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Abstract We investigate energy harvesting from
vortex-induced vibrations of a freely moving rigid cir-
cular cylinder with a piezoelectric transducer attached
to its transverse degree of freedom. The power levels
that can be generated from these vibrations and vari-
ations of these levels with the freestream velocity are
determined. A mathematical model that accounts for
the coupled lift force, cylinder motion, and harvested
voltage is presented. Linear analysis is performed to
determine the effect of the electrical load resistance of
the transducer on the natural frequency of the cylinder
and the onset of synchronization (the shedding fre-
quency is equal to the cylinder oscillating frequency)
region. The impact of the nonlinearities on the cylin-
der response and harvested energy is investigated. The
results show that the load resistance shifts the onset
of synchronization to higher freestream velocities. For
two different system parameters, the results show that
the nonlinearities result in a hardening behavior for
some values of the load resistance.
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1 Introduction

Converting vibrations to electric power by using
piezoelectric transduction has been the topic of many
investigations over the past two decades. Different
sources of vibrations, including ambient and aeroe-
lastic vibrations, have been considered. The interest
has been in converting these vibrations to electri-
cal power for either operating low-power consump-
tion devices, such as microelectromechanical systems,
actuators [1–3], and heath monitoring and wireless
sensors [4, 5], or replacing small batteries that have
a finite life span or would require hard and expen-
sive maintenance [6, 7]. To date, most of energy har-
vesting from mechanical vibrations have concentrated
on exploiting base excitations. More recently, Bryant
and Garcia [8], Erturk et al. [9], De Marqui et al.
[10, 11] and Abdelkefi et al. [12–15] investigated con-
version of aeroelastic vibrations of wings to electrical
power.

A well-known phenomenon in bluff body aerody-
namics is the alternate shedding of vortices and the
associated unsteady aerodynamic forces acting on the
body. When these vortices are shed at a frequency near
the natural frequency of the bluff body, lock-in or syn-
chronization takes place and resonant transverse vibra-
tions occur [16–25]. These vibrations are referred to
as vortex-induced vibrations (VIV). Williamson and
coworkers [26–32] determined that there are different
response modes, depending on the mass-damping pa-
rameter. Nayfeh and coworkers [33–37] used modern
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methods of nonlinear dynamics to identify the param-
eters of phenomenological models that can be used
to represent the lift coefficient on a stationary cylin-
der.

The objective of this work is investigate the possi-
bility of using VIV oscillations of structures to harvest
electrical power. Particularly, we aim to determine the
power levels that can be generated from VIV oscilla-
tions of a circular cylinder and variations of these lev-
els with the freestream velocity. To this end, we attach
a piezoelectric transducer to the transverse displace-
ment degree of freedom of the cylinder and develop
a representative model for the coupled VIV-energy
harvesting problem. Because of the nonlinear mecha-
nisms associated with these vibrations and energy har-
vesting, we also aim to assess the effects of the load re-
sistance and initial conditions on the harvested power
levels.

Generally, high-fidelity simulations of the VIV
phenomenon are very expensive in terms of comput-
ing power and time. Such simulations can be signifi-
cantly complicated if three-dimensional effects, turbu-
lence structures, and elasticity are considered. Conse-
quently, assumptions are often made to produce sim-
ple and accurate predictions of the VIV phenomenon
and the structural response. Different models that are
based on the van der Pol oscillator or its combina-
tion with other nonlinear oscillators have been pro-
posed for VIV predictions. In this work, a mathemat-
ical model that accounts for the coupled lift force,
cylinder motion, and harvested voltage is used to in-
vestigate and analyze the problem of energy harvest-
ing from VIV oscillations. This model is presented
in Sect. 2. In Sect. 3, we perform a linear analy-
sis to determine the effect of the electrical load re-
sistance on the natural frequency of the rigid cylin-
der and the onset of the synchronization region. In
Sect. 4, we perform a nonlinear analysis to determine
the level of the power that can be harvested and the
effect of the load resistance on the harvested power,
voltage output, lift coefficient, and displacement am-
plitude. A summary and conclusions are presented in
Sect. 5.

2 Mathematical model

Bishop and Hassan [38] were the first to suggest mod-
eling the lift over a circular cylinder due to vortex

Fig. 1 Schematic of a piezoelectric energy harvester of a freely
oscillating cylinder

shedding by a self-excited oscillator. Hartlen and Cur-
rie [39] used a Rayleigh oscillator to model the lift and
coupled this oscillator with the motion of the cylin-
der by a velocity term. A modified van der Pol os-
cillator was used by Skop and Griffin [20] to repre-
sent the lift. Skop and Griffin [21] made a correction
to the predicted response frequencies by adding cu-
bic terms to the lift equation. In this work, we use the
empirical model of the vortex-induced vibrations of
spring-mounted rigid cylinders as developed by Skop
and Griffin [21]. In this model, a modified van der Pol
equation is used to represent the lift and is coupled to
the equation of motion of the cylinder by a velocity
term. As shown in Fig. 1, a piezoelectric transducer is
attached to the transverse displacement of the cylinder
to harvest energy.

Coupling between the cylinder motion and the har-
vested voltage is modeled using the Gauss law. The
fluctuating lift coefficient CL induced on a rigid circu-
lar cylinder by the vortex-shedding process is modeled
by Skop and Griffin [21]

C̈L + ω2
s CL −

[
C2

L0 − C2
L −

(
ĊL

ωs

)2]

× (
ωsGĊL − ω2

s HCL

) = ωsF

(
Ẏ

D

)
(1)

where Y is the transverse displacement of the cylin-
der, D is the diameter of the cylinder, and ωs is the
shedding frequency, which is related to the freestream
velocity U by the Strouhal number S. This relation is
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given by ωs = 2πSU/D. The four coefficients CL0,
G, H , and F represent parameters, which can be iden-
tified from experimental results. These parameters de-
pend on SG = ξ/μ, where ξ is the nondimensional
damping coefficient and μ is the nondimensional mass
coefficient. Skop and Griffin [21] provided empirical
functions for each of these parameters that are valid
in the Reynolds number range between 400 and 105,
over which S and CL0 remain constant. These param-
eters are functions of SG = ξ/μ and are given by

log10 G = 0.25 − 0.21SG, (2)

log10 hS2
G = −0.24 + 0.66SG, (3)

H = ξh, (4)

F = 4SGG/h (5)

The equation of motion of a spring-mounted rigid
cylinder that includes the effect of the piezoelectric
coupling can be expressed as

Ÿ

D
+ 2ξωn

Ẏ

D
+ ω2

n

Y

D
− θ

MD
V

= ρU2L

2M
CL = μω2

s CL (6)

where M and L are used to represent the total mass
and length of the cylinder and ρ is the fluid density.
The natural frequency ωn and the damping ratio ξ of
the spring-mass system are measured in a stationary
fluid having the same physical properties as the used
fluid. In Eq. (6), θ is the electromechanical coupling
coefficient and V is the harvested voltage across the
load resistance. The electromechanical coupling term
appears also in the governing equation of the voltage,
which is given by the Gauss law and written as [9, 12]

CpV̇ + V

R
+ θẎ = 0 (7)

where R is the load resistance and Cp is the capaci-
tance of the piezoelectric layer.

3 Linear analysis of the electromechanical model

Because the load resistance may affect the structural
natural frequency and damping of the harvester, we an-
alyze the coupled electromechanical problem by per-
forming a linear analysis of the governing equation of
the cylinder and the Gauss law equation. Using the fol-

lowing state variables:

X =
⎡
⎢⎣

X1

X2

X3

⎤
⎥⎦ =

⎡
⎢⎣

Y

Ẏ

V

⎤
⎥⎦ (8)

we rewrite the equations of motion as

Ẋ1 = X2, (9)

Ẋ2 = −2ξωnX2 − ω2
nX1 + θ

M
X3, (10)

Ẋ3 = − 1

RCp

X3 − θ

Cp

X2 (11)

These equations can be expressed in the following ma-
trix form:

Ẋ = BX

B =
⎡
⎢⎣

0 1 0

−ω2
n −2ξωn

θ
M

0 − θ
Cp

− 1
RCp

⎤
⎥⎦ (12)

where B includes all parameters that affect the linear
part of the system. This matrix is used to investigate
the effects of the load resistance, damping ratio, and
electromechanical coupling coefficients on the struc-
tural natural frequency and then on the onset of syn-
chronization. Below, we consider two different con-
figurations, namely, System 1 and System 2 of Skop
and Griffin [20]. The parameters of these two configu-
rations are presented in Table 1.

The matrix B in Eq. (12) has a set of three eigen-
values ki , i = 1,2,3. These eigenvalues are arranged
so that the first two are complex conjugates; that is,
k2 = k̄1. The third eigenvalue, which is due to the
electromechanical coupling, is always negative. These
eigenvalues are solutions of the characteristic equa-
tion

λ3 +
(

1

RCpωn

+ 2ξ

)
λ2 +

(
1 + 2ξ

RCpωn

+ θ2

MCpω2
n

)
+ 1

RCpωn

= 0 (13)

where λ = k
ωn

. Clearly, the roots of Eq. (13) depend on
all linear system parameters: total mass, damping co-
efficient, electromechanical coupling coefficients, and
load resistance.
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Table 1 Parameters of the
two considered
configurations

Parameter Description System 1 System 2

M Mass (kg) 1.13 × 10−4 4.01 × 10−4

D Diameter (m) 6 × 10−3 6 × 10−3

ξ Nondimensional damping 4.34 × 10−3 2.51 × 10−3

μ Nondimensional mass 8.62 × 10−3 2.43 × 10−3

ωn Natural frequency (rad/s) 326.726 188.496

G First identified parameter 1.397 1.0755

H Second identified parameter 0.0214 0.00648

F Third identified parameter 0.567 1.731

Fig. 2 Variations of (a) the imaginary parts and (b) the real parts of the electromechanical model with the load resistance for the two
considered system parameters

Considering the parameters presented in Table 1,
we obtain from Eq. (13) the following. For System 1:

λ3 +
(

25505.6

R
+ 8.68 × 10−3

)
λ2

+
(

2.66 + 221.389

R

)
+ 25505.6

R
= 0 (14)

For System 2:

λ3 +
(

44209.6

R
+ 5.02 × 10−3

)
λ2

+
(

2.41 + 221.932

R

)
+ 44209.6

R
= 0 (15)

Clearly, the roots, and hence the eigenvalues, of
Eqs. (14) and (15) depend on the load resistance R.

Figure 2a shows variations of the imaginary and real
parts of the complex eigenvalues with the load resis-
tance. In both systems, a steep increase is noted over
the load resistance values between 104 � and 105 �.
The imaginary part of this eigenvalue constitutes the
dimensional global frequency. For the parameters of
System 1, the dimensional frequency is approximately
equal to 326.72 rad/s when the load resistance is be-
tween 102 � and 103 �; we refer to this frequency as
the short global frequency. Increasing the load resis-
tance causes an increase in the global frequency with
a steep increase to values near 530 rad/s when the load
resistance is near R = 106 �; we refer to this fre-
quency as the open global frequency. For the parame-
ters of System 2, the short global frequency is approx-
imately equal to 188.496 rad/s and the open global
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Fig. 3 Frequency-response curves of the (a) transverse displacement, (b) lift coefficient, and (c) harvested power for different values
of the load resistance and for the first configuration

frequency is approximately equal to 292.33 rad/s. We
note that the difference between the open and short
global frequencies depends on all of the linear param-
eters.

As the electromechanical damping, it follows from
Fig. 2b that it is maximum for specific values of the
load resistance for both considered configurations. We
note also that the region of load resistances over which
the electromechanical damping is relatively high coin-
cides with the region over which the steep increase in

the global frequency occurs. This is true for both con-
figurations. Away from this region, the damping co-
efficient is small and the global frequency is almost
constant for both configurations.

This linear analysis gives a clear idea about the
effect of the load resistance on the onset of the syn-
chronization region and the electromechanical damp-
ing variations. Particularly, increasing the load resis-
tance can significantly change both of the onset of
synchronization and the electromechanical damping.



1382 A. Abdelkefi et al.

Fig. 4 Frequency-response curves of the (a) transverse displacement, (b) lift coefficient, and (c) harvested power for different values
of the load resistance and for the second configuration

These effects have an impact on the level of harvested
power.

4 Nonlinear analysis: effects of load resistance
on synchronization regime and harvested power

We investigate the effect of the load resistance on the
cylinder displacement, lift coefficient, and harvested
power. Furthermore, we study the effect of the load re-

sistance on the short- and open-circuit configurations.
The dependence of the system response on the

freestream velocity is shown in Figs. 3 and 4 for
both configurations, respectively. We note that, as
the freestream velocity is increased, the synchroniza-
tion region, defined by the region of higher ampli-
tudes, is varied. Furthermore, we note a clear harden-
ing behavior that is associated with resonances near
the global frequencies, 326.72 rad/s for R = 102 �

and 532.83 rad/s for R = 106 � for the first config-
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Fig. 5 Frequency-response curves of the harvested power for the first configuration and for different values of the load resistance
when using different initial conditions

uration, and near 188.495 rad/s for R = 102 � and
292.33 rad/s for R = 106 � for the second configu-
ration. This behavior is a result of the cubic nonlin-
earity in the lift coefficient. Furthermore, as the load
resistance increases from 103 � to 105 �, the region
of synchronization shifts to higher freestream veloc-
ities for both configurations. However, the hardening
response for these values of the load resistance is not
as clear as it is for R = 102 � and R = 106 � in both
configurations.

The fact that changing the load resistance results
in a change in the lock-in or synchronization region
is expected from the linear analysis, which shows a
delay in the onset of synchronization, in terms of
higher freestream velocities, as the load resistance is
increased. Furthermore, the high peaks in the trans-
verse displacement when R = 102 � and R = 106 �

for the first configurations and R = 5 × 102 � and
R = 106 � for the second configuration are due to the
relatively small electromechanical damping, as afore-
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Fig. 6 Frequency-response curves of the harvested power for the second configuration and for different values of the load resistance
when using different initial conditions

mentioned (Fig. 2b). For the first configuration, we
note that both maxima of the transverse displacement
are small for the case when R = 103 � and R = 105 �.
This result is expected because of the high electrome-
chanical damping associated with these values of the
load resistance (Fig. 2b). Concerning the second con-
figuration, we note that the maximum transverse dis-
placement is very small when R = 105 � because, in
this case, the electromechanical damping is very large
(Fig. 2b).

Variation of the maximum of the lift coefficient
with the freestream velocity for different values of the
load resistance are shown in Figs. 3b and 4b for the
first and second configurations, respectively. The ob-
served variations when R = 102 � and R = 106 �

for the first configuration and R = 5 × 102 � and
R = 106 � for the second configuration are similar
to the variations of the displacement in terms of ex-
hibiting a clear hardening behavior. For resistance val-
ues near 103 � and 105 �, the lift coefficients are
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Fig. 7 Variations of (a) the harvested power, (b) voltage output, (c) maximum transverse displacement, and (d) maximum lift coeffi-
cient, for the first configuration, with the load resistance for the short- and open-circuit configurations

much smaller in comparison to those for R = 102 �

and R = 106 �. Furthermore, we note the possibil-
ity of anti-resonance for R = 103 � and R = 105 �

occurring right after the resonance peak in terms of
freestream velocities. Figures 3c and 4c show the
harvested power for different resistance values, they
show maximum power levels near 0.1 and 1 mW
that can be attained for R = 102 � and R = 106 �

for the first configuration and maximum power lev-
els near 0.01 and 0.2 mW that can be attained for

R = 5 × 102 � and R = 106 � for the second con-
figuration.

The observed hardening behavior is a result of the
nonlinear phenomena associated with vortex-induced
vibrations. Although these nonlinearities can be help-
ful in enhancing the levels of generated power, they
can also cause a drop in the harvested power with a
slight increase in the freestream velocity. This is due to
the presence of an unstable branch, which renders the
response to be dependent on the initial conditions. Fig-
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Fig. 8 Variations of (a) the harvested power, (b) voltage output, (c) maximum transverse displacement, and (d) maximum lift coeffi-
cient, for the second configuration, with the load resistance for the short- and open-circuit configurations

ures 5a and 5d show variation of the harvested power
for different values of the load resistance. The results
clearly show a hysteresis associated with the harden-
ing behavior for R = 102 � and R = 106 � for the
first configuration. This behavior is not observed at the
other considered resistances. Concerning the second
configuration, the results also show a hysteresis asso-
ciated with the hardening behavior for R = 5 × 102 �,
R = 103 �, and R = 106 �, as shown in Figs. 6a, 6b,
and 6c.

Figures 7 and 8 show the short- and open-circuit
configurations for the harvested power, voltage out-
put, transverse displacement, and lift coefficient for
the first and second configurations, respectively. These
configurations are defined by setting the shedding
frequency equal to the short and open global frequen-
cies for both configurations, which are 326.72 rad/s
and 532.83 rad/s for the first configuration and
188.495 rad/s and 292.33 rad/s for the second con-
figuration. These shedding frequencies are obtained at
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the freestream velocities of 1.486 m/s and 2.423 m/s
for R = 102 � and R = 106 �, respectively, in
the first configuration. Concerning the second con-
figuration, the freestream velocities, which corre-
spond to the shedding frequencies of 188.495 rad/s
and 292.33 rad/s, are, respectively, 0.857 m/s and
1.329 m/s. The results show optimum values of the
load resistance for both of the short- and open-circuit
configurations for which the harvested power is maxi-
mized. The harvested power is maximum in the short-
and open-circuit configurations when the load resis-
tance is set equal to R = 600 � and R = 3 × 105 �,
respectively, for the first configuration. For the sec-
ond configuration, the harvested power is maximum
in the short- and open-circuit configurations when the
electrical load resistance is approximately equal to
R = 700 � and R = 4 × 105 �, respectively. For both
short- and open-circuit configurations, the harvested
voltage increases as the load resistance is increased
and reaches a constant value. We note that, for the
short-circuit configuration, an increase in the load re-
sistance is followed by a decrease in the transverse
displacement and lift coefficient before stabilizing at
larger values. In the open-circuit configuration, an in-
crease in the load resistance is accompanied with an
increase in the transverse displacement and lift coeffi-
cient.

5 Conclusions

We investigate harvesting energy from vortex-induced
vibrations (VIV) of a rigid circular cylinder by attach-
ing a piezoelectric transducer to the transverse degree
of freedom. We develop the coupled equations gov-
erning the lift, cylinder motion, and harvested volt-
age. The lift on the oscillating cylinder is modeled
by a modified van der Pol equation and the Gauss
law is used to model the coupling between the har-
vested voltage and the cylinder motion for two dif-
ferent configurations. The results show that the load
resistance influences the onset of the synchronization
(the shedding frequency is equal to the cylinder fre-
quency) region and its characteristics. Increasing the
load resistance shifts the onset of synchronization to
higher freestream velocities. A comparison of the re-
sults obtained for the two configurations shows that
synchronization depend the linear system parameters.
The results also show that the nonlinearity associated

with the vortex-induced oscillations results in a hard-
ening behavior and hysteresis. The fast drop in the
level of the generated power for some freestream ve-
locities and its dependence on the initial conditions re-
quire a careful analysis of the problem of generating
power from VIV. Variations in the synchronization re-
gion and an the drop in the lift coefficient and cylinder
motion associated with energy harvesting from piezo-
electric transducers suggest also the potential of using
them for VIV control in different regions of freestream
velocities.
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