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Abstract This paper is concerned with the dissipativ-
ity problem of stochastic neural networks with time
delay. A new stochastic integral inequality is first pro-
posed. By utilizing the delay partitioning technique
combined with the stochastic integral inequalities,
some sufficient conditions ensuring mean-square ex-
ponential stability and dissipativity are derived. Some
special cases are also considered. All the given results
in this paper are not only dependent upon the time
delay, but also upon the number of delay partitions.
Finally, some numerical examples are provided to il-
lustrate the effectiveness and improvement of the pro-
posed criteria.
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1 Introduction

In the past decades, neural networks have received
considerable attention due to their wide applications
in various areas such as image processing, signal pro-
cessing, associative memory, pattern classification, op-
timization, and moving object speed detection [1]. It
has been shown that time delays may be an impor-
tant source of oscillation, divergence, and instability
in systems [2—6], and thus neural networks with time
delay have been widely studied in recent years. For
example, the stability analysis problem has been ad-
dressed in [7-13]. The state estimation problem has
been investigated in [14—16]. The passivity problem
have been studied in [17-21].

In recent years, there has been a growing inter-
est in stochastic models since stochastic modeling has
come to play an important role in many branches of
science and engineering [22]. It has also been shown
that a neural network could be stabilized or destabi-
lized by certain stochastic inputs [23]. Hence, there
has been an increasing interest in neural networks in
the presence of stochastic perturbation, and some re-
lated results have been published. The problem of
stochastic effects to neural networks has been first in-
vestigated in [24]. When time delay appears in the
stochastic neural networks, the problem of stability
has been investigated in [25, 26] based on the de-
lay partitioning approach [27, 28]. The stability analy-
sis problem has been considered for stochastic neu-
ral networks with both the discrete and distributed
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time delays in [29, 30]. It is noted that the results
in [25, 26, 29, 30] are concerned with the constant
time delay. The stability problem of stochastic neural
networks with time-varying delay has been discussed
in [31, 32]. The passivity analysis of stochastic neu-
ral networks with time-varying delays and paramet-
ric uncertainties has been investigated in [33], where
both delay-independent and delay-dependent stochas-
tic passivity conditions have been presented in terms
of LMIs.

On the other hand, it has been shown that the the-
ory of dissipative systems plays an important role in
system and control areas, and the dissipative theory
gives a framework for the design and analysis of con-
trol systems using an input—output description based
on energy-related considerations [34]. Thus, dissipa-
tivity has been attracting a great deal of attention [35].
Very recently, the problem of delay-dependent dissipa-
tivity analysis has been investigated for deterministic
neural networks with distributed delay in [36], where
a sufficient condition has been given to guarantee the
considered neural network dissipative. In [37], some
delay-dependent dissipativity criteria have been estab-
lished for static neural networks with time-varying
or time-invariant delay. Although the importance of
dissipativity has been widely recognized, few results
have been proposed for the dissipativity of stochas-
tic neural networks with time-varying delay or con-
stant time delay, which motivates the work of this pa-
per.

In this paper, we are concerned with the problem
of dissipativity for stochastic neural networks with
time delay. By use of the delay partitioning tech-
nique and the stochastic integral inequalities, some
criteria are derived to ensure the exponential stabil-
ity and dissipativity of the considered neural networks.
Some special cases are also considered. The obtained
delay-dependent results also rely upon the partitioning
size. Finally, several numerical examples are given to
demonstrate the reduced conservatism of the proposed
methods.

Notation: The notations used throughout this pa-
per are fairly standard. R” and R™*" denote the n-
dimensional Euclidean space and the set of all m x n
real matrices, respectively. The notation X > Y (X >
Y), where X and Y are symmetric matrices, means
that X — Y is positive definite (positive semidefinite).
I and O represent the identity matrix and a zero matrix,
respectively. The superscript “T” represents the trans-
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pose, and diag{---} stands for a block-diagonal ma-
trix. ||-|| denotes the Euclidean norm of a vector and
its induced norm of a matrix. £;[0, +00) represents
the space of square-integrable vector functions over
[0, +00). E{x} means the expectation of the stochas-
tic variable x. For an arbitrary matrix B and two sym-
metric matrices A and C, (‘: g) denotes a symmetric
matrix, where “x” denotes the term that is induced by
symmetry. Matrices, if their dimensions are not explic-
itly stated, are assumed to have compatible dimensions
for algebraic operations.

2 Preliminaries

Consider the following stochastic neural network with
time-delay:

dx(t) = [—Cx(t) + Af (x(1))

+ Bf (x(r — T(1))) + u(r)] dt

+ [Mix(1) + Max (1 — (1)) ] dw(2)
y() = f(x()

where x(1) = [x1(t) x2(1) -+ x, (O, flx(k) =
fi(x1(®) frx2(@®) -+ fuCea )], x; (1) is the state
of the ith neuron at time 7, and f;(x;(¢)) denotes
the neuron activation function; y(#) is the output
of the neural network, u(t) € £,[0, +00) is the in-
put, and w(¢) is a one-dimensional Brownian mo-
tion satisfying E{dw(r)} = 0 and E{dw?(t)} = dr;
C = diag{cy,c3,...,c,} is a diagonal matrix with
positive entries; A = (a;j)nxn and B = (b;j)nxn are,
respectively, the connection weight matrix and the
delayed connection weight matrix; My and M, are
known real constant matrices; 7(¢) is the time-delay
and in this paper, two cases of t(¢), namely, time-
varying and constant, will be discussed, respectively.

Throughout this paper, we shall use the following
assumption and definitions.

Assumption 1 ([12]) Each activation function f;(-) in
(1) is continuous and bounded, and satisfies

l'—i‘fl‘(al)_ﬁ(az)ilﬂ_

2 al — oo [

=1,2,....n (2

where f;(0) =0, a1, a2 € R, a1 # ap, and [, and ll.+
are known real scalars and they may be positive, neg-
ative, or zero, which means that the resulting activa-
tion functions may be nonmonotonic and more general
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than the usual sigmoid functions and Lipschitz-type
conditions.

Definition 1 [22] Stochastic time-delay neural net-
work (1) with u(#) = 0 is said to be mean-square ex-
ponentially stable if there is a positive constant A such
that

lim sup % logE{ ||x(t) ||2} < -\ 3)

t——+00

We are now in a position to introduce the defini-
tion on dissipativity. Let the energy supply function of
neural network (1) be defined by

E{Gu.,y.T)} =E{(y. Qy)r} +2E{(y, Su)r}
+E{(u, Ru)r}, VT =0 (4

where Q, S, and R are real matrices with Q, R sym-
metric, and (a, b)7 = fOT a¥b dr. Without loss of gen-
erality, it is assumed that @ < 0 and denoted that
—0=0TQ_ forsome Q_.

Definition 2 Neural network (1) is said to be strictly
(9, S, R)-y-dissipative if, for some scalar y > 0, the
following inequality:

E{G(u,y.T)} = yE{{u,u)r}. VT =0 5)

holds under zero initial condition for any nonzero dis-
turbance u € £,[0, 00).

The main purpose of this paper is to establish
some delay-dependent conditions, which ensures neu-
ral network (1) is mean-square exponentially stable
and strictly (Q, S, R)-y-dissipative.

To end this section, we introduce the following in-
tegral inequalities, which will play important roles in
deriving main results.

Lemma 1 (Jensen inequality) [38] For any matrix
W > 0, scalars y1 and y» satisfying y» > y1, a vec-
tor function w : [y1, 2] — R, if the following inte-
grations concerned are well defined, then

Y2
=y | 0@ Wol)de

V1

V2 T v2
z[/ w@ﬂh}w{/ wwMM] (©)
Y1 Y1

Lemma 2 Let n-dimensional vector functions x(t),
¢(t), and g(t) satisfy the stochastic differential equa-
tion

dx(t) = @(t)dt + g(t) dw(t) 7

where w(t) follows the same definition as that in (1).
v: 5/] > 0, scalars y1, y2, y (1) satis-

fying y1 <y (t) <y, if the following integrations con-
cerned are well defined, then

For any matrix [

=y1
-%m—yﬂf ¢(@)"Wo(a) da
t=y2

<ol §]mo

w
+mmdﬂf ;}mm ®)
where
| x@E=y) —x@—y@)
w“”‘[urwm»—xa—nj’

=y
_ t—y(t) g(O{) da)(a)
an(”"'[ 0 g@) doe) |

Proof Denote 81(t) = [ ¢(a)de and 8(1) =

1=y (1)
zt:;;(t) ¢(a)do. When y1 < (1) < y», according to

Lemma 1, we have that

=y
(n—yof (@) Wo(a) da
=y

=y
=(n—7n) 9(@)"Wo(a)da
t—y (1)

=y () T
+ (2 — Vl)/ p(a) Wo(a)da
=y

> 27V 5 0Twsi ()

=50 -
+ 27N s )T W)
y2 —y (@)

=mafW&ar+@iﬁiﬂaaﬂW&a)
y(t) —wi
y(t) —n

SHOTW8 (). (9
70 2(1) 2(). (9)

+82(1)TW 8y (1) +
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Based on the lower bounds lemma of [39], we get

r—y@®) T 2=y (@)

IOETIAL [W S} Y- 010

yH)—y * W yH—n
V92" Vi %2®

>0 (10)

which implies

YO o Twsio + X" 0T
y(t)— 2=y (@)
> 81 ()T S82(t) 4 82(1)TST81(2). (11)

Then, we can get from (9) and (11) that

1=y
(2 — ) f (@) We(a) da
=y

> 81() T W81(1) + 82(6) T W (1) + 81 (1) S82(r)
+8()"ST81 (1)
sl W sT[80) 12
HEGIRERRAIEGIE
It is noted that when y () = y; or y (¢) = y», we have
81(t) =0 or 62(¢) =0, respectively, and thus (12) still

holds based on Lemma 1. On the other hand, it is clear
from (7) that

=y
i) =x(@—y) —x(t —y (@) — / g(@)do (@)
1=y(1)
(13)
and
1=y (1)
S =x(t—y@®) —x(t —y)— / g(a)do(a).
-y,
2 (14)

Substituting (13) and (14) into (12) and considering

Gl M EAOR

we can get (8) immediately. This completes the
proof. (]

Remark 1 Tt is noted that a stochastic integral inequal-

ity is proposed in Lemma 2 based on the lower bounds
lemma of [39]. It can be found that when y () = y;
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or y(t) = y», the stochastic integral inequality (8) re-
duces to the following stochastic integral inequality:

=y
=) / (@) Wo(a) da
=y

< —[xt—y)—xt—p)]"
x W[x(t —y) —x(t — )]

F2x(t —yD) —xt — )"

t_
X W/ " g(a)dw (). (15)
=y

3 Main results

In this section, we make use of the delay partitioning
technique to derive some new delay-dependent dis-
sipativity criteria for neural network (1). Both time-
varying and constant time delays are treated, respec-
tively. For presentation convenience, we denote e¢; =

[02152i—1)n Ion O2ns2my1—in] G=1,2,...,m+1)
and

Wi=[lmn Oamnx2n]. Wa = [O2mnx2n Tomn]s
M=l Ouxn].  M=[0nxn 1]

LT =diag{l]f,1f, ..., 17},

L™ =diag{l;, 1y, .... 1, },

Cy = —CII + All,, C; = BIT,

Dy=I,— L I, D,=L"I — I,

n(t)
n(t— Lo
n(t)=[ffx(2))], p(=| nt-20) |,
n(t—;”%r)
| e®
0-[,i%)

3.1 The case of a time-varying delay

In this subsection, the delay t(¢) is time-varying and
satisfies 0 < 7(¢) < t and 7(¢) < w. It is noted that the
neural network (1) can be rewritten as

{dx(t) = (1) dt + g(t) do(t) 16

z(t) = In(r)



Dissipativity analysis of stochastic neural networks with time delays

where ¢(t) = C1e16(t) + Con(t — t(t)) + u(t) and
g(t)y=MITe16(t) + MxITin(t —T(2)).

Theorem 1 Given an integer m > 0, neural net-
work (1) is mean-square exponentially stable and
strictly (Q S, R)-y -dissipative, if there exist matrices
P>0,[% S]>0(z_1 2,....m),Y>0,0>0,
diagonal matrices F; (I = 1, 2 .m+2), G| =
diag{i1,X2,..., 24} >0, Gy = d1ag{31,82, o, 0n) >
0, and a scalar y > 0, such that for any j € J =
{1,2,...,m}

g, &, &5 cfz Jfnimp
« &, 0 CT afmyp
* *  Ei3 4 0 <0
* * * -7 0
k k k k —ﬁ

a7

where Z = (523", Zi, P=P+(Gi+Gy) (L -
L7), and

g, =elOl(P—L™G\+L"G2)Cie
+e{C{(P—GIL™ +GoLT) ey

+WIQW) — W) QWa + €] IT) (G| — G2)Cie)
+eCl (G| — G2) ey
+elYer—ei 1 ZjMle; —ej, 1] ZjITiej

+ej+1171 Sjﬂlej —l—ejl'[l Silliejqq

m
D (e —eiy) I ZiMTi(ei — ei11)
i=1,i#j
m+1 m+1
+ Z eiTD?F,-Dge,- + Z eiTDgF,-Dle,-
i=1 i=l

- eTHgQH261

gl,=elnf(P—L™Gi+ LTG0,

+ej I} (Z; — Sy

T T T
+ej 11 (Z) = ;)
+61H2 (G1— Gy

8y =—(—WY+ M (-2Z;+5;+S;)M

+ D;FFH1+2D2 + DgFm+2D1

Bi3=—el IS+l (P—L G +L7G,)
+ eI (G — Gy)

[I]

3=—R+yl.

Proof First, let us consider stability of neural network
(1) with u(¢) = 0. By Schur complement, we obtain
from (17) that

ol gl 2] ToT T T
_ IS VI K el | e
g — - T T
== * ._42]2 0 + Cz z Cz
* * 33 | I | I
dmui Tefmimi’
+| ofmy |P| Ofmy | <0 (18)
0 0

It is clear from (18) that we can always find two small
enough scalars €1 > 0 and &7 > 0 such that

Sl=7 ToT ToT1T
gi—|"n “i2|4 e Cy 7 e C
= = —J CT CT

k ) 2 2

TTayT TrTasT77T
eIy M | 5le T} M,
+[ mru? | P mrar | < (19)
where ._H’:Jljl = ul‘l + T 816117 Mie; and Z =

(%)2 S ™, Zi + t%1. Choose the following Lyapu-
nov—Krasovskii functional for neural network (1) with

u()=0
V(1) = Vi) + Va(0) + V3(t) + Va(r) (20

where

xl(t)
Vi(t) = x()TPx(r) +22/\ / (fi(s) —17s)ds
0

i=1

t
Vz(l)Z/
=

Vi) = — Z/

-

t
V4(t)=7:/ / (1x() " x(s)
-1 Jita

+£20(s) @(s)) ds da

t
p ()T Qp(s)ds + / ()n(S)TYn(S)ds,
t—t(t

=g

/ 9(5)' Zi¢(s) ds dar,
t+a
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where ¢(t) = C1e10(t) + Con(t — t(t)). By Itd’s for-
mula, we have

dV(#) =LV @) dt + o () do(r) 1)

where o(t) = 2x(t)T(P — LG + LT Gy)g(t) +
2f(x(t))T(G1 — G2)g(t). It can be calculated that

LVi(t) <2x(®)"(P =L~ G1+L"G2)p(t)
+2/(x(®)"(G1 — G2)$ ()
+g®"(P+(G1+G)(LT—L7))g)

=20(t)" el 1] (P — L™ G+ LT G>)
x (Cre10(t) + Can(t — (1))
+20(1) el I3 (G — G2)(Cre10(1)
+ Con(t — (1))
+ (M1 Me16(1) + My Iy (t — T(I)))T
x P(MiIMe16(t) + MaIlin(t — (1))
(22)

Lvm):p(t)TQp(t)—p( ——) Qp< ;)
+10) Y@ — (1=t @)t — )"
X Yn(t — ‘(([))

<0)TWIOW10(t) —0(1)TW) QWL (1)
+6(t) el Yei6(r)

— (A=t —t®)) Yot —t@) 23)
2 m
LVs(r) = (%) > 6 Zig()
i=1

$()TZig(s)ds

+Cn(t—t ()"
+ Con(t — (1))

Z; (Clele(l‘)

o) Zip(s)ds  (24)
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LVi(r) = t2e1x () " x (1) + 2620 (1) T ¢ (1)
—1 [ tr(elx(sﬂx(s) +626(5)79(s)) ds
=12610(t) el I M1 e10(1)
+7262(Cre1f(r) + Con(t — T (1))
x (Cre10(t) + Con(r — T (1)))

t
_m/ Jv(s) | ds
-1

t
—m/ |9(s)|” ds. (25)
-t

It is noted that, for any ¢ > 0, there shquld exist an in-
teger j € J such that () € [%, %]. Then based
on Lemma 2, we can get that

_i=1
T t

m T
— | e Z;p(s)ds
mJi— Lz

<[ 0(t) ﬁyl yz}[ 0(t) }
Sloe—day| |« V5] |ne—day

T
+2[9(¢)T [ Me; }

—Ilejy
T
+n(r—d<r>)T[ nll] ][*’ zﬂ
l
[0 s@do@)
i 2
[ "~ “”g(a)dw(a) (20)

where

V= —eJTHITZjﬂlej - ejT+1H1TZj171€j+1
+el (TSI iej + el 11 S e

W = e}HF(Zj — S +€}+1H1T(Zj - S;)Hl

Vs =I{(=2Z;+ S; + S])I.

Meanwhile, we can also get from (15) that

SR

so(s)Tz,-@(s)ds

i=1,i#j mT
<- Z 0(1) (i — eiy) 1] Z; 1T, 27)
i=1,i#j

x (ej —ej+1)0(t)
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m
+2 ) 00 e — eI Zi
i=1,i#j
i—1

==t

X _ g(a)dw ().

t—Ltzt

On the other hand, by (2), we have that for any i €
{1,2,....m+1}

2<f(x<t—i;1lr>) —L‘x(z‘—i:ﬂlr))T
X F,~<L+x<t—i;1lr>
—f(x(t—i;lr>>>20 (28)

which implies

m+1
0=<2) 0 e/ DI FiDrei6(1). (29)
i=1

We can also get from (2) that
0<25(t — 7()) DI FsaDan (1 — (1)) (30)

On the other hand, it can be easily obtained from (20)
that there exists a scalar €3 > O such that

t
V() §€3Hx(t)H2+€3/ ()| ds
-t

t
e / 16() 112 ds. a1)
-1

Thus, we have from (22)—(27) and (29)—-(31) that for
() e [L2DE, I,

> m

E{LV(@®) +AV ()}

S I [ P
~n@—1@®) n( —t())
! 2
—T81f ||x(s)|| ds

t—t1

T 2
_182/ 1602 ds + res x|
1—T

>

! 2 ! 2
1 ae3 / o) | ds + e / 16| ds
t—T -7

t
ey / 162 ds + res x|
-7

t 1
1 e3 f )| ds + e / [¢6s)] as.
t—t -t

(32)

Let A > 0 be sufficiently small such that
rey —ept <0, re3 —e1 <0 (33)
and for any j € J,
re3 + Amax (E7) <0. (34)
Then we can get from (32), (33), and (34) that
E{LV(@®)+AV ()} <O. (35)
By It6’s formula, we have
d[e*V ()] = *[LV(a) + AV ()] det

+ ™o (o) do (). (36)

Integrating from O to ¢ and taking expectation on both
sides of (36) yields

E{eMV()} —E{V(0)]
t
< E{/ LV () +W(a)]da}. (37)
0
Combining (20), (35), and (37), we have

dmin(PYE[|x(0]*} <E[V(®)} e ME{V(0)} (38)

which implies (3) holds. Thus, the mean-square expo-
nential stability of neural network (1) is proved.

Now let us proceed to discuss the strictly (Q, S, R)-
y-dissipativity of neural network (1). To this end,
choose the following Lyapunov—Krasovskii functional
for neural network (1):

V(t) = Vi) + Va() + V3(1) (39)

where V() and V,(t) follow the same definitions as
those in (20), and

_i=l.

m 'm t
Vi(t) = — Zf . / 0()T Zip(s) ds da.
miY- t+a

7%1-

Applying a similar analysis method employed in the
proof of stability, we have that for t(¢) € [% AR

> m

@ Springer



Z.-G. Wu et al.

T
]E{/ ]LV(x(t)) dt — G(u,y, T)+ y{u, u)T}
0

T
< / ONTEIO(r)dr (40)
0
where

o) =[00T nt—taNT u®]".

We can get from (18) that for any nonzero disturbance
u(t) € L2[0, 00),

T
]E{/ LV (x(0))dt — G(u,y,T) +y (u, M)T} <0
0
(41)

which, by Dynkin’s formula, implies under zero initial
condition

vE{(u,u)r} <E{V(T)} + yE{(u,u)r}
<E{Gu,y, T} 42)

Thus, we find (5) holds. Therefore, neural network (1)
is strictly (Q, S, R)-y -dissipative. This completes the
proof. O

Remark 2 A dissipativity condition is proposed in
Theorem 1 for neural network (1) based on the de-
lay partitioning technique and stochastic integral in-
equality (8) and (15). It is noted that the Lyapunov—
Krasovskii functional (20) makes full use of the infor-
mation on neuron activation functions and the involved
time delay, and thus our result has less conservatism.
Moreover, the conservatism reduction of the proposed
condition becomes more obvious with the partitioning
getting thinner (i.e., m becoming larger), which will be
demonstrated in Sect. 4. It should be pointed out that
the LMIs in (17) are not only over the matrix variables,
but also over the scalar y, and thus by setting § = —y
and minimizing § subject to (17), we can obtain the
optimal dissipativity performance y (by y = —§).

Remark 3 If we make use of the free-weighting ma-
trix method together with the delay partitioning tech-
nique to deal with the same problem, then in order
to get a less conservative result, for any subinterval
[ﬂ, %], we need to introduce the following two

m .
equalities:

@ Springer

. T
0=2|:x<t = J;lr> Sij+x(t— r(r))Tszj]

=1 \T T
x|:x(t— — ‘L’) —x(r =)

j—1

t—Lt
- / @(s)ds
t—t(t)

—1

-1y
— / g(a) dw(a)}
t—t(t)

and
. \T
O=2|:x(t—‘l:(t))TS3j+x<t—i‘r> S4j:|
T i \"
X |:x(t—1:(t)) —x(t—gr>
t—t(t)
—/ ~ P(s)ds
1—Lit

t—t(t)
- / j g(a)dw(a)]
tfﬁ‘[

Therefore, 4mn® decision variables should be in-
troduced. But in this paper, we utilize the stochastic
integral inequality (8) to deal with the term

ft t__g i ¢(s)ds instead of the free-weighting ma-
trix method, and only mn? decision variables are re-
quired. Thus, our condition has computational advan-
tage over the condition based on the free-weighting

matrix method.

From Theorem 1, it is easily get the following sta-
bility condition for neural network (1) with u(¢) = 0.

Corollary 1 Given an integer m > 0, neural network
(1) with u(t) = 0 is mean-square exponentially sta-
ble, if there exist matrices P > 0, [i’ ;’l] >0 (=
1,2,....,m), Y >0, Q > 0, diagonal matrices F;
(I=1,2,...,m+2), Gy =diag{i, 12, ..., Ay} >0,
and G = diag{é1, 82, ...,8,} > 0, such that for any

JeJ,
=] T,T 5 TrT AT p
—J T TasT b
* By G Z My P | (43)
* * -7 0
* * * —P
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where & 1]2, E2]2, Z, and P follow the same definitions
as those in Theorem 1, and

gl =elnf (P~ L™Gi+ L*Gy)Ciey
+eiC{(P—G\L™ +GoLT) ey
+ W QW — W) QW) + ] IT) (G1 — G2)Crey
+¢[CH(G1 — Ga) e
+elYer—ei 1 Zjle; —ej, 1] ZjIiej

+ej T S[Mej+ e M SiMej

m
— Y (ei—e) I ZiM (e — eiv1)
i=lij
m+1 m—+1
+ Y e/ DI FiDsei + Y _ e/ D) FiDie;.
i=1 i=1

Remark 4 1t is noted that the stability condition of
[32] is only valid for the case of [, = 0. More-
over, if setting m =1, ,; =0, §; =0, Q = [Qol 8],
and Y =[] 192 ], the Lyapunov—Krasovskii functional
(20) coincides with that of [32]. Thus, our Lyapunov—
Krasovskii functional is much more general than that
of [32] even for the case of m = 1, that is, our result
has less conservatism than the condition of [32] even
when m = 1.

Next, we specialize Theorem 1 to the problem of
passivity analysis of neural network (1). Choosing
Q=0,5=1,and R =2y, we can get the following
corollary based on Theorem 1.

Corollary 2 Given an integer m > 0, neural network
(1) is passive, if there exist matrices P > 0, [i’ ;’l] >
0G@=1,2,...,m),Y >0, Q >0, diagonal matrices
FFd=12,....m+2), Gy =diag{h1, o, ..., Ay} >
0, G, = diag{d;1,62,...,6,} > 0, and a scalar y > 0,

such that for any j € {1,2,...,m}

g, &, Es efCfZ efnfmlP
« &, 0 0z OMP
* x  —yl Z 0 <0
* * -7 0
* * * —ﬁ

(44)

where & 1j1 follows the same definition as that in Corol-
lary 1, Eljz, 52]2, 2, and P follow_the same defini-
tions as those in Theorem 1, and &3 = —e]FHZT +
el (P— L™ G+ LYGy) + e[ 11} (G1 — G).

Remark 5 Tt should be pointed out that when A; =0,
§5i =0, 0=0Y = [)6‘ 192] and Z; = mZ, the
Lyapunov—Krasovskii functional (20) coincides with
that of [33]. Thus, our Lyapunov—Krasovskii func-
tional is much more general than that of [33]. More-
over, the passivity condition of [33] is only valid for
the case of [ = 0. Thus, our result is more effective

that of [33].
3.2 The case of a constant time delay

For simplicity, we rewrite neural network (1) as

dx(t) = ¢(t)dr + g(t) do(t)

45
z(t) = In(r) @

where ¢ (1) = (Cre1 4 Caepn1)0(t) +u(t) and g(t) =
(MiITye1 + MaITie;,41)0(1).

Theorem 2 Given an integer m > 0, neural network
(1) is mean-square exponentially stable and strictly
(9, S, R)-y-dissipative, if there exist matrices P > 0,
Z;i>0@G=1,2,...,m), Q >0, diagonal matrices F;
(I=1,2,....,m+1), Gy =diag{i1, r2,..., A} > 0,
G, = diag{d1, 82,...,8,} > 0, and a scalar y > 0,

such that
211 E13 933 214
* —R+4+yl Z 0
* * -Z 0 <0 (46)
* * x —P

where Z13, 2, and P follow the same definitions as
those in Theorem 1, and

211 =€} (P — L™ G+ L"TG)Ciey
+ elTCIT(P —GIL” + G2L+)17161
+ W QWi — W, QW;
+el 1) (G1 — G2)Cie
+elCl(G1 — G2) e
+el 1) (G1 — G2)Caema
+ e};H_lCZT(G1 — G2)Ilhe

— e;nganel
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m
= (ei —eix) I} ZiMTi(ei — eiy1)
i=1
m+1 m+1
+ Z el-TDlTF,-Dze,- + Z eiTD;rEDlei

i=1 i=1
+el (P —L Gy + LTG2)Cremn
+ey1C) (P —GIL™ + GoL ™) MMe
Q13 = (¢[C] +¢,1101)Z
Q= (T I M + et T MT)P.
Proof First, let us consider stability of neural network

(1) with u(¢) = 0. By Schur complement, we obtain
from (46) that

Q=01+ 23225 +2uP2], <o. (47)

It is clear from (47) that we can always find two small
enough scalars €1 > 0 and &, > 0 such that

Q= f}ll + 913(2 + ‘L’282).Q;r3 + 914139;F4 <0
(48)

where S}ll =021+ tzsleirﬂlTﬂlel. Choose the fol-
lowing Lyapunov—Krasovskii functional for neural
network (1) with u(t) = 0:

V() = Vi) + Vo) + V3(1) + Va(0) (49)

where V(¢) follows the same definition as that in (20),
and

t
Va(t) = / p()'Qp(s)ds
t

m —=le oy
T m _ _
Vit)y=—>" / | / #(5)" Zip(s) ds da
m - t+a

m

0 t
at) =1 / / (e1x()Tx(s) + £20(5) G (s5)) ds dex
-7 Ji+a

where ¢(1) = (Cre1 + Caepm+1)0(2). By Itd’s formula,
we have

dV(t) =LV (t)dt + o () dw(?) (50)

where o(t) = 2x(t)T(P — LG + LTG2)g(t) +
2f(x (G — G»)g(1). It can be calculated that

LVi(t) <2x()"(P — L™G1 + LT G2)d (1)

@ Springer

+2f(x() " (G1 — G (1)

+2T(P+(G1+G)(LT—L7))g®)
=20()Te{I{ (P — L™ G+ L"G>)

x (Cre1 + Coemy1)0 (1)

+20()" e} IT; (G1 — G2)

x (Cre1 + Caem+1)0(t)

+0(OT(MiITier + MaITyey41)" P

X (MI1ey + MaITie,+1)0(t), (51

<o) "W ow0(t) — ()" WS oW, (1),
2 m
LV3() = (%) > o) Zig (1)
i=l1

i—1
U

$) Zig(s)ds (52

2 m
T
— (Z) Ze(t)T(Clel + Crems1) ' Zi

i=1
x (Cre1 +Caems1)0(1)

m tfi‘[

() Zip(s)ds,  (53)
LVi(r) = 2e1x (1) "x (1) + t2620(1) T 4(1)
t
e / (61x()Tx(s) + £235() T (5)) ds
1—T

=1210(0) el [ M1e16(1) + t2e20 (1)
x (Cre1 + Caemt1) " (Crer + Crens1)0 (1)

! 2
—wl/ ||x(s)|| ds
-1
! 2
—t82/ @Cs)|~ ds. (54)
-7
We can get from (15) that

r l‘f%‘[
-—> / 09 Zig(s) ds
i Ji—ut

m
<= 00 (e — i) M ZiMT (e — €i41)0(1)

i=1
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m
+2> 00 (e —eip) " IT]
i=1
i—1

1771'
X Z; / . g(@)dw (). (55)
=0T

On the other hand, it can be easily obtained from (49)
that there exists a scalar 3 > 0 such that

2 ! 2
Vi) <es|x@| +e | x| ds
t—t

t
e [ ool as (56)
-7
Thus, we have from (51)-(56) and (29) that

E{LV (1) + 1V ()}

t
ge(z)sze(z)—m/ x| ds
1—T
t
— 18 / |@(s)||* ds + resllx @)1
1—T
! 2 ! 2
1 he3 / o) | ds + e3 / 13| ds
t—1 —T
t
< A (D) 20 ]? = 71 / (o) ds
-1
t
— 1) f ()11 ds + rezllx ()]
1—T

t t
+ &3 / () 11* ds + res / I@(s)|1% ds.
1—T 1—T

(57)
Let A > 0 be sufficiently small such that
r€3 + Amax (£2) < O, rez —e1T <0,
A&z — 7 <0 (58)
which combining with (57) implies
E{LV()+AV ()} <o. (59)

Then, by using a similar method as employed in The-
orem 1, we can get prove the mean-square exponential
stability of neural network (1).

Now let us proceed to discuss the strictly (Q, S, R)-
y-dissipativity of neural network (1). To this end,
choose the following Lyapunov—Krasovskii functional

for neural network (1):
V()y=Vi@)+ Vo) + V3(1) (60)

where Vi (¢) follows the same definition as that in (20),
V(1) follows the same definition as that in (49), and

m _i=lg t
T m . .
Vg(t):—Z/ _ f o()TZi¢(s) ds de.
m- : I+a

_ET

Then, by using a similar method as employed in The-
orem 1, we can easily get that neural network (1) is
strictly (Q, S, R)-y-dissipative. This completes the
proof. (]

Similarly, it is easy to get the following stability
and passibility conditions for neural network (1) with
constant time delay.

Corollary 3 Given an integer m > 0, neural net-
work (1) with u(t) = 0 is mean-square exponen-
tially stable, if there exist matrices P > 0, Z; > 0
i=1,2,...,m), Q> 0, diagonal matrices F; (I =

1,2,...,m+ 1), Gy =diag{r1, Ap,..., Ay} > 0, and
G, = diag{éy, 82, ..., 8,} > 0O, such that
21 213 S
* —-Z 0 | <0 61)

~

* * —-P

where Z, and P follow the same definitions as those in
Theorem 1, §213 and $214 follow the same definitions
as those in Theorem 2, and

Q= eFIFHIF(P —L G+ L+G2)Clel

+ €F1FC;r(P —GiL™ + G2L+)H1€1
+WIOW, — WS OWs + el I (G1 — G»)
x Cie; + el CL(G1 — Gy)[Tye
+e/ 1T, (G1 — G2)Caemi1 + €,,,1Cy
x (G — G e

m
= (e —eir)) T} ZiITi (e; — €iy1)

i=1

m+1 m—+1

+ Z e;FD;rFipzei + Z e;rDFszi'Dlei
i=1 i=1

+ elTI'IlT(P —L G+ L+G2)C2€m+1
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+en Gy (P—GiL™ + GoLT)yey.

Remark 6 1t is noted that compared with the Lyapu-
nov—Krasovskii functionals applied in [25, 26], the
Lyapunov—Krasovskii functional (49) includes more
information on neuron activation functions and the in-
volved constant delay. Thus, our Lyapunov—Krasovskii
functional is more general and leads to an improved
stability criterion.

Corollary 4 Given an integer m > 0, neural net-
work (1) is passive, if there exist matrices P > 0,
Zi>0@G=1,2,...,m), Q >0, diagonal matrices F;
(l=1,2,...,m+1), Gy =diag{r, X2, ..., A} >0,
G, = diag{d1, 82,...,6,} > 0, and a scalar y > 0,

such that
.(_211 :':4'13 QA13 214
x —yl Z 0
A 2
* * -7 0 <0 (62)
* * * —P

where 211 follows the same definition as that in Corol-
lary 3, E13 follows the same definitions as those in
Corollary 2, Z,and P follow the same definitions as
those in Theorem 1, §213 and $214 follow the same def-
initions as those in Theorem 2.

4 Numerical examples

In this section, we shall give several numerical exam-
ples to show the validity and potential of our devel-
oped theoretical results.

Example 1 Consider neural network (1) with u(z) =0
and the following parameters:

C =diag{4.1989, 0.7160, 1.9985},

—0.1052 —-0.5069 —0.1121
B=1]-0.0257 —-0.2808 0.0212

0.1205 —0.2153 0.1315

[—0.1038 —0.4879 —0.1088]
M, =|-0.0268 —0.2798 0.0245

| 0.1209 —-0.2098 0.1311 |

[—0.1064 —0.5073 —0.1125]
M, =|-0.0253 -0.2811 0.0202

| 0.1197 -0.2136  0.1289 |

@ Springer

Table 1 Maximum admissible upper bounds of t

[25] [26] Corollary 3
m=1 1.552 2.019 2.022
m=2 1.732 2.302 2417
m=3 1.762 2.355 2.493
m=4 1.773 2.374 2.519
m=>5 1.776 2.383 2.532
Table 2 Maximum admissible upper bounds of t
n 0.8 2
[32] 2.35 1.01
Corollary 1 (m=1) 3.49 2.16
Corollary 1 (m =2) 4.22 2.56
Corollary 1 (m = 3) 4.68 2.79
Corollary 1 (m =4) 4.97 2.93

and A=0, [ =1; =17 =0, I =04129, I =
3.8993, I = 1.0160.

In this example, we suppose the time delay is a
constant time delay. Applying the stability criteria in
[25, 26], and Corollary 3 in this paper, the maximum
admissible upper bounds of t are listed in Table 1,
from which it can be found that Corollary 3 in this
paper has less conservative than the those criteria in
[25, 26].

Example 2 Consider neural network (1) with u(t) =0
and the following parameters:

_ 0.1 04

C = diag{1.2, 1.15}, A= |: 0.2 _0'5]
0.1 -1 023 0.1

B= [—1.4 0.4] - M= [0-3 0-2]
0.1 02

My = [0.2 0.3]

and take the activation functions fi(s) = fo(s) =
tanh(0.5s). It is clear that the activation functions sat-
isfy Assumption 1 with /; =1; =0 and /; = 0.5,
Iy =0.5.

In this example, we suppose the time delay is a
time-varying delay. By using the stability criteria in
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[32] and Corollary 1 in this paper, the maximum ad-
missible upper bounds of t for various u are listed in
Table 2, from which it can be found that Corollary 1
in this paper gives better results than the condition in
[32] even form = 1.

It is assumed that t(r) = 3.97 + sin(0.8¢). A
straightforward calculation gives 7 = 4.97 and p =
0.8. The corresponding state responses of the consid-
ered neural network are shown at Fig. 1, where the
initial condition x (¢) = [3 2]T # € [—4.97, 0]. We can
find from Fig. 1 that the corresponding state responses
converge to zero.

3.5 T

5 10 15 20 25 30
Time t

Fig. 1 State responses of the considered neural network

Table 3 Minimum passivity performance y

Example 3 Consider neural network (1) with the fol-

lowing parameters:
1.2 —-0.3
05 15

0.8 0.6 04 0
B= [—0.2 —0.5] M= [ 0 0.4}
030
Mz = [ 0 0.3]

In this example, we suppose the time delay is a
time-varying delay. We first compare the passivity
condition in Corollary 2 of this paper with that of
[33]. To this end, we let T = 1.5, ll_ = 12_ =0, and
lfr = l;r = 1. Table 3 provides the minimum passivity
performance y for different methods. It is clear that
Corollary 1 in this paper greatly improves the crite-
rion in [33]. In particular, when u = 0.8, the method
of [33] fails, but Corollary 2 of this paper is still valid.

Next, let us pay attention to the dissipativity of the
considered neural network and choose

-1 0 1 0 30
o[ &) =[] e ]
t=1,1 =-0.1,1; =0.1,and I =15 =0.9. The
optimal dissipativity performance y for different m
and pu can be found in Table 4, from which we can
find that the optimal dissipativity performance y de-
pends on m and w. Specifically, when m is fixed, the

C =diag({3, 4}, A

m 0.6 0.8
[33] 0.2094 -
Corollary 2 (m =1) 0.0805 1.1631
Corollary 2 (m = 2) 0.0796 0.5309
Corollary 2 (m = 3) 0.0789 0.3795
Corollary 2 (m =4) 0.0785 0.3198
Table 4 Optimal dissipativity performance y

" 0.6 0.8 >1
Theorem 1 (m=1) 2.6952 2.4730 2.4400
Theorem 1 (m =2) 2.7020 2.5997 2.5479
Theorem 1 (m =3) 2.7038 2.6179 2.5608
Theorem 1 (m =4) 2.7044 2.6234 2.5644
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larger (< 1) corresponds to the smaller y, and when
w is fixed, the larger m corresponds to the larger y.
Furthermore, when @ (> 1), the conservatism of The-
orem 1 is dependent on m and independent of 1.

5 Conclusion

In this paper, the problem of dissipativity analysis has
been investigated for stochastic neural networks with
time delay using the delay partitioning technique. A
stochastic integral inequality has been given. Several
delay-dependent sufficient conditions have been pro-
posed to guarantee the exponential stability and dissi-
pativity of the considered neural networks. Some other
cases have also been considered. All the results given
in this paper are delay-dependent as well as partition-
dependent. The effectiveness as well as the reduced
conservatism of the derived results has been shown by
several numerical examples. We would like to point
out that it is possible to extend our main results to
more general neural networks with mixed time-delays,
uncertainties, and Markov jump parameters, and the
corresponding results will appear in the near future.
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