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Abstract In the present paper, a super-extension of
the Yang hierarchy is proposed by super-matrix Lie
algebras, and the super-Yang hierarchy with self-
consistent sources is established. Furthermore, we es-
tablish infinitely many conservation laws of the super-
integrable hierarchy. The methods presented by us can
be generalized to other nonlinear equation hierarchies
with self-consistent sources.

Keywords Conservation law - Self-consistent
sources - Super-Yang hierarchy - Fermi variables

1 Introduction

As soliton theory has been applied in almost all the
natural sciences especially in the physics branches,
such as fluid mechanics, plasma physics, nonlinear op-
tics, classical field theory, and quantum field theory,
the study on integrable systems has attracted the in-
terest of many mathematicians and physicists. Conser-
vation laws are an important feature of integrable sys-

T. Xia (X))

Department of Mathematics, Shanghai University,
Shanghai 200444, China

e-mail: xiatc @yahoo.com.cn

T. Chaolu

Department of Mathematics, Shanghai Maritime
University, Shanghai 200135, China

e-mail: tmchaolu @shmtu.edu.cn

tems in soliton theory. An infinite number of conser-
vation laws for the KdV equation was first discovered
by Miura, Gardner, and Kruscal in 1968 [1]. Then a lot
of methods have been developed to find those conser-
vation laws, mainly due to the contribution of Wadati
et al. [2-4].

Super-integrable systems are an important part in
integrable systems. A lot of scholars and experts have
done research on the topic, and have achieved ex-
tensive results. In 1990, Hu presented the super-trace
identity in his Ph.D. thesis [5]. Then the super-trace
identity was mentioned and applied to establish the
super-Hamiltonian structure of super-integrable sys-
tems, but he did not give its rigorous proof [6, 7]. Re-
cently, Ma gave a systematic proof of the super-trace
identity and the expression of its constant y [8]. For
application, he also obtained the super-Hamiltonian
structures of the super-AKNS hierarchy and the super-
Dirac hierarchy. Then many super-integrable hierar-
chies and their super-Hamiltonian structures are pre-
sented [9-14].

Soliton equations with self-consistent sources are
also an important topic in recent research of soliton
theory. Physically, the sources may result in solitary
waves with a nonconstant velocity and, therefore, lead
to a variety of dynamics of physical models. They are
usually used to describe interactions between different
solitary waves. Very recently, self-consistent sources
for a super-CKdV equation hierarchy and super G-J
hierarchy are presented [15-17]. In this paper, the
self-consistent sources of super-Yang hierarchy is pre-
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sented based on the theory of self-consistent sources.
In fact, the self-consistent sources of the soliton hier-
archy is just constraint flow and good supplements to
related research in the field of noncommuting soliton
equations [18-21]. Finally, we obtain infinitely many
conservation laws for the hierarchy. In the calculation,
it is worth noting that odd variables in the spectral
problem are Fermi variables. The operation between
extended Fermi variables constitute a Grassmann al-
gebra.

2 A super-soliton hierarchy with self-consistent
sources

In the following, we consider a set of super-Lie alge-
bras G,

| 1 0 0 | 010
er==10 -1 0}, e==|1 0 0],
20 o0 o 2\0 0 o0

| 0 10
es=5|-1 0 0f, ey
0 0O
| 0 0 1 1 0 00
6425 0 0 0 , 6525 0 0 1
0 -1 0 1 00
along with the communicative operation
le1, e2] =e3, le1, e3] = e, [e2, €3] = —er,
€4
le1, eal = [e2, es] = [e3, e5] = >
es
les, e1] = [e2, ea] = [e4, e3] = >
el
les, es]y =[es, el = >
ey +e3
[e4ae4]+:_ )
2
_62—83
les, es]+ = 5
Consider an auxiliary linear problem
¢ é1 5
| =U[d], Uwn=Ri+D ue),
#3/ #3 i=1
@)
¢ ¢
$ ] =Valu, )| ¢2
¢/, ¢3
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where u = (uq, ...,uS)T,qﬁ,- = ¢(x,t) are field vari-
ablesonx € R, € R;e; =e;(\) €sI(3) (i=1,2,...,
5); Ry is a pseudoregular element.

The compatibility of Eq. (2) gives rise to the fol-
lowing zero curvature equations:

Unt_Vx+[Un’Vn]=07 n=172""‘ (3)
If an equation
ur = K(u) )

can be worked out through Eq. (3), Eq. (3) is called
a zero curvature representation of the super-evolution
Eq. (4). If there is a super-Hamiltonian operator J and
a functional J such that

8Hn+l

ur=K(u)= )
Su
where
§H, SH, _ S H,
no 2 o2,
Su Su Su
(6)

5§ (0 s\ T
Su_ \Su;’ 7 Sus

then Eq. (4) is called a super-Hamiltonian. If so, we
say that Eq. (4) has a super-Hamiltonian structure.
Based on Eq. (2), we consider a new auxiliary lin-

ear problem. For N distinct A;, j =1, ..., N, the sys-
tems of (2) become the following:
o1 o1 o1
$oj | =U@. ) | 2 Zu e | 625 |
#3;/ . ¢3; i=1 ®3j
o1 1
G2 | =Valu, ;)| 2 )
#j/, 3

n ¢l
= [Z Vi WX + A, M)} ¢
m=0 @3

Based on the result in [22], we show that the following
equation

3Hk _
Z i M = 8)

holds true, where «; are constants, and Eq. (8) de-
termines a finite-dimensional invariant set for the
flows (6).
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For (7), we may know that

5%, s 8U(u M\ L e
= — ————" ) ==Str(¥;e; A ),
Su; Su; 3 Jer

i=1,...,5 )

where Str denotes the super-trace of a super-matrix
and

D1j02; —¢12j 103
vi=| 03, ot b3 |- (10)
D2jP3;  —P1j¢3; 0

From Egq. (8) and Eq. (9), a kind of super-Hamiltonian
soliton equation hierarchies with self-consistent sourc-
es is presented as follows:

JZ " an

8Hn+1

l/lt_

3 The super-Yang hierarchy with self-consistent
sources

As we know, the basis of Lie algebra A; can be as
follows:

(01 (0 1
“a={1 o) 27\=1 o)
(1 0
eg—o_l.

And corresponding loop algebra Ap is {e1(n), e2(n),
e3(n)|n € Z} and satisfies x(n) = x ® A", x € A;. By
using the Tu scheme [23], we can obtain many evolu-

tion equations hierarchy. Based on the above basis, we
consider the following spectral problem:

12)

U =e3(1)+qex(0) +re1(0) 4 se3(0)

. S A4+q+r

@x = U(p7

)\.t:O.

Take V™ =" _ (ame3(n —m) + byer(n —m) +
cme1(n —m) + b, 1+1€2(0)), the Yang hierarchy are ob-
tained as follows [23]:

a bt sy,
Ur = r =J 2Cn+1 =J 3 5 (14)
u
2ap41

t

where
—d -5 r
J = N 0 _1 )
—r 1 0
0 207 'gs—o7'ro —207'gr—0"'sd
L=|-r —q %8 ,
—s —%3 —q

2b
Hn :/ nt2 dx, n 20
n+1

In the following, we will generalize Lie loop alge-
bra A; to the Lie loop super-algebra G, =
{Z?:l riej,i=1,2,...,5}

01 0 0
er=|1 0 0], e=]|-1 0 0},
0 0 O 0 0
1 0 O 0 0 1
e3:0—10,e4:000,
0 0 0 -1 0
0 0 0)
es=|0 0 1 [e1, ex] = —2e3,
1 0 0
le1, e3] = —2en, [e2, e3] = —2ey,
le1, es] = [e2, e5] = [e3, e4] = e4,
le1, e4] = [es, e2] = [e5, e3] = e5,
les, eal4 = —(e1 +e2), les, es]l+ =e1 — e,
les, es]+ = [es, e4] = e3,

5)

where e, €2, e3 are even elements and ey, e5 are odd
elements, and [-, -] and [-, -]+ denote the commutator
and the anticommutator. Consider the following super
isospectral problem [9]:

px=Ugp, U=ex(l)+qe2(0)+rer(0)

+ 5e3(0) + ae4(0) 4 Bes(0), (16)
Ar=0.
Denote
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V=" ames(—m) + buea(—m) + e (—m)

m>0
+ pmea(—m) + Ses(—m)
=ae3 + bey + ce; + peq + Ses,

Vi=1[U,V],

we have

a7

by = —2ra, + 2scy,

1
ar = ——UFy — Ugs,
2 Zlfo nq

2 2 2

4 2
1

2 2
1
1% _erx -

P3 = M<_axx +qxB+2qBx —

c3

2

2

—apm — Bom,

P2 =—uBx — puqo, 8§ = poyx — g B,

Ay = 2Cm41 — 2rby +2qcy + Bom + o,

ay = us, by =0,c1 = pur, p1 = pa, §1 = up,

1 1 5 1, I 5
a3 =p| ——=Sxx + 5qxr +qrx +q°s + Sr7S + 5§

2

1 1
=B+ Er

1 L, I,
d3=nu _,BXx_CIxa_anx__xa‘f'Er ﬂ+55 B+

1
2()(+—S

Cmx = =201 — 2qam + 25by, — apy + By,
Pmx = Om41 — &y — Bby — Bey + Spm + G + 1o,
Smx = —Pm+1 + Bam + by — acy — qom +1Pm — S,

ag = co= po =00=0, bp = = constant # 0,

1, 1, 1
by = -ur® + -us” + paB, co = - usy — pqr,

2

1
by = M(—st — =TS — qr2 — qs2 + ooy + BBy — 2qa,3>,

2
2 2

2

From Egs. (19), we can obtain the following recursions for

—2bp11, 2Cmy1, 20141, 20m+1 and  —20p411,
—2bp41 —2by,
2Cm41 2
2apm+1 | =L\ 2am
28m+1 26m
—20m+1 —2pm
with
0 20 'gs—a'ra —207'gr—0"'sd -9 lad—0"1¢p
—r —q %8 —%oz
L=| —s —%8 —q %ﬂ
—B a —(g+r)
o o —-B d+s
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1
o — =S a+ qza — By — soy

1 2 )
=SxB+sBx +q° B —ray ).

1 1
+ saf + Eaﬂx — Eaxﬂ>,

! e e g gt a1 lpp
—qxS —qSx + =1 + —rs* +ra r— ooy + = ,
2‘1x qSx ) ) q 5 *%x T 5 PPx

’

-7+ 07 g

solving the stationary zero curvature equation

(18)

19)

(20)

ey
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Denoting

n
VI =" awgs(n —m) + buer(n —m)

m=0
+cmer(n —m) + pmes(n —m)
+ dmes(n —m),

(n) __ (n)
V=MV -V,
a direct calculation reads,

—V® 4 [U, V2] = =2¢511€3(0) + 2a,41€1(0)
— Su1€4(0) + puyies(0). (22)

Considering
Ap=bpi1e2(0), VD =V L A, (23)
Substituting Eq. (23) into a zero curvature equation

U, — V% 4+ [U,V®™] =0, we have the following
super-integrable system:

q
r
Uur=1S5
o
B/,
-3 —s r B -la —2bp41
s o -1 0 0 2¢n41
=\| —-r 1 0 0 0 2a,41
2 0 0 3 0 26,41
Fa 0 0 0 3 —20n+1
_Zbﬂ+1
2en41
=7 21 |=JPu, 24)
26;1+1
—20n+1

where P, meets as follows: P,1 = L P,. If taking
o = B =0 in system (24), it can be reduced to the
Yang hierarchy (14). Therefore, we call system (24) a
super-Yang hierarchy.

Based on Lie super-algebra G, in (15) and the as-
sociated corresponding loop super-algebra 52, adirect

calculation gives

0 2a3  —2ap —ay as

2a3 0 —2ay —ay —as

ad, = | 2ap —2a 0 as as
—as —as —a4 as a)+a

—as  ay as a;—a —a3

(25)

where a = aje1 +arer +azes +ages +ases € E(O, 1),
ad,b = [a,b],a,b € B(0, 1), and the bracket [-, -] is
the Lie super-bracket of G>. If we define the compact
super-trace as follows:

str(c) =ci1 + ¢ —c33,c=ab, a,be B(O, 1).
2

6)
str(P) = p11 + p22 + p33 — pas — pss,

where ¢ = (¢;j)3x3, P = (pij)5x5 and ab is matrix
product of a and b, then we have

str(ad,adp) = 3str(ab). 27

By using the super-trace identity in [8], we have

5
2 / (—6b) dx
Su
_., 0 T
=177 AV (~6b. 6¢.6a. 65, ~6p)". 28)

Comparing the coefficient of A"~ ! yields

)
2 / (=61 d
u
— (= n)(=6by, 6, 6, 680, —6p)T. (29)

Since str(adyady) = 62 = constant # 0, we can ob-
tain y = 0 from the computation formula in [8]. There-
fore, we conclude that

(SHn H _/an+2
Su n+1

Py = , n= dx. (30)
Hence, the super-Yang hierarchy (24) has the follow-
ing super-Hamiltonian structure:

§H
ur=JPyp1=1J 514”’ n>0. 31)

For the integrable system (14) and super-integrable
system (24), n =2 u = 1, we can get the nonlin-
ear evolution equations and super-integrable couplings
(also see [9)).
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Next, we will construct the super-Yang hierarchy
with self-consistent sources. Consider the linear sys-
tem

b1 é1j
bl =U|{¢25 ],
3/ @3
(32)
o1 o1
G| =V |y
3/, @3

From Egs. (8)—(9), we have the following ‘S(Sﬁ

Str(lI/j Uy
Str(lI/j )

j=1 j=1 Str(lI/] )
Str(¥; f}ﬁ’ )

(U1, ¥) + (W2, ¥2)
2(¥1, ¥)
= 2(¥, W)
—2(¥, ¥3)
2(¥, ¥3)

where ¥, = (¢i1,.... o80T, (i =1,2,3). And (-, -)
stand for standard inner product.

According to (11), the integrable super-Yang hier-
archy with self-consistent sources is proposed

_2bn+l

2cn41

=J| 2an+1
26n + 1
2pn+1

Uur =

™R v I

t
(1, ¥1) + (¥, ¥2)
2(¥1, ¥)
+J 2(01, ¥)
—2(¥n, ¥3)
2(¥1, ¥3)

(1, Y1)+ < ¥, )
2(¥, W)
+J 2(¥1, ¥) (33)
—2(¥, ¥3)
2(¥, ¥3)

SH,
Su
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For n =1, u = 1, we obtain the super-Yang equation
with self-consistent sources

qr =rry + 58y + 4o, B+ 4oy + 2sqr — 2gs

N N
—0) (97 +93;) —25 )it
j=1 j=1
N N
+2rY dridaj —BY_ $2jd3
j=1 j=1
N
_a2¢lj¢3j,
j=1
N

It :—SVZ—S3+rx +2qs—32(¢121+¢51)
j=l1

N
=2 ¢1jtnj.
j=1
N
s =—r> —rs? +5° —2qr — rZ(q&%j —}—(ﬁ%j)
j=1
N
+2) 12
Jj=1

—_—

N
1
o = 5(r2 +5%) +ax —gp - 5P > (@1 +43))
:1

i
N
=D i3,
j=1

1
B = —Eoz(r2 +s2) + By +qu

L N
3¢ Z(¢12j +¢)§j) Z¢1j¢2j-
j=1 j=1

4 Conservation laws for the super-Yang hierarchy

In what follows, we will construct conservation laws
of the super-Yang hierarchy. We introduce the vari-
ables

k=2 =B (34)

Yy Y1
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From Eq. (7) and Eq. (12), we have

Ki=(—A—qg+r)—2sK+BG
— (A +q+rK*-2KG, (35)
Gy=B—-2K—5G—(+q+r)KG—2G*

Expand K, G in the power of 1!
© . ° .
K:ij,\—f, G:Zgjrf. (36)
j=1 j=1

Substituting Eq. (30) into Eq. (29) and comparing
the coefficients of the same power of A, we obtain
ky=—ir —s,

ko =1, g0 =0,

g1=-pi -2,
1 1 j 1
kZZErX_ESx_%Sz+§(a2_ﬂ2)+ia18
+l§r2+iqr+qs+rs,

g2 = Bx —ioyias +ag +iBq + 2r,

1 1 15 1,
k3 = Eulxx - EMZXX - gul + §M1u2

37

+ —u2u1 — 1u3 — UqU4
8 2 8 2 X9

1 1
2 2
g3 =4uayy — —2u1u4 + —2u2u4 — UpU3yx — —2u3u2x

1
+ 5”3“1): +uiusy, ...,

and a recursion formula for k,, and g,

n—1

knw = —25kn + Bgn — ) _ Kikn—1-1
=1

n—1 n—1

— @+ kikn1 =2 kign-.
I=1 1=0

n—1

8nx = -2k, — $8n — Zklgn—l—l
=1

(38)

n—1 n—1
— @+ kign1 =2 g1gn-1.
=1 =0

Because of
0 0
5[s+()»+q+r)K+2G] =5, (@+bK +pG) (39)

where

1
a =mo<§rx +qs) +mys,

1
b=m0|:§(r2+sz) +2ﬂ],
p =moar —mo(Bx +qa) +ma.

Assume that c =s + (A +¢g + K +2G,0 =a +
bK + pG. Then Eq. (33) can be written as o; = 6y,
which is the right form of conservation laws. We ex-
pand o and 6 as series in powers of A with the coef-
ficients, which are called conserved densities and cur-
rents, respectively,

o o0
a:s—}—Za{;)ﬁj, szok+20j)»_j
j=1

j=1

where mg, m are constants of integration. The first
two conserved densities and currents read

op=—ir —s+i(qg+r),
1 .

o] = E(rx —az—ﬂz) - %(rz—i-s)r +s2),

6y = m0|:%(r2 + sz) — 0521|,
61 :mo[—é(r3 + rsz) — %(53 +r25) —ia®s
+ 2a2q +a?r — i(aBr +aay +2aBq + BBx)
+2a2q —afs +2aﬁx:| —ml(ot2 —i—ia),
The recursion relation for o,, and 6,, are
on = knt1+ (g +1r)kn +28n,
0, = mo[(lrz + 1o + 2ﬂ>kn
2 2 (40)
+28n+1 — (Bx + 2q)gn}
where f, and g, can be calculated from Eq. (40). The

infinitely many conservation laws of Eq. (24) can be
easily obtained from Eq. (29)—(34), respectively.
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5 Remarks and conclusions

As there is little research on the topic of the in-
tegrable couplings of the self-consistent sources on
super-integrable hierarchy, the super-Yang hierarchy
with self-consistent sources enriched the content of
self-consistent sources. Meanwhile, we also get the
conservation laws of hierarchy. We must point out that
the super-integrable hierarchies involve Fermi vari-
ables. In detail, the potential function in the coupling
terms are Fermi variables, which satisfy the Grass-
mann algebra, namely o = 82 =0, af + Ba =0 is
used in the operations of the paper. We can also use
this method to get more super-hierarchies with self-
consistent sources.
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11271008) and the Shanghai Leading Academic Discipline
Project (No. J50101).
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