzadi [6] used
the first integral method to obtain two real exact solu-
tions and two complex exact solutions of Eq. (3). Yusu-
foglu and Bekir [7] obtained the solitons solutions, peri-
odic solutions and complex solutions of Eq. (3) by using
the tanh and sine—cosine methods. Noor et al. [8] used
the exp-function method to construct some soliton solu-
tions of Eq. (3).

The aim of this paper is to investigate the nonlin-
ear wave solutions and their phase portraits for Eq. (2)
by using the bifurcation method and qualitative theory
of dynamical systems [9-16]. Through some special
phase orbits, we obtain many smooth periodic wave
solutions, periodic blow-up solutions, solitary wave
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solutions, kink wave solutions, unbounded wave solu- 138 168 168 168

tions and blow-up wave solutions. o =pas o $5 =7 o ¥6 = o
The remainder of this paper is organized as follows. (14)

In Sect. 2, we present our main results. Section 3 gives
the derivation for our main results. A short conclusion
will be given in Sect. 4.

2 Main results

In this section, we state our main results. To relate con-
veniently, let

o =——, = — ) (4)
c c
2
g0 = % E )
o
E=x—ct. (6)

Proposition 1 For given positive constants ¢ and go,
(2) has the following periodic wave solutions when o >
0.

(1) If g = 0, we get four periodic wave solutions
ar + bisn* (1€, k1)
c1 +disn?(wi€, k1)’

ur(x, 1) = \/@% - (2¢£ — %) sn2 (w@é, kz),

ui(x,t) =

)

®)

(x,1) =+ 102 _ ¢
u3i X, - @6011 3 (p6 ﬂé’ (p6 za(pg _ 6ﬂ )
€))

where

6
ar = ¢ (—wl +,/—ﬁ—<pf),
0%
6
b= o1 (w 2 —qo%), (10)
6 6
¢l =—<p1+,/—ﬁ—¢12, di = —¢ —,/—ﬂ—%z,
(07 o

(1)

—p1v/a + /6B — ag? o1+ L —p?
w] = s 1=
6
2v6 o1— L —¢?
(12)
6 3 6
L o <P = 2%
o o ag]
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And two solitary wave solutions

g, (x,1) = i,/%ﬂsech\/ﬁg, (15)

(2) If —go < g < 0, we get six periodic wave solu-
tions

us(x,t)

A1p10 + 911 B1+(Argio—¢11Bren ( %S, k3)

s

A1+Bl+<A1—Bl>cn( L6“915,1«3)
(16)

ue(x, 1)
=2y1 + mdi + ni/mi COS( %5)

81 +\/;T|c05( %5) ’ (17

u7(x,t)
_ p1a(e17 = ¢15) + 17(¢1s — @14)sn? (02, ky) (18)
@17 — @15 + (915 — p1a)sn? (w26, ks)
ug(x, 1)
_ o17(—916 + 914) — 14(017 — @16)sn* (W2E, k4)
B —¢16 + @14 — (917 — Y16)sn%(W2£, ky)

)

(19)
ug(x,t)

A2018 + 919 B2+ (A2gi1g — @19 Ba)en ( %S, ks)

’

Ay + By + (A2 — By)en ( ahobrg, kS)
(20)

uio(x, 1)

A2018+919B2— (A2918— @19 Ba)en ( aA%BZE, ks)

Az+By—(A2—By)en (\/ aobr g ks)

)

2y

where

a+c\ (1 —a)?
Ay = [\o11 — > - ) ,
a+c\ (1 —a)?
By = /| ¢i0 — 5 - 1 , (22)

a+a\  (c—c2)?
Ay = [ p19 — > - 1 ,
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=\ 2 = here
2+ ¢ (c2 —¢2)? W
Bzz\/(%s— ) - (23) ) =
2 4 c3+c3 (c3 —C3)?
Az = [\ ¥ — > - R
oo \/((011 — 010)> — (A1 — B))?
4A\ B, ’ c+a)  (i3—c)?
By = [\ ¥22 — > - R (31
ko = \/(§017 — ¢16) (915 — ¢14) 24)
(@17 — ¢15) (916 — @14) s \/( ca + 64)2 (c4 — C4)?
wr — V(@17 — ¢15) (@16 — ¢14) LEY\PE T T 4
26 B, — ot 2 _ (ea— c4)? (32)
(919 — 918)> = (A2 — By)? Ty T 4
ks = , (25)
4A,B, 5 5
ke — (23 — ¢22)” — (A3 — B3)
_ 1 12 2 6= 4A3B3 ’
n=- 128 — 3ago | @9 + 7—3% ;
(925 — 924)> — (A4 — By)?
128 ) k7 = \/ A4 : (33)
81 = —2¢9 +2 3¢5, (26) 4By
3 c3, 3, ¢4 and ¢4 are complex numbers. And a solitary
w1 = 4gg (gog + Tﬂ — 3¢§) , wave solution
VB(=9 +288%)
! 127 BNCERS T o
n = 5(—% +— - 3«)3), 27)
o Proposition 2 For given positive constants ¢ and g,

c1, €1, ¢ and ¢y are complex numbers. And two solitary
wave solutions

U, (x,1) = g9

68 — ap?
+ P—av ,
2099 £ /60f — 20293 cosh ( B — awéé)
(28)
3) If g = —go, we get two periodic wave solutions
as follows
uip(x, 1)

Azp2 + 923 B3+ (A3¢2 — @23 B3)en ( “%4335, k6)

A3+B3+(A3—B3)Cn( ‘”%335,1%)
(29)
u3(x, 1)

As@24 + 925 Ba+ (Aag2a — 25 Ba)en ( wAiBa g k7)

A4 + B4+ (A4 — By)en ( ahabBug, k7)

(30)

(2) has the following periodic wave solution when o <
0.
(1) g =0, we get two periodic wave solutions

ulSi(xv t)

(T (s [E 1 [F
==+ o (p4sn(¢4 6E’§54 o (p4),
(35)

six periodic blow-up wave solutions

P4

Uy (x, 1) ==+
sn (54 _%Eﬂ é\/ % - Eﬁz%)
6
wir, (1) = £ 2P sec (,/—ﬁs) , 37)
o
6
s, (x, 1) = £,/ ?’6 csc (,/—,35) , (38)

two kink wave solutions

ulgi(x,t)::l:,/?tanh( —g ) 39)

and two unbounded wave solutions
/3
uz, (x, 1) = =% —ﬁCOth( —g&'), 40)
o
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) If0 < g < go, we get four periodic blow-up and a solitary wave solution
wave solutions
uz6(x, 1)
uzi(x,1) — Gt 68 —60ap3
—G11 + 50)s + (P11 — Fe)Fosn? - '
_ ( 9011~+ §09)~<P8 + S(/)u ~§08)¢3SH (w3&, kg) 20— /6a,3—2a2<’ﬁ% cosh( ﬂ—a@’%&)
—@11 + @9 + (@11 — gg)sn” (w3€, kg)
(41) (49)
u(x, 1) 3) If g = go, we get three blow-up wave solutions
_ (@10 —=@9)en — (911 — P8)@10sn” (03§, kg) B9 2p2
P10 — @8 — (@11 — Pg)sn? (w3, kg) uy7(x, 1) = _\/;3 T opEr (50)
(42)
_ 63/=6a — f/apE’
u23i(x,t) M28(x’t)_ 60[“5—}—0[,3%'3 ) (51)
2y + M8 £ ma /iy cos(,/ “EE) 6+/—60 + B /apE?
= , (43) U (x, 1) = — bt T oBEd (52)

82 £ /12 cos(\/ “LE)
a periodic wave solution

u24(x, 1)
(=910 + P8)P9 + (@10 — Po)@Pgsn® (w3k, kg)
—@10 + @8 + (P10 — Po)sn? (w3, kg)

’

(44)
where
—a(p11 — 99) (@10 — ¥8)
w3 = s
276
ks = \/(ﬁflo - f9)(§f11 - fs)’ 45)
(@11 — ©9) (@10 — ¥8)
128 — 30g3 — 33/3¢7,/4ap — o232
)/2 = k)
o
2 (0@7 + ./ 12aB — 30{2@%)
& = , (46)
o
437 (0@7 — /1208 — 3a2¢3)
M2 = s
o

1
m= o (—a@ —/12aB — 3a2¢3) ) 47)
(07

a blow-up wave solution

uzs(x, 1)
_ 68 — 6ap?
=7+ E ;
207 +/6af —2a2%3 cosh ( B —a?ﬁ%é)

(48)
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and a periodic wave solution
u30(x, 1)

—As@17+Bs@13+(As@17+@13 Bs)en ( —alsBsg, k9)

)

—As + Bs + (As + Bs)Cn( —edsbsg, k9)

(53)
where
A _\/ _ 5455\ (s —05)?
s=,/{¢1s 5 ) ,
N _
~ ¢5+¢Cs (cs — C5)?
Bs = - - , 54
5 \/(%7 2 ) ) (54)
As + Bs)? — (@15 — §17)>
ko = (As + Bs)= — (¢18 — @17) ’ (55)
4As5Bs

¢s and ¢5 are conjugate complex numbers.

Proposition 3 For these solutions, the following are
their relations.

(1) When @1 and s tend to @7, the periodic wave
solutions u1 and us_ tend to solitary wave solu-
tion uy_, that is
lim wui(x,t) = lim u3_(x,t) =uq4_(x,1).

P1—>97 5= @7
(56)

(2) When @4 and @ tend to ¢s, the periodic wave
solutions uy and u3_ tend to solitary wave solu-
tion uq., that is
lim wuz(x,t) = lim w3z, (x,1) = ug, (x,1).

Pa—>¢s3 P6—>¢s

(57)
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(3) When @11 tends to 913, the periodic wave solutions
us and u7 tend to periodic wave solution ue, that
is

Iim wus(x,t) =
P11 P13

lim  wu7(x,t) = ug(x,t).
P11 P13

(58)

(4) When @17 and @19 tends to @31, the periodic wave
solution u7 and ug tend to solitary wave solution
uiy_, thatis

Iim wu7(x,t) =
17> 921

lim  wuo(x,t) =uyi_(x,1).
19> 21

(59)

(5) When @17 and @19 tends to @o1, the periodic wave
solution ug and u g tend to solitary wave solution
uil,, thatis

lim wug(x,t) = lim ulo(x,t)=u11+(x,t).
Y17>¢21 Y19~ 921

(60)

(6) When @32 and @a4 tends to @ae, the periodic wave
solution u1y and u13 tend to solitary wave solution
u14, that is

Iim wup(x,t) = lim wu3(x,t) = ua(x,t).
¥22—>¢26 ¥24—> 926

(61)
(7) When @4 tends to ¢, the periodic wave solution
u1s,. tends to kink wave solution w9, that is

limougsy (x, 1) = w9, (x, 1).
Pa—> P+

(62)
(8) When @4 tends to ¢, the periodic wave solution
u1e.. tends to unbounded wave solution uy,, that
is
lim wuge (x, 1) = uzo, (x, £). (63)
Pa—> o4
(9) When @1, tends to @7, the periodic wave solution
uy1 tends to blow-up wave solution uss, that is
lim_ w1 (x, 1) = uas(x, ), (64)
P11—>¢7
(10) When @) tends to @7, the periodic wave solution
uyy tends to solitary wave solution uyg, that is

~lim~ uz4(x,t) = uxe(x,t). (65)
Y10~ 97

3 The derivation of main results

In this section, we will give the derivations for our main
results.

3.1 Planar system and phase portraits

For given positive constant wave speed ¢, substituting
u = @(&) with £ = x — ¢t into the MBBM equation
(2), it follows that

—cg + ¢ +ap*y —cy” =0. (66)

Integrating (66) once, we have
a 3 "no__
(—c+ Do + 39 T =8 (67)

where g is integral constant.
Letting ¢ = ¢’, we get the following planar system

dp _
i =9

(68)
E=—%"+Bo+eg

wherea = —%, B = —% and g = —%1.
Obviously, the above system (68) is a Hamiltonian
system with Hamiltonian function
2, % 4 2
Hip. ¢) ="+ c¢” — B — 28¢. (69)
Now, we consider the phase portraits of system (68).

Set

o 3

f0(¢)=—§<ﬂ + By, (70)
o 3

f(<p)=—§<p + By +g. (71)

Obviously, fo(¢) has three zero points, ¢_, ¢o and
¢+, which are given as follows

3 /3
Q- = — _’3’ @ =0, Oy = _ﬁ (72)
o o

It is easy to obtain two extreme points of fy(¢) as
follows:

.__[B *_\/E
- = \/; o+ =1\ 4 (73)

Letting
28] |B
20 = | foleD)| = | fole)| = S Vg (74)
then it is easily seen that gg is the extreme values of
fo(p).

Let (¢;, 0) be one of the singular points of system
(68), then the characteristic values of the linearized sys-
tem of system (68) at the singular points (¢;, 0) are

i =+ (@) (75)

From the qualitative theory of dynamical systems,
we therefore know that
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g=0 0<g<go

Fig. 1 The phase portraits of system (68) when o > 0

() If f"(pi) > 0,
(i) If f'(@i) <0,
(i) If f'(¢i) = 0,

point.

(@i, 0) is a saddle point.
(@i, 0) is a center point.
(¢i, 0) is a degenerate saddle

Therefore, we obtain the phase portraits of system (68)
in Figs. 1 and 2.

3.2 The derivation of Proposition 1

In this section, we will obtain the explicit expressions
of solutions for the MBBM equation (2) when o > 0.
() If g =0, we set

/3 /6 /6
o o o

(i) From the phase portrait, we see that there are
two closed orbits I} and I” 1* passing the points (g1, 0),

(¢2,0), (93, 0) and (¢4, 0). In (¢, ¢)-plane the expres-
sions of the closed orbits are given as

¢ = ﬂ:\/%\/(w — o) (9 — 92) (@ — 93) (g4 — @),
(77)

where 91 = —g4, 92 = —/2L —¢? and g3 =
6B 2
Vo — %

@ Springer

8> 8o

Substituting (77) into 3—? = ¢ and integrating them
along It and I'}*, we have

¢ 1

ds
o1 V(s —5) (@3 — ) (@2 —5)(s — @1)

3

o

_ \/; /0 ds. (78)
@

1
d
o VO 96 — 96 — et —5)

£
o
= \/g /O ds. (79)

From (78), (79) and noting that u = ¢(§) and § =
x — ct, we obtain the periodic wave solutions u1(x, t)
as (7) and up(x, t) as (8).

(ii) From the phase portrait, we see that there are a
closed orbit I> passing the points (@5, 0) and (¢g, 0).
In (¢, ¢)-plane the expressions of the closed orbits are
given as

6= i\/g\/((ﬂﬁ — )@~ 95)(¢ — ¢ (@ — P,
(80)

where @5 = —gg, 95 = i w%—@ and 95 =

o
. 2 6
¥ — 7’8
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-8 <g<0 g=0

\W/ASa\
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Fig. 2 The phase portraits of system (68) when o < 0

0<g<go

Substituting (80) into ‘;—? = ¢ and integrating them
along the orbit I, we have
¢ 1

+ ds
o5 /(06 — $)(s — @5)(s — @) (s — @%)

£

o

:/g/o ds, (81)
@

1
o /(@6 —5)(s — @s5)(s — D) (s — <p5)

:\/;/0 ds. (82)

From (81), (82) and noting that u = ¢(£) and & =
x —ct, we obtain the periodic wave solutions u3_ (x, t)
as (9).

(iii) From the phase portrait, we see that there are two
symmetric homoclinic orbits I3 and I';* connected at
the saddle point (0, 0). In (¢, ¢)-plane, the expressions
of the homoclinic orbits are given as

¢ = i\/%so (0 — 1) (@3 — @), (83)

where g7 = —,/%’3 and gg = ,/%.

Substituting (83) into g—? = ¢ and integrating them
along the orbits I'; and I';*, we have

§
o
=\/;/0 ds, (84)

4 1
:I:/ ds
o7 O (s —@7) (98 — 5)

¢A ¢\\ ¢ /\ ¢

8§ =80 8> 8o

® 1 o [§
:t/ ds = /—/ ds. (85)
og PV (s —@7) (g8 — 5) 6 .Jo

From (84), (85) and noting that u = ¢(§) and & =
x — ct, we obtain the solitary wave solutions u4_ (x, t)
as (15).

2)If —go < g < 0, we set the middle solution

of f(¢) = 0be p9(0 < g < \/g). then we can get
another two solutions of f(¢) = 0 as follows:

1 128
F= o —py — | —2= —3¢2 ], 86
¥g 2( ©9 - wg) (86)
1 128
*— _f = 302 ). 87
[ 2( @9 + ” wg) &7

(i) From the phase portrait, we see that there are a
closed orbit I'; passing the points (¢19, 0) and (¢11, 0).
In (¢, ¢)-plane, the expressions of the closed orbits are
given as

¢ = i\/%mm — @)@ — ¢10)(¢ — c1) (g — 1),
(88)

where @12 < @10 < (p; < ¢13, ¢1 and ¢ are conjugate
complex numbers.
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Substituting (88) into 3—? = ¢ and integrating them
along I'4, we have
¢ 1

d
o0 VP =06 — G106 — DG —<D)

—\/E gd 89
_ E/o ;. (89)

From (89) and noting that u = ¢(§) and & = x —ct,
we get a periodic wave solution us(x, t) as (16).

(ii) From the phase portrait, we note that there is a
special orbit I'5, which has the same hamiltonian with
that of (¢g, 0). In (¢, ¢)-plane the expressions of the
orbits are given as

¢ = i\/g\/(w — 2@ - @ —9).  (90)

where

1 2
12 = —(<p9 2 5

1 128
$13 = —(909— o —3903

12
+2/¢9<¢9+,/7’3—3¢5) . (92)

Substituting (90) into g‘g = ¢ and integrating them
along I, it follows that

ds

4 / ’ !
12 \/(<ﬂ13 —5)(s — 95)%(s — ¢12)

£
o
=\/g /0 ds. (93)

From (93) and noting thatu = ¢(&) and £ = x —ct,
we get a periodic wave solution ug(x, t) as (17).

(iii)) From the phase portrait, we note that there
are two orbits Iy and Fﬁ* passing the points (¢14, 0),

(¢15.0), (¢16.0) and (¢17,0). In (¢, ¢)-plane, the
expressions of the orbits are given as

o
¢ = iﬁm — 1)@ — 015)(@ — 916) (@17 — ).
(94)
where @20 < @14 < 912 < @15 < P9 < P16 < P <

P17 < @21-

@ Springer

Substituting (94) into 3—? = ¢ and integrating them
along I and I, we have
¢ 1

d
o1 V(@17 — 8) (@16 — $) (@15 — ) (s — ¢14) ’

£

o

=\/; /O ds, (95)
@

1
d
o17 V(@17 —8)(s — @16) (s — @15) (s — ¢14) ’

£
o
= \/; /O ds. (96)

From (95), (96) and noting that u = ¢(§) and &€ =
x — ct, we get two periodic wave solutions u7(x, t) as
(18) and ug(x, t) as (19).

(iv) From the phase portrait, we note that there is a
special orbit I; passing the points (¢1g, 0) and (¢19, 0).
In (¢, ¢)-plane, the expressions of the orbit are given
as

¢ = i\/gx/(fpw — @)@ — 18)(@ — c2) (¢ — C2),
7)

where @13 < @20 < @21 < @19, ¢ and ¢, are conjugate
complex numbers.
Substituting (97) into 3—? = ¢ and integrating it
along Iy, we have
¢ 1

—ds
o5 V(@19 —8)(s — @18)(s — c2)(s —¢2)

£
o
=\/; /O ds. (98)

From (98) and noting thatu = ¢(&) and £ = x —ct,
we get a periodic wave solution ug(x, t) as (20).

If (&) is a traveling wave solution, then ¢ (& + q)
is a traveling wave solution too. Taking ¢ = 2K and
noting that cn(u + 2K) = —cnu, we get a periodic
wave solution u1g(x, t) as (21).

(v) From the phase portrait, we note that there are
two homoclinic orbits Iy and Iy connected at the sad-
dle point (g9, 0). In (¢, ¢)-plane the expressions of the
orbits are given as

¢ = i\/?/(go — 99)%(¢ — 920) (21 — @), 99)

where
68
920 = =9 =/ — = 203, (100)

68
o1 =—go+[— = 2¢3. (101)
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Substituting (99) into 3—? = ¢ and integrating them
along I'g and Iy, it follows that
¢ 1
+ ds
o2 v/ (s — 90)2(s — 920) (21 — )

§
o
=./= ds, 102
Jol as 102)
¢
+

1
w21 V(s — 99)2(s — 920) (921 — §)

—\/E Sd 103
_ g/0 ;. (103)

From (102), (103) and noting that u = ¢(§) and§ =
x — ct, we get two solitary wave solutions uy_ (x, )
as (28).

(3)If g = —go, we will consider two kinds of orbits.

(i) From the phase portrait, we note that there is a
special orbit Iy passing the points (¢22, 0) and (¢23, 0).
In (¢, ¢)-plane, the expressions of the orbit are given
as

ds

¢ = i\/%\/(ﬁon — @)@ — 0) (@ — c3)(p — T3),
(104)

where —v/3a < ¢ < —2\/§ < @3 < \/g, c3 and

C3 are conjugate complex numbers.
Substituting (104) into §¢ = ¢ and integrating it

along Iy, we have
@ 1
—ds
on V(@23 —8)(s —922)(s — c3)(s — ¢3)

§
o
=\/g/0 ds. (105)

From (105) and noting thatu = ¢(§) and§ = x—ct,
we get a periodic wave solutions u13(x, t) as (29).

(ii) From the phase portrait, we note that there is
a special orbit 7o passing the points (¢24,0) and
(925, 0). In (¢, ¢)-plane, the expressions of the orbit
are given as

¢ = i\/%\/(fﬂzs — )@ — 924)(p — c4) (¢ — Ca),
(106)

where @24 < —+/30 < \/g < @5, ¢4 and ¢4 are
conjugate complex numbers

Substituting (106) into g—? = ¢ and integrating them
along I, we have

j:/‘p ! —ds
o1 V(@25 — 8)(s — 924) (s — c4) (s — C4)

£
07
:/;/O ds. (107)

From (107) and noting thatu = ¢(§) and§ = x —ct,
we get a periodic wave solutions u13(x, t) as (30).

(iii) From the phase portrait, we see that there is
a homoclinic orbit I, which passes the degenerate
saddle point (7, 0) for system (68). In (¢, ¢)-plane,
the expressions of the homoclinic orbit are given as

¢ = i\/% @7 — 9@ — 020). (108)

where

26 = —3\/2- (109)
o

Substituting (108) into §¢ = ¢ and integrating them
along I, it follows that

:I:/(p ! ds
o2 (5 — 05/ (s — @) (26 — 5)

—\/E Ed 110
_ g/0 s, (110)

From (110) and noting thatu = ¢(§) and§ = x—ct,
we get a solitary wave solution u4(x, t) as (34).

Thus, the derivation of Proposition 1 has been fin-
ished.

3.3 The derivation of Proposition 2

In this section, we will obtain the explicit expressions
of solutions for the MBBM equation (2) when o < 0.
(1) If g = 0, we will consider three kinds of orbits.
(i) From the phase portrait, we note that there are
three special orbits 1:]*, I and fl* passing the points
(¢1.0), (92, 0), (¢3, 0) and (¢4, 0). In (¢, ¢)-plane the
expressions of the orbit are given as

o -~ ~ ~ ~
==+ —g\/(w—wl)(w—wz)(w—ws)(w—rm),
(111)
=~ ~ o~ 6, ~ 6 ~
and,/%<?ﬁ4<\/§,

Subfituﬁng (1 ll) into g—‘g = ¢ and integrating them
along I, I'] and I'}", we have
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1
Vs —o)(s —92)(s —@3)(s — ¢1)

0
3
o
= [—— ds, 112
J 6/0s (112)
o0

1
d
o -6 -6 -6 -7

12
3
[ o
= _g/o ds. (113)

From (112), (113) and noting thatu = ¢(§) and & =
x — ct, we get two periodic wave solutions u15_ (x, t)
as (35) and two periodic blow-up solutions u 6, (x, t)
as (36).

(ii) From the phase portrait, we note that there are
two special orbits F3 and F*, which have the same
hamiltonian with that of the center point (0, 0). In
(¢, @)-plane, the expressions of these two orbits are
given as

[ «a — =
¢== %Y (o —¢5)(¢ — ¥6), (114)
where @5 = —,/% and @ = ,/%.

Substituting (114) into 3—? = ¢ and integrating them

along the two orbits I3 and T, it follows that

¢
ds, (115)

4 1 [«
j:/ — — ds = ——/
Fo SV (s — @5)(s — @) 6 .Jo
+0o0 1 o &
:I:/ — — ds = /——/ ds.
¢ svV(s — @5)(s — Po) 6 .Jo

(116)

From (115), (116) and noting that u = ¢(§) and
& = x — ct, we get four periodic blow-up solutions
w17, (x,t) and u1g, (x, t) as (37) and (38).

(iii) From the phase portrait, we see that there are two
heterclinic orbits I and F * connected at saddle points
(p—,0) and (¢4, 0). In (go ¢)-plane, the expressions
of the heterclinic orbits are given as

o=+ /-2 0— 02— g2 (117)

Substituting (117) into g—? = ¢ and integrating them

along the heterclinic orbits fz and T * it follows that

L[ ! R Sd 118

/0 G—p g -9 _E/o s U18)
+oo 1 o &

+ ds = /—— ds. (119
/w G—p)s—pp 6/0 s (1)

@ Springer

From (118), (119) and noting that u = ¢(£§) and
& = x — ct, we get two kink wave solutions u 19, (x, t)
as (39) and two unbounded solutions uzo, (x, t) as (40).
2)If 0 < g < go, we set the largest solution of

f(p) =0be @7 (\/g <7 < \/g), then we can get

another two solutions of f(¢) = 0 as follows:

~ 1 ~
o= o (—a(p7 + /1208 — 3a2§b’72) , (120)
1 _
7= (—a(p7 — /1208 — 3a2<2>’72) . (121)

(i) From the phas~e poztrait, we note that there are
three special orbits I')", I'y and I} passing the points
(8. 0), (99, 0), (¢10, 0) and (¢11, 0). In (¢, ¢)-plane,
the expressions of the orbit are given as

o = = = =
¢ =% /- -G —F) @ —d10)(@ —o1),
(122)
where @14 < @8 < Q12 < @13 < P9 < @5 < P10 <
@1 < @11 < @15-
Substituting (122) into g—‘g = ¢ and integrating them
along I:* 1:4 and 1:*, we have

@8 1 ;
s

o V(@11 — @10 —9)(@o — )@ — 5)
3
o
= /_g/o, (123)
@

/ — — ! — — ds
71 V(@11 — 5)(@10 — 5)(5 — o) (s — Ps)

— /_0‘/E 124
_— g 0 ) ( )
4

1
5 V(s —@11)(s — §10)(s — Po) (s — Ps)

_ [ ff 125
‘_E/o‘ (125)

From (123), (124), (125) and noting that u = ¢(§)
and &€ = x — ct, we get two periodic blow-up wave
solutions uo(x, t), ux(x,t) as (41), (42) and a peri-
odic wave solution up4(x, t) as (44).

(ii) From the phase portrait, we see that there are
a homoclinic orbit I's, which passes the saddle point
(¢7, 0), and a spacial orbit Iy passing the point (¢12, 0).
In (¢, ¢)-plane, the expressions of the orbits are given
as

ds
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¢ ==+ —%ﬂw—%ﬂw—amw—am,<ma

where

N —a@7 + /60 — 20(2@?

Q12 = , (127)
o

N —ag7 — /6aB — 20{2(?)?

¥13 = ” . (128)

Substituting (126) into 3—? = ¢ and integrating them
along the orbits, it follows that

1
Vs =32 — @12) (s — 13)

/——/ ds. (129)

ds

ds

i3 V(s — (07)2(5 —12)(s — @13)

o
_g/o ds. (130)

From (129), (130) and noting that u = ¢(&) and
& = x —ct, we get a blow-up solution u»5(x, ) as (48)
and a solitary wave solution u6(x, t) as (49).

(iii) From the phase portralt we see that there are
two special orbits F7 and F*, which have the same
hamiltonian with that of the center point (¢7,0). In
(¢, ¢)-plane, the expressions of the orbits are given as

=220 - 20—l —Fi9). (131)

where

~ 1 ~
P = — (oup7 + /120 — 30232
200
+2\/a$7(ot§57 — /1208 — 329 ))

(132)
G ' (5 232
@15 = 5— \a@7 +/12af — 30°¢7
200
- 2\/01(}'7(0((}'7 — /1208 — 329 ))
(133)
Substituting (131) into g—? = ¢ and integrating them

along the orbits, it follows that

:I:/(p ! ds
Bis \Js = s — Bra)s — Girs)

/.._.j/ ds. (134)

ds

‘/(/’15 \/(s —3)2(s — P14)(s — P15)

[ o
= —g/o ds. (135)

From (134), (135) and noting that u = ¢(£§) and
& = x—ct,we gettwo periodic blow-up wave solutions
uz3, (x,t) as (43).

(3) If g = go, we will consider two kinds of orbits.

(i) From the phase portrait, we see that there are two
orbits fg and fg*, which have the same hamiltonian
with the degenerate saddle point (¢7,0). In (¢, ¢)-
plane the expressions of these two orbits are given as

b =2/-2\/ (0 - D3 — Fio), (136)

where

P16 = —3\/5- (137)

Substituting (136) into g—‘g
along these two orbits fg and fg*, it follows that

+00 1 o &
:I:/ ds = /——/ ds,
@ \/(S— * 6 0

@53 (s — @ie)
(138)

= ¢ and integrating them

(2 1 §
:|:/~ ds = —%/ ds.
Fio \J(s — 13 — o) 0

(139)

From (138), (139) and noting that u = ¢(£§) and
& = x — ct, we get three blow-up solutions u27(x, 1)),
usg(x, t) and usg(x, t) as (50), (51) and (52).

(i1) From the phase portrait, we see that there are two
special orbits Ioand fg* passing the points (I'7,0) and
(flg, 0). In (¢, ¢)-plane, the expressions of the orbits
are given as

a — — =

o=+ -V G196~ —s)p =T,
(140)

where 917 < @16 < @ < @18, c5 and ¢s are conjugate

complex numbers.
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18 2 6 -6 2 4 6
2.4
6 -4 -2 2 4 6
Fig. 3 The limiting process of u; tends to u4_ when ¢ tends to ¢7
N -6 -4 2 4 6
2
: 1 //\
-6 4 2 2 4 6 -6 -4 4 6
2
: -3.5
Fig. 4 The limiting process of u3_ tends to u4_ when @5 tends to ¢7
Substituting (140) into 3—? = ¢ and integrating them 6B 1 — tanh? (@5)
along I'y and I'y, we have TV | + tanh? ( Tﬂ E)
¢ 1
+ ds 6
i Vs = 1) s — g5 — 9 — 75) =~ Lseen (VBE) = us_(x.0).
3
= /—3/ ds. (141) (142)
6 .Jo lim u3_(x,t) = lim @scn
From (141) and noting thatu = ¢(£) and & = x —ct, [Sad iead
we get a periodic wave solutions u3g(x, t) as (53). « o 02— BE. —0s o
Thus, we obtain the results given in Proposition 2. 3" ' 2ago§ -6
6
. y =~ Len (B2 1)
3.4 The derivation of Proposition 3 o
|68
In this section, we will give that the solitary wave solu- - ;SeCh (\/Bg) = ua_(x, ).
tions, periodic wave solutions, kink wave solutions, (143)

blow-up wave solutions and unbounded solutions can
be obtained from the limits of the smooth periodic wave
solutions or periodic blow-up solutions.

68

(1) Letting ¢; — ¢7, it follows that a; — -0
b= Lo > L d > Lo > Phy 1
and sn(w(&, 1) = tanh(w &), and we have

. . ay +bisn’ (i€, k)
lim uj(x,t) = lim
P1—=>¢7 p1—¢7 c1 + disnZ(w &, ky)

T T ank? (+%¢)
- @ + \/?tanhz (@5)

@ Springer

Therefore, the hyperbolic solitary wave solution
u4_(x,t) is the limit of the elliptic function periodic
wave solutions u1(x, t) and u3_(x,t). Their limiting
process are in Figs. 3 and 4.

(2) Letting ¢4 — @3, it follows that k; — 1 and

sn (¢4\/%§, 1) = tanh(4/B%), and we have

lim wuo(x,1t)
4—> @3

. 68 [o
= lim \/(pi — (27 — —)sn? (<p4 &, kz)
Q4= 8 o 6

12
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-4 4 6 -6 -4 E

The limiting process of u; tends to u4, when ¢4 tends to ¢g

-6 —4 -2

2 4 6 -6 -4 -2
-1
-2
-2
4 4

The limiting process of u3_ tends to u4, when gg tends to ¢g

Fig. 6

=% s () = |/ L seen (5¢)
=uq4, (x,1). (144)

lim w3, (x,1)
P6—> 93

lim ¢@gcn 202 — BE a
poms PO\ 36 TS Y0 5007 — 68

Lo (1) = [ (45)

=ug, (x,1).

(145)

Therefore, the hyperbolic solitary wave solution
uq, (x,t) is the limit of the elliptic function periodic
wave solutions u(x, t) and u3, (x, t). Their limiting
process are in Figs. 5 and 6.

(3) Letting @11 — ¢13 — 0, it follows that ¢ —
®5, €1 —> @5, k3 > 0,910 = 912 +0, A} — @13 —
@ and By — @12 — ¢35, and we have

lim
P11—> P13

lim wus(x,t) =
P11 P13

A1p10+@11 B+ (A1g10—¢11 Br)en ( edibg, ks)

A1+ B+ (A1 — Bl)Cn( %E,/Q)

=2y1 4+ méi + m/i1 cos ( "‘—g‘s)

- 81+Wcos( 0%5)

= ug(x, t).

(146)

Therefore, the trigonometric function periodic wave
solution ug (x, ¢) is the limit of the elliptic function peri-
odic wave solution u5(x, 7). The limiting process is in
Fig. 7.

(6) Letting ¢y — ¢og, it follows that @3 —

ei, 3= @i, 3= ¢, A3 = 0, B3—>4\/§

and cn ( ‘%é, k6) — ¢cn(0, kg) = 1, and we have

lim
P22 —>¢26

lim wup(x,t) =

22926

A3922 + 923 B3 + (A3¢2 — @23 B3)en ( ahabBrg, k6)

A3+ By + (A3 — Bs)en ( whabig, k(,)

A3920 + 923 B3 +(A392 — @23 B3)en ( adsBs g kﬁ)

= lim

a0 Az + B3 + (A3 — B3)en ( edibg, ks)

260 A3 B3 (922 +922 X1) —a B3 (A39022 — B3923)§ X2 X3
2J/6aA3B3 (1 + x1) —aB3(Az — B3)& xax3

_ JVB(-9+288%)

T Va3 +288?)

A3—0

(147)

= uys(x, 1).
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Fig. 8 The limiting process of u1s, tends to u19, when @4 tends to ¢

NAA L

15 5 10 15 15 -10 -5
=05
0.5
-1.0

15 -15 -10 =5 5 10 15
-0.5

Fig. 9 The limiting process of u1s_ tends to 19 when @4 tends to ¢4

where x| =cn (,/%s, kﬁ), x2 =dn( whaBsg ks),

X3:Sn( _aAgB3E,k6 .

Therefore, the fractional function solitary wave solu-
tionu14(x, t) is the limit of the elliptic function periodic
wave solution u12(x, ¢). The limiting process is similar
to that in Fig. 3.

(7)Letting @4 — ¢ +0,itfollowsthat /% —g? —

\/?’ %\/m — 1 and sn( —gé,l) =

tanh ( —g&), and we have

/6 ~
limowgs, (x,t) = _lim =+ —ﬂ - gofsn
(Zed 2N (Z3ad 28 o

@ Springer

= :t\/@tanh( —Eé)
o 2

=uj9, (x,1). (148)

Therefore, the kink wave solutions u 19, (x, ¢) are the
limit of the elliptic function periodic wave solutions
u1s, (x, t). Their limiting process are in Figs. 8 and 9.

(8) Letting ¢4 — ¢4 + 0, it follows that

L B3 tandsn (\/—?s 1)=tanh( —%E)’
and we have

~hm U6, (x, 1)
Pa— o+

= lim =+

P4—> P+
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Fig. 10 The limiting process of u16, tends to uzo, when @4 tends to ¢

U ML

15 -15 -10 -5
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15 -15 -10 -5 5 10 15

v

| | —
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Fig. 12 The limiting process of u>] tends to uzs when @4 tends to @7

Therefore, the unbounded wave solutions uz¢_ (x, t)
are the limit of the elliptic function periodic wave solu-
tions w16, (x, t). Their limiting process are in Figs. 10
and 11.

(9) Letting @117 — @7 — 0, it follows that g —
?12—0,909 = ¢13+0, P10 > ¢7+0,kg > 1, w3 —
VB—ed;

and sn(ws3&, 1) — tanh(w3&), and we have

2
_lim_ wuoy(x,t)
P11—>¢7
— lim (—@11 + 9)@s + (@11 — @) @Posn® (w3k, kg)
Pu—@ =P+ @9 + (@11 — @g)sn? (w3, k)

_ (—=@7 + 13)012 + (@7 — §12)@13 tanh? (w3&)
—@7 4+ @13 + (@7 — P12) tanh? (w36)

- 68 — 60:p?
— G+ B (%1
20¢7 + /60p — 2222 cosh ( B — aa%s)
= uss(x, 1). (150)

15 -ls -10 -5 5 10 15

Therefore, the blow-up wave solution u5(x, t) is the
limit of the periodic blow-up wave solution u»1(x, 7).
The limiting process is in Fig. 12.

Similarly, we can derive the others cases. This has
proved Proposition 3.

Remark 1 One may find that we only consider the case
when g < 0 in Proposition 1(when g > 0 in Proposi-
tion 2). In fact, we may get exactly the same solutions
in the opposite case.

Remark 2 By comparing with the solutions of Refs.
[4-7], most of my results are new. After checking over
those solutions carefully, when a = 1, we find that my
results (15), (37) and (38), exactly the same as those
results (5.19), (5.16), (5.17), (5.20), (5.21) given in Ref.
[7]. Whena = 1 and ¢ = #, we find that my
results (39) and (40), exactly the same as those results
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(5.6) given in Ref. [7]. To our knowledge, we believe
that many other solutions are new.

4 Conclusions

In this paper, I have obtained many traveling wave solu-
tions for the MBBM equation (2) by employing the
bifurcation method and qualitative theory of dynam-
ical systems. The traveling wave solutions have been
given in Propositions 1 and 2. On the other hand, in
Proposition 3, we prove that the solitary wave solu-
tions, periodic wave solutions, kink wave solutions,
blow-up wave solutions and unbounded solutions can
be obtained from the limits of the smooth periodic wave
solutions or periodic blow-up solutions. The method
can be applied to many other nonlinear evolution equa-
tions, and we believe that many new results wait for
further discovery by this method.
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