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Abstract This paper studies parameter identification
problems for input nonlinear finite impulse response
systems with moving average noise (i.e., input nonlin-
ear finite impulse response moving average systems).
Since the identification model of the system contains
the product of the parameters of the nonlinear part and
the linear part, we use the key variables separation tech-
nique and express the output of the system as the lin-
ear combination of all parameters, and then derive a
Newton iterative identification method. The simulation
results show that the proposed algorithm is effective.
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1 Introduction

System identification is to find a model that is close
to a real system by using measured data [1-3], and
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is basic for signal processing, adaptive control, and
filtering [4—6]. Nonlinearities exist widely in various
aspects of society [7,8], such as engineering prac-
tice [9—11], chemical processes [12], and biological
systems [13]. The identification of nonlinear systems
widely ranges from the structure to the biomedical engi-
neering [14,15] and employs a number of classic and
modern approaches [ 16]. Hammerstein models, Wiener
models, and their combinations are the common block-
oriented nonlinear models [17-21]. The Hammerstein
system consists of a nonlinear static block followed by
a linear dynamic subsystem [22]. Recently, Ding and
Chen [23] proposed a recursive extended least squares
algorithm and a least squares based iterative identifi-
cation algorithm for Hammerstein ARMAX systems,
and a coupled least squares identification methods for
multivariate systems [24].

The iterative algorithms are widely used to find
the solutions of matrix equations [25,26] and can be
used for parameter estimation [27-30]. Recently, Li
[31] proposed the maximum likelihood Newton itera-
tive algorithm for Hammerstein CARARMA systems.
Dingetal. [32] derived a Newton iterative identification
algorithm for Hammerstein nonlinear systems.

The identification model of Hammerstein systems
contains the product of the parameters of the non-
linear part and the linear part. Due to this difficulty,
Voros [33,34] proposed the key variables separation
technique for Hammerstein systems with discontinu-
ous nonlinearities containing dead-zones [35]. Wang
et al. [36] derived the auxiliary model-based recursive
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generalized least squares parameter estimation algo-
rithm for Hammerstein OEAR systems. Li and Ding
[37] presented a maximum likelihood stochastic gradi-
ent algorithm for Hammerstein systems with colored
noise based on the key term separation technique.

This paper studies the iterative algorithm for input
nonlinear finite impulse response moving average
systems and derives a Newton iterative algorithm.
By using the key variables separation technique,
the parameters of the nonlinear part and the lin-
ear part can be directly estimated without using the
over-parameterization methods.

The rest of this paper is organized as follows. Sec-
tion 2 describes the identification model of the Ham-
merstein finite impulse response moving average sys-
tems. Sections 3 and 4 derive the Newton iterative algo-
rithm. Section 5 provides an example to show the effec-
tiveness of the proposed algorithm. Finally, some con-
cluding remarks are offered in Sect. 6.

2 System description

Let us introduce some notation. 1§(t) denotes the esti-
mate of ¥ at time ¢; # « denotes the estimate of # at iter-
ation k; 1, represents an n-dimensional column vector
whose elements are 1; the norm of a matrix X is defined
by ||X||? := tr[XX"]; and the superscript T denotes the
matrix transpose.

Consider an input nonlinear finite impulse response
moving average (IN-FIR-MA) system in Fig. 1 [37],
which consists of a nonlinear static block f(-) followed
by a linear finite impulse response moving average
(FIR-MA) subsystem, where u (¢) is the input sequence
of the system, y(¢) is the output sequence, v(¢) is a
white noise with zero mean, and x(¢) and w(t) are
the inner variables. The output u#(¢) of the nonlin-
ear block is a linear combination of a known basis
fw@®) = (fiw(), fru®),..., fu. (u))) with

coefficients (c1, ¢, ..., ¢, ) and can be written as

—— D(2)

! wl()
wt) [0 [po] \% u(®

Fig.1 An input nonlinear finite impulse response moving aver-
age system
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ii(t) = fu(t) = c1 fiu(®)) + 2 fr(u(t))
o Cu o (D) =D i fiu@). (1)

Jj=1
The linear part is an FIR-MA model, and B(z) and D(z)
are polynomials in the shift operator z~! with

B(z) :==bo+ b1z bz 24 by,
D) i=14+diz ' +dpz 2+ +dnyz7".

Define parameter vectors

b := [by, b1, b, ..., by, 1" € R
c:=1[b1,by,... ,an]T e R,
d:=ld,da,... dy]" €R"™.

Define the information matrix F(¢) and the noise infor-
mation vector ¥ () as
F(@) == [f(u@®),fu(@ —1)),

coufu —np))]t e R
P(t) =i —1),v@—2),...,v(t —nyg)]" € R™,
Then the output y(¢) in Fig. 1 can be expressed as

y(t) =x(t) + w()
= B()u(t) + D()v(t)
=(bo+biz " +byz P+ + b,z ")u(t)
+ (0 +diz Vv doz ™2 4 dpyz " )o(r)
=bou(t) +bru(t — 1)+ byu(t —2)
+ o+ by u(t —np) +div(t —1)
+dav(t —2) + -+ dp,v(t —ng) + (1) (2)
= bof (u(t))c + b1f (u(t — 1))e + bof (u(t — 2))c
+ o+ Dy f(u(t —np))e + YT (0)d + v(1)
=b"F(t)c + ¥ (1)d + v(1). (3)
Equation (3) contains the product of the parameters b
and ¢, so it is difficult to identify the parameters of the
system. In order to avoid the parameter product of the
linear and nonlinear blocks, we use the key variables
separation technique and let the coefficient bp = 1 [31].
Then Eq. (2) can be rewritten as
y(t) =u(@)+bu(t — 1)+ bau(t —2)
Foes byt —np) +YT(Od + (). (4
Here the first term u(¢) on the right-hand side of (4)
is chosen as a separated key variable, and the rests
are taken as the non-separated key variables. Refer-

ring to the key variables separation principle [33,34],
substituting #(¢) in (1) into the separated key variable
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u(t) in (4) and keeping the non-separated key variables
unchanged give
y(@) = c1fiu(®) +c2 o) + - + cn fn (@)
+bru(t — 1) + bau(t — 2)
ot byt —np) + Y (Od + (). (5)
Using the key variables separation technique, we
express the output y(7) of the system as the linear
regressive form of all parameters—see Eq. (5).
Define the parameter vector # and the information
vector @(t) as
¥ = 1[b1,by,...
., dnd]T c Rnb+n(+nd’
o) =[utt—1,u—-2),...,
lz(t - nb)9 fl (u(t))9 fz(u(t))v LK f)’lp(u(t))’

v — 1), v —=2),...,v(t —n)]"
c Rnb+n(,»+nd.

’bnb7617627""cncadlydz’

Thus, Eq. (5) can be rewritten as

y(t) =" ()P + (). (6)

3 The Newton iterative algorithm

Consider a set of data fromi =t — L+ 1toi =t
(L represents the data length). Define the stacked out-
put vector Y(¢) and the stacked information matrices
(1) as

y(©)
y(t—1) .
Y(t) := ] e RE,
|yt —L+1)
ot (1)
et -1
D(1) = )
| 0Tt —'L +D
c RLx(n;,Jrnchnd). (7)

Define the criterion function,
T = (Y (t) — ()P ||,
The gradient of J(#) with respect to ¥ is

grad[J (3] = 20T ()[Y (1) — D (1)P]
€ ROwHnctng) xmp+netna)

Compute the Hessian matrix of the cost function J (#)
with respect to #:

9*J(#) _ dgrad[J ()]

anan” w7
— 2¢T(l)¢(l) e R(nb+nc+nd)x(nb+nc+nd)'

H®W): =

Using the Newton method and minimizing J () give

Fi(t) = D1 (1) — [H@ i1 (1)1 grad[J Bi—1(1))]
=h () + [T (OPMN] T (1)

x[Y (1) = @)} 1(1)]. ®)
Because the information matrix ¢@(¢) contains the
unknown inner variables u(¢ — i) (the output of non-
linear block) and v(¢ — i), the above algorithm cannot
be applied to estimate #. The solution is to use the
auxiliary model identification idea [38]: the unknown
variables are replaced with the outputs of the auxiliary
model, the unknown variables u(r — i) are replaced
with their corresponding estimate uk—1(f — i) at itera-

tion k — 1, and v(z — i) are replaced with their estimates
0(t — i). Define

Pr(t) = lug—1(t = 1), g1 (t = 2),
ooy lg—1 (8 = np), f (1)), Op—1(t — 1),
Dkt (t = 2), .o, et (¢ — n)]"
c R"b+n“+nd.
Let the iterative estimate ﬁk(t) of ¥ at iteration k be
3 1 A P AT\ 3T T
B (1) = [b1x (), b i (8), ..., by k (1), €1 (1), d (1)]
c R”b'i‘n(-'ﬂld’
é(t) = [614(0), G2k (), .., Cu k(D] € R,
di (1) = [dix(0), dai (1), ..., dyy k(D] € R™.
Substituting c; in (1) with ¢;  (¢), the iterative estimate
b x(t—i)of u(t—1i) atiteration k can be compute through
it (1 — i) = 815 (1) fi(u(t — D)) + E2x (1) ot — i)
o Gk () frn (u(t — 1))
m
= &k fi(ult — i)

j=1

=fu(t —i)ex().

The estimates v;(z — i) of v(t — i) can be compute
through

Ot — i) = y(t — i) — @t — D)PR(2).
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Replace ¢(t) in @(r) with ¢, (¢), and define

D(1) =[G (1), it = Do, Gt = L+ D]

c RLX(”b"l‘nc'f‘ﬂd)'
Substituting @ (¢) in (8) with (iik(t), we can obtain the
Newton iterative algorithm for input nonlinear finite
impulse response systems:

Br(t) = D1 (6) + By (Vi ()1 by (1)
x[Y (1) — B ()P 1 (1] ©)
— &, (O dL (VY (1), k=1,2,3, ...
(10)
Y1) = [y@).y(t —D.....y¢—L+DI", (11
By (1) = [o1(D). ¢t — V... ppt — L+ DT, (12)
@) = litg—1(G = D). tig—1(j = 2),
o ltg—1 G = np) f (), D=1 (G = D),
D1 =2 D1 (G — )],
j=t—L+1,t—L+2,...,1, (13)
(= i) =f( —iNg@), i=12.....np. (14
0 =) = y(j — i) = @p(G —DF(@), i=1.2,....nq,
(15)
F@G)) = LA@G), @G,y fn @GN, (16)
Fi(t) = [b1 (1), bo g (1), ... by (D). EF (1),
dy (@), do g (1), ... dyy k(DI (17)
e (1) = [E1 (). E2,k (D), .., Eng k (OTT (18)
The procedure for computing the parameter estima-

tion vector &k(t) in the Newton iterative algorithm in
(9)—(18) is as follows:

1. Set the data length L, let t = L. Collect the input—
output data {u(i), y(@):i = 0,1,2,..., L — 1},
and pre-set a small ¢ > 0.

2. Collect the input—output data u(¢) and y(¢) and
form Y () by using (11).

3. Let k = 1, and set the initial values ﬁo(t) =
Ly +netny/ P0> PO = 10°. R

4. Form @, (j) by using (13), and construct @ (¢) by
using (12).

5. Update the parameter estimate f}k(t) by using (9).

6. Compute zik(j — 1) by using (14), and 0 (j — i) by
using (15).

7. If |94 (t) —Dx—1(1)|| > e, increase k by 1 and go to
step 4; otherwise, obtain k and ék (1),let f)o (t+1) =
ék(t), and increase ¢ by 1 and go to step 2.

The flowchart of computing the parameter estima-
tion vector #(¢) is shown in Fig. 2.
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( Start: set L and €, let t = L >
Collect u(t) and y(¢),
Form Y (t)
|
Initialize: k =1
}

Form ¢, (j) and ()
}

Update the estimate 9 (t)

!

Compute @y, (j — i), 01,(j — i)

k=k+1

Obtain k and 9 ()

!

t:=t+1

Fig. 2 The flowchart of computing the Newton iteration para-
meter estimate ¥ (1)

4 The Newton iterative algorithm with finite
measurement data

Let L represents the data length, set p = L andr = L
in (7). Then we have

y(L)
y(L—1) .
Y = . e R™,
y(1)
o' (L)

Ty _
¢ (L—-1D GRLX(nb+nc+nd).

eT(D)

Y and @ contain all of the input—output data {u(t),
y(@) : t = 1,2,...,L}. The criterion function is
defined as
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h@) =Y — @9, C Start >
The unknown variables (¢t — i) in the information
matrix @ are replaced with their corresponding esti- i
mate ix_1(t — i) at iteration k — 1, and v(t — i) are Collect {u(t),y(?):
replaced with their estimates 0 (¢ —i). Similarly, we can t=1,2,--- L}, form Y
obtain the Newton iterative algorithm for the input non- i
linear finite impulse response system with finite mea-
surement data: Initialize: k =1
Dp = Do + (&’Z‘i’k)_lé’Z(Y — 1) 19) i
— (&, 8)7'®, Y, k=1,2.3.... (20) Form ¢, (t) and &, USRS
Y = [y(L), y(L =), ...y, 1 ]
B = [94(L), (L — D). g (DI, (22)

Pr(0) = [ig—1(z — 1), itg—1(t — 2),
ekt (= np) f (D)), D1 (2 — 1),

Dg—1(t —2),

et =)t =1,2,..., L, (23)
it () = f(u(0)é, (24)
%(r) = y(1) — P ()P, (25)
Sw®) = [fiu®), L@®), ..., fm@@®)], (26)

D = b1k, bogs o buy s 64, di g dogs - dug 117
(27)
ek =[G Coks s Cn kT (28)

The procedure for computing the parameter estimation
vector #y in (19)—(28) is as follows:

1. Set the data length L, and pre-set a small ¢ > 0.
Collect the input—output data {u(t), y(t): t =
1,2,---, L}, form Y by using (21).

2. Let k = 1, and set the initial values 190 =
lnb+nc+nd/p07 pPo = 109. R

3. Form @, (#) by using (23), and construct ®; by
using (22).

4. Update the parameter estimate o by using (19).

5. Compute Ijk([) by using (24), and U (¢) by using
(25).

6. If ||5k — &k_l || > ¢, increase k by 1 and go to step
3; otherwise, obtain k and 191(.

The flowchart of computing the parameter estima-
tion vector 1A7k is shown in Fig. 3.

By using a batch of input—output data to update
the parameter estimates, the Newton iterative algo-
rithm has faster convergence rates compared with the
gradient-based iterative algorithm in [27], although
the Newton iterative algorithms require computing the
Hessian matrix and the matrix inversion. If the input—
output data are sufficiently rich, then this matrix inver-
sion exists.

Update the estimate I

!

Compute g (t) and oy (t)

No

Yes
Obtain k and 9%

!

( - )

Fig. 3 The flowchart of computing the parameter estimate B

5 Example

Consider the following nonlinear system:

y(1) = B@u(t) + D(@)v (@),

B(z) = bo+b1z ' +brz 72 = 14+0.85: 71 +0.657 72,
D(z) = 1+diz7 ' =1+04077",

i(t) = cru(t) + cou®(t) = 0.80u(r) + 0.50u (1),

¥ = [b1, by, c1, 2, d1 1T =[0.85, 0.65, 0.80, 0.50, 0.40]".

In simulation, the input u(¢) is taken as an uncorre-
lated stochastic signal sequence with zero mean and
unit variance, and v () as a white noise sequence with
zero mean and variances o> = 0.10? and o2 = 0.507.
Taking the date length L = 2000, and applying the pro-
posed Newton iterative algorithm in (19)—(28) to esti-
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Table 1 The parameter

estimates and errors k b b2 ‘1 - & 8(%)

(0% = 0.10%, L =2000) 1 —0.02125 001437 079608 091720  0.00541  82.46951
2 0.64427 0.29479 0.79482 0.39709 0.21823 31.08906
3 0.90262 0.65401 0.80610 0.53468 0.17450 15.81112
4 0.83911 0.66071 0.80179 0.49392 0.42339 1.93365
5 0.85349 0.64678 0.80257 0.50192 0.39470 0.52653
6 0.84983 0.64882 0.80253 0.49888 0.39515 0.38527
7 0.85102 0.64852 0.80258 0.49984 0.39685 0.30064
8 0.85064 0.64862 0.80257 0.49956 0.39642 0.31591
9 0.85075 0.64858 0.80257 0.49964 0.39655 0.31105
10 0.85072 0.64859 0.80257 0.49962 0.39651 0.31267
True values 0.85000 0.65000 0.80000 0.50000 0.40000

estimatesang orors. k b b2 e 2 a 8%)

(0% = 0.50, L =2000) I —0.00995  0.03471 080176 091430  0.00586  81.13927
2 0.66446 0.26302 0.80394 0.39694 0.26629 31.12856
3 0.89242 0.61925 0.81551 0.51882 0.28986 8.39560
4 0.84501 0.64952 0.81216 0.49151 0.38721 1.36491
5 0.85630 0.64227 0.81291 0.50027 0.39721 1.11703
6 0.85271 0.64332 0.81282 0.49748 0.39632 1.03705
7 0.85376 0.64292 0.81286 0.49832 0.39658 1.05505
8 0.85344 0.64302 0.81285 0.49806 0.39649 1.04938
9 0.85354 0.64298 0.81285 0.49814 0.39652 1.05116
10 0.85351 0.64299 0.81285 0.49812 0.39651 1.05062
True values 0.85000 0.65000 0.80000 0.50000 0.40000

mate the parameters of this example system, the para- 08l ]

meter estimates and their errors § = |3 — ¢/ ¢ 07 L il

are shown in Tables 1, 2 and Fig. 4. 06 | il

From Tables 1, 2, and Fig. 4, we can draw the fol- 05 L i

lowing conclusions. (1) The estimation errors are small © 04l ]

for iteration k > 5, the parameter estimates oscillate, 03 1L i

because there exist disturbance noises. (2) The parame- 02} 1

ter estimates are very close to their true values for large 0.1} 1

k. (3) A lower noise level results in a smaller parameter 0 o v 15

estimation error.

Furthermore, using the Monte Carlo simulations
with 20 sets of noise realizations, the parameter esti-
mates and the estimation variances of the Newton iter-
ative algorithms are shown in Tables 3 and 4 with
o = 0.10%, 6> = 0.50%, and L = 2000. From
Tables 3 and 4, we can see that the average values of
the parameter estimates are very close to the true para-
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Fig. 4 The parameter estimation errors versus k& with different
variances

meters, and the variances are small for iteration k > 5.
This validates the performance of the proposed Newton
iterative algorithm.
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Table 3 The parameter estimates and variances based on the 20 Monte Carlo runs (o> = 0.10%)

k by by cl (o) d;

1 —0.02308 £ 0.00931 0.01006 + 0.00494 0.79478 £ 0.00332 0.91764 + 0.00427 0.00471 + 0.00290
2 0.64284 + 0.00294 0.29512 + 0.00940 0.79296 + 0.00328 0.39701 + 0.00403 0.21861 + 0.00599
3 0.90237 + 0.00379 0.65512 £ 0.00437 0.80421 + 0.00335 0.53425 + 0.00342 0.17747 £ 0.01772
4 0.83908 + 0.00327 0.66322 + 0.00405 0.79925 + 0.00330 0.49403 + 0.00299 0.43059 + 0.01130
5 0.85372 + 0.00351 0.64891 + 0.00494 0.79985 + 0.00320 0.50177 £ 0.00197 0.39152 + 0.00498
6 0.85013 + 0.00342 0.65117 £ 0.00515 0.79985 + 0.00315 0.49873 + 0.00209 0.39924 + 0.00570
7 0.85131 + 0.00345 0.65086 =+ 0.00509 0.79989 + 0.00315 0.49970 + 0.00210 0.39956 + 0.00547
8 0.85093 + 0.00345 0.65097 £ 0.00510 0.79988 + 0.00316 0.49942 + 0.00209 0.39948 + 0.00556
9 0.85104 + 0.00345 0.65093 + 0.00509 0.79988 + 0.00315 0.49950 + 0.00210 0.39950 + 0.00553
10 0.85101 + 0.00345 0.65094 + 0.00510 0.79988 + 0.00315 0.49948 + 0.00209 0.39950 + 0.00553
True values 0.85000 0.65000 0.80000 0.50000 0.40000

Table 4 The parameter estimates and variances based on the 20 Monte Carlo runs (02 =0.50%)

k by by Cl 2 d

1 —0.01909 £ 0.04652 0.01317 £ 0.02466 0.79525 £ 0.01660 0.91652 + 0.02133 0.00236 + 0.01451
2 0.65658 + 0.01288 0.26613 £ 0.03262 0.79394 + 0.01700 0.39589 + 0.01932 0.26550 + 0.01927
3 0.89258 + 0.01833 0.62579 £ 0.02452 0.80425 + 0.01621 0.51747 £ 0.00986 0.29847 + 0.03094
4 0.84499 + 0.01685 0.66026 + 0.02442 0.79937 £ 0.01591 0.49119 £ 0.01196 0.39383 + 0.00791
5 0.85750 + 0.01777 0.65299 + 0.02535 0.79948 + 0.01581 0.49960 + 0.01037 0.39967 + 0.00491
6 0.85415 + 0.01751 0.65476 £ 0.02564 0.79936 £ 0.01575 0.49677 £ 0.01058 0.39944 + 0.00564
7 0.85529 + 0.01757 0.65451 £ 0.02563 0.79940 + 0.01576 0.49764 + 0.01053 0.39951 + 0.00554
8 0.85495 + 0.01754 0.65463 + 0.02562 0.79939 £ 0.01576 0.49739 + 0.01057 0.39949 + 0.00555
9 0.85505 + 0.01755 0.65460 + 0.02562 0.79939 + 0.01575 0.49746 + 0.01056 0.39950 + 0.00554
10 0.85502 + 0.01755 0.65461 £ 0.02561 0.79939 + 0.01575 0.49744 + 0.01056 0.39949 + 0.00555
True values 0.85000 0.65000 0.80000 0.50000 0.40000
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