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Abstract The problem of designing a sliding-mode
controller for a class of fractional-order uncertain linear
perturbed systems with Caputo derivative is addressed
in this paper. Sufficient conditions for the existence
of sliding surfaces guaranteeing the asymptotic sta-
bility of the reduced-order sliding-mode dynamics are
obtained in terms of linear matrix inequalities, based on
which and stability theory of fractional-order nonlinear
systems; the corresponding reaching motion controller
is proposed, and the reaching time is also obtained.
Moreover, the upper bounds of the nonlinear uncer-
tainties are not required to be known in advance, which
can be tuned by the designed adaptive law. Mean-
while, some problems for the sliding-mode controller
for fractional-order systems in existing literatures are
pointed out. A numerical example is presented to
demonstrate the validity and feasibility of the obtained
results.
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1 Introduction

As a branch of mathematics, fractional calculus deals
with derivatives and integrals of order that may be real
or complex. The essential difference between models
with the fractional-order derivative and the integer-
order derivative lies in the following two aspects. First,
the integer-order derivative indicates a variation or
certain attribute at particular time for a physical or
mechanical process, while the fractional-order deriva-
tive is concerned with the whole time domain. Second,
the integer-order derivative describes the local proper-
ties of a certain position for a physical process, while
the fractional-order one is related to the whole space.
Therefore, compared with traditional integer-order cal-
culus, fractional calculus provides a powerful tool for
the description of memory and hereditary effects in
various substances, as well as for modeling dynami-
cal processes, for instance, electrochemical processes,
flexible structures, biological systems, finance systems,
the dielectric polarization, electromagnetic waves, vis-
coelastic systems, diffusion processes, heat flowing
phenomena and so on. For further applications of
fractional-order systems to the engineering area, please
refer to [1–7].
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With more and more physical processes being
described by fractional order differential systems, to
analyze and synthesize, the fractional-order systems
has become a hot research topic. Recent studies have
demonstrated the interests in the stability and robust
controller design for fractional-order linear systems,
especially for fractional-order linear time-invariant
(FO-LTI) interval systems [8–14]. It should be pointed
out that these results focused on certain systems with-
out consideration of parameter variation uncertainty
and external disturbance perturbation. But in practi-
cal situations, many systems are inevitably affected by
parameter variations and external disturbances. More-
over, some or all of system parameters and external
disturbance uncertainties are unknown or vary from
time to time. It is clear that these results are not suit-
able for FO-LTI system with the external disturbances.
Thus, to take the external uncertainties and distur-
bances into account is very necessary and important.
Unfortunately, there are few theoretical results on this
issue due to lack of theoretical tools to study dynamics
of fractional systems. For the special touch, unlike the
traditional integral-order system, many advanced con-
trol schemes, such as adaptive control [15,16], sliding-
mode control (SMC) [17], fuzzy control [18], neural
network control [19], and learning control [20], are still
not well established for fractional-order systems, and
there are few research reports on it. How to stabilize
such fractional-order uncertain systems is a very diffi-
cult problem.

On the other hand, SMC theory, originating from the
theory of variable structure control [21,22], has gained
much attention for its robustness against uncertainties,
disturbances, and unmodeled dynamics, and it has suc-
cessfully been applied to a wide variety of practical
engineering systems [23,24]. Note that these results
all depend on Lyapunov stability theorem, while sim-
ilar tools have not yet been well developed for frac-
tional systems. In recent years, by using the classical
Lyapunov stability direct method for integer-order sys-
tems, SMC is introduced to study the synchronization
and control problem for fractional-order chaotic sys-
tems in the presence of uncertain system parameter
variation, external perturbation, and nonlinear control
inputs [25–35]. However, it is worth mentioning that
the traditional Lyapunov stability theorem showing the
convergence of system trajectories to the sliding sur-
face is not appropriate, because the closed-loop system
is fractional order. It would be better to explore the sta-

bility of the closed-loop system based on the fractional-
order stability theory. In addition, most results about
SMC for fractional-order systems have been founded
for fractional-order systems with Riemann–Liouville
derivatives, not for those with Caputo derivatives. In
fact, because the Laplace transform of the Caputo deriv-
ative allows utilization of initial values of classical
integer-order derivatives, which have clear physical
interpretations, Caputo derivative is frequently used in
engineering.

Motivated by the above discussions, in this paper,
the adaptive SMC is designed for a class of FO-LTI
system with Caputo derivative and the unknown exter-
nal uncertainties. The methods to design sliding sur-
face and reaching motion controller for such systems
are proposed by using fractional-order system stabil-
ity theory. Linear matrix inequality (LMI) criteria for
the existence of linear sliding surfaces are derived. The
solution to conditions can be used to characterize lin-
ear sliding surfaces. The reaching motion controller is
designed, and the reaching time is also obtained. Fur-
ther, an adaptation law is given to estimate the upper-
bound values of system uncertainties, which can be
effectively implemented. Some problems in the exist-
ing literature on sliding-mode control and synchroniza-
tion of fractional-order chaotic systems are pointed out.

The remainder of this paper is organized as follows.
In Sect. 2, some necessary definitions, lemmas are pre-
sented. Main results are proposed in Sect. 3. In Sect.
4, a numerical example is used to illustrate the validity
and feasibility of the proposed method. Finally, con-
clusions are drawn in Sect. 5.

Notation Throughout this paper, Rn and Rn×m ,
denote, respectively, the n-dimensional Euclidean space

and the set of all n×m real matrices; ‖x‖ =
√∑n

i=1 x2
i

for x = (x1, x2, . . . , xn)T . MT denotes the trans-
pose of matrix M ; The notation M > 0(M < 0)

means that the matrix M is positive (negative) defi-
nite; ⊗ is the Kronecker product of two matrices and
(A ⊗ B)(C ⊗ D) = (AC)⊗ (B D); Sym{M} is used to
denote the expression M + MT , and � is used to denote
a block matrix element that is induced by transposition.

2 Model description and preliminaries

There are some definitions for fractional derivatives.
The commonly used definitions are Grunwald–Letnikov
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(GL), Riemann–Liouville (RL), and Caputo (C) defin-
itions. Here and throughout the paper, only the Caputo
definition is used, since its Laplace transform allows
utilization of initial conditions which have the same
forms as for integer-order differential equations with
clear physical interpretations. The notation Dα is cho-
sen as the Caputo fractional derivative operator C Dα

0,t .

Definition 1 [1] The fractional integral (Riemann–
Liouville integral) D−α

t0,t with fractional order α ∈ R+
of function x(t) is defined as

D−α
t0,t x(t) = 1

Γ (α)

∫ t

t0
(t − τ)α−1x(τ )dτ,

where Γ (·) is the gamma function, Γ (τ)

=∫ ∞
0 tτ−1e−t dt .

Definition 2 [1] The Riemann–Liouville derivative of
fractional order α of function x(t) is given as

RL Dα
t0,t x(t) = dn

dtn
D−(n−α)

t0,t x(t)

= dn

dtn

1

Γ (n − α)

∫ t

t0
(t − τ)n−α−1x(τ )dτ,

where n − 1 ≤ α < n ∈ Z+.

Definition 3 [1] The Caputo derivative of fractional
order α of function x(t) is defined as follows

C Dα
t0,t x(t) = D−(n−α)

t0,t
dn

dtn
x(t)

= 1

Γ (n − α)

∫ t

t0
(t − τ)n−α−1x (n)(τ )dτ,

where n − 1 ≤ α < n ∈ Z+.
Consider the following fractional-order linear sys-

tem with nonlinear uncertain disturbances

Dαx(t) = Ax(t) + Bu(t) + h(x(t), t), (1)

where α is the fractional order and belongs to 0 <

α < 1, x = (x1, x2, . . . , xn)T ∈ Rn is the state of
system, u = (u1, u2, . . . , um)T ∈ Rm is the control
input, h(x(t), t) denotes the nonlinear external distur-
bance term. The following assumptions for system (1)
need to be made.

Assumption 1 It is also assumed that the pair (A, B)

is controllable and the input matrix B ∈ Rn×m has full
rank m < n.

Assumption 2 The system matrix A is interval uncer-
tain and belongs to AΔ := {A0 + ΔA = A0 +
DEF, ‖E‖ ≤ 1} [13], where A0 is nominal value, D

and E are known real matrices with appropriate dimen-
sions.

Assumption 3 The nonlinear disturbance h(x(t), t)
satisfies the so-called matched condition, i.e.,
h(x(t), t)) = B f (x(t), t).

Under assumptions (1)–(3), system (1) can be trans-
formed into the following equivalent equation:

Dαx(t) = (A0 + ΔA)x(t) + B(u(t) + f (x(t), t)).

(2)

Obviously, according to Assumption (1), there exists
a nonsingular pseudostate transformation T x(t) =
z(t), where T ∈ Rn×n is a nonsingular matrix, such
that system (1) has the regular form as follows,

Dαz(t)=( Ā0 + Δ Ā)z(t)+B̄[u(t) + f (T −1z(t), t)],
(3)

where Ā0 = T A0T −1 =
[

Ā11 Ā12

Ā21 Ā22

]
, B̄ = T B =

[
0

Bm

]
, Bm ∈ Rm×m is nonsingular. Δ Ā =

[
Δ Ā11 Δ Ā12

Δ Ā21 Δ Ā22

]
=

[
D1

D2

]
F

[
E1 E2

]
.

Then system (3) can be rewritten as

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Dαz1(t) = ( Ā11 + Δ Ā11)z1(t)
+( Ā12 + Δ Ā12)z2(t),

Dαz2(t) = ( Ā21

+Δ Ā21)z1(t) + ( Ā22 + Δ Ā22)z2(t)
+ Bm[u(t) + f (T −1z(t), t)].

(4)

It is obvious that the first equation of system (4) denotes
the sliding motion dynamics of system (2), here the
corresponding surface can be designed as follows:

S = {z(t) ∈ Rn : s(t) = [−N Im]z(t) = 0}, (5)

where s(t) is the switching function and N ∈ Rm×(n−m)

is the sliding surface parameter to be determined latter.
It follows from (5) that z2(t) = N z1(t), and substitut-
ing it into the first equation of system (4), one obtains
the sliding motion

Dαz1(t) = [(
Ā11 + Δ Ā11

)+(
Ā12+Δ Ā12

)
N

]
z1(t).

(6)

Thus, our aim is to design constant gains N ∈
Rm×(n−m) and a reaching motion control law u(t) such
that
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(i) the sliding motion (6) is asymptotically stable;
(ii) system (4) is asymptotically stable under the reach-

ing motion control law u(t).

To this end, the following lemmas are presented
firstly.

Lemma 1 [36] Let x(t) ∈ Rn be a continuous and
derivable function. Then, for any time instant t ≥ t0
1

2
C Dα

t0,t x
2(t) ≤ x(t)C Dα

t0,t x(t), ∀α ∈ (0, 1).

Lemma 2 [36] For the fractional-order system

Dαx(t) = f (x(t)), (7)

where α ∈ (0, 1), x = 0 is the equilibrium point and
x(t) ∈ Rn, if the following condition is satisfied

x(t) f (x(t)) ≤ 0,

then the origin of the system (7) is stable. And if

x(t) f (x(t)) < 0, ∀x 	= 0,

then the origin of the system (7) is asymptotically stable.

3 Main results

In the following section, we will first derive a LMI
condition for the existence of the sliding surface para-
meter matrix N guaranteeing the asymptotic stability
of sliding-mode dynamics (6).

Theorem 1 When fractional-order α : 0 < α < 1,
the sliding-mode dynamics (6) is robustly asymptoti-
cally stable if there exist a symmetric positive definite
matrices P, a matrix Q with appropriate dimensions,
and scalar constants εi1 > 0, ηi1 > 0 (i = 1, 2) such
that

Φ =
[

Φ11 Φ12

� Φ22

]
< 0, (8)

where

Φ11 =
2∑

i=1

{
Sym{Θi1 ⊗ ( Ā11 P + Ā12 Q)}

+ εi1

(
I2 ⊗ D1 DT

1

)
+ ηi1

(
I2 ⊗ D1 DT

1

)}
,

Φ12 =
[

I2 ⊗ (E1 P)T I2 ⊗ (E1 P)T

I2 ⊗ (E2 Q)T I2 ⊗ (E2 Q)T
]
,

Φ22 = −diag [ε11 I ε21 I η11 I η21 I ] ⊗ I2.

Moreover, sliding surface parameter matrix N is given
by

N = Q P−1, (9)

and the sliding surface can be designed as

s(t) = [−Q P−1 Im]z(t) = 0. (10)

Proof The proof process is similar to that of Theorem
2 in [13], we omit it here. 
�

After the switching surface is designed, the next step
is to design a reaching control law which will drive the
state trajectory to the switching surface and maintain a
sliding-mode condition in spite of the uncertainties.

As we all know, the parameter variations of the sys-
tem are difficult to measure, and the exact value of the
external load disturbance is also difficult to know in
advance for practical applications in industry. There-
fore, an adaptive sliding-mode position controller is
proposed here, in which an adaptive algorithm is used
to estimate the upper bound of lumped uncertainty.

System (3) can be rewritten as follows

Dαz(t) = ( Ā0 + Δ Ā)z(t) + B̄(u(t) + f (T −1z(t), t))

= Ā0z(t) + B̄u(t) + E(z, u), (11)

where E(z, t) = Δ Āz(t) + B̄ f (T −1z(t), t)) is the
lumped uncertainty.

Let N̄ = [−Q P−1 Im], from (10), it is obvious that

Dαs(t) = N̄ ( Ā0 + Δ Ā)z(t)

+Bm(u(t) + f (T −1z(t), t))

= Ā0z(t) + Bmu(t) + Ē(z, u), (12)

where Ē(z, t) = N̄Δ Āz(t) + Bm f (T −1z(t), t)).

Assumption 4 Ē(z, t) is unknown but bounded, i.e.,
‖Ē(z, t)‖ < β, where β is an unknown but bounded
positive constant.

Furthermore, the following adaptive algorithm for
the bound of ‖Ē(z, t)‖ is considered as

Dαβ̂ = k‖s(t)‖, (13)

where β̂ is the estimated value of β, and k > 1 is
denoted as the adaptation gain, the adaptation speed of
β̂ can be tuned by k.

A sliding-mode controller with adaptive algorithm
is designed as follows:

u(t) = −B−1
m

(
N̄ Ā0z(t) + ρ

s(t)

‖s(t)‖2 + β̂k
s(t)

‖s(t)‖
)

.

(14)

where ρ > 0.
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Theorem 2 Under assumption 4 and the obtained slid-
ing surface function (10), the trajectories of system (3)
with the controller (14) and the adaptive law (13) can be
driven asymptotically onto the sliding surface in lim-

ited time t ≤ α

√
‖s(0)‖2Γ (α+1)

2ρ
.

Proof Define the adaptation error as β̃ = β̂ −β. Com-
bining (12) with (13), one has
⎧
⎨
⎩

Dαs(t) = N̄ ( Ā0 + Δ Ā)z(t)
+Bm(u(t) + f (T −1z(t), t)),

Dαβ̂ = Dαβ̃ = k‖s(t)‖
(15)

Let Fβ(z, s) = (N̄ ( Ā0 + Δ Ā)z(t) + Bm(u(t) +
f (T −1z(t), t)), k‖s(t)‖)T and Sβ = (s, β̃)T , then, it
follows from Lemma 2 that

ST
β (t)Dα Sβ(t) = ST

β (t)Fβ(z, s)

= sT (t)
dαs(t)

dtα
+ β̃(t)

dαβ̃(t)

dtα

= sT (t)
dαs(t)

dtα
+ β̃(t)

dαβ̂(t)

dtα

= sT (t)
[
N̄ Ā0z(t) + Bmu(t) + E(z, u)

]

+ (β̂ − β)k‖s(t)‖. (16)

Substituting control input (14) into (16), then

ST
β (t)Dα Sβ(t) = sT (t)

[ − ρ
s(t)

‖s(t)‖2 − β̂k
s(t)

‖s(t)‖
+E(z, u)

] + (β̂ − β)k‖s(t)‖
≤ −ρ

‖s(t)‖2

‖s(t)‖2 + ‖E(z, u)‖‖s(t)‖
−βk‖s(t)‖

= −ρ − (kβ − ‖E(z, u)‖)‖s(t)‖
≤ −ρ

< 0. (17)

Hence, the convergence of s(t) and β̃ is proven by
Lemma 2. Both s(t) and β̃ reach zero in finite time,
i.e., s(t) → 0 and β̃ → 0. In order to show that the
sliding motion occurs in finite time, the reaching time
can be obtained as follows.

It follows from Lemma 1 and (17) that

Dα‖s(t)‖2 ≤ 2sT (t)Dαs(t) ≤ −2ρ, (18)

which means that there exists M(t) ≥ 0 such that

Dα‖s(t)‖2 = −2ρ − M(t). (19)

Taking Laplace transform on both sides of (19), one
has

sαY (s) − sα−1 y(0) = −2ρ
1

s
− M(s),

where

y(t) = ‖s(t)‖2, Y (s) =
∫ +∞

0
e−st y(t)dt,

M(s) =
∫ +∞

0
e−st M(t)dt.

Then,

Y (s) = 1

s
y(0) − 2ρ

1

sα+1 − M(s)

sα
. (20)

Taking inverse Laplace transform on (20), it yields

‖s(t)‖2 = ‖s(0)‖2 − 2ρtα

Γ (α + 1)

−
∫ t

0
(t − τ)α−1 M(τ )dτ.

In this way, ‖s(t)‖2 = 0 implies that the system
trajectories converge to the sliding surface s(t) = 0,
that is

‖s(0)‖2 − 2ρtα

Γ (α + 1)
−

∫ t

0
(t − τ)α−1 M(τ )dτ = 0.

(21)

Since
∫ t

0 (t − τ)α−1 M(τ )dτ ≥ 0, from (21) one has

‖s(0)‖2 − 2ρtα

Γ (α + 1)
≥ 0.

It is apparent that

t ≤ α

√
‖s(0)‖2Γ (α + 1)

2ρ
.

Therefore, the trajectories of system (3) with the con-
trol input (14) will converge to the sliding surface in

the finite time t ≤ α

√
‖s(0)‖2Γ (α+1)

2ρ
. Thus the proof is

completed. 
�
Remark 1 When the disturbances h(x(t), t) = 0, sys-
tem (1) will degenerate into modes discussed in paper
[8–14]. It is clear that these results are not applied for
system (1).

Remark 2 Fractional-order linear time-invariant inter-
val systems have been discussed in paper [8–14], but
without considering external disturbances. Since Lya-
punov stability theory for fractional-order systems has
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not yet been developed, to design controller for sys-
tem (1) is very challenging, and there is no effective
way to cope with. In this paper, control of a class of
FO-LTI system with Caputo derivative and the external
disturbances is first discussed. By introducing adaptive
SMC method, the control problem for such systems has
been successfully solved. The proposed method has the
computation advantages since the conditions are repre-
sented by the LMI, which can be easily solved by using
the LMI Toolbox in Matlab.

Remark 3 In recent years, there exist some results
about control and synchronization of fractional-order
chaotic systems via SMC [25–33], in which the tradi-
tional Lyapunov stability theory has been used to show
the convergence of system trajectories to the sliding
surface. Since the dynamics of the considered system
and the sliding surface involve fractional-order terms,
it may be not appropriate to design reaching control
law based on the traditional Lyapunov stability theory.

Remark 4 Problems about sliding-mode controller
design for a lot of fractional-order chaotic systems with
fractional Caputo derivatives have been discussed in
[25–35]. Some integral type sliding surfaces includ-
ing fractional integral term Dα−1x(t) are constructed,
where 0 < α < 1, Dα−1x(t) = D−(1−α)x(t) =

1
Γ (1−α)

∫ t
t0
(t − τ)−αx(τ )dτ denotes the Riemann–

Liouville fractional integral of order 1 − α of a func-
tion x(t). Then take the first-order derivative, it follows

that d(Dα−1x(t))
dt = d

dt
1

Γ (1−α)

∫ t
t0
(t − τ)−αx(τ )dτ =RL

Dαx(t) 	=C Dαx(t), which implies that these obtained
theoretical results are applicable only for fractional-
order systems with Riemann–Liouville derivative, not
for Caputo derivative. Here, sliding-mode controller
for fractional-order systems with Caputo derivative has
been designed, and the correct sliding surface for such
system is presented.

4 Numerical example

In this section, to verify and demonstrate the effec-
tiveness of the proposed methods, a simple numerical
example is presented.

Consider the uncertain system (1) with the following
parameters:

A =
⎡
⎣

[−6,−4
] [−3.5,−1.5] [−5,−3][−4.5, 3.5
] [

1, 3
] [

0.5, 2.5
]

[
2, 4

] [−4, 4
] [−6,−4

]

⎤
⎦ ,

B = [
0 1 0

]T
, h(x(t))=0.2 sin x1(t) − 0.4 cos x2(t),

α = 0.65.

Based on the analysis proposed in [13], it is very easy

to obtain that A0 =
⎡
⎣

−5 2.5 −4
−0.5 2 1.5

3 0 −5

⎤
⎦ . Then, take the

transform matrix T =
⎡
⎣

0 0 1
1 0 0
0 1 0

⎤
⎦, and according to (3),

it can be shown that

Ā11 =
[−5 3

−4 −5

]
, Ā12 =

[
0

−2.5

]
,

Ā21 =[1.5 − 0.5], Ā22 = 2, B2 = 1

D1 =
[

0 0 1 0 0 2 0 0 1
1 0 0 1 0 0 1 0 0

]
,

D2 = [
0 2 0 0 1 0 0 1 0

]
,

E1 =
[

0 0 1 0 0 1 0 0 1
1 0 0 2 0 0 1 0 0

]T

,

E2 = [
0 1 0 0 1 0 0 2 0

]T
.

It follows from Theorem 1 that LMI (8) has feasible
solutions ε11 = ε21 = 7.2320, η11 = η21 = 7.0402,

Q = [0.3376 2.1620], P =
[

10.5916 −3.0279
−3.0279 4.5312

]
.

When k = 2, ρ = 2, in view of (10) and (14), the
sliding surface and the control law are given by

s(t) = [−0.2080 − 0.6161 1]z(t),
u(t) = − ([4.3480 − 1.7522 − 5.0922]z(t)

+ 2
s(t)

‖s(t)‖2 + 2β̂
s(t)

‖s(t)‖
)

with the adaptive laws

Dαβ̂ = 2‖s(t)‖,
where z(t) = T x(t).

In the simulation, Adams–Bashforth–Moulton
predictor–corrector algorithm [37] is used for the
numerical calculation of fractional system. The simu-
lation results are illustrated with the initial condition
(x1(0), x2(0), x3(0), β̂(0)) = (0.1,−0.1, 0.2, 0.1).
From Figs. 1 and 2, system is asymptotically stable
and the sliding motion trends to the origin in finite
time. Input control is shown in Fig. 3. Figure 4 shows
the time responses of the updating vector parameter β̂.
Obviously, the updating vector parameters approach
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Fig. 1 The state time response of the system in example
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Fig. 2 The time evolution of sliding surface in example

to some bounded values. The simulation results illus-
trate that the proposed controller has quite a good per-
formance and is very effective in coping with system
uncertainties.

5 Conclusion

This paper has proposed the method for designing
sliding-mode controller for a class of fractional-order
linear interval systems with the external disturbances.
Sufficient conditions in terms of LMIs are presented
for the existence of a linear sliding surfaces guarantee-
ing asymptotic stability of the reduced-order equivalent
system restricted to the surface. By using stability of
fractional-order nonlinear systems, a reaching motion
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Fig. 3 The time evolution of control input in example
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Fig. 4 The time response of adaptive parameter

controller is proposed to drive the state trajectory to the
switching surface and maintain a sliding-mode condi-
tion in spite of the uncertainties. Sliding-mode con-
trol for fractional-order nonlinear systems with Caputo
derivative will be considered in the future.
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