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Abstract A new family of explicit integration algo-
rithms is developed based on discrete control theory
for solving the dynamic equations of motion. The pro-
posed algorithms are explicit for both displacement
and velocity and require no factorisation of the damp-
ing matrix and the stiffness matrix. Therefore, for a
system with nonlinear damping and stiffness, the pro-
posed algorithms are more efficient than the common
explicit algorithms that provide only explicit displace-
ment. Accuracy and stability properties of the pro-
posed algorithms are analysed theoretically and ver-
ified numerically. Certain subfamilies are found to be
unconditionally stable for any system state (linear elas-
tic, stiffness softening or stiffness hardening) that may
occur in earthquake engineering of a practical struc-
ture. With dual explicit expression and excellent sta-
bility property, the proposed family of algorithms can
potentially solve complicated nonlinear dynamic prob-
lems.
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1 Introduction

Step-by-step time-integration algorithms are widely
used to solve the equations of motion of structures.
Generally, the integration algorithms can be classi-
fied into two types: explicit and implicit. An integra-
tion algorithm is defined as explicit if the displace-
ments for the next step can be calculated based on
the conditions known at the beginning of the time
step, whereas an implicit integration algorithm exhibits
dependency on the structural response from the next
step.

Both the explicit and implicit algorithms have obvi-
ous advantages and disadvantages [1]. Most implicit
integration algorithms are unconditionally stable, such
as the average acceleration method [2], Wilson-6
method [3], HHT-o method [4] and WBZ-«a method
[5]. However, they have to solve the simultaneous equa-
tions resulting from discretisation of the equations of
motion in spatial and temporal domains. The computa-
tional cost dramatically increases when the degrees-
of- freedom (DOFs) of the structure get large. The
explicit algorithms require no factorisation of the stiff-
ness matrix and have clear advantages for problems
with a large number of DOFs. Conditional stability is
the drawback of the traditional explicit integration algo-
rithms such as the central difference method (CDM)
and the explicit Newmark method [2]. Their time step
limit is inversely proportional to the highest natural fre-
quency of structures. To improve the numerical prop-
erties of integration algorithms, researchers have pro-
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posed subcycling strategies [6] and high-order accurate
approaches [7].

Several unconditionally stable explicit integration
algorithms have been proposed, including the Chang
family of algorithms [8—10] and the CR algorithm [11].
The Chang family of algorithms has excellent stability,
and one of its subfamilies offers unconditional stabil-
ity even for stiffness hardening systems that may occur
in practice. However, similar to the CDM and explicit
Newmark method, the Chang family is explicit only
if the damping matrix is diagonal. Therefore, for sys-
tem equipped with nonlinear dampers [12,13], these
explicit algorithms have no advantage of computa-
tional efficiency as compared to implicit algorithms. To
explicitly solve the equation of motion for system with
nonlinear damping, Chen and Ricles [11] use the pole
mapping method to develop the CR algorithm, which
provides an explicit estimate of velocity as well as dis-
placement. This method is shown to be unconditionally
stable for any linear elastic and stiffness softening sys-
tem and is conditionally stable for a stiffness hardening
system.

The accuracy and stability properties of integration
algorithms are usually investigated in the time domain
by using the amplification matrix and its associated
eigenvalues [14-16]. Researchers have also analysed
the frequency domain properties of integration algo-
rithms by using the discrete transfer function and its
associated poles. A discrete transfer function is used
to represent the relationship between the z transform
of the output and the z transform of the input [17].
Ramirez [18] derived the discrete transfer function for
the Newmark family of algorithms and studied their fre-
quency response characteristics. Magnitude and phase
error characteristics of some popular algorithms are
studied in the frequency domain by Mugan and Hul-
bert [19,20]. Chen and Ricles [21,22] used the root
locus method to analyse the stability of integration
algorithms under stiffness nonlinear structural behav-
iour.

In this paper, a new family of explicit integration
algorithms with second-order accuracy, including the
CR algorithm as a special case, is developed based on
the pole mapping method from the discrete control the-
ory. Both accuracy and stability properties are analyti-
cally studied and numerical examples are examined to
confirm the theoretical analysis results. The proposed
family of algorithms is found to have the same numeri-
cal properties as the Newmark family of algorithms for
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linear elastic systems. More significantly, certain sub-
families are unconditionally stable for any system state
(linear elastic, stiffness softening, or stiffness harden-
ing). As an example, comparison of the computational
cost is presented for several integration algorithms in
solving a system with nonlinear damping behaviour.
The comparison demonstrates that the proposed fam-
ily of algorithms offers distinct advantage in computa-
tional efficiency.

2 Development of the new family of algorithms

For a multiple-degree-of-freedom (MDOF) nonlinear
structure, the equations of motion can be expressed as

MX; 1 + R(xi11) + R(xi11) =Fiq, (D

where M is the mass matrix; R(x;+1), R(x;+1) and
F; are the damping force, restoring force and external
force vectors at the (i 4+ 1) th time step, respectively,
and X;41, X;4+1 and X, are the displacement, veloc-
ity and acceleration vectors at the (i 4+ 1)th time step,
respectively.

A family of integration algorithms, where the veloc-
ity vector x;1 and displacement vector X; ;| are depen-
dent only on structural response (displacement, veloc-
ity and acceleration) at the ith time step, are assumed
as

Xit1 =X +ay-Ar-X; 2
X4l =X + Ar-X + o - ALK, 3)

where a1 and a7 are two matrices of integration para-
meters to be determined; and At is the time step size.
Equation (1) can be explicitly integrated with Egs. (2)
and (3), when &1 and a» are known.

For simplicity, parameters o and o are derived
from a single-degree-of-freedom (SDOF) linear elastic
structure in the following. Correspondingly, Egs. (1),
(2) and (3) are rewritten as

mxi11 + cXiy1 + kxip1 = Fin “4)
Xip1 =X +oyp - At -X; Q)
Xigl =X + A% +oan - A1 K, (6)

where m, ¢ and k are the mass, viscous damping and
stiffness, respectively; F;4 is the external force at the
(i + Dth time step and x;4+1, X;4+; and X;4| are the
displacement, velocity and acceleration at the (i + 1)th
time step, respectively.
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Next, we will determine the parameters 1 and o5.
The derivation of parameters «1 and e for SDOF linear
elastic systems is provided in Sects. 2.1 and 2.2 based
on the pole mapping method and the eigenvalue map-
ping method, respectively. Then the integration process
of the proposed family of algorithms for nonlinear
MDOF systems is briefly described in Sect. 2.3. The
numerical properties of proposed algorithms for both
linear and nonlinear systems are discussed in Sect. 3.

2.1 The pole mapping method

We define X;(z) and X;1(z) as the z transform of a
time function x(¢) at the ith and (i + 1)th time step,
respectively. According to the shifting theorem for the z
transform [23], multiplication of X;1(z) by 71 delays
the time function x(¢) by the time step

Xi(2) =z"" Xit1(2), 7

where z is the variable of the z transform.
Thus, the z transform of Eqgs. (4), (5) and (6) may
be expressed as
mXip1(2) + cXip1() +kXi1(2) = Frnn@) - (8)
Xi@ =2 Xip@ +e - Atz X (2)
)
Xip1@ =27 Xip@ + At - 271 Xi41(2)
tar- APz K@), (10)
where X;11(z2), Xi41(2). Xi41(z) and F;1(z) are the
z transform of x; 1, X;+1, X;j+1 and Fj41, respectively.
Substituting Egs. (9) and (10) into Eq. (8) leads to
the corresponding discrete transfer function

Xiv1(z)

Table 1 Poles of some members of the Newmark family algo-
rithms

Method Poles
_o? Vo
Average acceleration 12 = %
method (y =1/2,
B =1/4)
. . _00? /322 7
Linear acceleration 12 = 620 iéfgfi(;& 36
method (y =1/2,
B =1/6)
_02 2 2_
Explicit Newmark 212 = %
method
y=1/2,=0)

Chen and Ricles [11] showed that the poles of the dis-
crete transfer function are the same as the eigenvalues
of the amplification matrix for the Newmark family of
algorithms. Therefore, in developing a new integration
algorithm, the numerical properties of the integration
algorithm are ensured if proper poles are assigned to
its discrete transfer function.

The poles of several well-known members of the
Newmark family of algorithms with second-order
accuracy are listed in Table 1, where y and B are
the integration parameters of the Newmark method.
By assigning these poles to the characteristic equa-
tion in Eq. (12), we find that «; and oy always have
the same expression. Thus, they can be unified as one
parameter

A

=— > 13
A+ ARQE + 22 (13)

o] =0 =

where A is the positive parameter governing the numer-
ical properties. The subfamily with A is derived from

A2z 4 (o) — an) Ar?

G@2) =

Fir1(z)  mz2+ (0222 + 20128 — 2)mz + (o) — a2) 22 — 201 & + Dm’

(1)

where 2 = wyAt, wn, = /k/m is the natural fre-
quency and & is the viscous damping ratio.

Based on Eq. (11), the characteristic equation of the
discrete system is defined as
mz® + (052.(22 + 20126 — 2)mz

+ () — )R> = 2016+ DHm =0.  (12)

A value of z that solves the characteristic equation

is defined as a ‘pole’ of the discrete transfer function.

the Newmark family with y = 1/2,8 = 1/A. As a
result, the corresponding algorithms of the two fami-
lies have the same numerical properties.

Comparing Eq. (13) with the integral algorithm
developed by Chen and Ricels [11], we found that
the subfamily with A = 4 was exactly the same as
the CR algorithm. Therefore, the proposed algorithms
contained the well-known CR algorithm as a special
case.
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2.2 The eigenvalue mapping method

Besides the pole mapping method, a new integration
algorithm may also be developed based on the eigen-
values of the amplification matrix.

Equations (4), (5) and (6) may be written in a recur-
sive matrix form as

Xy =A-X; +B-F, (14)
where X; and X; | are state vector values at the ith
and (i 4+ 1)th time step, respectively; A is the ampli-

fication matrix and B is related to the external force.
Xi, Xi+1, A and B are defined as

X; = [’“ ] D [’."'“ ] (15)
Xi Xit1
A= 1-— azwﬁAtz At — 2a2€a)nAt2
- —ocla)ﬁAt 1 —2a1éwn At |’
B— a At /m (16)
T aAt/m |’

The characteristic equation of the amplification
matrix A can be derived by solving the equation of
|A — ¢I| = 0 and is found to be

G+ (2224201 28 —2)p+ (o) —a2) 27
201 R8+1=0, (17)

where ¢ is the eigenvalue and I is a unit matrix.

Equation (17) is identical to the characteristic equa-
tion of the discrete transfer function Eq. (11). This
verifies the conclusion made by Chen and Ricles [11]
that the poles of the discrete transfer function are the
same as the eigenvalues of the amplification matrix
for the integration algorithm. Therefore, the eigenvalue
mapping method is equivalent to the pole mapping
method.

2.3 Integration process for nonlinear MDOF systems

For an MDOF system, Eq. (13) can be rewritten in terms
of the structural properties and the time step size as

o) =0y =a =21 2AM+1AIC+2A°K) ™! - M.
(18)

If the MDOF system is nonlinear, & is assumed to
be invariant in the entire integration procedure and is
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determined from the initial damping matrix Cop and the
initial stiffness matrix Ko

o =21 (2AM+ AA1Co +2A°Kp) " M. (19)

Thus, the solution of Eq. (1) using the proposed algo-
rithms may be summarsised as follows: (1) substituting
Eq. (19) into Egs. (2) and (3) leads to the velocity vector
X;+1 and displacement vector X;1; (2) the nonlinear
damping force R(x;+1) and restoring force R(X;+1)
are calculated and (3) the acceleration vector X; is
obtained from the equations of motion in Eq. (1).

3 Numerical properties
3.1 Accuracy analysis

Since the numerical properties of an integration algo-
rithm are determined by the poles of the algorithm [11]
and the proposed algorithm family has the same poles
as those of the Newmark family of algorithms, the pro-
posed family of algorithms is second-order accurate,
which is the same as most commonly used algorithms.
Herein, the amplitude decay (AD) and period elonga-
tion (PE) [24] are introduced to further analyse the com-
putational error of these algorithms. Following Refs.
[5,8,11,24,25], we consider the linear free vibration
problem

mE@t) + kx(t) =0 (20)

with the initial conditions x(0) = 1 and x(0) = 0. The
AD and PE are defined as

AD = 1 — x(T}) (21)
PE = (T, — Tw)/ Th, (22)

where T, and T}, represent the true and calculated nat-
ural period, respectively.

When the equation for an integration algorithm is
known, the poles for its corresponding discrete transfer
function G (z) can be expressed in an exponential form
as

212 =0 Fei =exp [9 (—é +iy/1— 52)} , (23)
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Fig. 1 Amplitude decay for proposed family of algorithms, and
comparison with Newmark and Chang families of algorithms
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Fig.2 Period elongation for proposed family of algorithms, and
comparison with Newmark and Chang families of algorithms

where i = +/—1, and the algorithmic damping ratio &
and the apparent frequency §2 may be computed by

—In(o? + &%)/ (292) (24)

§=
7) =tan_1(8/c7)/‘/1 ) 25)

Because of the zero inherent damping of the system,
the AD completely depends on the algorithmic damp-
ing ratio &. Meanwhile, substituting T, = 2w At/$2
into Eq. (22) results in

PE = 2/2 — 1. (26)

Figures 1 and 2 show the variation of AD and PE
with At/ Ty, respectively, for several members of the
proposed family of algorithms, as well as the New-
mark and Chang families of algorithms. The algorithms
that have the same poles exhibit exactly the same AD
and PE. As shown in Fig. 1, all of these algorithms
predict no decay of displacement amplitude because
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Fig. 3 Stable and unstable regions for pole locations in the z
plane

their algorithmic damping ratios £ = 0. Figure 2 indi-
cates that the absolute value of PE increases as At/ T,
increases for a given A. Meanwhile, the PE decreases
as A increases from O to infinity for a given At/ T,.
The period distortion of the subfamily with A =11.5is
approximately the least for any A¢/T;. As a result, A
should be chosen as close to 11.5 as possible to obtain
the least period error.

3.2 Stability

According to the discrete control theory [23], the sta-
bility of a discrete transfer function is determined by
the poles. Figure 3 illustrates the stable and unstable
regions for pole locations in the z plane. If all the poles
lie within or on the unit circle, the system is stable. Any
pole outside the unit circle makes the system unsta-
ble. Therefore, the stability condition of the proposed
family of algorithms is determined in this section by
analysing the poles of their discrete transfer functions.
The linear and nonlinear systems are considered.

3.2.1 Linear elastic system

For alinear elastic system, the discrete transfer function
G(2) and its characteristic equation are presented in
Egs. (11) and (12), respectively, for the proposed family
of algorithms. The characteristic equation in Eq. (12)
can be revised as

f(2) =A% 4+ Az + A3 =0, (27)

where A = 2% + A + A&, Ay = 122 — 2027 — 24
and A3 = 2% + 1 — AQ&.
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According to Eq. (27), the poles of G(z) can be
expressed as

Ay EV(A2)? —4A1 A5

24

21,2 (28)

() If (A2)2 —4A1A3 < Oin Eq. (28), z1 2 is complex
numbers. The modulus of z; 7 is

( A )2+(\/4A1A3—(A2)2)2

24, 24,

- /A_l. (29)

In this case, both A; and A3 are positive, and A3
is not more than A;. This observation means that the
stability condition of |Z1,2 < 1 is always satisfied if
(A2)2 —4A1A3 < 0. Thus, the stability condition can
be derived from (A7) — 44, A3 < 0 as

|Z1,2|

Q% — 407 — 4x < —40g? (30)

2) If (A2)2 —4A1 A3 > 0, then z; > is real numbers.
Because Eq. (27) represents a parabolic curve opening
upward, the stability condition of |zl,2| < 1 leads to
the following inequalities:

f) =0, f(=1)=0, —1<—Ffz <1 @3

From the inequalities in Eq. (31) and (Ap)? —
4A1A3 > 0, the stability condition can be derived as

—40E% < AQ% —4Q7 — 41 <0. (32)

Combining Eqs. (30) and (32) leads to the following
stability condition of the proposed family of algorithms
for the linear elastic system:

(L —DHQ% — 41 <0. (33)
Equation (33) provides the stability limit of €2 for

the proposed family of algorithms

(1) Ifa <4, Q < oo
() Ifr>4,Q < JIAJ(h— D).

Therefore, the subfamilies with A < 4 are uncon-
ditionally stable for any linear elastic structure; the
subfamilies with A > 4 can become unstable when
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Q > J4r/(k — 4). These results verify that the sub-
family with A has the same stability condition as the
Newmark family with y =1/2, 8 = 1/ for the linear
elastic system [24].

3.2.2 System with nonlinear stiffness

For an SDOF structure with nonlinear stiffness, the
equations of motion in Eq. (4) have to be expressed as

mXjy1 + cXip1 +r(xip1) = Fiqq, (34)

where 7 (x;+1) is the restoring force at the (i 4 1)th time
step.

For a small time step size, Eq. (34) can be approxi-
mated in an incremental form

mAX; + cAx; + ki Ax; = AF;, (35)

where k; is the tangent stiffness for the ith time step;
AX;, Ax;, Ax; and AF; are the increments of accelera-
tion, velocity, displacement and external force defined
as AX; = Xjy1 =X, AX; = Xjp1 —Xi, AXj = Xijp1—X;
and AF,' = Fl‘+1 — Fl

In Eq. (35), the tangent stiffness k; varies with the
displacement x; ;1. Therefore, Eq. (35) corresponds to
aclosed-loop system [21]. The discrete transform func-
tion may be expressed in a closed-loop form as

G'(2)

Ga(@) =17 G'()H )

(36)

where H(z) is the feedback transfer function, and
G'(z)H (z) is the open-loop transfer function of the
closed-loop system.

When the proposed family of algorithms is used to
solve Eq. (35), the corresponding closed-loop transfer
function G (z) relating A F; and Ax; can be illustrated
by the closed-loop block diagram shown in Fig. 4. The
feedback transfer function H(z) and the transfer func-
tion G'(z) of G1(z) can be derived as

H(z) = k; (37)
a A’z
mz? + (acAt —2m)z +m — acAt’
Based on Egs. (37) and (38), the characteristic equa-
tion of the closed-loop system in Eq. (35) is

G'(2) =

(38)

aAr’z
mz2 + (ecAt —2m)z +m — acAt

1+k =0. (39)
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AF, mAZ, + cA¥, Ax,

G'(2)

\/
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A

Fig. 4 Closed-loop block diagram for system with nonlinear
stiffness
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Fig. 5 Root locus for system with nonlinear stiffness

For the linear elastic system, the tangent stiffness k;
is equal to the initial stiffness kg, and Eq. (39) reduces
to the characteristic equation in Eq. (12).

The root locus method [17] is used to investigate
the stability condition for the closed-loop system. This
method involves plotting the root trajectories of the
characteristic equation in the z plane as the feedback
gain parameter k; varies from zero to positive infinity.
In this study, MATLAB [26] is used to plot the root
locus.

The root locus for the case of & = 0.02, w, =
2mrad/s, At = 0.5s and A = 1 is shown in Fig. 5. One
branch of the locus crosses the unit circle at z = —1,
which means that the proposed algorithms are stable
only for a finite range of k,. By substituting z = —1
into Eq. (39), the stability condition can be obtained as

ki At* < 4m — 2acAt (40)
which can be rewritten as

A7 —4) <4028, (41)
where 29 = woAt, and wy = +/ko/m is the initial

natural frequency; £2, = w; Af, and w; = /k;/m is the
instantaneous natural frequency for the ith time step.

The stability condition in Eq. (41) reduces to that in
Eq. (33) for a linear elastic system when £2, = £29.
Equation (41) gives the stability range of A

(1) If 2, < 2,1 < o0;
(2) If 2, > 2,1 <423 /(27 — 4).

Thus, for stiffness softening systems, the subfami-
lies with A < 4 are unconditionally stable; for stiffness
hardening system, the unconditional stability range of
A reduces to A < 4w(2)/a),2.

3.3 Discussion of numerical properties

Sections 3.1 and 3.2 indicate that the accuracy of the
proposed family of algorithms improves as A increases
from 0 to 11.5, the stability condition of £2 decreases
as A increases from 4 to infinity for the linear elastic
system and the stability condition of £2; decreases as A
increases from 4w(2) / a),2 to infinity for the system with
nonlinear stiffness. Therefore, the accuracy and stabil-
ity are contradictory properties of the proposed family
of algorithms.

Based on the theoretical analysis results, the sub-
family with & = 4 offers the highest accuracy within
the unconditional stability range (A < 4) for the linear
elastic and stiffness softening systems. The subfam-
ily with A = 4w%/a),2 (for instance, A = 2.77, when
w; = 1.2wp) offers the highest accuracy within the
unconditional stability range (A < 4a)3 /w,z) for the
stiffness hardening system.

4 Numerical examples

4.1 Dynamic response for MDOF linear elastic
structure

An example is intentionally designed to confirm the
stability limit and accuracy of the proposed family of
algorithms for the linear system. As shown in Fig. 6, a
two-storey shear-beam-type structure with ¢c; = ¢ =
0,kj = 2 x 10° N/m, k&, = 10° N/m, m; = 10
kg, my = 4 x 103 kg is considered in this example.
The structure is excited by a ground acceleration of
20sin(z) at its base, and the time step Ar = 0.05s.
The natural frequencies of the structure are 4.88 and
45.84 rad/s; thus, the values of 2 (£2 for the first
mode) and 2@ (£2 for the second mode) are 0.24 and
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Fig. 6 Schematic of the

two-storey shear-beam-type

structure
c,,k,
.k,

2.29, respectively. Applying Eq. (33) leads to the upper
stability limit A2 = 16.77.

The displacement response of the top storey is plot-
tedin Fig. 7for L = 2,4, 11.5, 17 and oo, respectively.
And the result obtained from the explicit Newmark
method (At = 0.05s and 0.0001s) and average accel-
eration method (At = 0.05s) are also shown in the
same figure for comparison. Among them, the result
from the explicit Newmark method with a time step
of At = 0.0001s is seen as the ‘exact’ solution. As
expected, the displacement responses of the subfamily
with & = 4 and the average acceleration method match
each other very well; meanwhile, the subfamily with
A = oo and the explicit Newmark method get identical
results. These solutions verify the conclusion in Sect. 3
that the subfamily of the proposed algorithm family
has the same numerical properties as its correspond-
ing subfamily in the Newmark family of algorithms
for linear elastic systems. Because of the stability limit
L < 16.77, the solutions are unstable for the subfami-
lies with A = 17 and oo, whereas the subfamilies with
A = 2,4 and 11.5 obtain reliable solutions. In addition,
the subfamily with A = 11.5 provides almost the same
solution as the exact solution, whereas the subfamilies
with & =2 and 4 exhibit obvious period elongation in
the condition of At/ Tn(]) = 0.039. This observation is

Fig. 7 Displacement 2.0

in good agreement with the accuracy analysis results
presented in Fig. 2, where the subfamily with A = 11.5
possesses the least period distortion for any value of
At/ Th.

4.2 Dynamic response for MDOF structures with
nonlinear stiffness

The numerical examples in Ref. [10] are employed
in this study to confirm the stability property of the
proposed family of algorithms for systems with non-
linear stiffness. In this example, a two-storey shear-
beam-type structure, as shown in Fig. 6, with ¢; =
c2 =0,k; = 10" N/m, ky = 10° N/m, m; = 103 kg,
my = 6 x 103 kg is considered. The tangent stiffness
for each storey is assumed to be in the form of

ki = ko[l + 1.56/|Aul], (42)

where Au is the interstorey displacement, and 6 is
the coefficient for simulating the two systems with
different stiffness types. For the softening system,
the coefficients of the bottom and top storeys are
01 = —0.1,8, = —0.2, and for the hardening sys-
tem, 61 = 1,0, = 2. The structure is excited by a
ground acceleration of 20sin(¢) at its base, and the time
step At = 0.05s. The initial natural frequencies of the
structure are 4.06 and 100.50 rad/s. For each system,
the numerical result obtained from the explicit New-
mark method with Ar = 0.0001s is considered as the
‘exact’ solution.

Figure 8 displays the displacement responses of
the softening system for A = 2,4,4.7,4.8 and 11.5,
respectively. The response time histories of instanta-
neous natural frequency for both modes are plotted in
Fig. 9. The upper stability limit for the second mode

response of the top storey 15

1.0
05F
0.0K!
0.5
10} |
A5

displacement (m)

ey T A=11.5 A=17 e A=co

Explicit Newmark

Average Acceleration

2.0 i 1 1
0
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Fig. 8 Displacement 3
response of the stiffness
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Fig. 10 Upper stability 5.0
limit for second mode of the
stiffness softening system

lim

2)

A

4.7 e

is plotted in Fig. 10 (the stability condition £2; < 2
is always satisfied for the first mode). Figure 8 reveals
that the subfamilies with A = 2 and 4 behave in a sta-
ble state for the value of [2(()2) as large as 5.02. This
finding is due to their unconditional stability for the
softening system in which the instantaneous natural
frequencies never exceed the initial natural frequen-
cies as shown in Fig. 9. Besides, the response of the
subfamily with . = 4.7 is accurate, while numerical
instability occurs for the subfamilies with A = 4.9
and 11.5 because the least value of the upper stabil-
ity limit is 4.75, as shown in Fig. 10. The bottom
storey response of the subfamily with A = 4.8 indi-

5 6 7 8 9 10 11 12 13 14 15
time (s)

cates high frequency fluctuation. The reason is that
the upper stability limit is only transitorily violated,
whereas the stability condition is satisfied most of the
time as the stiffness softens, as shown in Figs. 9b
and 10.

The numerical solutions of the hardening system for
A = 1.2,3.7,39, 4 and 11.5 are shown in Fig. 11.
The response time histories of instantaneous natural
frequency for both modes are presented in Fig. 12. The
upper stability limit for the second mode is plotted in
Fig. 13 (the stability condition £2; < 2 is always sat-
isfied for the first mode). Figure 11 indicates that the
subfamily with A = 4 becomes conditionally stable as

Fig. 11 Displacement 1.0
response of the stiffness
hardening system.

a Displacement response
of the top storey.

b Displacement response
of the bottom storey
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stiffness hardening system
45+
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40
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w; > wo shown in Fig. 12. Meanwhile, the subfam-
ily with 2 = 1.2 < 4(a) /o")2, which is uncon-
ditionally stable for this system, offers an acceptable
solution. Figures 12b and 13 reveal that the upper sta-
bility limit decreases as the instantaneous natural fre-
quency increases, and the least upper stability limit
is 3.79 during the entire time history. As a result,
stable computations are responsible for the subfam-
ilies with A =1.2 and 3.7, whereas numerical insta-
bility occurs for the subfamilies with A = 3.9,4 and
11.5.

5 6 7 8 9 10 11 12 13 14 15
time (s)

4.3 Computational times for MDOF structures with
nonlinear damping

As shown in Fig. 14, an MDOF linear mass (; )—spring
(kj)—damping (c;) system with nonlinear absolute
damper (c,;) is employed to compare the computa-
tional efficiency of three well-known algorithms and
three proposed subfamilies. The parameters m; = 150
kg, ki = 2.5 x 10> N/m, ¢; = 10 Ns/m and Ar =
0.02 s are selected in these examples. Meanwhile, the
absolute damping is provided by the magnetorheologi-
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Fig. 14 Schematic of the
mass—spring—damping
system with nonlinear
damper

<y

Fig. 15 Force—velocity behaviour of the nonlinear biviscous
model

cal damper (MRD). The nonlinear biviscous model [27]
with ¢;0 = 180 Ns/m, ¢y = 90 Ns/m and vy = 1/3
m/s is used to describe the force—velocity behaviour of
the MRD, as shown in Fig. 15. The external input is a
sine wave of 0.1-m amplitude and 1-Hz frequency.
The calculation procedures for all six algorithms
with the number of DOFs ranging from 500 to 5,000
are implemented by a PC with Intel Core i7 3.4 GHz
CPU and 8 GB internal memory. The average com-
putational times for each task, which are measured by
MATLAB [26], are presented in Table 2 and Fig. 16.
The computational times for the average acceleration
method, Chang2002 algorithm, and explicit Newmark

External force

method are broadly similar; they increase dramatically
as the number of DOFs increases. Meanwhile, the rela-
tionships between the computational times for the sub-
families with A = 2,4 and 11.5 and the number of
DOFs are all approximately linear. The computational
time ratios of the first three algorithms to the pro-
posed subfamilies grow significantly as the number of
DOFs increases. The probable reason is that the explicit
Newmark method and Chang2002 algorithm can pro-
vide only an explicit displacement and require factoris-
ing the damping matrix, and they both transform into
‘implicit algorithms’ when the damping matrix is non-
diagonal, whereas the subfamilies being explicit for
both displacement and velocity remain ‘explicit algo-
rithms’.

5 Conclusions

A discrete transfer function approach is used to develop
a novel family of explicit algorithms for structural
dynamics. This family of algorithms is based on expres-
sions for displacement and velocity that are both
explicit. The stability limit of the proposed family of
algorithms is investigated based on control theory. The
stability and accuracy characteristics of various sub-
families are confirmed by numerical examples for both
linear elastic and stiffness nonlinear systems. The com-

Table 2 Comparison of the

computational times for DOFs  Computational times of each time step (ms)

various structure sizes Average acceleration  Chang2002  Explicit Newmark A =2 i1=4 A=115
500 5.6 7.2 6.5 0.7 0.9 0.9
1,000 30.1 36.8 34.6 4.3 3.9 3.5
1,500 85.8 100.0 95.4 8.2 7.5 6.9
2,000 177.4 201.9 195.6 12.6 12.0 11.4
2,500  310.1 346.4 338.6 18.2 17.5 17.0
3,000 4983 553.5 538.3 25.3 24.4 239
4,000 1,058.0 1,149.6 1,128.7 434 42.4 41.9
5,000 1,871.2 2,018.8 1,992.0 65.5 64.8 64.3
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Fig.16 Graphical view of computational times for various struc-
ture sizes

putational efficiency of the new family for solving the
system with nonlinear damping is compared with that
of some well-known algorithms. The following con-
clusions are drawn:

(1) The proposed algorithm family requires no factori-
sation of the damping matrix and remains ‘explicit
algorithms’ even though the damping matrix is
non-diagonal; thus, it offers the obvious advantage
of speed for the system with nonlinear damping.

(2) Each subfamily of the proposed algorithm fam-
ily has the same numerical properties as its cor-
responding subfamily in the Newmark family of
algorithms for linear elastic systems because they
have the same poles for linear elastic systems.

(3) For the proposed family of algorithms, the period
elongation decreases as A increases from 0 to infin-
ity for a given At/ T;,. The period error of the sub-
family with A = 11.5 is approximately the least
for any At/ T,.

(4) The stability property decreases as A increases
from O to infinity. The subfamilies with A < 4 are
unconditionally stable for any linear elastic system
or stiffness softening system, whereas the subfam-
ilies with A < 4w(2) /a),2 are unconditionally stable
even for the stiffness hardening system.

(5) The accuracy and stability of the proposed fam-
ily of algorithms are contradictory properties. To
ensure unconditional stability and relatively high
accuracy, the subfamily with A = 4 (CR algo-
rithm) is recommended for the linear elastic and
stiffness softening systems, and the subfamily with
A = 40}/w? is recommended for the stiffness
hardening system.

Acknowledgments This research is financially supported by
the National Natural Science Foundation of China (Nos. 511790
93, 91215301 and 41274106) and the Specialized Research
Fund for the Doctoral Program of Higher Education (No.
20130002110032). The authors express their sincerest gratitude
for these supports.

References

1. Hussein, B., Negrut, D., Shabana, A.A.: Implicit and explicit
integration in the solution of the absolute nodal coordinate
differential/algebraic equations. Nonlinear Dyn. 54(4), 283—
296 (2008)

2. Newmark, N.M.: A method of computation for structural
dynamics. J. Eng. Mech. Div. ASCE 85(3), 67-94 (1959)

3. Wilson, E.L.: A computer program for the dynamic stress
analysis of underground structures. Report UC SESM 68-1.
University California, Berkeley (1968)

4. Hilber, H.M., Hughes, T.J., Taylor, R.L.: Improved numer-
ical dissipation for time integration algorithms in structural
dynamics. Earthq. Eng. Struct. D 5(3), 283-292 (1977)

5. Wood, W., Bossak, M., Zienkiewicz, O.: An alpha modifi-
cation of Newmark’s method. Int. J. Numer. Methods Eng.
15(10), 1562-1566 (1980)

6. Smolinski, P.: Subcycling integration with non-integer time
steps for structural dynamics problems. Comput. Struct.
59(2), 273-281 (1996)

7. Fung, T.: Higher-order accurate time-step-integration algo-
rithms by post-integration techniques. Int. J. Numer. Meth-
ods Eng. 53(5), 1175-1193 (2002)

8. Chang, S.Y.: Explicit pseudodynamic algorithm with uncon-
ditional stability. J. Eng. Mech. ASCE 128, 935 (2002)

9. Chang, S.Y.: An explicit method with improved stability
property. Int. J. Numer. Methods Eng. 77(8), 1100-1120
(2009)

10. Chang, S.Y., Yang, Y.S., Hsu, C.W.: A family of explicit
algorithms for general pseudodynamic testing. Earthq. Eng.
Eng. Vib. 10(1), 51-64 (2011)

11. Chen, C., Ricles, J.M.: Development of direct integration
algorithms for structural dynamics using discrete control
theory. J. Eng. Mech. ASCE 134, 676 (2008)

12. Dong, X.M., Yu, M., Liao, C.R., Chen, W.M.: Compara-
tive research on semi-active control strategies for magneto-
rheological suspension. Nonlinear Dyn. 59(3), 433-453
(2010)

13. Guo, P, Lang, Z., Peng, Z.: Analysis and design of the
force and displacement transmissibility of nonlinear viscous
damper based vibration isolation systems. Nonlinear Dyn.
67(4),2671-2687 (2012)

14. Hughes, T.J.: The Finite Element Method: Linear Static
and Dynamic Finite Element Analysis. Prentice Hall, Upper
Saddle River (1987)

15. Wang, J.T., Zhang, C.H., Du, X.L.: An explicit integration
scheme for solving dynamic problems of solid and porous
media. J. Earthq. Eng. 12(2), 293-311 (2008)

16. Rezaiee, Pajand M., Sarafrazi, S.R., Hashemian, M.:
Improving stability domains of the implicit higher order
accuracy method. Int. J. Numer. Methods Eng. 88(9), 880—
896 (2011)

@ Springer



1170

Y. Gui et al.

17.

18.

19.

20.

21.

Franklin, G.F., Powell, J.D., Emami Naeini, A.: Feedback
Control of Dynamic Systems. Prentice Hall, Upper Saddle
River (2002)

Ramirez, M.R.: The numerical transfer function for time
integration analysis. Proceedings of New Methods in Tran-
sient Analysis, ASME, New York, PVP, vol. 246, pp. 79-85
(1992)

Mugan, A., Hulbert, G.: Frequency-domain analysis of time-
integration methods for semidiscrete finite element equa-
tions, part I: parabolic problems. Int. J. Numer. Methods
Eng. 51(3), 333-350 (2001)

Mugan, A., Hulbert, G.M.: Frequency-domain analysis of
time-integration methods for semidiscrete finite element
equations, part II: hyperbolic and parabolic—hyperbolic
problems. Int. J. Numer. Methods Eng. 51(3), 351-376
(2001)

Chen, C., Ricles, J.M.: Stability analysis of direct integration
algorithms applied to nonlinear structural dynamics. J. Eng.
Mech. ASCE 134, 703 (2008)

@ Springer

22.

23.

24.

25.

26.

217.

Chen, C., Ricles, J.M.: Stability analysis of direct integration
algorithms applied to MDOF nonlinear structural dynamics.
J. Eng. Mech. ASCE 136, 485 (2010)

Ogata, K.: Discrete-Time Control Systems. Prentice Hall,
Upper Saddle River (1995)

Chopra, A.K., Naeim, F.: Dynamics of Structures: Theory
and Applications to Earthquake Engineering. Prentice Hall,
Upper Saddle River (2007)

Bathe, K.J., Wilson, E.L.: Numerical Methods in Finite Ele-
ment Analysis. Prentice Hall, Upper Saddle River (1976)
MathWorks, Inc.: Matlab, 2006b. MathWorks, Inc., Natick,
MA (2006)

Wereley, N.M., Pang, L., Kamath, G.M.: Idealized hystere-
sis modeling of electrorheological and magnetorheological
dampers. J. Intell. Mater. Syst. Struct. 9(8), 642—-649 (1998)



	Development of a family of explicit algorithms for structural dynamics with unconditional stability
	Abstract
	1 Introduction
	2 Development of the new family of algorithms
	2.1 The pole mapping method
	2.2 The eigenvalue mapping method
	2.3 Integration process for nonlinear MDOF systems

	3 Numerical properties
	3.1 Accuracy analysis
	3.2 Stability
	3.2.1 Linear elastic system
	3.2.2 System with nonlinear stiffness

	3.3 Discussion of numerical properties

	4 Numerical examples
	4.1 Dynamic response for MDOF linear elastic structure
	4.2 Dynamic response for MDOF structures with nonlinear stiffness
	4.3 Computational times for MDOF structures with nonlinear damping

	5 Conclusions
	Acknowledgments
	References


