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Abstract The flexural vibration of a symmetrically
laminated composite cantilever beam carrying a sliding
mass under harmonic base excitations is investigated.
An internally mounted oscillator constrained to move
along the beam is employed in order to fulfill a multi-
task that consists of both attenuating the beam vibra-
tions in a resonance status and harvesting this residual
energy as a complementary subtask. The set of nonlin-
ear partial differential equations of motion derived by
Hamilton’s principle are reduced and semi-analytically
solved by the successive application of Galerkin’s and
the multiple-scales perturbation methods. It is shown
that by properly tuning the natural frequencies of the
system, internal resonance condition can be achieved.
Stability of fixed points and bifurcation of steady-
state solutions are studied for internal and external
resonances status. It results that transfer of energy or
modal saturation phenomenon occurs between vibra-
tional modes of the beam and the sliding mass motion
through fulfilling an internal resonance condition. This
study also reveals that absorbers can be successfully
implemented inside structures without affecting their
functionality and encumbering additional space but
can also be designed to convert transverse vibrations
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into internal longitudinal oscillations exploitable in a
straightforward manner to produce electrical energy.
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my Moving mass

Oi,i=u,v,w, ¢ External forces

- Velocity vector of the mov-
ing mass

P Position vector of the mov-
ing mass

£(s, 1) Lagrangian density

kq Controller gain

Te Equilibrium position of the
moving mass

kg Nondimensional controller
gain

1 Introduction

As a promising technology, one profile of energy har-
vesting consists of exploiting nonlinear properties of
vibrational structures for capturing useful energies pro-
vided by environmental sources or machines operation.
The specific longitudinal implementation and design
of the companion device is purposed to deviate the
energy transmitted to the main structure into a useful
form. The range of motion can reach large amplitudes
so that nonlinearity get involved in and could improve
efficiency upon other existing harvesters limited to lin-
ear principles. Another attribute of the proposed sys-
tem consists of the feasibility to be compactly installed
inside the framework of the structure and it conse-
quently won’t occupy extra space or interfere in the
main system’s normal operation. By tuning the para-
meters adequately, this system will react to transverse
excitations by transferring the energy to a longitudi-
nal mode of motion. This property is the principle that
we will take advantage through this article. Ambient
energy harvesting has been the subject of numerous
researches purposed for realizing an autonomous solu-
tion to power small-scale electronic mobile devices.
Due to the almost universal presence of mechanical
vibrations from eccentric machine shaking to human
movements and ambient sounds, vibration energy har-
vesting can play a major role in providing an alternate
source of energy. Nonetheless, most approaches are
mainly based on piezoelectric materials or resonant lin-
ear oscillators that are acted on by ambient vibrations
but don’t generate considerable amount of power. Here
is proposed a new method based on the exploitation of
large amplitude oscillations which introduced the study
into the nonlinear domain. More exactly, this research
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relies on the saturation phenomenon which will per-
mit to attenuate the vibration of the flexural modes by
translating the energy to the longitudinally mounted
sliding oscillator. There are also potential applications
to such combination of primary and secondary systems;
As vibrations come in a vast variety of forms from
sources as diverse as wind induced movements, one
attempt is to converse this form of energy into electri-
cal one by twisting a coil circuit around the beam pro-
file through which a magnet mass is made to oscillate,
inducing an electrical current in the circuit. Many work-
ing solutions for vibration-to-electricity conversion are
based on oscillating mechanical elements that convert
kinetic energy via capacitive, inductive or piezoelectric
methods. The present method, while suppressing the
vibration of one mode, simultaneously permits electric
power generation via the other useful mode.

1.1 Related works

Many structural elements can be modeled as flexible
beams carrying a moving mass, such as vehicles cross-
ing over bridges, cranes transporting materials along
their boom, to mention a few, and may found appli-
cations as active absorbers sliding along robotic arms
in space missions. Many researchers have investigated
the dynamic and nonlinear response of these elements
in the last few decades which resulted in a considerable
amount of literature. In what follows are enumerated
some aspects of these related works.

Zovandey and Nayfeh [1] investigated the nonlin-
ear response of a cantilever beam carrying a lumped
mass under parametric base excitation. The lumped
mass was located at an arbitrary position and govern-
ing equations was solved using Galerkin method and
the perturbation method of multiple scales. Frequency
and force-responses were obtained from the modula-
tion equations and were in good agreement with the
experimental results carried out by authors. Some of
the linear and nonlinear analyses of beam-mass inter-
action systems are presented in refs. [2—6].

Dynamic stability of continuous systems under
moving loads was presented by Kononov and Borst [4]
and Verichev and Metrikine [5]. In a separate study, Sid-
diqui et al. [6—8] considered a more general case where
the moving mass has an additional degree-of-freedom
instead of prescribed motion. Golnaraghi [9,10] pro-
posed the moving mass as a controller to suppress
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vibrations in a beam. When the natural frequency of
this integrated controller is set to one-half or one-third
of the resonant mode frequency, the nonlinear cou-
pling creates a unidirectional energy-transfer mecha-
nism leading to the response saturation in the excited
mode or suppression of its vibrations via internal res-
onance. Internal resonance may occur in systems if
the linear natural frequencies w; are commensurate or
nearly commensurate; that is Z?:l k;w; ~ 0, where k;
are positive or negative integers. When the nonlinear-
ity in the system is cubic, internal resonance of order
four may occur; that is, w, ~ w,, v, ~ 3w, 0, ~
| 2w, + wi|, or w, =~ |fw, * wr £+ w|. When
the nonlinearity is quadratic, third-order internal res-
onances may occur if w, ~ 2w, w, X wy, £ g [11].

In Ref. [8], large oscillation motion of a cantilever
beam carrying a spring-mass system was investigated
using time-frequency analysis. The equations of planar
motion were solved combining average acceleration
and iterative methods and the system exhibited inter-
nal resonance. In their study, the equations were dis-
cretized using Galerkin method and particular assump-
tions have been made on the moving mass motion about
its equilibrium position. In the works cited earlier [6,7],
the same problem has been investigated using combi-
nation of numerical and perturbation methods. In that
research, the nonlinearities arose merely due to the cou-
pling between the beam and the mass, evaluated near
the equilibrium position of the vibrating mass. Due to
quadratic nonlinear coupling terms, the system exhib-
ited the 2:1 internal resonance condition. Both [6,7]
and [8] investigated free vibrations of the beam.

Mechanical oscillators are usually designed to be
resonantly tuned to the ambient dominant frequency.
One major drawback to the linear energy harvesting
approach is that it assumes most of the ambient vibra-
tion is concentrated at a dominant frequency while in
reality the energy spectra of the available vibration are
commonly spread in a broadband frequency range, with
the prevalence of low frequency components. Tuning
the oscillators is not always possible due to geometri-
cal/dynamical constraint but in recent papers [12—15],
interesting methods have been proposed to increase
harvesters bandwidth, almost all by considering non-
linear oscillators instead of linear resonant ones. Fur-
thermore unlike linear harvesters, nonlinear oscilla-
tors can have multiple stability regions and basins of
attraction that may be exploited for harvesting pur-
poses.

An important question that must be addressed by
any energy harvesting technology is related to the trans-
duction mechanism generating electrical energy from
motion. Such mechanical device is designed with the
aim of maximizing the coupling between the kinetic
energy source and the transduction mechanism which
consists of electromagnetic induction or strain piezo-
electric interaction. Researchers in [13] presented a
nonlinear electromagnetic energy harvesting device
that has a broadly resonant response. The harvester
is modeled using a Duffing-type equation under both
pure-tone and narrow-band random excitations which
showed that in addition to the primary resonance, the
superharmonic resonances of the harvester may be
useful in converting mechanical to electrical energy.
Authors in Ref. [16] modeled the nonlinear behavior
of an electromagnetic harvester sustaining oscillations
through the phenomena of magnetic levitation by Duff-
ing’s equation, and confirmed by direct numerical inte-
gration a broadband frequency response for the nonlin-
ear harvester.

As different forms of extractable energy are avail-
able, [17] exploited the concept of galloping of square
cylinders to harvest wind energy through a piezo-
electric transducer attached to the transverse degree
of freedom. They determined the onset of galloping
which appears as a Hopf bifurcation through linear
analysis. Ref. [18] investigated energy harvesting from
vortex-induced vibrations. Linear analysis determined
the effect of the electrical load resistance of the trans-
ducer on the natural frequency of the cylinder and the
onset region of synchronization between shedding and
the cylinder oscillating frequency. Researchers in Ref.
[19]implemented a velocity feedback to reduce the flut-
ter speed of arigid airfoil to any desired value, enabling
to produce limit-cycle oscillations at low wind speeds.
The nonlinear spring coefficients were selected so to
produce supercritical Hopf bifurcations, increasing the
amplitudes of the ensuing limit cycles and hence the
harvested power. Researchers in Ref. [20] developed a
nonlinear distributed-parameter model for a piezoelec-
tric cantilever beam with a tip mass as an energy har-
vester under parametric excitation. The method of mul-
tiple scales is used to obtain analytical expressions for
the tip deflection, output voltage, and harvested power
near the first principal parametric resonance. Results
show that a one-mode approximation in the Galerkin
approach is not sufficient to evaluate the performance
of the harvester. In [21], a piezoelectric patch on a ver-
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tically mounted cantilever beam with a tip mass that
is excited in the transverse direction at its base is pro-
posed as an energy harvesting device. By enabling the
beam to buckle by selecting large tip masses, nonlin-
ear behavior in the system dynamics may include mul-
tiple solutions. Jumps between buckled configurations
are exploited as a harvesting mechanism demonstrating
low natural frequencies, a high level of harvested power
and an increased bandwidth over a linear harvester.

1.2 Current prototype

In the present work, the forced vibration of a three-
dimensional composite beam carrying an axially mov-
ing mass retained by a spring is investigated throughout
a nonlinear oscillation regime, see Fig. 1. The internal
mass is influenced by the beam acceleration and flex-
ural motion and is restored to equilibrium by a linear
spring along the beam arc length. The specific imple-
mentation of the companion harvesting device along
the structure longitudinal dimension permit to deviate
the transversal vibration energy transmitted from exter-
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Fig.1 Schematic of composite cantilever beam consisting mass-
spring system
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nal sources into an exploitable form. By tuning the para-
meters adequately, this system will react to transverse
excitations by transferring the energy to a longitudinal
mode of motion.

Equations of motion for a composite beam obtained
by Pai [22,23] and Arafat [24] are extended here by
considering an additional mass sliding along it. Result-
ing nonlinear partial differential equations of motion
are reduced to a set of ordinary differential equations
using Galerkin method by considering eigenfunctions
of an unequipped composite beam. These equations are
then solved using the approximate perturbation solu-
tion for two-to-one or one-to-one internal resonance
and external resonance conditions. Linear and nonlin-
ear quadratic or cubic terms are evaluated at the equi-
librium position of the moving mass. Three modula-
tion equations describing the dynamics of interacting
modes are obtained. Exchange of energy between the
beam and the moving mass occurring through the inter-
nal resonance and saturation phenomenon are exhibited
in form of frequency response and force response dia-
grams [25]. It is shown how multi-branched nontrivial
response curves exhibit saddle-node and Hopf bifurca-
tions. Moreover, stability and local bifurcation analysis
of the problem is carried out for flapwise and chordwise
excitations.

1.3 Practical issues

As the range of motion can reach large amplitudes,
nonlinearity phenomena will intervene that in turn per-
mits to improve efficiency upon other existing har-
vesters whose functionality is limited to linear ranges of
motion. Another attribute of the proposed system con-
sists of the feasibility to be compactly installed within
the structure framework and as a consequence, to not
occupy extra space or to cause any interference with
the normal operation of primary system (see Fig. 2).
The complexity of the modeled system leads to
concerns regarding the validation of the model and
the assumptions that have been used. For example,
in a practical experiment any useful energy harvest-
ing would be accompanied by significant amounts of
friction as the mass moves along the (deforming) col-
umn. Meanwhile, off-axis motion of the mass (e.g.,
rattling) would be exaggerated due to the deformation.
Using a spherical shaped mass sliding into a cylindrical
tube along the structure length may be considered as a
plausible solution, minimizing friction and not sensi-
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Fig. 2 An example on how proposed absorber may be installed
within the structure framework

tive to the passage curvature. Although increasing the
clearance will provoke more rattling effects, nonethe-
less this will offer a smoother pass of the reciprocating
mass through the tube length. Moreover, the spheri-
cal mass keeps contact to the interior walls along its
circle perimeter, instead of a whole lateral surface in
case a cylindrical mass is used. Actually, the primary
role of this harvester is to function as an absorber for
the transversal vibrations and hence minimizing beam
deflections. Thus, off-axis rattling will not be accentu-
ated by external trembles and eventually a steady state
can be reached. It is, however, not deniable that no
reliable conclusion on the efficiency of proposed appa-
ratus can be achieved without performing actual exper-
iments.

2 Derivation of equations of motion

The nonlinear equations of motion for the system which
is shown in Fig. 1 can be obtained from the extended
Hamilton’s principle,

12
81 = / (8L + Sw,)dt = 0. (2.1
11

where § L and dw, present the variation of the Lagran-
gian and virtual work of nonconservative forces,
respectively. The total Lagrangian is composed of three
parts; one part for the composite beam and the other
parts for the moving mass and coil which are presented
as follows

(SL(Z) = 8Lbeam(t) + 8Lmass(t) + 8LCUil(t)7 (22)

]
8 Lieam (1) = /aeb(s,z)ds,
0
m (% + v + 0?)
+(Jew}f + Ty + Jew})
—el [k] e ’
A [1 — (14 w) +v2 + w’z]

1
(s, 1) = 5

2.3)
1

8 Linass (1) = /5 (%maﬁm.ﬁm) S(s —r)ds, (2.4

0
1 .
Leoir(t) = ELHq2 +ag(r —re), 8Leoir (1)
= Lyqdq + ardq + aqédr, 2.5)

In the above terms, the constraint of beam length
inextensibility is enforced into the formulation through
introducing Lagrange’s multiplier A(s, ). The Lagr-
angian of the moving mass consists of its kinetic energy,
neglecting the rotary inertia, and depends on its current
arc length position s = r(¢) along the deflected beam.
The coil portion is computed as Eq. (2.5), in which
o = 2nw R.B, where B designs the magnetic field
intensity, n the number of coil turns, L g the magnetic
induction of the coil and R, the coil radius. The veloc-
ity vector of the moving mass expressed in the inertial
coordinate is given by

Um = (1 (s, 1) + 7 c08(0) cos(¥))s=r(r)€x
+ (0(s, 1) + 7 cos(0) sin(¥))s=r)€y
+ (s, 1) — 7 $in(0))s=r(1)&:- (2.6)

Virtual-work of the nonconservative forces are obtained
as

1
Sw, = /(f?c.S?m(S(s — )+ ((QF — cuti)du
0

+ (0} — cy0)dv + (Qf, — cpw)dw)
+ (Q) — cph)dp)ds
- (Rint + Rload)qsq (27)

where 17"0 is the external force vector applied to the
moving mass. Parameters ¢y, ¢y, ¢y, ¢p are damping
coefficients and Q,,, Oy, Qu, Q¢ are external forces
applied to the beam. Rjy¢, Rjoaq are the internal resis-
tance of the coil and the resistance of the external load.
The vector 7y, is the position vector of moving mass
in the inertial coordinate system. The vectors F. and
Fmare expressed in the following equations as
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Fe = f{(cos(0) cos(¥))s=r()éx
+ (cos(8) sin(Y))s=r(n ey — ($in(6))s=r(r)€z}
(2.8)
’_;m = (r(t) +u(s, t))s:r(t)éx + (v(s, t))s:r(t)éy
+ (w(s, 1)s=r)e:, (2.9)
where, in Eq. (2.8), f. = —k,r(¢) is the spring resti-
tutive force magnitude and k, is the spring constant.
Substituting Egs. (2.2) and (2.7) in Eq. (2.1) and set-
ting each of the coefficients du(s, 1), dv(s, 1), Sw(s, 1),
3¢ (s, t) and 8r(t) equal to zero, the governing equa-
tions of motion and boundary conditions are obtained
as
uvariation:
[mii — Qf1+ {mq(ii + u'F) + mgi cos(6) cos(y)
+ mgr(Fw'w” 4+ Ww'w’) cos(y)
— marr (Vv + V) cos(0)
— fe(cos(®) cos(Y))}s=ry = [A(1 +u")]

V2w

+ An (u/+ -+ ) + Bii(¢' +v"w)
+ Bl3(v//+¢w//)/+
+ Dzz(w/w///)/ + D33(v/v///)/ + D13(U/¢//)/
_ Jn(w/{b/)/_ J;(U/i)'/)/,

Boundary condition:

at s=0,u=0,

U/2 w/2
at s =L, Ax(1+u")=—Ay (W"‘T‘*‘T)
_ Bll(¢/ + v”w/)
_ B]3(U” +¢w//) _ Dzz(w/w///) _ D33(v’v”’)
_ D13(U/¢)N)+J,7(w/ﬁ)/)

+ L '), (2.10)

vvariation:

[mi + cy0 + D33v™" + D13¢” — Jo "]
+ {ma (¥ + 0'F) + myi cos(0) sin(y)
+ marr(w’w + w'w’)sin(y)
+ mgr (F" 4+ 0') cos(0) }s=r )
— fe(cos(0) sin(¥))s=r()

= Qy — Di1(¢p'w' +v"w?)”

— (D2 — D33) (9™ — pu")”
— D33[v'(v'v") + v (w'w”)'T

1 1 42N "IN 1/2 "
+ D13 §(¢¢) -2 w) 3V ¢
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—(w’w”)’aﬁ]
+ 5L+ )
ot
— Uy =) [(v/w/w@ - %(W - u‘/¢>]/
+ T (W' 0w

/!

N
82
—g v’ /m/(v/z—i—w/z)ds ds
0

L
’

N
— v’/Quds + (',
L

Boundary condition:
at s=0,v=0,v"=0,
at s =1,
D33v" + Di3¢’ = —D11 (v"w? + ¢'w')
— (D2 — D33)(p*V" — pw” —v'w'w")

1 1
+ D3 (§¢2¢/ _ Evl2¢/ _ ¢w/w// _ 2v//w/) ,
D33UW + D13¢” _ J{ P = —D11(¢’w’ + w/2v//)/
— (D22 = D33) (™" — gy’

1
— D33[v' (V") + v (w'w”)1+ Di3 [5<¢>2¢>’>

_ %Ua(i)” _ d)(w’w”)’ _ 2(v”u/)/:|

J . / 12 -/ 0 2./ ./
+ Jgﬁ(qﬁw +w v)—i—(Jn—J;)E(qS v — pw’)

d d
+ J; [U/E(U/f)/) + v’a(w/u')’)j| , (2.11)

wvariation:
[mi + cyiv + Dypw'™ — Jyi"]
+ {mg (b + w'F)
+ mgi sin(@) — mgr (Fw” + ') + f.(sin(9))}
= Qu + D@ +v"w) + (¢ +v"?w)’
+ (D — D33)(@*w" + ¢v")”
= D' (w'w")" = Dy3(w'(w'v")')
+ Dislv"? = (¢¢) —w'(¢v))"T
— Je (@0 + 02w + Sy (w4 T (w02

0
- (Jy— J;)Euu‘/&) + @' )
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i / — fe(cos(@)cos (¥))s=r(r)
I / Quds — fe(cos(@)cos () s=rmyu’
oo / — fe(cos(0) sin(¥))s=r v’
m| / & / ? + w?)ds | ds — fe(sin())s=ryw’ — (@§) =0. (2.14)
2 at2 o
L 0 q variation:
+ ('), LG + (Rine + Rioaa)q + i = 0. (2.15)

Boundary condition:
at s=0,w=0,w =0,
at s =L,
Dypw” = (D — D33)(@*w” + pv”)
— Di3[¢p¢" + (pv)Hw'],
Dypw” — Jyi' = Dy (w'v"? +v"¢)
— Dy[w'(w'w”)'] = Daz[w'(v'v")']
+ (D — D33)(¢"w” + ¢v")’
— Di3[w'(¢v)" + (¢¢") —v"]
— Je (W' + $1)

0 d
+ Jy [w’g(w’d/)] + J; [u)/E(U’i/):|

9
= Uy = Jo) 5 @0 + 1), (2.12)

¢ variation:
Js¢p +cod — Dii¢” — Di3v” = Qg + D11 (v"'w')
+ (D22 _ D33)(v”w" _ (]51)”2 +¢w//2)

1 1
+ D13 I:E(v/Zv//)/ _ E(pzv/// + v/(wrw//)/ + ¢w///]

+ Iy = J) (@0 — i — '),
Boundary condition:
at s=0,¢ =0,
at s =1L, D¢’ + Di3v” = =D (vV'w)

+ D3 (%QSZU// _ %UQUH _ ¢w// _ v/w/w//) ,

(2.13)

rvariation:

{myF + mgii cos(6) cos(yr)
+ mgi'w’ cos(¥) — mqiv'v’ cos(6)
+ mgi cos(9) sin(¥) + mg 0w’ w’ sin(y)
+ mg 0V’ cos(0) — maw sin(0) }s=r (1)

.o/ .o/
— mguu’ — mgyOv

It is noteworthy that in the derivation of above equa-
tions, the variation process for variables u, v, w was
obtained through expression

A
SA(s,t) = A + —6r ,
s=r(t)
A=u,v,w,u,v,w

(2.16)

keeping in mind that it has to reflect the dependence
to s = r(¢). Rotation angles 6, ¢ are related to beam
deflections through kinematics [24] and Eq. (2.10) is
solved for the Lagrange multiplier A (s, 7). The result is

= J,w'i) + T (v'i) — Doy (w'w)
— D33(v'v"") — D13(v'¢")
— Bii(¢' +v"w') — Biz(v" + ¢pw")

N 82 s N
— % /w/(v’z—i—w/z)ds]ds— /Quds
L 0 L
v/2 w/Z

+ {mau +mai’ (1 - 7 + T) - Zmaf’i)’v’

v/2 w/2
(-5,
‘ 2 2 s=r(t)

Eq. (2.17) is then substituted in the underlined terms of
Egs. (2.11) and (2.12). In the next section, the equations
are obtained in a nondimensional form.

(2.17)

3 Dimensionless equations

The following dimensionless parameters are defined
for presenting the equations of motion

2

o = i’ C: _ eyl 7

l mD33

Dy, Je 13
,311 = Ds » JE mi2’ Qv D Qv,

v cwl?
V= =

l m D33

Dy Jy I

- 5 J* 5 = s

B2 D T i (O Dis OQuw
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wh= 2 = Brow” = e(Byi (1) at s=1, (3.10)
l vmD33 , ,3221,1)/” — an/ =&e(By2 ([)) at s =1, 3.11)

D3 Je [ ’ " _ _
Biz = D_33’ ;* = 2 Q;; = D_33Q¢’ B¢ +,313;r =¢&(Bg1 (1)) at s=1, (3.12)
kal® r(0)=ro, —| =0, 3.13
r*=§,m;ﬁ=%’j=5 , © Odtt:O G

33

D33 &
t* = —=1, =1,0=—0O
Vol B33 0, D 0,
L D
k' = 2nm, k;" = —H,/—3i,
Rint + Ripga V ml

o 2nm(R.B)213 1 /% a.1)
¢ D33 Rint + Rioaa V ml*

Moreover, the forcing terms, damping terms are assumed
to be O(e) while (¢ < 1) is a small dimensionless
parameter used as a bookkeeping parameter. Neglect-
ing nonlinear rotary inertia terms, the underlined terms
below are those added to the governing equations of
the single beam obtained by Arafat [24], hence show-
ing the effect of the moving mass. For ease of notation,
the superscript (*) is dropped and a prime and an over
dot is used to denote % and %, respectively. The
nondimensional equations are obtained as

B+ ecud + Ba3av’ + Bi3¢” — T+ m8(s — 1)

oo -pes-d] o

_8[+HV (S,t)+ij(S,t) ]’ (32)
W+ ecyh + Boow'” — Ty + my 8 (s — r)

~Jowm—[ws-D] 00

=¢ [ +Hy (5, 1) + Hyj(s, 1) ] : 3.3)
Jed + ecpp — 119" — Bizv”

=¢{Qg (1) + Hy (s, 1)}, (3.4)
mgi + ksr — kig = & {H, (t)}, (3.5)
ke + ¢ + eker =0, (3.6)

where H,;(s,1), Hyj(s, t), H,(t) in Egs. (3.2), (3.3)
and (3.5) are defined in the Appendix and the functions
Hy(s,t), Hy(s, 1), Hy(s, t) are the same as Ref. [24].

The corresponding nondimensional boundary con-
ditions are

v=0,vV=0,w=0w =0 and

¢=0 at s=0, 3.7
Ba3v” + B3¢’ = e(By1 (1)) at s =1, (3.8
B33V + Bi3p” — J V' = (B (1) at

s=1, (3.9)

@ Springer

where the functions By (1), By2(1), Byi1(t), Bya (1),
By (1) are defined in Ref. [24].

4 Spatial discretization

The governing Egs. (3.2)—(3.6) are nonlinear and gener-
ally do not have closed-form solution. Since the bound-
ary conditions given in Egs. (3.7)-(3.13) are spatial
and independent of time then the Galerkin method is
applied to the equations of motion (3.2)—(3.13) using
the following approximation

v(s, 1) = () V (1), (4.1)
w(s, 1) = ¢u(s)W(2), (4.2)
¢(s, 1) = Py (s)E(1), (4.3)

In expansions (4.1)-(4.3), the shape functions corre-
sponding to the first mode of a cantilever compos-
ite beam without moving mass as used in Ref. [24]
have been considered to be replaced into the variables
v(s, 1), w(s, ), ¢(s,t). Multiplying Egs. (3.2)-(3.4)
by weighting functions ¢, (s), ¢ (s), Py (s), respec-
tively, integrating by parts twice, and substituting
boundary condition Eqgs. (3.7)—(3.13) gives the follow-
ing semi-discretized equations

(cvn)V + (cv2)V + (cv3)V + (cus)

1
E=c¢l f(E,V,W,.) +% /qbv(s)ds
0

(o@D DT 71T 1 “44)
(cw)W + (cw) W + (cw3)

1
1
W=c¢ g(E,V,W,...)—G—E /¢w(s)ds
0

(fwS2%) (e w10 4 =i Toy 1 (4.5)

(P E + (ch2) E + (c¢3)E + (copa)
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1
1
V=g¢ h(E,V,W,...)—i—E /¢>¢(s)ds
0

(fp25)(e/ %0 4 1% T0) 1, (4.6)
mgi + kyr —kig = ek(V, W, ...) 4.7)
koG + G + ek =0, “4.8)

Coefficients cv;(i = 1..4), cv,i (i = 1..8),cw;([i =
1.3),cwyi(i = 1..7) and c¢;j(i = 1..4),ceni(i =
1..4),crpi(i = 1..4) in Eqgs. (4.4)—(4.7), in addition
to coefficients of nonlinear terms, are defined in the
Appendix. These coefficients are calculated at the equi-
librium position s = r, of the moving mass. The
power delivered to the electrical circuit due to induc-
tion is caused by the magnet mass reciprocating along
the beam. The expression for the instantaneous power
transferred to the electrical load through the attached
coil is derived as

P (1) = Ripadi® = Rioaa(ekei)* (4.9)

where the current is obtained from Eq. (4.8) by neglect-
ing the inductance effect relative to the circuit resis-
tance in the k;‘ expression in Eq. (3.1).

5 Solution using the multiple scales method

Equations (4.4)—(4.8) are solved using the method of
multiple scales. By defining two time scales 7Ty = ¢ and
T1 = et, an asymptotic series solution for V, W, E and
r are assumed as

V() = Vo(To, Tv) + eVi(To, Th), (.1
W) = Wo(To, T1) + e W1 (To, Th), (5.2)
E(t) = Eo(To, Th) + ¢ E1(To, Th), (5.3)
r(t) = ro(To, T1) + er1(To, T1), (5.4)
q(t) = qo(To, T1) + eq1(To, T1), (5.5)

Using Egs. (5.1)—(5.5), the Eqgs. (4.4)—(4.8) are sim-
plified and coefficients of €¥ and ! are set to zero as
follows

Order &°:
(cv1)D§ Vo + (cv3) Vo + (cv4) Eg = 0, (5.6)
(cw)) D§Wo + (cw3)Wo =0 (5.7)
(c¢1)DGEo + (c$3)Eo + (cda) Vo = 0, (5.8)

ms Dgro + kyro — k Dogo = 0, (5.9
ky Dgqo + Dogo = 0, (5.10)
Order ¢!

(cv1)D}V) + (cv3) Vi + (cvg) E
= fi(Vo, Wo, Eo, 10, .....)

1
1 7 .
+§ /(bv(s)ds)(va% (e’QvTO _|_e—tQL,TO)’
0

5.11)
(cw) DFW1 + (cw3) Wy = g1 (Wo, Vo, Eo, 1o, - -...)

1
1 . .
+3 / Guw($)ds | (fuQ2) (" T0 4 o7t T0y,
0

(5.12)
(cp1) DFE1 + (cd3) E1 + (chpa) V)
= h1(Eg, Vo, Wo, ...)

1
1 . .
+5 / bp(5)ds | (fp25)(e' 010 4 7% T0),
0

(5.13)
mSDgrl + kyr1 — ki Dogq1 = k1 (Vo, Wo, 10, qo0, - - -)

(5.14)
kqDgq1 + Dogi = ji(qo. ro. ..., (5.15)

which right-hand side terms are appended in the appen-
dix.

By neglecting the magnetic induction (Ly =
Oor kg = 0), solutions to Egs. (5.6) - (5.10) are given
by

Vo = A(T)e' T + A(T)e 'T0, (5.16)
Eo = B(T))e'™ + B(Ty)e @To, (5.17)
Wo = C(T))ePTo + C(Ty)e T, (5.18)
qo = F(Ty) + F(Ty), (5.19)
ro = D(T1)(e' ") + D(Ty) (e~ ™), (5.20)

where, A(T1), A(T1), B(T1), B(T1) and C(Ty), C(T1),
D(Ty), D(Ty), F(Ty), F(T) denote general complex
variable functions of the higher time scale and their
complex conjugates. The parameterw is the natural fre-
quency of the flapwise-torsional mode, p is the natural
frequency of the chordwise mode and w, is the natural
frequency of the moving mass. Substituting Egs. (5.16)
and (5.17) in Egs. (5.5) and (5.8), w is calculated from
Eq. (5.21) which ensures the existence of nontrivial
solution.
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2
CV3 — W CVICV4
=0, 5.21
[C¢4C¢3 — w’cdr ” (>-21)
2
CU3 — W CV] CUq A(Ty)
=0, (5.22
|:C¢4 cp3 — w e ] [B(Tl)] (5:22)
Consequently,
B(T) = mA(Th),
— w? —_
S cv3 — w Ccvy _ cha . (5.23)
—Cvy4 cp3 — ey
where p and w, are evaluated as follows
1 1
cw3 )2 ks \ 2
p = _— . (,()r = _— (524)
cw My

Substituting Egs. (5.16)—(5.20) into the right hand sides
of Egs. (5.11)—(5.15) and substituting Doq; from Eq.
(5.15) in to Eq. (5.14), the following equations are
obtained

(v DGV1 + (cv3)Vi + (cva) Er = Hy(T1)e' ™

+ cc+ NST, (5.25)
(cw)) DEW1 + (cw3) Wi = Hy (T1)e 0
+ cc+ NST, (5.26)

(c¢1) DGE1 + (c§3)E1 + (chpa) Vi = Hy(T1)e' ™

+ cc+ NST, (5.27)
myD2ry + kery = Hy(T))e!™ ™ + cc + NST, (5.28)
where NST and cc stand for the nonsecular and com-
plex conjugate of the preceding terms, respectively.
Functions H,, Hy,, Hy and H, are secular terms. These

terms are determined by assumptions which are consid-
ered for internal and external resonances. To eliminate

Table 1 Beam properties

the secular terms, the coefficients I—AIU, I-}w, I:I¢ and ﬁ,
are set to zero resulting in:

(5.29)

It is essential to mention that the nonlinearity inher-
ent in the present system will permit the establishment
of the coupling between flapping and axial modes of
vibrations, despite their independence from each other
in the linear regime, as seen in Egs. (5.6)—(5.10).

6 Modulation equations

Modulation equations governing the dynamics of inter-
acting modes are obtained from Eq. (5.29) for a
graphite-epoxy composite beam with lay-up [102 / 452 /
902]s which was also considered by Pai [22,23] and
Arafat [24]. The properties of the beam are indicated
in Table 1. In what follows, we derived the modula-
tion equations for two special cases. In the first case,
equations are verified with the equations of the simple
composite beam investigated in Refs. [23] and [24] by
eliminating the moving mass terms. The second case is
considered for the composite beam with a moving mass
under flapwise and chordwise base excitation. Hence,

(1) Flapwise excitation without moving mass
In order to verify the modulation equations for a
composite beam without moving mass, the same
shape functions described in Sect. 4 are employed.
From the first natural frequency of the beam and
Eq. (5.22), the parameter will be found as m = 1.

Beam length I=1.5ft

Width b =0.37526in
Thickness h=0.15in
Lamina thickness hir =0.005in

Damping coefficients

Dy = 436.23(bf .in®
Dy = 5547.2Ibf .in?
D33 = 1532.4(bf .in?
D3 = 252.02Ibf .in?

Bending and torsional rigidities

po = 96.11bm/ f 13

vip = vz = 0.24
vz = 0.49

Density

Poisson’s ratios

Jje = 5.78704 x 1076

Nondimensional Jjn =3.62192 x 1073
mass moments Jje = 4.20062 x 1073
of inertia

¢y =0.07, ¢y =0.13, ¢y = 0.0003

Ei = 1.92 x 107 psi

Ey = E3 = 1.56 x 100 psi
Gas =523 x 10° psi

G13 = G13 = 8.20 x 107 psi

Elastic and shear modulus
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;g:l:? 52.2 (;:)0_ e(?;l;)ni;)f Present study Ref. [17]

natural frequencies w = 3.34465975 p = 6.68905 w = 3.34465987 p = 6.68906
' = —1.000043 A1 = —1.00008 I't = —1.00005 A1 = —1.00008
I', =0.035231 Ay = 0.064994 I', =0.035232 Ay = 0.064994
I'; = —41.37863 Az = —20.68937 I's = —41.37849 Az = —20.68924
Iy = —20.78856 A4 = —20.789006 Iy = —20.78901 Agq = —20.78901
I's = —39.00016 As = —9.27943 I's = —39.00110 As = —9.28130

(i)

6 = —0.39148 £, Q22

I'6 = —0.39149 £, Q2

By substituting into Eq. (5.29), we get

H,+ Hy =0, H, =0, (6.1)
2iw(T)A" = 2wl A — T3ACH T
—2I'4ACC — 3T'5A%A — Tge' T
(6.2)
2ip(A)C' = 2ipArC — A3AZe 2T
—2A4AAC —3A5C>C, (6.3)

where, the coefficients I';(i = 1..6) and A;(i =
1..5) are defined in the Appendix. For the spe-
cial case, when my; = 0 coefficients of modulation
equations and natural frequencies are compared to
those obtained by Ref. [24] in Table 2. Results show
a good agreement between the numerical findings
of the present study with those reported in Ref. [24].
Flapwise and Chordwise excitation

The clamped end of the beam is excited harmon-
ically along the v direction (i.e., flapwise excita-
tion) and also along the w direction (i.e., chord-
wise excitation). The detuning parameters o and &
are defined for two-to-one and one-to-one internal
resonances in the following cases:

Flapwise excitation Q, = va% cos(2, 1),
Qu ZO’ Q¢7=07 QwZOa
Chordwise excitation Q. = waZw

cos(2470), @y =0,0s =0,0, =0, (6.4)

case 1 Qy,=w(l+e¢e0), w, =2w(l+¢d),
case 2 Quy=p(l+¢e0), w =2p(1+¢&d),
(6.5)
case 3 Qy=w(l+¢0), o =w(l+eEd),
case 4 Quy=p(l+e0), w =p(+&d),
(6.6)

Substituting Eqgs. (6.4)-(6.6) into Eq. (5.29) and
using Eq. (6.1), we obtain

2iw(T)A’ =2iwlA —2I3ADD

— 2T4ACC — 3I'5AA

+Tge' T, 6.7)
2ip(A1)C’ =2ipArC —2A3CDD

—2A4AAC — 3A5C>C

— (A6D26_‘62ip8T'ﬂ + A7C_‘De2ip‘ST'&

+ Age” e, (6.8)

Qiw,(X1)D' = —2X,AAD — 2X3DCC
_(X4A2D€_2iw6Tlﬂ + )(51428—21'61)5]11&)M

(6.9)

where, @1 and py are two tracers identifying the
terms associated with the one-to-one internal reso-
nance and two-to-one internal resonance, respec-
tively. The equality u; = 1 implies up = O,
and vice-versa, up = 1 requires that u; = 0.
When pu; = wpp = 0, there is no internal reso-
nance. Also, ur and pc are two tracers associ-
ated with flapwise and chordwise excitation terms
such that for flapwise excitation ur = 1, uc =0
and for chordwise excitation ur = 0, uc = 1.
riG = 1.8),A;G = 1..8),X;@ = 1..7) are
defined in the Appendix.

Complex variables A, C, D in Egs. (6.7)—(6.9) are con-
verted to polar form using the following equations
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1 ; 1 .

A(Ty) = Eal(Tl)e’ﬁl(Tl), C(T)) = Eaz(Tl)el/SZ(Tl)’
1 .

D(Ty) = Eas(me'ﬁ}(m, (6.10)

Substituting Eq. (6.10) in the Egs. (6.7)—(6.9) and after
some simplifications, we obtain

ay = L} Is ara? sin(u; )p
= Fl a— Sa)Fl 193 lle

+ 1T aya sin(us s + — sin(uy)
sin —sin
4oor, NSRSV T RE
6.11)
I'3 5 Iy 2
(alv}- —ajwo)uF = —mal% — malaz
35 5 6 2
_Swrlal - [ 8wF1a1a3 cos(ulf)g
47 (w22 + —2- cos(vy)
cos —— cos
T s 05 2 + L cos(uy) [
(6.12)
Ao Ag
dy = —ay — | ——axa3 sin(uic) i
Ay 8pA
+ AT s sin(aops + 2 sin(v)
aras sin(v — sin(v,
4pA 243 2¢ g oA c) [ Mc
(6.13)
A3 2 A4
(arv]. — PO)jhe = _4pA1a2a3 — 4,0A1a1a2
3A5 ;4 6 5
“BoA; a; — [SpAl axa; cos(vlc)g
4 (W2 + 22 cos(ve)
araz cos(vye — cos(ve ,
N 2043 2c g oA c) [ He
(6.14)
X4
/ 2
=] sin
az [Sa),Xla3a1 (Ulf)g
5 2 .
; =
+ Xe aazsin(v )
8w, X 3% l/BL
+4 Xla% sin(vzc)&}& (6.15)

v
[(i—vf—l—a)(o—é)g

+(vyp — 20} + 20(0 — 8)2} UE

Vi
e -
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vé +plo = d)u1

X
+(Vy, —2u. +2p(0 — 5)&} Mo = ma%%
— r
__X aaz — ! ajaz cos(u f)p
4w, X4 8w, X1 ==
+ > 42 cos(uar)ua t
o, OS2 2 s

- iaz% cos(Vie) i1
Swrxl 2 ¢ p—

+ 4wr;1 aj cos(vac) i ] e, (6.16)
where,
v =woll — B1, ve=poT — P,
i =283 — 281 + 208Th,
v = B3 — 281 + 2wdTh,
Vie = 2B3 — 2B2 + 2pdTh,
Ve = B3 — 2P2 + 2p0Th, (6.17)

Alternatively, we express the A and C, D in the Carte-
sian form as

1 .
AT = S (p1 = iqe' ™, C(Ty)

= %(pz —ig)e M,
D(Ty) = %(m —iga) {7y
+ eziw(o—a)ﬂ&)ﬂ_F_i_ (eip(a—s)Tlﬂ
+e2P I oy ), (6.18)

By separating the real and imaginary parts in Egs.
(6.7)—(6.9), one obtain

p)=—woqi + —p1 + F(‘]lpg. +q143)

T4
4 F ——(q1P5 + 9199

8 (6]1P1 +C]1)

[—(2191193613 a1 P35+ 01931

+F(P1613 Q1p3)£] IF, (6.19)

’ )
q = wop1 + =qi1
Iy

I ) 2
—460—1_,(171}73 + p1g3)

i ar
T —(p1p3 + p193) — (p1q1 +pd)

" 4w
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1L g1 pags - prad + piph +—2(p} — gD | pr
8wl = 4w, X =| —
T+ (pips + 1) (6.20) A Z papd 42 ~43p3)
40T P1P3 T 4193 MZ HF, . 8w, X, P3Py P29293 — 4, p3 g
X7 2
Py =—poqs+ —pz +— 1o (612133 + q243) o 59 (P3 — a2 | Ke (6.24)
Ay The fixed points of Egs. (6.11)—(6.16) correspond to
+ (q2p1+q2ql) /_/_p/_/q_(/_)(/ _)/_p/ _
4p A ay =a, = a3 = Vp =V, = Vj; = V), = Uy =
3As (@2 +ad) vy, =0orp) =q =p),=q,=p;=q;=0for
8pA1 2 2 various cases. A pseudo arc length scheme is used to
Ag 5 ) trace branches of equilibrium solutions and fixed points
+ [ 8pA, (2p2p3q3 — q2P3 + 9243 731 may lose stability due to saddle-point bifurcations or
As Hopf bifurcations. Then, the amplitudes a1, a; and a3
+4 Al (P2g3 — Q2p3)“2} Hes ©.21) are calculated from @; = ,/p? + g?. The stability of a
As fixed point is ascertained by investigating eigenvalues
45 = popr + ~neT A ——(pap3 + P243) of the Jacobian matrix of the right-hand sides of Eqs.
3A (6.19)—(6.24).
4 A —(p2 p1 + pqu) — (pzqz + pz) As it concerns the efficiency of this harvesting
device, some approximate calculations permit to give
— [A_(2q2 p3q3 — p2q32 + o p%) i an evaluation as follows. For the flapwise excitation
8pA - case, the input power is derived by calculating the aver-
Aq Ag age work done of the base excitation force in the flap-
+4 A (P2p3 + 6]2613)M2 + pA1 ] He: wise direction over one time period:
(6.22) z

Py = (—0(0 — 831 — 2w(0 — 8)q3pu2) ir
T(=p(o = d)g3p1 —2p(0 — 8)q3p2) e

(Pgs + qiq3) + o X, (P3g3 + 4393)

4o X

X4
+<8 5T (q7q3 +2p1q1p3 — P%Clz)ﬂ

2 X, PICIIIQ}

X 2 2
13 X, (2p2g2p3 — q3p3 + 4793) 1

+ (6.23)

X7
2w, X1
g3 = (0(0 = 8) p3ju1 + 20(0 — 8) p3pa) jur

(pzqz)m] He

(oo =8 p3p1 +2p(0 = 8)p3pa)ie

o X (@i ps + pips3)

X3
T i X (P33 + 43 p3)
qaips +2p1q193) 1

o X ——(pips —

(277/ Q)

//Qv v(x, t)dxdt =
2
Q
://fVchos(Qt)al(Tl)

0 0
xcos(wTy + B1(T1)) ey (x)dxdt
4

/%(x)dx cos Bi

0
The average power delivered to the electrical circuit
is due to induction of the reciprocating magnet mass
along the beam. The expression for the average power
transferred to the electrical load through the attached

coil is derived as
2

Py = / Rigaai®dt = - — / Rioad ek 21
2 2z
0 0

= alva (625)

21
Q ,f ,
_]TRloudgkg [—a3(T) oy sin(w, To
0
+B3(T1)1dt = 2Rjpaae* ka3 Q? (6.26)
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Subsequently one can calculate the power transfer effi-
ciency as:

gofo__ 2Rowcke L o4 14
Pi (f()e (PV(X)dx) Cos ﬂl fU ai fv ai
(6.27)

This latter relationship shows how the efficiency may
vary with excitation force. Next through simulations,
enhancement of harvester efficiency while entering the
nonlinear domain will be demonstrated.

7 Results

The steady-state behavior of the composite beam car-
rying a moving mass is investigated under flapwise and
chordwise excitation. The mass ratio and equilibrium
position of the moving mass with respect to the beam
are, respectively, set to 0.05 and 0.5. Natural frequen-
cies corresponding to flapwise-torsional and chord-
wise modes are obtained as w = 3.40293157,p =
6.6132826, respectively. Desirable quantities for the
oscillator parameters are determined accordingly to
reproduce the one-to-one and two-to-one internal reso-
nances conditions in flapwise and chordwise excita-
tions. Resulting steady-state solutions are presented
through frequency-response and force-response dia-
grams. In all figures, solid lines indicate stable solu-
tions, dashed lines indicate unstable solutions with at

4_
Jf
35+
!
J’
3+ ,J
©
3 25t ]
2 |
g N
15}
© I{\ a3
1h a,
r'/ a,
05}
] ,_,_,Aq,
. — ) . ) ;
0.02 0.04 0.06 0.08 0.1
v
(a) Global view

least one eigenvalue being positive and the dotted lines
indicate the unstable solutions with the real part of a
complex conjugate pair of eigenvalues being positive.

7.1 Flapwise excitation result

Results presented in this section are related to the flap-
wise excitation in Eq. (6.4) and the cases 1 and 3 in
Egs. (6.5)—(6.6) with the force amplitude f, = 0.01 in
flapwise direction. The chordwise direction can also be
excited alongside the flapwise excitation by a force of
amplitude f,, # 0, assuming that external resonance
in this direction is not activated. Dimensionless values
of spring stiffness necessary for generating one-to-one
and two-to-one internal resonance are evaluated as ky, =
0.578997 and k; = 2.3160, respectively. The numeri-
cal values of parameters proposed in Ref.[16], namely
Rint = 188K, Ripuq = 1 x 10°Q, o = 7.752Vs/m,
are selected for the simulations. The coil turns per unit
length and coil radius aren = 200, R, = 0.4in,respec-
tively.

Figure 3a, b show force—response curves of the one-
to-one internal resonance condition for internal and
external detuning parameters § = 0.01,0 = 0. As
shown in Fig. 3a, b, the input energy is transferred
from the flapwise-torsional mode to the moving mass
at f,1 = 0.00315 through a saddle-node bifurcation
and this mode saturates to a constant value aj. As f,
increases from zero, the a; amplitude reverses from
point A at f,; = 0.00315 to point B at f,,=0.00234

0.2} !
|
|
! a
0.5} L 8
- |
© |
2 |
S 04t 14
£ |
o© |
|
|
0.05} !
1
| a
| 2
0 N " ; , :
2 4 6 8 10
f,o f f
v2 vl % X10-3

(b) Zoomed view

Fig. 3 Force-response curves for one-to-one internal resonance and parameters § = 0.01,0 =0

@ Springer



Exploiting internal resonance for vibration

713

4+
f
35t/
!
3 ,’\
8 i
S 25/ | 8,
= |
o 2
£ |l /
® 150 5
\ a 1 a

}t({(:‘
o

|
=
T
|

o
hY
|
|

004 f 0.06 0.08 0.1
v

(a) Global view

amplitude

(c) Zoomed view

35¢

25¢

amplitude

15-

05r

0.004 0.006 0.008 0.01

f

v

0 0.002

(b) Time-scale zoomed view

amplitude

o1t Lo

0.04 0.06

vl fv

(d) Amplitude-scale zoomed view

Fig. 4 Force-response curves for one-to-one internal resonance and parameters § = 0.01, 0 = —0.01

as shown in Fig. 3b and the a3 amplitude traces
unstable solution DE as shown in Fig. 3b. Figure 4
shows force-response curves for detuning parameters
8 = 0.01, 0 = —0.01. Saturation of flapwise-torsional
mode is shown in this figure as f, is increased from zero
to 0.1. As shown in Fig. 4a, d, fixed points lose their
stability through a Hopf bifurcation at f,; = 0.0181
resulting in the creation of limit cycles for ampli-
tudes and phases. The response curves in parts (b)
and (c) undergo subcritical pitchfork bifurcations at
points E and G. Furthermore, there is an interval of
the force amplitude f, after f,; in Fig. 4d in which
no stable fixed point exists. Hence, the response of
the beam in this interval is expected to be aperiodic
including chaotic. In order to verify the claim, phase

plane evolutions of the involved variables have been
depicted, although not necessarily chaotic but present-
ing complex aperiodic behaviors for § = 0.01,0 =
—0.01, fy = 0.03 as shown in Fig.5, and is completely
periodic for § = 0.01, 0 = —0.01, f;, = 0.02 as shown
in Fig.6. The behavior of these operational points is
found out as predicted with perturbation method.

Frequency-response of composite beam carrying a
moving mass is showninFig.7a,bforé = 0.0l and§ =
—0.01, respectively. Saddle-node bifurcation occurs at
o = —0.0103 for § = 0.01 and at 0 = —0.0238 for
8 = —0.01. In Fig. 7, a region of frequency detuning
o appears in which no stable fixed point exists.

The steady-state behavior of the composite beam
carrying a moving mass is investigated in the two-to-
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one internal resonance condition. Figure 8a, b show
the force—response curves when § = 0.01,0 = 0.
The directly excited mode (a; amplitude) saturates to
a constant value equal to 0.15 and the input energy is
transferred to the moving mass.

Figures 9 and 10 show the numerical integration for
two points A and B presented in Fig.8a. In these figures,
V(t), E(t), W(t), r(t) are plotted versus time for the
system evaluated at operational points A and B. It is
seen that the response amplitude is very close to the
value predicted by the perturbation method. Figures
9c and 10a show that the saturation of flapwise mode
(modeay) is promoted in numerical solutions.

In order to confirm the output characteristics of the
results, the frequency content of the time signals is
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obtained by taking their fast Fourier transform. Tak-
ing into account Nyquist-Shannon theorem, frequency
spectrum V(f), E(f) and r(f), W(f) have been sketched in
Fig.9 in adjacency to their corresponding time histo-
ries, corresponding to operational point A of Fig. 8a.
As shown, in the spectrum peaks appear near first-
mode frequencies and the two-to-one internal reso-
nance condition (w = 3.4, w, = 6.8) is confirmed.
Moreover, flapping response amplitude remains con-
stant with respect to force amplitude modulation as pre-
sented in Figs. 9c, 10a, corresponding, respectively, to
point A and B in Fig 8a. As shown, amplitude and fre-
quencies of the oscillations obtained numerically com-
pared well with indicated values resulted from the semi-
analytic perturbation method.
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By referring to Fig.8 which indicates the vibration
amplitudes modulation against base excitation magni-
tude, it is seen that slightly increasing base force f,
causes a multi-fold magnification of a3 amplitude while
ay amplitude saturates to a constant value, thus enhanc-
ing the harvester efficiency according to relationship
Eq. (6.27). This demonstrates that harvester efficiency
improves as it is progressing further in the nonlinear
domain.

Figures 11a and b, display force-response when
6 = 0.01,0 = —0.01 and the system exhibits satu-
ration phenomenon for the directly excited mode. Fig-
ure 12 shows frequency-response curves when § =

0.01, —0.01, 0.05, —0.11. As shown in Fig. 12a—c,
when o is increased, we have a single mode solu-
tion, which is stable, and fixed points experience
a saddle-node bifurcation at o = —0.00428,0 =
—0.0198, 0 = —0.0255, respectively. In Fig. 12d, the
plant exhibits a hardening-type behavior which leads
to a jump dynamic solution.

7.2 Chordwise excitation result
Results presented in this section are related to the

chordwise excitation in Eq. (6.4) and the cases 2
and 4 in Egs. (6.5)—(6.6) and for the force ampli-
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tude in chordwise direction f,, = 0.01. Flapwise
direction can still be excited simultaneously with
chordwise excitation, f, # O, if resonance in this
direction is not approached. Dimensionless values
of spring stiffness for establishing one-to-one and
two-to-one internal resonance are evaluated as k; =
2.1867753 and k;=8.7471, respectively. The coil para-
meters are the same as those selected for flapwise
excitation.

In Fig. 13, the force-response curve is shown for
one-to-one internal resonance when § = 0.01 and o =
0, —0.01. As shown in Fig.13a, as f,, is increased from
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zero, the directly excited mode (a; amplitude) linearly
increases and the solution undergoes a Hopf bifurcation
at f,,1 = 0.00203, leading to a two-mode dynamic
solution for ap and a3 amplitudes. When f > f,1,
depending on the amplitude of the motion, the response
may be attracted to either a dynamic or a constant solu-
tion. In this case, the plant’s amplitude may saturate at
value a;. Figure 13b shows force-response curve for
6 = 0.01 and 0 = —0.01. Fixed points lose stability
through a Hopf bifurcation at f,,;=0.00289. Also, sat-

uration of the directly excited mode is presented in this
figure.
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Figure 14 shows frequency-response curves for one-
to-one internal resonance when § = 0.01 and § =
—0.01. As shown in Fig. 14a, a Hopf bifurcation occurs
at o = o1 = —0.0277 which leads to two branch solu-
tions for a; and a3 amplitudes. Figure 14b shows the
amplitude of unstable solution of moving mass or a3
amplitude. The response goes through a saddle-node
bifurcation which leads to a jump phenomenon in the
system. Figure 14c, d show the frequency-response
curves when § = —0.01. Stable and unstable fixed
points correspond to saddle-node bifurcation.
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Figure 15a, b are produced for two-to-one internal
resonance case when § = —0.01. These figures show
force—response curves for § = —0.01,0 = 0and § =
—0.01, 0 = 0.01, respectively. The response consists
of the single-mode unstable solution. As f is increased
from zero, the directly excited mode saturates and the
unexcited mode (a3 amplitude) increases.

Figure 16 shows frequency-response curves for two-
to-one internal resonance whend = 0.01, —0.01, 0.05,
0.11. As shown in Fig. 16a—d, the response consists of
unstable solutions.
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8 Conclusions

As a widespread and promising technology, one pro-
file of energy harvesting consists of exploiting non-
linear properties of vibrating structures for capturing
useful energies provided by environmental sources or
machines operation. Large amplitude forced vibration
of a composite beam carrying a moving mass alongside
is studied under harmonic base excitation. The moving
mass, reciprocating inside a wire coil, is considered to
act partially as a vibration absorber and also as electric
generator through transforming mechanical into elec-
trical energy. The composite beam is excited along the
v or w directions, which brings induced motion to the
sliding mass along the beam arc length due to second
order effects. By properly applying conditions of inter-
nal resonance, optimal coupling can be set between the
moving mass and the directly excited modes. By con-
ducting bifurcation analyses, it is shown that the sat-
uration phenomenon can be taken into advantage for
diverging energy toward the axial direction and there-
after generating electricity. Present study reveals that
such absorbers can be used successfully in order to
attenuate nonplanar large amplitude beam vibrations
by ingeniously exploiting the often undesired and com-
plicating nonlinearities.

Appendix

The complete form of the equations, referred by their
equation number in the main text:

(cvD)V + (cv2)V + (cv3)V + (coa)E = & { (cvop)rV

+ () EW + (cun3) VW + (cons) EW

+ (cps) EW + (cvpe)FV — (cuprks)rV

+ (cung)FV + (coyay) W2V + (cvgay ) EXV
+ (cvy3) V3 + (cvps) E? + (cupy2) EV?

+ (cvopw2) EW? + (cv(;Wz)\'/'W2

+ 2004y ) VWW + (cv,2)r?V

+ (cvrr-",)rf"/ + (cvppy)riV + (cvrzv)er
+ (cvj2y)F2V 4+ 2(copy ) (VEV + VV?)

+ 2(cow)(VWW + VW?)
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N =

1
/¢>u(S)ds (va%)(eiQyTo_'_e—iQuTo) ’
0

“4.4)

(cw)W + (cw)W + (cwz)W = ¢ {(cwnl)rW
+ (cwm)EV + (cwp3) EV + (cwna) E?
+ (cwps)V? + (cwne)FW — (cwprky)r W
+ (cwrzw)rzw + (erzw)i’zW + (cvppw)riwW
+ (V2 )FPW + (cwyy2) WV + (cwys) W3
+ (cww‘-,z)WV2 + (cszW)E2W
+ (cwpyw) EVW + 2(cwpy)(VWV
+ WV2) + 2(cwrw)(WW + WW?)

1
1 ‘ |
“rz /¢>w(s)ds (fwglzu)(elQWTO+€7ZQ“)T0) 7
0

4.5)

(cpE + (c2)E + (¢¢3)E + (chpa)V
=& 1 (cha)VW + (o) EW + (cu3) VW

+ () VW + (chppay) EZV + (cpys) V3
+ (chppy2)EVZ + (chpyr) EW?

1
1 . .
+5 / bg (5)ds | (fp25)(e'HT0 4 ¢~ T0) £
0

(4.6)
msF + ker — kg = e{(eran) V'V + (cri) V?
+ (crn3)WW + (cr,14)VV2 + (cr,Wz)rW2
+cryn rvH + Cryi2 rw?)
ety iy (FVV) ey rWW))L 4.7)
keg + G + ek =0, (4.8)

(cv1)DEVi + (cv3) Vi + (cva) Ey = —2(cv1) Do Dy Vo
— (cv2) DoV + (cva1)r1 Dy Vo
+ (cvm2) EoWo + (cvu3) VoWo + (cvna) D§ EoWo
+ (cvns) Do Eo Do Wo + (cvy6) D§ro Vo
— (cvp7ks)roVo + (cvng) Doro Do Vo
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+ (V2 ) WEVo + (cvg2,) E3Vo + (cuys) Vg

+ (cvg3) E§ + (cvpy2) EoVE + (cupw2) EoW§

+ (cvy2) DEVoWE + 2(cvyyirw) Do Vo Do Wo W
+ (cv,2i)r8 DEV 4 (cv,.:y)r0 Doro Do Vo

+ (cv,;v)roD(%roVo + (cvrzv)rgvo

+ (cvj2y) (Doro)* Vo + 2(cuLy)

+ (V3 D3 Vo + Vo(DoVo)*)2(coLw)

x (VoWoD§Wo + Vo(DoWo)*)

1
1 _ .
+§ /¢v(s)ds (va%)(eleTO +e_leTO)’
0

(5.11)

(cw1)DEW1 + (cw3)Wy = —2Dg Dy Wy — (cwa) DoWo
+ (cwn1)ro D Wo + (cwn2) Eo Vo
+ (cwn3) DoEgDo Vo + (cwna) E + (cwys) Ve
+ (cwne) D§roWo — (cwnrks)roWo
+ (cw,2y)rg DEWo + (cw,ay)rd Wo
+ (cvrrw)ro DiroWo + (cvz2 ) (Doro)> W
+ (cwwvz)WoVO2 + (cwW3)W8
+ (cwyyy2) Wo(DoVo)? + (cwpay) EZ W
+ (cwpyw) EoVoWo + 2(cwry) (Vo Wo D§ Vo
+ Wo(DoVo)®) + 2(cwrw) (W5 D5 Wo + Wo(DoWo)?)

1
1 ; .
+3 / Pu(s)ds | (fwy) (P70 7T,
0

(5.12)

(cp1) DE1 + (c¢3)E1 + (cda)Vi = —2Do D1 Eo
— (c2) DoEo + (cpu1) VoWo + (chu2) EoWo
+ (cn3) D§VoWo + (cpna) Do Vo Do Wo
+ (chppay) E3Vo + (cpys) Vg + (chpy2) EoVE
+ (copw2) EoWg

1
1 . .
+3 / bg(5)ds | (fpS25)(e'H0T0 4 =1 T0),
0

(5.13)

mysD3ry + ksri — ke Dog1 = (cra1)VoDEVo
+ (crn2) (Do Vo)? + (cra3) Wo DEWo
+ (craa)(DoWo)* + (cr,w2)roWg
+ (cr,y2) (ro(Do Vo)) + (cryyip2) (ro(Do Wo)?)
— 2msDoDiro — k Digo + (cr,yyir) (ro Wo D Wo)
+ (er,y i) (roVo DE Vo). (5.14)

qu(%QI + Dog1 = —quD()qu() — D1qo — ke Doro,
(5.15)

v/2 w/2
27 7)
12

v +w )]
2 2 s=r(t)

— {mg@'F) + mgiv' + mgi (P 4+ 0)

+kr (v + v’w'z)} 5(s —r(1))

Hyj(s, 1) ="(s, 1) [msu + mg¥ (1 -

— 2mi vV + kgr (1

8.1)

Hyj(s, t)y=w"(s, t)[msii + mg¥ (

— 2mgr0'v + kgr (1 - —+ —)]
’ ’ 2 2 s=r(t)

— {mxfu'/ — mgiw’ — mgr(Fw” + w')
2

~ ko (w/ + ”—u/)] 8(s — (1)

2
(8.2)
H, (1) = {—myii — 2mgii'w’ — my v/
— myw’ — ksrw’z} (8.3)
s=r(t)

1 1
cvp = /qbg(s)ds + J; / qb’f(s)ds + mgpy(re), cva
0 0
1 I
=0y / ¢o(s)ds, cv3 = B33 / " (s)ds,
0 0

1
cvg = ﬁm/%(sw;’(S)ds,cvnl
0

= _zms¢v(re)¢;(re),
cvn2 = (uB11(Dyby,) — Pv(B22 — B33) (Pp¢),)
— ¢ B (Bp0L) + ¢, (B2 — B33) (g d)))s=1
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— / bu (B8, ds
(B - B3) / Go(sd!))"ds, cvns
0

(B3 E)st — B3 / 020! .)"ds,
0
CUp4 = {_¢v-/§ (¢¢¢1/U)}s:1
1

40 [ 608000, ds. cvns = cuns
0
CUn6 = ms/¢v¢;/ds - ms¢v(’"e)¢;(re)a Cup7
0

= - / ¢v¢1/)/ds + ¢v(re)¢1/)(re)7 CUng
= _2ms¢v(re)¢;(re)v (8.4)
1 1

= /¢5)(S)ds + J,,/(b/i,(s)ds + mgy (re), cwn
0 0

1 1
—cu / 62(5)ds, cws = Paa / "2 (s)ds,
0 0

= —2mypy (re)¢1/u (re),
cwn2 = {PuwPr1(Pyy) — Puw (B2 — B33)(Ppby)
+ 1, (B22 — B33) (Pp b)) }s=1
1

CWp1

+Bu [ dul@y0)ds
0

+ (B — B33) / Gu(bpd)'ds, cwns
0

1
= {puJs (Do) }s=1 — Js/¢w(¢¢¢2)/ds,

cwns = {PuwP13(Ppdy) — D1 B130pPy}s=1

1
—ﬁ13/¢w(¢¢¢fp)”ds,
0
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cwns = {—Puhi13 (@) }s=1
1

+ ,313/¢w(¢:;/)/2d5» CWn6
0

= ms/¢zu¢::;ds + ms(pw(re)(p:u(re)»
0

CWy7 =

1
_/¢u)¢1/1/;d5 - ¢w(re)¢1/u(re)» CUng

= _2m5¢v(re)¢;(re)v (8.5)

cpr = J; / b3 (5)ds, ey = cy / b5 (s)ds, c3
0 0
1
/2
—pu [ 500,
0
1
chs = Py / 2 (5)ds, e = 1o 110" o8l
+ B / Do (@ ') ds + (B2 — B33)
0
/ Do (@8 )ds,
0
1
cpna = {=bpB13(Ppdy))s=1 + ﬂ13/¢£¢fﬂd& CPn3
= / G0, B,ds, Cus = chus, (8.6)
0

crpl = myg (/ ¢’5(S)dS>

—mg (P v)v =re» Cn2

( / ¢’2(s>ds> ,
/2
Crp3 = Mg (/d) w(S)dS)
0

S=Te

S=r,
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/
— ms(Pyd w)s:rw Crn4

= my </ ¢>’i(s)ds>
0

Coefficients of nonlinear cubic terms:

(8.7)

S=T¢

coway = (BB @ 28"y + buB33(@ s (¢ b 1))
— ¢ W BL@" D) + ¢ (B — B33)d v 0w hs=1

1
B / Bo(¢" )" ds
0

1
- 1333/¢U(¢/v(¢/w¢//w)/)/dsa
0
cvgzy = {py (B — B33) (930}
— ¢, (B2 — B33) (D387 }s=1
1
— (B2 — B33) / bu (g0, ds.
0
cvys = {PuB33(@, (D,0,) ) }s=1
1
~ b [ 680 ds
0
cvps = {—¢up13(1/2) (¢35’
+ ¢, B15(1/2) (B5)}s=1
1
+u01/2) [ D@36} ds
0

cvpyr = {BuB13(1/2)(@20" 5)
— ¢ B13(1/2)(@ 29 ))s=1

1
~Ba1/2) [ 6.6"58"'ds.
0
cvpr = {9uB130¢ (@,01) — Dy B130g B, Pry bs=1

1
—ﬁ13/¢u(¢¢(¢;¢ﬂ,)/)/ds,
0

CVpya =~ Je (@29’ )l
1
+ Jg/¢v(¢’i)¢’v)’ds,cv2‘-,ww = cujpa,
0

2
CV2y = —imy (¢/U)S=re’ CVpry
1 /2
= —2mg(Py vt ¢ v)s:rga CUriy = (Cvr“',/Z),
2
CV 2y = _ks(¢v¢//v + ¢/U)S=rev CVi2y

= —my(¢y ¢Nv)s=rg s

1 1 mg 7 2
o= [ .6 s =2 ( / ¢vds)
0 ' 0 S=r¢

N

1 1 / / 2
_§/¢U |:¢v//¢vdsds:| ds,
0 0

1
1 s
CVLw =/¢u¢”uds —% (/ ¢’2wd8)
0 0 S=re
1 s s 4
1 / /2
S {%//%M} i
0 10

2
cW,ayy = —mg(P'y))s=r,, CW2py

_ " 2 g
= kS (¢w¢ w + ¢ w)s:rg, CWriw = (k—)erZW,
s

(8.8)

CWizy = ms(¢w¢1/,¢/;)s=rg, CWyy2

= {(—uwBi10 "7 + DuB33¢ (@ 18"y =1

72

1
B / Gu(d 9" D) ds
0

1
= B [ uld 000 Vs,
0
CWwy3 = {¢wﬁ22¢/w(¢/w¢”w)/}.§:1
1
_ﬁ22/¢w[¢/w(¢/w¢”w)/]/dsv
0

1
cwyyr = (Dule (@' D)t —Js | b (@ ¢2) ds.
0
cwpay = {—¢uw (B — B33) (P01
+ ), (B2 — B33) (@300 =1
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1
+ (B o) [ 6u (G300 ds.
0
cwpvw ={PuwB13,, (Pe®,)" — b1, B30, (D) Ys=1
1
. / Guldl, (God,)" 1 ds,
0

1
cwry =/¢w¢"wds —% /Wids
0

0 S=re
1

| 1 s s
— §/¢w ¢’w//¢/3dsds ds,
0 1 0

1 K
CWw :/q&w(i)l’;ds —% /qb’lzuds
0 0
U

1 s s
1
— §/¢w ¢>’w//¢/i}dsds ds,
0 0

1

S=re

(8.9)

1
chpry = by 3(@38)))=1
1
1 2
- §ﬂ13/¢¢(¢¢¢v )ds,
0
1 2
chys = {—¢¢§,313(¢ o) W ls=1
1
1 12 N\
+ 5/313/%((15 L9 ) ds,
0
1
chywr = [—%Eﬂn(%%%)]
s=1
1
+ Brs / Do, (8,0, ds.
0

1
chpye = — (B — ﬂaa)/(bécf)’/ids,cd)b-wz
0

72

1
= (B — B33) / b3 ds, (8.10)
0
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2 2
Cryw2 = _ks(¢/w)s=rg, Cr.y2 = ms(¢/v)s=re,
2
Croy2 = My (¢/v)s=re,

Cr.yy = _ms(d)v(b”v)s:re, croww

= —mg (¢w¢//w)s:res (8.11)
Coefficients of modulation equations:
[y = —cv; —acy,
(cvy + acen)
F2 = —’
2
M — —w? . 2. 2
3= —WCV2y — W CVUry + CV2y + W CV2y,

'y = copzy +acvgy2 — wzcvvwz

+cpywe +achpy2,
I's = azchzV + cvys + oz3ch3 + acvgy2

— (4/3)*cvry + azcd)EzV +coys +achgy2,
I'e = —a)ZCUrz"; + wwrcv, .y

2 2
— Wy CVpy + CV2y — Wy CV2y,

I = —a)2cv,,1 — wfcv,,ﬁ — kscvy7 + wwrcuyg,
1
2
I'g = (1/2)fu9v/¢v(8)ds, (3.12)
0
(cwn) 2
Ay = —cwy, Ay = > s A3 = —pTcw,ayp
+cw — wlcwyi + w’cw;
r2w r CWrikw r CWi2wy
Ag = cwyy2 + a)zcwwvz + azcszW
+acwpyw, As = cwys — (4/3)p26wLw,
Ao = —,ozcwrzv'f, + cw,2y — a)fcwr'fw
— a)fcwrvzw, A7 = —pzcwnl — w%cwnﬁ — kgcw,7,
1
QZ
av=222 o, (8.13)
0
_ — 2 . 2 ..
X1 = —myg, Xp = wcr.y2 —wcryy, X3
= 'OzcrrW2 tcrew — pzcrrWW’
X4 = —a)zcrrvz — a)zcrrv‘;, X5
= —a)zcrnl — a)zcrng,
X6 = —p2crrwz +crowe — pzcrrww, X7
2 2
= —p crp3 — pcrnd, (3.14)
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