Nonlinear Dyn (2012) 70:2421-2432
DOI 10.1007/s11071-012-0630-9

ORIGINAL PAPER

Disturbance-observer-based robust synchronization control

of uncertain chaotic systems

Mou Chen - Qingxian Wu - Changsheng Jiang

Received: 30 April 2012 / Accepted: 14 September 2012 / Published online: 9 October 2012

© Springer Science+Business Media Dordrecht 2012

Abstract In this paper, a robust synchronization con-
trol scheme is proposed for chaotic systems in the
presence of system uncertainties and unknown exter-
nal disturbances. For the synchronization error sys-
tem, the compound disturbance which is estimated us-
ing the disturbance observer cannot be directly mea-
sured. If the gain matrix is properly chosen, the dis-
turbance observer can approximate the unknown com-
pound disturbance well. And then, the constrained ro-
bust synchronization control scheme is presented for
uncertain chaotic systems based on the output of dis-
turbance observer. In the design of a robust synchro-
nization control scheme, the effect of unknown con-
trol input constraint has been explicitly considered to
guarantee the synchronization performance. Numeri-
cal simulation results are presented to illustrate the ef-
fectiveness of the proposed constrained synchroniza-
tion control scheme for uncertain chaotic systems.

Keywords Chaotic systems - Input constraint -
Disturbance observer - Robust control -
Synchronization control

1 Introduction

In the past several decades, chaotic systems and their
synchronization problem have attracted the attention

M. Chen (X)) - Q. Wu - C. Jiang

College of Automation Engineering, Nanjing University of
Aeronautics and Astronautics, Nanjing 210016, China
e-mail: chenmou@nuaa.edu.cn

of many researchers due to their powerful potential
applications in various practical areas such as chemi-
cal reactions, biological systems, information process-
ing, and secure communication [1-6]. In the litera-
ture, a number of various techniques of chaos syn-
chronization and their applications have been exten-
sively studied [7-13]. In [7], the phase synchroniza-
tion scheme was developed for two coupled chaotic
neurons. Synchronization of weighted networks and
complex synchronized regions were studied in [8].
In [9], the robust adaptive neural network synchroniza-
tion control was developed for a class of time delay
uncertain chaotic systems. The control and synchro-
nization problem was investigated for chaotic and hy-
perchaotic systems via linear feedback control in [10].
In [11], the regulation and controlled synchronization
was studied for complex dynamical systems. Synchro-
nization problem was investigated for small-world dy-
namical networks in [12]. In [13], chaotic synchro-
nization and control were developed for nonlinear-
coupled Hindmarsh—Rose neural systems.

Note that nonlinearity, modeling error, external dis-
turbance, and uncertainty usually exist in a chaotic
system. Thus, the robust adaptive synchronization
control of uncertain chaotic systems has been
widely developed to enhance the synchronous
performance [14-21]. In [14], H synchronization
control was designed for uncertain chaotic systems
using neural networks. Chaotic synchronization in the
presence of disturbances was studied based on an or-
thogonal function neural network in [15]. In [16],
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the robust synchronization problem was investigated
via internal model approach. Adaptive synchroniza-
tion was studied for uncertain coupled stochastic com-
plex networks in [17]. In [18], adaptive sliding mode
observer-based synchronization was investigated for
uncertain chaotic systems. Adaptive control and syn-
chronization were developed for chaotic systems with
parametric uncertainties in [19]. In [20], adaptive slid-
ing mode control was proposed for chaotic dynamical
systems with application to synchronization. Chaos
synchronization of two uncertain chaotic nonlinear
gyros was presented using fuzzy sliding mode con-
trol in [21]. In general, various approximators can
be adopted to estimate the unknown uncertainty in
chaotic system [22-31]. However, the time-varying
external disturbance of the chaotic systems need to
be efficiently tackled to obtain good synchronous per-
formance. To improve the anti-disturbance ability of
synchronization error, the disturbance observer is em-
ployed to design the synchronous control scheme in
our paper.

In recent years, lots of different design methods
have been intensively developed for disturbance ob-
servers to explore the information about the charac-
teristic of external disturbances [32, 33]. In this liter-
ature, the disturbance observers were adopted to ap-
proximate the external disturbance, and robust control
were designed based on the output of disturbance ob-
servers. The general framework was given for nonlin-
ear systems subject to disturbances using disturbance
observer based control (DOBC) techniques [32]. The
nonlinear PID predictive control was proposed based
on disturbance observers in [33]. In [34], nonlinear-
disturbance observer was proposed for multivariable
minimum-phase systems with arbitrary relative de-
grees. The nonlinear disturbance observer for robotic
manipulators was developed in [35]. In [36], com-
posite disturbance-observer-based control and termi-
nal sliding mode control were investigated for uncer-
tain structural systems. In [37], nonlinear disturbance
observer-based approach was proposed for longitudi-
nal dynamics of a missile. The disturbance attenuation
and rejection problem was investigated for a class of
multi-input and multi-output (MIMO) nonlinear sys-
tems using DOBC framework in [38]. In [39], compos-
ite DOBC and H, control were proposed for complex
continuous models. Composite DOBC and terminal
sliding mode control (TSMC) were studied for non-
linear systems with disturbances in [40]. In [41], slid-
ing mode synchronization control was proposed for
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uncertain chaotic systems using disturbance observer.
Sliding mode control was developed for a class of un-
certain nonlinear systems based disturbance observer
in [42]. In [43], robust DOBC was presented for time
delay uncertain systems. However, the disturbance ob-
server should be further developed for the synchro-
nization control of uncertain chaotic systems with the
bounded control input. The reason is that the satura-
tion is the most important non-smooth nonlinearity of
the control input.

Now, there are a few results of the robust syn-
chronization control design in which the control in-
put saturation has been considered. If ignored the ef-
fect of control input constraint, the synchronous per-
formance may be severely degraded. Thus, input satu-
ration should be explicitly considered in the synchro-
nization control design to guarantee the synchronous
performance. In [44-51], the analysis and design of
control systems with input saturation constraints have
been studied. The robust adaptive neural network con-
trol was proposed for a class of uncertain MIMO non-
linear systems with input nonlinearities [44]. In [45],
neural network tracking control was developed for
ocean surface vessels with input saturation. Hover
control was studied for an unmanned aerial vehicle
(UAV) with backstepping design including input sat-
urations in [46]. In [47], robust stability analysis and
fuzzy-scheduling control were developed for nonlin-
ear systems subject to actuator saturation. Globally
stable adaptive control was presented for minimum
phase single-input and single-output (SISO) plants
with input saturation [48]. Nonlinear control was pro-
posed to achieve the attitude maneuver of a three-axis
stabilized flexible spacecraft with control input nonlin-
earity [49]. However, robust constrained synchroniza-
tion control need to be further developed for uncertain
chaotic systems to guarantee the synchronous perfor-
mance [52].

This work is motivated by the robust constrained
synchronization control of chaotic systems with sys-
tem uncertainties and unknown external disturb-
ance [53, 54]. The synchronization control objective
is that the robust synchronization control scheme is
developed to obtain the good synchronization per-
formance in the presence of systems uncertainties,
the time varying disturbances and unknown non-
symmetric input constraints. The organization of the
paper is as follows. The problem statement is given
in Sect. 2. Section 3 describes the design of nonlin-
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ear disturbance observer and the design of robust con-
strained synchronization control based on disturbance
observer. Simulation results are given to demonstrate
the effectiveness of our proposed synchronization con-
trol approach in Sect. 4, followed by some concluding
remarks in Sect. 5.

2 Problem formulation

Considering the uncertain chaotic systems are de-
scribed as

X=(A+AADx+ f() +Af) +u+di(), (1)
y=(A+AA)y +8() + Ag(y) + (1), @

where x € R", y € R" are states of uncertain chaotic
systems (1) and (2); A € R™*" is a known constant
matrix with proper dimension; AA; and AA; are
parametric uncertainties of chaotic systems; f(-) and
g(-) are known smooth nonlinear function vectors;
Af(-) and Ag(-) are unknown nonlinear function vec-
tors which denote function uncertainties of chaotic
systems (1) and (2); d1(¢) and d»(¢) are the external
disturbances of chaotic systems (1) and (2); u € R" is
the control input vector of the uncertain chaotic sys-
tem (1) which is constrained by

Uj max if v; > U max,
Ui =i if —#4i min < Vi < Ui max, (3)
—Uimin  1f Vi < —U;min,

where v; is the designed synchronization control input
command. u; min and u;max are the unknown parame-
ters of non-symmetric input saturation.

In this paper, the synchronization control objec-
tive is to develop the robust synchronization control
v =[v1,v2,...,v,]7 to ensure that the synchroniza-
tion error asymptotically converges in the presence of
uncertainties, control input saturation, and the time-
varying external disturbances based on the disturbance
observer.

To develop the disturbance-observer-based syn-
chronous control for the uncertain chaotic system (1)
and the uncertain chaotic system (2), the following as-
sumption and lemmas are required:

Assumption 1 The parameter uncertainties of the un-
certain chaotic system (1) and the uncertain chaotic
system (2) are assumed to be of the form

AAy| | Dy
[AAJ B [Dz} FOE, @

where E, Dj, and D, are constant matrices with cor-
responding dimensions which denote the system struc-
ture uncertainty. F(¢) is an unknown, real and possi-
bly time-varying matrix with Lebesgue-measurable el-
ements satisfying

|F@| <1 v, o)

where || - || denotes the Euclidean norm.

Lemma 1 [55] For bounded initial conditions, if
there exists a C'-continuous and positive definite Lya-
punov function V(x) satisfying mi(||x]]) < V(x) <
ma(||x|) such that V(x) < —« V (x) +c, where 7y, 73 :
R"™ — R are class K functions and c is a positive con-
stant, then the solution x (t) is uniformly bounded.

Lemma 2 [56] For appropriate dimension vectors or
matrices X and Y, by choosing a constant o > 0, the
following inequality always holds:

XTY+YTX <aXxTXx+a YTy, (6)

Define e = x — y. It is apparent that the uncertain
chaotic system (1) and the uncertain chaotic system (2)
are synchronous if lim;_, o e(?) = 0.

Considering uncertain chaotic systems (1) and (2),
the derivative of e is given by

e=k—7
=(A+AADX + f(X) + Af(x) +u+di (1)
— ((A+ AAY)y +g(y) + Ag(y) + da(1))
=Ae+ AAix+ f(x)+Af(x)+u+di(t)

—AAry —g(y) — Ag(y) — d2(1). (N
Defining
Au=u—v, ®)

the synchronous error system (7) can be reexpressed
as

é=Ae+ AAix + f(x) + Af(x) +dy (1)
—g(y) — Ag(y) —AAzy —da(t) + v+ Au. 9)

To facilitate the robust synchronization control design,
we further define

D(x,y,u,t)
=di(t)+ Af(x) — Ag(y) —da(t) + Au. (10)
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Invoking (10), the synchronous error system (9) can be
rewritten as

é=Ae+ AA1x — AAry + f(x) — g(y)
+ D(x,y,u,t)+v. (11)

Since Af(x), Ag(y), Au, di(t), and d>(¢t) are
unknown, D(x,y,u,t) is also unknown which can
be treated as the compound disturbance of the syn-
chronous error system (11). In this paper, the distur-
bance observer is adopted to estimate D (x, y, u, t) and
design the robust synchronization controller to render
chaotic systems (1) and (2) synchronous by using the
output of the presented nonlinear disturbance observer.

Considering Assumption 1, the synchronous error
system (9) can be expressed as

é=Ae+ D\F(t)Ex — DFO)Ey+ f(x) — g(y)
+ D(x,y,u,t)+v. (12)

3 Robust synchronization control based on
disturbance observer

In this section, we develop a constrained robust syn-
chronization control scheme for the uncertain chaotic
system (1) and the uncertain chaotic system (2) us-
ing the developed disturbance observer. The block di-
agram of the proposed robust synchronization control
based on disturbance observer is shown in Fig. 1.

For the unknown compounded disturbance
D(x,y,u,t) shown in (12), it cannot be directly used

Fig. 1 Structure of
synchronization control D

to design the synchronization control scheme. It is ap-
parent that the compound D(x,y,u,t) is bounded.
However, the boundary is unknown. Hence, we de-
sign the nonlinear disturbance observer to estimate
it [32-43]. To design the nonlinear disturbance ob-
server, an auxiliary variable is defined as

n=D(x,y,u,t)—Ke, (13)

where K = KT > 0 is a design constant matrix.

For the unknown time-varying compounded distur-
bance D(x, y, u, t), without loss of generality, we as-
sume that the derivative of D(x, y, u, t) satisfies

1D <3, (14)
where § is an unknown positive constant.
Considering (12) and (13), the time derivative of n
can be written as
n=D—Ké
=D — K(Ae+ f(x) —g(y) + DI F(1)Ex
—DyF(t)Ey+ D(x,y,u,t)+ v)
=D — K(Ae+ f(x) —g(y) + DI F(t)Ex
— DyF(H)Ey +v+n+ Ke). (15)
To design the nonlinear disturbance observer, the esti-
mate of the intermediate variable 7 is proposed as
N=—K(Ae+ f(x) —g(y) +v+i+Ke), (16

where 7) is the estimate of 7.
In accordance with (13), the estimate of disturbance
D can be obtained as follows:
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D=17+Ke. (17
Define
F=n—f=D—D=D. (18)

Differentiating (18) and considering (15) and (16),
we obtain

i=i—n
:D—Kﬁ—K(DlF(t)Ex—D2F(t)Ey). (19)
To analyze the convergent ability of disturbance es-

timate error D, the Lyapunov function candidate is
chosen as

lag~ 1
V,==-D"D=—-7"5. 20
0=73 S (20)

Considering (19), the derivative of V,, is
Vo=0'D—7TKij— 7T KD\ F(t)Ex
+iTKDyF(t)Ey. (1)
Invoking (21), Assumption 1 and Lemma 2, we ob-
tain
V, < =77 (K — 0.5I,xn)7 +0.562
— " K(D1F(t)Ex — DyF(1)Ey)
< —7T(K = 0.51,,)7 + 0.58>
+IANK D F@ [IE ]l
+ 17K MDA | F@ | IENI
< =T (K = 1.55,x0)7 + 0.58°
+OSIK 1D IPIE N x])?
+ IKIZID2APIE NPy (22)
For the synchronous error system (12), the robust

synchronization control based on the output of the dis-
turbance observer is designed as

—Age — Ae — f(x) +g(y) — D — vy,

v= lell =€, (23)
0, el <e,
where
oo = 0.5(1 + IIKIIQ)”H?; IZIE 2 IIx%e
e

0.5(L+ | KIDID2IPIEN Iy [1%e
lell?

Ay = Ag > 0 is an aforehand design matrix. € is a
small positive design parameter. If | e|| < ¢ is satisfied,
then the synchronization control objective is achieved.

Thus, we only need to analyze the closed-loop system
stability when |le|| > €.

Substituting (23) into (12), we obtain
é=—Age+D— D+ D F(t)Ex

— DyF(t)Ey — vo. 24)

The above design procedure can be summarized
in the following theorem which contains the results
of disturbance-observer-based synchronization con-

trol for the unknown chaotic systems with the time-
varying external disturbance.

Theorem 1 Consider uncertain chaotic systems (1)
and (2), and the unknown compound disturbance is
approximated using the disturbance observer (16) and
(17). Then, all closed-loop system signals are semi-
globally uniformly stable under the proposed robust
synchronization control (23) based on the nonlinear
disturbance observer. Furthermore, the synchronous
error e and the disturbance approximation error D re-
main within the compact sets §2, and §2 j, respectively
defined by

Qo= {ec R'le] < V1 ).
25 Z{DEanbn <82 },

where 21 =2(V(0) + %) with C and k as defined in
(29).

Proof Let the Lyapunov function candidate be given
by

1 7
V= 3¢ e+ V. (25)

Considering (22) and (24), the time derivative of V
1S
Veele+DTD=cTé+il5
= —eTAoe +e'D—e"D+ eTDlF(t)Ex
— eTDzF(t)Ey — eTvo + Vo
<—elApe+e'fj+e' DIF(t1)Ex — e DLF(t)Ey
—elvg =T (K = 1.51,x0)7
+0.58% + 0.5 K2 D1 P E 1% [1x 11>
+OSIKIZ I D2 NE Ny (26)

Invoking Lemma 2, we obtain
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V < —e (Ao — 1.5Lyun)e — ii” (K —2.00xn)ii
+0.58% — eTvo
+0.5(1+ [KIIP) D1 IPIEN x>
+0.5(1+ 1K IP)ID2APIEN Ny @7

Substituting vg into (27), we have

V < —e"(Ag — 1.5Iixn)e — 71T (K — 2.0L,x0)7i

+0.58> < —«kV +C, (28)
where
K= min()\min(A() — L.55yxn); Amin(K — 2~01n><n))a
(29)
C :=0.56.

To ensure the closed-loop stability, the correspond-
ing design parameters Ag and K should be chosen to
make Ag — 1.51,,x, > 0 and K — 2.01,;,x;» > 0. Ac-
cording to (29) and Lemma 1, it can be directly shown
that the signals D and e are semi-globally uniformly
bounded. For conciseness, the details of the proof are
omitted here. This concludes the proof. (|

Remark 1 Since the chaotic error system possesses
the unknown time-varying compound disturbance, the
nonlinear disturbance observer is adopted to estimate
the compound disturbance in this paper. To develop the
disturbance observer, assumption (14) is introduced.
This assumption means that the derivative of the com-
pound disturbance is bounded. According to (10), we
can see that the compounded disturbance consists of
di(t), Af(x), Ag(y), da(t), and Au. Since d;(¢) and
d;(t) are the external disturbances of uncertain chaotic
systems (1) and (2) which are bounded, the deriva-
tives of di(t) and d>(¢) are bounded. Similarly, the
derivatives of Af(x) and Ag(y) are bounded. On the
other hand, the difference Au between the control
input command and the actual control input should
be bounded in accordance with the controllability re-
quirement of the practical control system. Thus, this
assumption given in (14) is reasonable for the com-
pounded disturbance.

Remark 2 As for the proposed disturbance observer,
we can see that the approximation error with suitable
transient performance can be obtained by felicitously
adjusting design parameter matrix K . For example, the
approximation error could be decreased by increasing
the value of K. Therefore, caution must be exercised
in the choice of the design parameters, due to the fact
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that there are some trade-offs between the disturbance
approximation performance and other issues.

Remark 3 In this paper, the upper boundary of the
external disturbance is not required in the design of
the robust synchronization control (23) owing to the
use of the nonlinear disturbance observer. Thus, the
proposed disturbance-observer-based robust synchro-
nization control scheme can fully explore the dynamic
characteristic of the time-varying disturbances. Fur-
thermore, to the best of our knowledge, it is the first
time in the literature that the unknown non-symmetric
input saturation is considered in the synchronization
control design which is different from the existing re-
sults.

4 Simulation results

Simulation results are given in this section to illus-
trate the effectiveness of the proposed constrained syn-
chronous control technique. Let us consider a model
Hindmarsh—Rose neuron described by the following
equations of motion [13]:

X1 =xp — ax? —i—bxlz + Toxt — X3,
¥y =c—dx} —x2, (30)
X3 = V(S(X3 —X) —X3),

where x; is the membrane potential, x, is a recovery
variable associated with fast current, x3 is a slowly
changing adaptation current. Here a = 1.0, b = 3.0,
c=1.0,d=50, S=4.0, r =0.006, x = —1.56,
and Iex is the external current input. When Iex¢ = 3.0
and the initial state is chosen as x = [x], x2, x3]7 =
[0.2,—-0.2,0.5]7, this system exhibits a multi-time
scaled burst-spike chaotic behavior as shown in Fig. 2.

Below the extensive simulation is presented to
demonstrate the effectiveness of the proposed robust
constrained synchronization control based on the dis-
turbance observer. To illustrate the synchronous con-
trol performance, the chaotic system (30) is treated as
the slave chaotic system and the chaotic system (30)
with uncertainties and disturbances is treated as the
master chaotic system. Thus, the master chaotic sys-
tem and the slave chaotic system are written as
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Fig. 2 Chaotic trajectory 35
of the model
Hindmarsh—Rose neuron 3

Fig. 3 Chaotic trajectory of
the model Hindmarsh—Rose
neuron with uncertainties
and disturbances

X1 =xp — ax? + b)cl2 + Text — x3 — 02x1 +0.1x2
+ 0.2sin(x1x2) + 0.1sin(?),
Xp=c— dxf —xp —0.1xp +0.2x3
(€29)]
+ 0.2sin(x1x3) — 0.1 cos(?),
X3 =r(S(x3 —x) —x3) +0.05x1 + 0.2 sin(xpx3)

—0.1sin(z),

V1 =y2 —ay} + by} + Lex — 3,

Vo =c—dy} —y, (32)
3 =r(S(yz —Xx) — y3).

The chaotic trajectory of the model Hindmarsh—Rose
neuron (31) with uncertainties and disturbances is
shown in Fig. 3. From Fig. 3, we know that the un-

@ Springer
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Fig. 4 Synchronization 0.5 T T T T T T T T T
error
o 0
_0.5 Il Il Il Il Il Il Il Il Il
0 5 10 15 20 25 30 35 40 45 50
Time [s]
0~4 T T T T T T T T T
0.2 i

certain chaotic system (31) processes a chaotic phe-
nomenon.

To proceed with the design of nonlinear distur-
bance observer and robust constrained synchroniza-
tion control scheme, design parameters are chosen as
K =200/343 and Ag = 513x3. The initial state con-
dition of chaotic systems are arbitrarily given by x =
[0.2,—-0.2,0.5]" and y =[—0.2, 0.2, —0.5]” . The ini-
tial state condition of the disturbance observer is arbi-
trarily chosen as D= [0.1,0, O]T. From (32), we ob-
tain

0 1 -1

A=|lo0 -1 o [,

rS 0 —r
—ay; +byf + Iext

f)= ¢ —dy?

—rSx

Here, we do not consider the control input satura-
tion first. Namely, we have u = v and Au = 0. The
nonlinear disturbance observer and the robust synchro-
nization control are designed as in (16), (17), and (23).
Under the proposed disturbance-observer-based robust
synchronization control, the synchronization error and
the synchronization control input are shown in Figs. 4

@ Springer
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and 5. From Fig. 4, we can observe that the syn-
chronization error is satisfactory. According to Fig. 5,
we can see that the synchronization control input is
bounded and convergent. Based on these simulation
results, we can obtain that the proposed disturbance-
observer-based robust synchronization control is valid
for the uncertain chaotic systems.

To illustrate the effectiveness of the proposed con-
strained robust synchronization control, the control
input saturation values are given by uymax = 5.5,
Uimin = —2.0, u2max = 7.0, u2min = —5.0, U3max =
7.0, and u3min = —5.0 in this simulation study. The
nonlinear disturbance observer and the robust syn-
chronization controller are still designed as in (16),
(17), and (23). Under the proposed constrained robust
synchronization controller, the synchronization error
and the synchronization control input are presented
in Fig. 6 and Fig. 7. Although there exist the non-
symmetric input saturation and the time-varying exter-
nal disturbance, the synchronization error is still satis-
factory as shown in Fig. 6. The non-symmetric input
saturation of the synchronization control input signal
is observed from Fig. 7.

From simulation results of the two cases, we ob-
tain that the designed robust synchronization control
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Fig. 5 Synchronous
control input

Fig. 6 Synchronization
error under the constrained
control
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Fig. 7 Constrained
synchronous control input

5+ i
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@ 0 [ —s e e ¥ A i A e e Vo iy
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Time [s]

scheme based on disturbance observer is valid for the
synchronization control of uncertain chaotic systems.
On the other hand, the proposed disturbance-observer-
based synchronization control scheme can be applied
to synchronize other chaotic systems.

5 Conclusion

In this paper, the disturbance-observer-based syn-
chronization control has been proposed for uncertain
chaotic systems. To improve the ability of the dis-
turbance attenuation and synchronous control perfor-
mance, the nonlinear disturbance observer has been
adopted to approximate the compound disturbance of
the synchronous error system. Using the output of the
disturbance observer, the disturbance-observer-based
synchronous control has been presented for uncertain
chaotic systems considering the non-symmetric input
constraints. The stability of the closed-loop system
has been proved using rigorous Lyapunov analysis.
Finally, simulation results have been used to illustrate
the effectiveness of the proposed robust synchroniza-
tion control scheme.
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