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Abstract Chemical blocking is known to affect neural
network activity. Here, we quantitatively investigate
the dynamic behavior of spiral waves in stochastic
Hodgkin–Huxley neuronal networks during sodium-
or potassium-ion channel blockages. When the sodium-
ion channels are blocked, the spiral waves first become
sparse and then break. The critical factor for the tran-
sition of spiral waves (xNa) is sensitive to the channel
noise. However, with the potassium-ion channel block,
the spiral waves first become intensive and then form
other dynamic patterns. The critical factor for the tran-
sition of spiral waves (xK) is insensitive to the channel
noise. With the sodium-ion channel block, the spike
frequency of a single neuron in the network is reduced,
and the collective excitability of the neuronal network
weakens. By blocking the potassium ion channels, the
spike frequency of a single neuron in the network in-
creases, and the collective excitability of the neuronal
network is enhanced. Lastly, we found that the behav-
ior of spiral waves is directly related to the system
synchronization. This research will enhance our un-
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derstanding of the evolution of spiral waves through
toxins or drugs and will be helpful to find potential
applications for controlling spiral waves in real neural
systems.
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1 Introduction

Neural-information processing results from collabo-
ration and interaction between dozens of diverse ion
channels. Experimental studies show that some tox-
ins can change the properties of neuronal ion chan-
nels; for example, tetraethylammonium (TEA) and
tetrodotoxin (TTX) can block potassium- and sodium-
ion channels, respectively. These blockages, in turn,
reduce the number of working channels. As a result,
the effective conductance of a membrane patch de-
creases, and the noise effect of ion channels is en-
hanced. Thus, the block of a single ion channel can
potentially affect the collective spiking activities of an
entire neural network. Understanding the acute effects
of these blockages is thus vital for enhancing our un-
derstanding of how entire neural systems may be mod-
ified in response to such blockages.

The development of the Hodgkin–Huxley (H–H)
model [1], which describes the action potential of
a membrane patch of a neuron, allowed the mathe-
matical study of a number of neural-related phenom-

mailto:wying36@163.com


1056 S.-B. Liu et al.

ena [2–6]. For example, Schmid et al. [5, 6] inves-
tigated the effects of a channel block on the spiking
activity of excitable membranes using an H–H model
with stochastic, ion-channel gating. They showed that
it is possible to increase or decrease the regularity of
spontaneous spike trains by blocking some portion of
potassium- or sodium-ion channels. Gong et al. [7]
studied the effects of a channel block on the collective
spiking activity of an array of bidirectionally coupled
stochastic H–H neurons. Their results reveal that the
effects of sodium- or potassium-ion channel blocks on
the collective spiking activity of coupled neurons are
different from their effects on the spiking activity of
a single neuron. Mahmut Ozer et al. [8] investigated
the regularity of spontaneous-spiking activity based
on Newman–Watts’ small-world neuronal networks,
with a fraction of blocked, sodium-, and potassium-ion
channels. It is shown that the coherence resonance-like
phenomenon depends significantly and can be con-
trolled via the fraction of closed sodium and potassium
ion channels.

Spatiotemporal patterns are ubiquitous in biologi-
cal systems and are observed in diverse systems as
epidemiology [9], predator–prey systems [10], and
pathogen dispersal [11]. Spiral waves are a class of
spatiotemporal patterns that exist in cardiac tissue
[12, 13] and the neocortex [14]. However, modern
medicine has shown that spiral waves in heart tissue
are not beneficial to human health. Instead, they are
related to ventricular tachycardia (VT), which may
cause ventricular fibrillation (VF) [12, 15, 16]. For-
tunately, spiral waves are periodic and controllable.
Therefore, much effort has been made to understand
how to control such waves [17–19]. Wang et al. [20]
confirmed that spiral waves can be effectively con-
trolled in networks composed of Chua Circuits by us-
ing a certain kind of intermittent scheme. More re-
cently, experimental [12] and numerical [21] stud-
ies have shown that spiral waves can be controlled
through the use of toxins or drugs, such as beryllium,
TTX, and TEA. However, most of these studies are ob-
servational, and the direct effects of toxins or drugs on
the control of spiral waves are not well understood.

In this paper, we examine the influence of sodium-
and potassium-ion channel blocks on the development
of spiral waves in a stochastic two-dimensional H–
H neuronal network model. To quantify our observa-
tions, we introduce the wave length (WL) measure of
the spiral wave and the mean action potential duration

(MAPD) measure of a single neuron. The wave length
(WL) is measured by calculating the mean number of
silent neurons between two successive spiking parts in
a row of neurons in the network. This quantity thus
describes the sparseness of the spiral wave. In addi-
tion, the firing possibility and synchronization factor
are both introduced to analyze the collective excitabil-
ity of neurons and the mechanism of their synchro-
nization.

2 Model of the stochastic H–H neuronal network
with an ion-channel block

The dynamics of a two-dimensional H–H neuronal
network with nearest-neighbor couplings in the pres-
ence of channel noise is given by [21]:

Cm

dVij

dt
= −GNa(mij , hij )(Vij − VNa)

− GK(nij )(Vij − VK) − GL(Vij − VL)

+ Iext + D(Vi−1j + Vi+1j

+ Vij−1 + Vij+1 − 4Vij ), (1)

where Iext is the external stimulus, D is the coupling
intensity, which holds the same physical unit as con-
ductance, and the variables m,h, and n describe the
mean ratios for the open gates of the three differ-
ent working channels, respectively. In the presence of
channel noise, the gate variables become stochastic
quantities obeying the following Langevin equations
[22]:

dyij

dt
= αy(Vij )(1 − yij ) − βy(Vij )yij + ξy(t),

(y = m,h,n), (2)

where the voltage-dependent opening and closing
rates αy(V ) and βy(V ) are described as follows
[23, 24]:

αm = 0.1(Vij + 40)/
(
1 − exp

(−(Vij + 40)/10
))

,

αh = 0.07 exp
(
(−Vij + 65)/20

)
,

αn = 0.01(Vij + 55)/
(
1 − exp

(−(Vij + 55)/10
))

,

βm = 4 exp
(−(Vij + 65)/18

)
,

βh = 1/
(
1 + exp

(−(Vij + 35)
)
/10

)
,

βn = 0.125 exp
(−(Vij + 65)/80

)
.

(3)
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The sodium and potassium conductance with
blocked ion channels are described by [5, 8]

GNa(mij , hij ) = gmax
Na xNam

3
ij hij ,

GK(nij ) = gmax
K xKn4

ij ,
(4)

where the factors xK and xNa(0 < xNa, xK < 1) are the
fraction of working channels (nonblocked) to the over-
all number of potassium-ion channels NK and sodium-
ion channels NNa, respectively. A higher value of xNa

or xK represents a lower degree of channel blockage
(i.e., a large number of active ion channels). The vari-
ables gNa and gK denote the maximal conductance of
sodium and potassium when all ion channels are open.
In the numerical simulation, gmax

Na = 120 mS/cm2 and
gmax

K = 36 mS/cm2. The variable ξy(t)(y = m,h,n) is
a Gaussian white noise with a mean value of zero. For
an excitable membrane patch with NNa sodium and
NK potassium ion channels, the noise correlations are
described by [1, 7]

〈
ξm(t)ξm

(
t ′
)〉 = 2αmβm

NNaxNa(αm + βm)
δ
(
t − t ′

)
,

〈
ξh(t)ξh

(
t ′
)〉 = 2αhβh

NNaxNa(αh + βh)
δ
(
t − t ′

)
, (5)

〈
ξn(t)ξn

(
t ′
)〉 = 2αnβn

NKxK(αn + βn)
δ
(
t − t ′

)
.

The numbers of ion channels are NNa = ρNaS and
NK = ρKS, where S is the excitable membrane patch
size. The level of noise increases as S decreases. Thus,
S reflects the strength of the channel noise.

In our numerical simulations, homogeneous ion
channel densities are given as ρNa = 60 µm−2 and
ρK = 18 µm−2, and the capacitance of the membrane
is Cm = 1 µF/cm2. The variables VNa = 50 mV and
VK = −77 mV are the reversal potentials for sodium
and potassium, respectively. The leakage potential is
VL = −54.4 mV [1], and the leakage conductance is
GL = 0.3 mS/cm2.

3 Simulation results and discussion

We simulated spatiotemporal patterns in a 100×100
neuronal network using the Euler method, with a time
step of 0.02 units, and the no-flux boundary condi-
tion. The stimulating current was Iext = 6.1 µA, and
the coupling intensity was D = 0.5 mS/cm2. The ini-
tial conditions were given as: Vij = −40.2, mij =
0.1203, hij = 0.9, nij = 0.9 (i = 41 : 43 & j = 1 : 50);

Vij = 0, mij = 0.5203, hij = 0.7, nij = 0.7 (i = 44 :
46, j = 1 : 50); Vij = 40.0, mij = 0.98203, hij = 0.5,
nij = 0.5 (i = 47 : 49, j = 1 : 50); Vij = −61.19389,
mij = 0.08203, hij = 0.46012, nij = 0.37726 (rest
sites). These initial values produce a stable spiral wave
in neuronal networks. This pattern was confirmed by
testing larger networks, which demonstrated that the
behavior of spiral waves is unaffected by network size,
as has been previously reported [21].

3.1 Sodium-ion channel block

We will first consider the channel block of a sodium
ion. Figure 1a shows the spiral waves in networks of
neurons with membrane patch sizes of 200 µm2 and
5 µm2, and sodium-ion channel block factors (xNa)
of 1.00, 0.75, 0.50, and 0.25. Stable spiral waves in
a nonblock neuronal network (xNa = 1) are shown in
Fig. 1a (a1, b1). As the degree of ion-channel block in-
creased (e.g., when the factor xNa decreases), the spiral
waves broke up and their fragments filled up the net-
work of neurons with smaller membrane patch sizes
(S = 5 µm2). This is represented in Fig. 1a (see b3 and
b4). However, as the size of the membrane patch in-
creased (S = 200 µm2), the spiral waves became more
sparse and then broke and became uniform (Fig. 1a;
see a3 and a4). In short, the transition of spiral waves
is induced by the blockage of sodium-ion channels,
and this transition occurs more rapidly if strong chan-
nel noise is imposed on the networks. Similar results
can be found by examining the spiking activities of a
single neuron at the site (9, 10) in network. The spike
train intervals are changed from regular to irregular,
also from intensive to sparse, as seen in Fig. 1b.

In order to quantitatively describe the evolution of
spiral waves, Fig. 2a shows the curves of the WL of
spiral waves versus different block factor (xNa) val-
ues at 500 time units for smaller and larger membrane
patch sizes. WL becomes longer as the xNa becomes
smaller. The trends are consistent for different mem-
brane patch sizes. Figure 2b shows the MAPD of a
single neuron within 500 time units. The curves of
MAPD increase as xNa decreases for both small and
large membrane patch sizes. This finding is consistent
with results examining the spiking activity of single
neurons [5, 6].

3.2 Potassium-ion channel block

We next examined the effects of potassium-ion chan-
nel blocks on spatiotemporal patterns. Figure 3a shows
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Fig. 1 (a) Spiral waves in
H–H neuronal networks for
membrane patch sizes
S = 200 µm2 (a1–a4) and
S = 5 µm2 (b1–b4), at
t = 500 time units.
Sodium-ion block factors
are 1.00 (a1, b1), 0.75 (a2,
b2), 0.50 (a3, b3), and 0.25
(a4, b4). (b) Action
potential of a single neuron
at site (9, 10), for
S = 200 µm2 (a1–a4), and
S = 5 µm2 (b1–b4).
Sodium-ion block factors
are 1.00 (a1, b1), 0.75 (a2,
b2), 0.50 (a3, b3), and 0.25
(a4, b4)

the spiral waves in neuronal networks with mem-
brane patch sizes of 200 µm2 and 5 µm2, and with
potassium-ion channel block factors of 1.00, 0.75,
0.50, and 0.25. Initially, a stable spiral wave occurred
in the nonblock neuronal network (xK = 1), as shown
in Fig. 3a (see a1 and b1). As xK decreased, the spi-
ral waves became more intense for both small (S =

5 µm2) and large (S = 200 µm2) membrane patch
sizes (Fig. 3a; see a2, a3, b2, and b3). However, when
xK became small (xK = 0.25), different spatiotempo-
ral patterns were induced for small and large mem-
brane patch sizes (Fig. 3a; see a4 and b4). The spike
train of the action potential of a single neuron at the
site (9, 10) in the network is shown in Fig. 3b. The
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Fig. 2 (a) The wave length (WL) of a spiral wave at 500 time
units and (b) the mean action potential duration (MAPD) of a
single neuron within 500 time units. Sodium-ion channel block
factors vary

spike train becomes more regular and intense as xK

decreases, which is different from our previous results
with sodium-ion channel blocks (see above).

The WL of spiral waves and the MAPD of a sin-
gle neuron at site (9, 10) in the network are presented
in Fig. 4. For both large and small patch sizes, WL
became small as xK decreased. The MAPD values are
similar: MAPD decreased slightly as xK decreased, for
both large and small membrane patch sizes. These re-
sults are in agreement with previous studies by Schmid
et al. [5, 6].

In summary, the WL of spiral waves describes the
macroscopic properties of the network, while MAPD

values illustrate the microscopic performance of a sin-
gle neuron. Our studies found that WL and MAPD
were generally consistent. The WL/MAPD ratio is al-
most a constant, which means that the conduction ve-
locity (∼WL/MAPD) of a spiral wave is unchange-
able, regardless of patch size. As we know that the
conduction velocity of a spiral wave is dependent on
the coupling intensity, which is proportional to the
square root of the coupling intensity. In our work the
coupling intensity D is a constant, and thus our results
are reasonable and reliable.

3.3 Statistical analyses

In order to understand the mechanism of the evolu-
tion of spiral waves in a stochastic neuronal network
with an ion-channel block, we introduced both the fir-
ing possibility and the synchronization factor, which
characterize the collective behavior and regularity of
neuronal spikes. The firing possibility at t = k is given
by

P(k) = m

N2
, (6)

where m is the number of firing neurons, which is de-
fined as the neuronal membrane potential Vi,j > −55
mV at t = k time units, and N2 represents the total
number of neurons in the network.

Based on the mean-field theory, the synchroniza-
tion factor in the two-dimensional array can be defined
as follows [19, 21]:

R = 〈F 2〉 − 〈F 〉2

1
N2

∑N
i=1

∑N
j=1(〈V 2

ij 〉 − 〈Vij 〉2)
, (7)

where F is the mean membrane potential of neurons
in the network. F can be described as

F = 1

N2

N∑

i=1

N∑

j=1

Vij . (8)

The firing possibilities of neurons in the network with
the sodium-ion channel block are shown in Fig. 5a.
As xNa decreases, the firing likelihood decreases for
both large and small membrane patch sizes. Further-
more, the neurons in the network barely fire (p ≈ 0)
when xNa reaches a smaller value (xNa < 0.4). This
suggests that the sodium-ion channel block diminishes
the collective excitability of neurons in the networks.
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Fig. 3 (a) Spiral waves in
H–H neuronal networks for
membrane patch sizes of
S = 200 µm2 (a1–a4) and
S = 5 µm2 (b1–b4), at
t = 500 time units.
Potassium-ion block factors
are 1.00 (a1, b1), 0.75 (a2,
b2), 0.50 (a3, b3), and 0.25
(a4, b4). (b) Action
potential of a single neuron
at site (9, 10), for
S = 200 µm2 (a1–a4), and
S = 5 µm2 (b1–b4).
Potassium-ion block factors
are 1.00 (a1, b1), 0.75 (a2,
b2), 0.50 (a3, b3), and 0.25
(a4, b4)

Additionally, the firing likelihood of neurons in the
network with potassium-ion channel blocks is plot-
ted in Fig. 5b. As the degree of potassium-ion chan-
nel block deepens, the firing likelihood increases when
xK > 0.25, which is the opposite of what occurs with
sodium-ion channel blocks. This suggests that the col-
lective excitability of neurons is enhanced by blocking
potassium-ion channels.

Figure 6a shows the synchronization factor of the
system with a sodium-ion channel block with 500 time
units. The same turning point (xNa ≈ 0.45) on the
two curves of synchronization factors was recovered
for both large and small membrane patch sizes, even
though they showed different outcomes. The turning
point of the synchronization factors corresponds to xNa

for the transition of spiral waves, which is shown in
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Fig. 4 (a) The wave length (WL) of a spiral wave at 500 time
units. (b) The mean action potential duration (MAPD) of a sin-
gle neuron within 500 time units. Potassium-ion channel block
values vary

Fig. 1a (a3 → a4, b3 → b4). Figure 6b illustrates
the synchronization factors of the system with the
potassium-ion channel block. The two curves hold the
same turning point (xK ≈ 0.3) for both large and small
membrane patch sizes. At the same time, the transition
of the spiral waves occurs near the turning point of the
synchronization factor, as seen in Fig. 1b (a3 → a4,
b3 → b4).

4 Conclusion

We investigated the effects of sodium- and potassium-
ion channel blocks on the evolution of spatiotemporal

Fig. 5 Firing likelihood (k = 500 time units) vs. the block fac-
tors (a) sodium-ion channel block and (b) potassium-ion chan-
nel block

patterns in stochastic Hodgkin–Huxley neuronal net-
works. We examined the transitional behaviors of spi-
ral waves with the different degrees of sodium- and
potassium-ion channel blocks. Our results showed that
when sodium-ion channel blocks are imposed, the spi-
ral waves first become sparse and then break. The tran-
sition occurs more rapidly if a stronger channel noise
is imposed on the networks with the sodium-ion chan-
nel block. The critical factor xNa is sensitive to chan-
nel noise. In contrast, we found that when we blocked
potassium-ion channels, the spiral waves became in-
tense and then formed different dynamic patterns. The
critical factor xK was unaffected by the channel noise.
Furthermore, statistical analyses showed that the spike
frequency of a single neuron is reduced and that the
collective excitability of the whole neuronal network
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Fig. 6 Synchronization factor versus the block factors (within
500 time units) (a) sodium-ion channel block and (b) potassi-
um-ion channel block

is weakened by the blockage of sodium-ion channels.
In contrast,only the collective excitability of neuronal
network is enhanced by the blockage of potassium-ion
channels. The congruence we recovered between the
turning points of synchronization factors and the tran-
sition of spiral waves demonstrates that the evolution
of spiral waves is related to the synchronization of the
system as a whole. Our findings provide new insight
into controlling the evolution of spiral waves through
the use of toxins or drugs. Thus, our study is an impor-
tant first step in examining the potential application of
drug/toxin blocks for controlling spiral waves in real
neural systems.
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