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Abstract This paper focuses on the problem of the
adaptive neural control for a class of a perturbed pure-
feedback nonlinear system. Based on radial basis func-
tion (RBF) neural networks’ universal approximation
capability, an adaptive neural controller is developed
via the backstepping technique. The proposed con-
troller guarantees that all the signals in the closed-loop
system are bounded and the tracking error eventually
converges to a small neighborhood around the origin.
The main advantage of this note lies in that a con-
trol strategy is presented for a class of pure-feedback
nonlinear systems with external disturbances being
bounded by functions of all state variables. A numer-
ical example is provided to illustrate the effectiveness
of the suggested approach.
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1 Introduction

During the past decades, adaptive backstepping con-
trol has become one of the most popular design meth-
ods for nonlinear systems in triangular structure, and
many significant results have been obtained; see, for
instance [1-3] and the reference therein. These re-
searches provide a systematic methodology of solv-
ing tracking or regulation control problems of nonlin-
ear systems without satisfying the matching condition.
However, it is assumed that an accurate model of the
system is available and the unknown parameters ap-
pear linearly with respect to known nonlinear func-
tions. This assumption is not sufficient for many prac-
tical situations, since it is a difficult work to precisely
describe a nonlinear system by known nonlinear func-
tions. Therefore, the investigation on the problem of
controlling nonlinear systems with incomplete model
knowledge is a meaningful issue.

In order to deal with highly uncertain nonlinear
and complex systems, approximator-based adaptive
control approaches have also been extensively stud-
ied in the past decades by using Lyapunov stability
theory. In control design procedure, RBF neural net-
works (or fuzzy logic systems) are used to approx-
imate uncertain nonlinear functions in dynamic sys-
tems because of their universal approximation capa-
bility, and then the backstepping technique is applied
to construct an adaptive controller. Based on this idea,
many interesting control schemes have been proposed
for a large class of strict-feedback nonlinear system
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with uncertain nonlinear functions [5-24]. Using the
universal approximation capability of fuzzy logic sys-
tems, Wang [4] first proposed a stable adaptive fuzzy
control approach for a class of nonlinear systems with
unknown functions. Then many adaptive fuzzy con-
trol schemes were obtained for uncertain nonlinear
systems [7—17]. Alternatively, some adaptive control
approaches were investigated for nonlinear systems
based on RBF neural networks [5, 6, 18-24]. In the
aforementioned papers, however, the research results
are obtained under the condition that the considered
systems are of affine nonlinear systems, in which the
system inputs appear linearly in the state equation.
The nonaffine pure-feedback system stands for a
more general class of triangular systems, which have
no affine appearance of the variables to be utilized as
virtual control inputs. In practice, many nonlinear sys-
tems are of nonaffine structure, such as mechanical
systems [25], biochemical processes [3], and so on.
Therefore, the control of nonaffine pure-feedback non-
linear systems is a meaningful issue and has received
increasing attention in the control community in re-
cent years [26-35]. In [26, 27], a class of much sim-
pler pure-feedback systems where the last one or two
equations were assumed to be affine were investigated.
Using input-to-state stability analysis and the small
gain theorem, an improved adaptive neural control ap-
proach was presented for a class of completely non-
affine pure-feedback systems [28]. Furthermore, many
researchers further considered other types of pure-
feedback nonlinear systems, such as pure-feedback
systems with time-delay [32], with dead-zone [31],
and discrete-time pure-feedback systems [34]. More
recently, in [35], an novel observer-based adaptive
fuzzy output-feedback control scheme is proposed for
a class of MIMO pure-feedback nonlinear systems.
Nevertheless, only a few results have been reported
for the problem of adaptive control for pure-feedback
nonlinear systems with external disturbance [31-33],
in which the unknown external disturbance d;(x,t)
maybe the function of all states, but its bounding func-
tion must be the function of x; = [x1, x2, ...,x,-]T,
such as in [31, 32], or an unknown constant [33].
Motivated by the above observations, the problem
of adaptive neural control for a class of pure-feedback
nonlinear systems with external disturbance is inves-
tigated based on backstepping. It is shown that the
proposed controller guarantees that all signals in the
closed-loop systems remain bounded and the tracking
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error eventually converges to a small neighborhood
around the origin. The main contributions of this pa-
per lie in that (i) an adaptive neural control scheme
is systematically derived to control a class of nonlin-
ear pure-feedback systems with external disturbances
bounded by functions of all system state variables
which is more general than the existing ones; (ii) only
one adaptive parameter is needed to be estimated on-
line for n order nonlinear systems. As a result, compu-
tational burden is significantly alleviated, which might
render this control design more suitable for practical
application.

The remainder of this paper is organized as follows.
The problem formulation and preliminaries are given
in Sect. 2. A novel adaptive neural control scheme
is presented in Sect. 3. The simulation examples are
given in Sect. 4, followed by Sect. 5, which concludes
the work.

2 Preliminaries and problem formulation

Consider a class of perturbed pure-feedback nonlinear
system in the following form:

Xi = fi(xi, xiy1) +¥i(x, 1), 1<i<n-—1I,
).anfn(in’u)'i'wn(xvt)v (1)

y =X,

where x = [x1,x2,...,x,]7 € R", u € R, and y €
R are state variable, system input, and system out-
put, respectively, X; = [x1,x2,...,x]17 € R'; fi("):
R*T! — R with £;(0) = 0 are unknown, but smooth
nonaffine nonlinear functions; ¥;(-) : R® — R with
¥;(0) = 0 can be viewed as model uncertainties or un-
known external disturbance functions.

The control objective in this paper is to design an
adaptive neural tracking controller u# for the system
(1), such that the system output y converges to a small
neighborhood of the reference signal y,, and all the
signals in the closed-loop remain bounded.

For the control of pure-feedback system (1), define

afi (%i, Xit1)

—1,2,...n (2
0xi+1

8i(Xi, Xiy1) =
with x,4+1 = u.

Assumption 1 The signs of g;(X;, xi+1), i = 1,2,
..., n are known, and there exist constants b,, and by,
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such that for 1 <i <n,

0 < by < |gi (¥, xi1)| < by < 00,

V(i xit1) € R' x R. 3)

Remark 1 Assumption 1 implies that the unknown
smooth functions g; (x;+1),i = 1,2, ..., n, are strictly
either positive or negative. Without loss of generality,
it is assumed that 0 < b, < gi (Xj4+1) < by, VXi4+1 €
Rit1. Moreover, since the constants b,, and by, are
not used for controller design, their true values are not
necessary to be known.

Assumption 2 For functions ;(-)s in (1), there exist
strict increasing smooth functions ¢;(-) : Rt — R™
with ¢; (0) =0 such that fori =1,2,...,n,

[yi e, )| < i (I1x1)).

Remark 2 The increasing property of ¢;(-) means that
if ax >0, for k =1,2,...,n, then ¢; Q_j_; ar) <
Y i—y $i(nai). Note that ¢;(s) is a smooth function
with ¢; (0) = 0, so there exists a smooth function g; (s)
such that ¢; (s) = sg; (s), which results in

¢i (Z ak> <Y naygi(nay). )
k=1 k=1

Assumption 3 The desired trajectory y;(f) and its
time derivatives up to the nth order yc(ln)(t) are con-
tinuous and bounded. It is further assumed that there
exists a positive constant d* such that |y, (¢)| < d*.

Throughout this paper, the following RBF neural
networks will be used to approximate any continuous
function f(Z): R" — R,

fun(Z)=WTS(2), Q)

where Z € §2z C R? is the input vector with ¢ being
the neural networks input dimension, weight vector
W =[wi, wy,..., wl]T € Rl, [ > 1 is the neural net-
works node number, and S(Z) = [s1(Z), s2(Z), ...,
51(Z)]F means the basis function vector with s; (Z) be-
ing chosen as the commonly used Gaussian function of
the form:

(Z—u)t(Z - /Li)i|
n? ’
i=1.2.....1 6)

si(Z) = exp|:—

where ©; = [,ul-l,uiz,...,u,-q]T is the center of the
receptive field and n; is the width of the Gaussian
function. In [36], it has been indicated that with suffi-
ciently large node number /, the RBF neural networks
(5) can approximate any continuous function f(Z)
over a compact set 27 C RY to arbitrary any accuracy

g>0as
F(Z)=W*TS(Z)+8(Z), Vzef.€R4, @)

where W* is the ideal constant weight vector and de-
fined as

W* :=arg min { sup ‘f(Z) - wrsz) },
WeR' \ze2,

where §(Z) denotes the approximation error and satis-

fies |6(2)] <e.

Lemma 1 [37] Consider the Gaussian RBF networks
(5) and (6). Let p := % min;; ||w; — wjll, then an up-
per bound of ||S(2)|| is taken as

o
IS@)| <Y 3k +2)171e K/ =5 (8)
k=0

It has been shown in [28] that the constant s in
Lemma 3 is a limited value and is independent of the
variable Z and the dimension of neural weights /.

Lemma 2 [38] Foranyn € R and € > 0, the following
inequality holds:

0=<Inl —ntanh(ﬁ) <8¢, §=0.2785. ©)
€

In Sect. 3, an adaptive neural control via back-
stepping technique is proposed for perturbed pure-
feedback nonlinear systems (1). The backstepping de-
sign with n steps is developed based on the following
coordinate transformation:

=T 5 =T
Zi:xi_“ifl(xi—lv&yd )

i=1,2,...,n, (10)

where ag = yg4, yf,” denotes the vector of y; and up to
its i th order time derivative and «; is the virtual control
law. @ is the estimation of unknown constant 6 which
is specified as

b2
9=max{—M||Wl-* 2;i=1,2,...,l’l} (11
b
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with b, and bys being defined in Assumption 1, and
W will be given later.

The adaptive neural controller and adaptive law will
be constructed in the following forms:

1 "
i (Z;) = —kiz; — _2ZiQS,'T(Zi)Si(Z,-),
2a;
1<i<n, (12)
. n A
0= Z _2ZI%SkT(Zk)Sk(Zk) — ko0, (13)
=1 24k

where k;, a;, ko, and A are positive design param-
eters, S;(Z;) is the basis function vector with Z; =

(7,6, 571" € 2z, € R¥*2 (i =2,...,n). Note
that when i = n, a;, is the actual control input u(%).

Remark 3 1t is easy to prove from (13) that if initial
condition 5(0) > (, then ) (1) = 0 for all t > 0. In fact,
it is always reasonable to choose é(O) > 0 in a practi-
cal situation, as 6 is an estimation of 6. This property
will be used in each design step.

Lemma 3 For the coordinate transformations z; =
Xi —oj—1,i =1,2,...,n, the following result holds:

bl < ) lzilgi(6) +a* (14)

i=1

with ; () =(k,<+l)+2a%s2é,fori =1,2,....,n—1,
and ¢, = 1. l

Proof From ag = yg, (10), (12), and Lemma 1, we
have

n n n
el <Y il = s il <Y (Izil + leioil)
i=1 i=1 i=1
1
< Z|z,|+Z<k +2—9s )|zl|+|yd|

i=1

n
< lzilgi @) +d*.
i=1
3 Adaptive neural tracking control

In the following, for simplicity, the time variable ¢ will
be omitted from the corresponding functions and let
Si(Zi) = Si
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Step 1. Let us consider the first differential equation
of system (1). Noting z1 = x1 — Yy, its derivative is

21 = filx1,x2) — ya + 1 (x,1). (15)

To design a stabilization control law for (15), consider
a Lyapunov function candidate as

b, ~
Vi =28 + =62, (16)

where =6 — 4 is the parameter error. Then the time
derivative of V; along (15) is given by

b,, ~x
“06. (17)

Vi <zi(fi(x1,x2) — Ya + Y1 (x, 1)) — -

By using Assumption 2, (4), (14), and the completion
of squares, the following result can be obtained easily:

ayi(x, 1) < lzilgi(lx)

< lz1l1 (Z 1211¢1(0) +d*>

=1

<> lzilgi (4 Dlzilei(6))

=1
+ 2111 ((n + 1)d*)

14254

+ lz1lg1 ((n + Dd*)

% ZZI (Z;%(Zl, é)

+ lz1lg1 ((n + D)d¥), (18)

T ((n+ Dlzle(9))

NI*—‘
l\)|>—‘

<

NI*—‘

where $7(z1,0) = 3(n+ 1)@} 0)qi((n+ 1)z x
) (é)). Further, applying Lemma 2 to the last term
on the right-hand side in (18) gives

111 ((n + Dd*) — 2191 ((n + Dd*)
X tanh(—zl(m((n + l)d*)> < 8ey. (19)

€1

Substituting (18) into (17) and using (19) yields
Vi < z21(fi(x1,%2) = Ya + ¢1 ((n + Dd*)
d*
y tanh<21¢1((ﬂ +1) ))

€1
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n—1 k

+ - (n+2)z1+Z1ZZ¢ (z1,0)

k=1 j=1

n
2 272 A
4+ 51 0)
=2
n—1 k

—21 Y Y 1. 0) +dey ——99. (20)

k=2 j=1
Define a new fu*nction w] = =Yg + ¢1((n + 1d*) x
tanh(%) + S+ a4+ ko +
71 ZZ;} ];:1 q_ﬁ]z-(z] ,0). Then (20) can be rewritten

Vi < zi(fite, x2) +wy) —kizg

n

2 272 2

— 2] +ZZI¢1 (lee)
=2
n—1 k

by ~ A
—4) Y i) +sa - 60 @D
k=2 j=1
Considering that % = 0, the following inequality
based on Assumption 1 will be obtained:

A f1(x1, x2) +wi]
0x2

>b,, > 0. (22)

According to Lemma 1 [6], for every value of x| and
w1, there exists a smooth ideal control input x; =
a1 (x1, wy) such that

filxr,ap) +wp =0. (23)

Applying mean value theorem [39], there exists (]
(0 < u1 < 1) such that

Si(x1,x2) = filxr, o) + g, (2 — 1), (24)

where g, == g1(x1, X)), Xy = p1x2 + (1 — p)ag.
Obviously, Assumption 1 on gj(xy, x7) is still valid
for gy, .

Next, substituting (24) into (21) and using the fact
of (23) produces

n
Vi < z21gp, (02 — @) —kiz} — 2 + ZZ%%(ZL 6)

=2
n—1 k
— 0)+ 6 —’"9
AL L H @ d +aa—3
J

- 2
<z18u (2 + a1 —a1) —kiz3

n

2 272 2

— 711 +ZZ1¢1 (z1,0)
=2
n—1 k

~ 23 2. 0) + st — T’”éé (25)

k=2 j=1

with 7o = xp — o1 and « being virtual control signal
which will be defined later.

Since a; contains unknown function wi, an RBF
neural network WIT S1(Z1) is used to model @; such
that
a =WiTSi(Z) +81(Z),  |81(ZD)|<er,  (26)

where §1(Z) refers to the approximation error and &
is a given constant.
Furthermore, the following inequality is true:

—Z18u, @1

=218, Wi S1 — 218,61

2 1 1
= o3 Wi ST s+ Ea% + 521 bM81
1 1

l

where 0 has been defined in (11).

By constructing virtual control law « in (12) with
i =1, and using the fact of ) > 0 and Assumption 1,
the following result can be obtained:

2181 < —kibwzi — —=2105] Si. (28)

1
Subsequently, by combining (25) together with (27)
and (28), we have

Vi < —ki(bm + )23 + p1

+Zzl¢1 (21.0) + sz2
=2

n—1 k

—z1 )Y iz, 0)

k=2 j=1

bm~( A oor ;)
+ —0| —z75; S1—60 ), (29)
241%1
A 2a;

where p| = §e; + %alz + %bfwelz

@ Springer



212

H. Wang et al.

Step 2. The derivative of 7o = xo — o1 is

22 = folka, x3) + Y2(x, 1) — @y, (30)

where

ad
o) = %(fl(m,m)-lr%(x,l))

8a1 (l+1) Jo o1 A
+Z <,) 59. (31)

Choose the following Lyapunov function:
1,
Vo=V + EZQ. (32)

The time derivative of V; is

Vo = Vi +22(fa(F2, x3) + Y2 (x, 1) — d)

=Vi+zn <f2()?2,X3) +Ya(x, 1)

0
- %(fl(xl,m + 1 (x, 1))

1
01 (ix1 doy A
SO Db r Ay 9)- (33)

Following the same line as that used in (18) results in

0oy
_Z2—¢1(x7t)
0x1
1 (0a1\* 5 = 220, 2
< El’l<a—x]) Z2+I_ZIZ1¢1(Z[,9)

+ IZzI ¢1 ((n +1d*), (34)

1 2 - 272 A
2Y2(x,1) < 7% + Zzl $5(z1,0)

=1
+ |22192((n + 1)d*), (35

where ¢_>/2»(Z1, ) =

w(6), j=1.2.
Let Uy = [3%1¢1((n + Dd*) + ¢a((n + 1d*).
Then, applying Lemma 2, we obtain

3+ 12} O)g3 (n+ Dzl x

U
122|Us — zzUztanh(Zze—2> < Seo. (36)
2
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In addition, by applying the definition of é in (13), one

2
day »  dog A oor
)= — —228TS: —kob
a0 a0 (2_: 242
j=1 J
] = A
+ 2Ly 22T (37)
00 = Zaj ’

Furthermore, by substituting (29), (34), and (35) into
(33) and using (36)—(37), we can rewrite (33) as

Vo < —ki(by + Dz} — kaz3 + 22(f2(F2, x3) + w2)

2 s n
R I HEND)

s=1j=11=3

2 n—1 &k
=22 %9 0) + 1 + e
s=1k=3 j=1
bz A aor 5
—O0 —z7S; S1 -0
+ Y (2(1%21 1 91 )
n
A
2—2 2sTs; (38)
=3 2a5
where
1
da g day i
wy = ——— fix, ) =y —=yy
ax1 i—0 9y

2
1 8a1

+ = (n +2)z2+ =n 22
2 Bxl

n—1 k

+Z222¢_{%(12, 6)

k=1 j=1
0o 2 A
T
Y <Zz 2ZJSJ Sj k09>

Uy
+U> tanh< ) + k225 (39)

€2

Noting the fact that 3“’2 = (0, the following inequality
holds:

[ f2(x2, x3) + wa]
3)(3

> b, > 0.
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For every value of X, and w;, there exists a smooth
ideal virtual control input x3 = a2(Xx2, w») such that

Hr(x2, a0) +wr=0. (40)

Using mean value theorem [39], there exists uo (0 <
U2 < 1) such that

(2, x3) = falk2, a2) + gu, (x3 — a2), 41)

where g, = g2(X2, X,,), X, = p2x3 + (1 — p2)an.
Apparently, Assumption 1 is still valid for g,,,. Com-
bining (38), (40), and (41), we have

Va < —ki (b + 123 — k223 + 2280, (¥3 — @2)

2 s n
B+ Y Y 2k, 6)
s=1j=11=3

n—1 k

ZZZZ é; (z5.0) + p1 + 82
k=3

s=1 j=1

bm
+T <2 2Z1S1 Sl )

dag A T
_Z2£Z2 2ZJS] Sj. 42)

By employing an RBF neural network WZ*T S2(Z») to
approximate &y, for any given constant &, > 0, &> can
be expressed as

ar = Wil $:(Z2) + 82(22), 43)

where the approximate error §>(Z>) satisfies |52(Z>)|
< &;5. Repeating the method utilized in (27) gives

—Z28u, %2

1
Zz"‘

lail

QSS
2 2+2

b M82 (44)

a2 2
Then, by choosing virtual control signal oy in (12)
with i = 2 and following the similar method to (28),
we have

228,00 < —kabwz3 — %z%éSzTSg. (45)

2

By adding and subtracting virtual control signal o
in (42) and using (44)—(45), (42) can be rewritten as

Va < —ki (b + Dz} — ka3 + 228, (23 + a2 — @2)

2 s n
— 2SS 2R 6)
s=1 j=11=3

2 n—1 k

=3 > Zhi e 0) + o1+ Ser

s=1k=3 j=I

bmz( A oor B

—O0( —=z7S; S1—6
+ 3 (26112Z1 191

n
30(1 Z A 2STS
30 p= 32a2 it

< —(bm +1)Zk,z +ZZZZ1¢ (z1,0)

s=1 j=11=3

2 n—1 k

DI IEHCND

s=1k=3 j=1

where 70 = x3 — a2, p; = d¢; + 142
j=1,2.

Remark 4 The adaptive law 9 in (13) is a function
of all the error variables. So, unlike the conventional

approximation-based adaptive control schemes, the

aaog 6 in (31) cannot be approximated directly by

the RBF neural networks WZ*T S$>(Z»). To solve this
de1 ) g decomposed into two parts.
The first term on the right-hand side of (37) can be
contained in f>(Z») modeled by W3 T'$,(Z,), and the
last one in (37), which is the function of the latter error
variables, namely z;,i =3, ..., n, will be dealt with in
the later design steps. This design idea will be repeated
at the following steps.

Stepi (3<i<n—1).Forz; =xj+1 — «;, the time
derivative of z; is given by

Zi =X — Qi1

= fi(Xi, Xip1) + ¥i(x, 1) — @iy, (47)
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where = ba;
_ZiZ ax I/IJ(xat)
i—1 j=1
. daj_q
ai—1 = 9x (f](xjax]+1)+w](x t)) 1 i—1 S i—1 n
=1 % 2 i1
J | < 3nz Z( ) +) ) 267 0)
dorj_q A = 0ai—1 (j+1) j=H=l
= 9+2Wydj : (48)
=0 +|z, =g ((n+ 1)), (52)
Define the following Lyapunov function candidate:
L N2 5
l Z-w'(xst) S —nz; + Zl (»b (Z[,G)
Vi = i—1+52i2- (49) iVi 2 ; i
+ lzilgi ((n + D), (33)

Then the derivative of V; in (49) along with (47) can
be expressed as

Vi=Vio1+z (fi(fi,xiﬂ) +Yi(x, 1)

i—1

daj
_Z N l(f/(xJ’xH-l)'*'wj(x t))

ot 0x;
i—1
i1 i = 01 (1)
———0-> —=y] (50)
() 7d ’
90 =0 i

where the term V;_; in (50) can be obtained in the
below form by following the procedures outlined in
Step 2:

Viii < — (b +1)Zk,z +ZZZZ1¢ (z1.9)

s=1 j=1I=i

k
—~ Zz% (z5.0)

1
i (5D

Following the procedures outlined in Step 2, one can
get the following two inequalities:
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where ¢%(z1,6) = 31+ 1%} O)g? ((n+ Dzl x
(p;(é)), j=1,2,...,i. Furthermore, similar to (36),
the following result is true:

|zi|U;i — z;U; tanh(i—_’) <de;, (54)
1

where U = Y07 1% 10 ((n + Dd*) + ¢i((n +
1)d*).
For the term

5 é by using (13), we have

doti—1
bl

dotj— A
+ L S 2T (55)
. 2a/.

Subsequently, combining (50) with (51)—(55) pro-
duces

i—1
Vi < —(bm+ 1) Y_kjz5 —kiz}
=1
+2i (fi G, xig1) + wi) — 27

Y 26 6)

s=1 j=11=i+1

i n—1 &k
=Y > D ndi.0)

s=1k=i+1 j=1
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j=1 j=1
i—1 I n A
- tm—s 2387 S;, (56)
6 = 2a;
m=1 Jj=i+1 J

i~ S
oy ety L S (n+2)z

(/)
j=0 %Vd

+ nz,Z(

( ﬁZ]S] S,—k09
j=1°%j

-2

A = 0o,
zSS Z =
22’ Zma@

m=1

n—1 k

a Y Y B h)

k=1 j=1

YU tanh(Zl ’) Y kizi. (57)

Considering the fact that w’ =0, one has

ol fi (xi, xiv1) + wil
0Xi+1

> by, > 0.

According to Lemma 1 [6], by viewing x;4 as a vir-
tual control input, for every value of x; and wj;, there
exists a smooth ideal control input x; 1 = &; (X;, w;)
such that

fitxi, o) +w; =0. (58)

Applying mean value theorem [39], there exists u;
(0 < ui < 1) such that

fiGi, xip) = fiGxi, o) + g (Xig1 — ), (59

where g, 1= gi (Xi, X)), X = wixip1 + (1 — wi)a;.
Note that Assumption 1 is still valid for g, .

Substituting (59) into (56) and using (58) results in

i—1
Vi< —(bn+ 1Y _kjz5 —kiz}
j=1

- 2
+zigu (Xit1 — ) — z;

+ ZZ Z ;7 (2. 0)

s=1 j=11=i+1

i n—1 k
=2 2 259G 6)

s=1k=i+1j=1

9 A
Y S S LT (60)

Next, using an RBF neural networks Wi*TS,- (Z;) to ap-
proximate &;, then constructing virtual control signal
«; in (12) and following the same line as the proce-
dures used from (43)—(46), one has

Vi < —(bm +1)ijz +ZZ Z zl¢> (z1,6)

s=1j=11=i+1

i n—1 k
IPIPWALHCR)

s=1k=i+1 j=1
T Zz 73558 +Z'OJ

j=1°%j
i—1 da n A
m T

_Z;ngz oy 2Zij S] le-i-l’

m= i+1

(61)

where z;11 = Xj41
j=1,2,...,i

Step n. This is the final step; the actual control input
u will be constructed. For z,, = x,, — «,,_1, we have

in:fn(fnau)'i_l/fn(xvt)_dn—lv (62)

, R . 1.2 1,2 2
— o, pj =38€j + 247 + szsj

where ¢, _1 is given in (48) with i = n Take the Lya-
punov function as

1
Vi=Ve i+ Ezﬁ. (63)
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With the straightforward derivation similar to those
employed in Step i, the derivative of V), satisfies the
following inequality:

+ zZn (fn(xna u) + Y (x, 1) — ay

n—1 s
+ Z Zznd_)?(znv é)

s=1 j=1
A n2 Ja
-5 2an Sn sz T szn>

n—1
1
<=+ DY kjz5— (k - §>zﬁ

j=1
+2n (fn (%n, u) + wn)

n—1 b n—1 A .
m 2qT A

where w,, is defined as

n—1 s

Wy = Py (X, 1) — G- 1+Zzzn¢ (Zns 9)

s=1 j=1

1

From (65), Assumption 1 and Lemma 1 [6], for every
value X, and w,, there exists a smooth ideal control
input u = &, (x,, wy) such that

Jn oy @) +wy, =0. (66)

Using mean value theorem [39], there exists u, (0 <
Un < 1) such that

fn()zn’ u)=fn(in’&n)+gun(u_&n)v ©7)

@ Springer

with g, = g0 (X, X,,)> X, = Mt + (1 — ). As-
sumption 1 is still valid for g, .

By combining (64) together with (66) and (67), one
has

n—1

: 1
Vo < —(bm+ 1)) _kjz5 — <k,, + 5>z3

j=1
+ Zn8u, (u —oap)

- n—1 A

m 2T
Z T( FZ/SJSJ—9> (68)
j=1 J

j=174

Similarly, for any given positive constant ¢,, an RBF
neural network W;‘T S.(Z,) is utilized to approximate
the unknown function ¢;,. Following the same line as
used in (27), we have

—Zn&u,%n

b 1 1 1
< g”’z 2987 s, + 2an + 5 ; Eb,zwe,%. (69)
n

Now, construct the actual control signal « in (12) with
i = n, then the following inequality holds:

b
Zn8u, U = _knme% - # QSTS (70)
n

Further, substituting (69) and (70) into (68) and taking
(13) into account result in

n n

. b -

Vo < —(bm+ 1)) k25 — 25 ko + > pj. (1)
j=1 j=1

D k6
+ 1p? Ms i
J=12,..,n—1,p,=1a2+ 1b%e2 + b’"k 62.

To date, the adaptive neural control des1gn has been
completed based on backstepping technique. The main

result of this note will be summarized by the following
theorem.

where the inequality %éé < —g—"’koé2
has been used in (71) and pj = J¢; +

Theorem 1 Consider the pure-feedback nonlinear
system (1), the controller (12), and the adaptive law
(13) under Assumptions 1-3. Assume there exist suffi-
ciently large compacts §2z,,i =1,2,...,n such that
Z; € 2z, for all t > 0. Then, for bounded initial con-
ditions with é(O) > 0, all signals in the closed-loop
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system remain bounded and the following inequality
holds:

b
lim 72 <222 (72)
—>0o0 ao
with ag = min{2(1 + by)k;. ko, j = 1,2.....n} and
bo = Z?:] Pj-

Proof For the stability analysis of the closed-loop
system, choose the Lyapunov function as V = V,,.
From (71), it follows

V <—ayV +by, >0, (73)

where ap = min{2(1 + by)kj, ko, j=1,2,...,n} and

bo=23"j_1pj-
Then the following result is true:

b b
V() < <V(0> = —°>e—“0’ +=, (74)
ap aop
which implies that all the signals in the closed-loop
system are bounded.
Especially, from definition of V, one has

b b
i < 2(V(O) - —O)e—w +222,

ap ao
As a result, (72) can be obtained immediately. The
proof is thus completed. (]

Remark 5 In this research, the external disturbance
Y¥i(x,t) in (1) and its bounding function are assumed

to be the function of all states. However, in many prac-
tical situations, the disturbance may be only the func-
tion of time, i.e., ¥; (x, t) = d;(¢). In this case, a com-
mon restriction to external disturbance d;(¢) is that
there exists a constant d; such that |d; (¢)| < d;. Then,
similar to the method proposed in [33], with a minor
change of the virtual control signal (12), the similar re-
sult can be obtained by repeating the aforementioned
procedures.

4 Simulation example

Example 1 To demonstrate the proposed control
scheme, consider the following second-order pure-
feedback nonlinear system:

X1 =x2+0. leS + x%xz sinz(t),
Xy = xlzxz +0.1u° + sin(u)

+ (1 + cos(x%))xz cos(1.51),
y =X,

where x; and x; are the state variables, y and u de-
note the system output, and the actual control in-
put, respectively. The control objective is to design
an adaptive neural controller such that all the sig-
nals in the closed-loop system remain bounded and
the system output y follows the given reference signal
va = 0.5(sin(z) +sin(0.5¢)). According to Theorem 1,

Fig.1 System output y(z) 1
and reference signal y;(¢)
0.6
0.4H

0.2

08t [\

Ty

10 20 30 40 50
Time(Sec)
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Fig. 2 State variable x; 1

0.8

10 20 30 40 50
Time(Sec)

Fig. 3 The true control 6
input u

21

4}

-6

the virtual control law, the actual control law, and the
adaptive laws are designed as

1 A
a1 =—kiz1 = = 2108] (Z1)S1(Z1),
2aj

1 A
u=—koz2 — —205 (22)$2(22),
2a;

2

X A ~

0=">" Sz S{(Z)SK(Zi) — kb,
P 2a;,

@ Springer

10 20 30 40 50
Time(Sec)

where z; = x| — 4,22 = x2 — oy and Z; =[5/, 6,
yjj)T]T (i =1,2), and the design parameters are taken
as follows: k1 = k) =5, a1 = a» =2, kg = 0.3, and
A = 1. The simulation are run with the initial condi-
tions [x1(0), x2(0)]7 =[0.2,0.117, and §(0) = 0.

The simulation results are shown in Figs. 1-4. Fig-
ure 1 shows the system output y and the reference sig-
nal y;. From Fig. 1, we can see that the good tracking
performance has been achieved. Figure 2 shows that

the state variable x; is bounded. Figure 3 displays the
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Fig. 4 The adaptive 0.025

parameter 6

0.02

0.015

0.005

control signal u. Figure 4 shows that the adaptive pa-
rameters 6 is bounded.

5 Conclusion

In this paper, an adaptive neural control scheme has
been proposed for a class of nonaffine pure-feedback
nonlinear system with external disturbance. The de-
veloped adaptive neural tracking controller guarantees
that all the signals involved are bounded, while the
tracking error eventually converges to a small neigh-
borhood of the origin. Moreover, the suggested con-
troller contains only one adaptive parameter needed to
be updated online. This makes our design scheme may
be easily implemented in practical applications. Simu-
lation results further illustrate the effectiveness of the
proposed scheme.
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