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Abstract This paper presents an investigation on
the nonlinear dynamic response of carbon nanotube-
reinforced composite (CNTRC) plates resting on elas-
tic foundations in thermal environments. Two configu-
rations, i.e., single-layer CNTRC plate and three-layer
plate that is composed of a homogeneous core layer
and two CNTRC surface sheets, are considered. The
single-walled carbon nanotube (SWCNT) reinforce-
ment is either uniformly distributed (UD) or function-
ally graded (FG) in the thickness direction. The ma-
terial properties of FG-CNTRC plates are assumed
to be graded in the thickness direction, and are esti-
mated through a micromechanical model. The motion
equations are based on a higher-order shear deforma-
tion theory with a von Karman-type of kinematic non-
linearity. The thermal effects are also included and
the material properties of CNTRCs are assumed to
be temperature-dependent. The equations of motion
that includes plate-foundation interaction are solved
by a two-step perturbation technique. Two cases of
the in-plane boundary conditions are considered. Ini-
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tial stresses caused by thermal loads or in-plane edge
loads are introduced. The effects of material property
gradient, the volume fraction distribution, the founda-
tion stiffness, the temperature change, the initial stress,
and the core-to-face sheet thickness ratio on the dy-
namic response of CNTRC plates are discussed in de-
tail through a parametric study.

Keywords Nanocomposites - Functionally graded
materials - Temperature-dependent properties -
Dynamic response - Elastic foundation

1 Introduction

Recently, a new class of promising materials known
as carbon nanotubes (CNTs) has drawn considerable
attention. CNTs are considered as a potential candi-
date for the reinforcement of polymer composites. It
has been reported that the aligned nanotube-reinforced
composites were fabricated [1, 2]. Sun et al. [3] re-
ported that carbon nanotubes (CNTs) have extraor-
dinary mechanical properties over carbon fibers. The
considerable advantages offered by carbon nanotube-
reinforced composites (CNTRCs) have prompted an
increased use of laminated structures with CNTRC
layers. The major difference between the carbon
fiber-reinforced composites and the carbon nanotube-
reinforced composites lies in that the latter contain a
low percentage of CTNs (2 ~ 5 % by weight) [4-7].

@ Springer


mailto:hsshen@mail.sjtu.edu.cn

Z.-X. Wang, H.-S. Shen

This is due to the fact that their mechanical proper-
ties will deteriorate if the volume fraction increases
beyond certain limit [8]. Therefore, in the modeling of
CNTRC the concept of functionally graded materials
might be incorporated to effectively make use of the
CNTs. Shen [9] firstly studied the nonlinear bending
behavior of CNTRC plates and found that the load-
bending moment curves of the plates can be consider-
ably improved through the use of a functionally graded
distribution of CNTs in the matrix. Applying the con-
cept of functionally graded materials to the nanocom-
posites, Shen and his coauthors [10-16] investigated
the postbuckling and nonlinear vibration of function-
ally graded CNTRC plates and shells under a low nan-
otube volume fraction. They found that the linear func-
tionally graded CNT reinforcements can increase the
buckling load as well as postbuckling strength of the
plate/shell structures under mechanical load, whereas
this effect is less pronounced for the thermal buckling
of the same plate/shell structure. They also concluded
that the functionally graded CNT reinforcements have
a significant effect on the nonlinear vibration charac-
teristics of CNTRC plates and shells. Moreover, Zhu
et al. [17] presented linear bending and free vibration
of functionally graded CNTRC plates with various
boundary conditions by using finite element method
(FEM). Mehrabadi et al. [18] presented linear buck-
ling of functionally graded CNTRC plates subjected
to uniaxial and biaxial compression. Aragh and He-
dayati [19] studied linear free vibration of function-
ally graded CNTRC cylindrical panels based on the
Eshelby—Mori-Tanaka approach. On the other hand,
Ke et al. [20] investigated the nonlinear free vibration
of functionally graded CNTRC Timoshenko beams.
They found that both linear and nonlinear frequen-
cies of functionally graded CNTRC beams with sym-
metrical distribution of CNTs are higher than those of
beams with uniform or unsymmetrical distribution of
CNTs. Yas and Heshmati [21] presented a dynamic
analysis of functionally graded nanocomposite beams
under the action of moving load.

A functionally graded CNT reinforced aluminum
matrix composite was recently fabricated by a pow-
der metallurgy route to support the concept of func-
tionally graded materials to the nanocomposites [22].
The sandwich construction has become even more at-
tractive to the introduction of CNTRC for the face
sheets [23, 24]. In the present work, we focus our at-
tention on the nonlinear dynamic response of CNTRC
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composite plates resting on an elastic foundation of
Pasternak-type. Two configurations, i.e., single-layer
CNTRC plate and three-layer plate that is composed
of a homogeneous core layer and two CNTRC surface
sheets, are considered. Two kinds of CNTRC layers,
namely, uniformly distributed (UD) and functionally
graded (FG) reinforcements, are considered. The ma-
terial properties of FG-CNTRC layers are assumed to
be graded in the thickness direction, and are estimated
through a micromechanical model in which the CNT
efficiency parameter is estimated by matching the elas-
tic modulus of CNTRCs observed from the molecular
dynamics (MD) simulation results with the numeri-
cal results obtained from the extended rule of mixture.
The motion equations are based on Reddy’s higher-
order shear deformation theory [25] and general von
Karman-type equations [26]. The plate-foundation in-
teraction and thermal effects are also included. The
material properties of both CNTRC layer and homo-
geneous core layer are assumed to be temperature-
dependent. Initial stresses caused by thermal loads or
in-plane edge loads are introduced. All four edges
of the plate are assumed to be simply supported and
two cases of in-plane boundary conditions are consid-
ered. The numerical illustrations show the nonlinear
dynamic response of single-layer CNTRC plates and
sandwich plates with CNTRC face sheets resting on
an elastic foundation under different sets of environ-
mental conditions.

2 Material properties of functionally graded
CNTRCs

We assume that an CNTRC layer is made of a mixture
of single-walled carbon nanotubes (SWCNTs) and the
matrix which is assumed to be isotropic. The SWCNT
reinforcement is either uniformly distributed (UD) or
functionally graded (FG) in the thickness direction.
At the nanoscale, the structure of the carbon nanotube
strongly influences the overall properties of the com-
posite. Several micromechanical models have been de-
veloped to predict the effective material properties of
CNTRC s, e.g., the Mori-Tanaka model [27, 28] and
the Voigt model as the rule of the mixture [29, 30]. The
Mori-Tanaka model is applicable to micro-particles
and the rule of mixture is simple and convenient to
apply for predicting the overall material properties
and responses of the CNTRC structures. At nanoscale,
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both Mori-Tanaka and Voigt models need to be ex-
tended to the case involving the small scale effect. It
has been shown that the Voigt and Mori—Tanaka mod-
els have the same accuracy in predicting the buckling
and vibration characteristics of functionally graded
ceramic-metal beams [31], plates [32], and shells [33].
According to the extended rule of mixture, the effec-
tive Young’s modulus and shear modulus of CNTRCs
can be expressed as [9]

Eil =mVenESY + V, E™ (1a)

2 Ven |V

g— =t (1b)
»  E5

3 Ven | Vm

= 1
G G T Gm (1

where E ICIN , E2C2N , and GlczN are the Young’s and shear
moduli of the CNT, E™ and G™ are the correspond-
ing properties for the matrix, and the n; (j =1,2,3)
are the CNT efficiency parameters, respectively. In ad-
dition, Vcn and V,, are the volume fractions of the
CNT and the matrix, which satisfy the relationship of
Ven+ Vi =1.

As has been shown [27, 34], the load transfer
between the nanotube and polymeric phases is less
than perfect (e.g., the surface effects, strain gradients
effects, intermolecular coupled stress effects, etc.).
Hence, we introduce the CNT efficiency parame-
ter n; (j =1,2,3) into Egs. (1a)=(lc) to consider
the small scale effect and other effects on the ma-
terial properties of CNTRCs. The values of n; will
be determined later by matching the elastic moduli
of CNTRCs predicted by the MD simulations with
the prediction of the extended rule of mixture in
Egs. (1a)—(1c).

The material properties of functionally graded
ceramic-metal materials vary continuously from one
surface to the other and, therefore, the volume frac-
tions of the constituents may follow a simple power
law [31-33, 35]. In contrast, for functionally graded
fiber-reinforced composites, to avoid abrupt change
of the material properties, only linear distribution can
readily be achieved in practice. Three types of FG-
CNTRC layers are configured. For Type V, the outer
surface (Z = 1g) of the layer is CNT-rich, referred to as
FG-V. For Type A, the distribution of CNT reinforce-
ments is inversed and the inner surface (Z = 11) of the
layer is CNT-rich, referred to as FG-A. For Type X,

a mid-plane symmetric graded distribution of CNT
reinforcements is achieved and both outer and inner
surfaces are CNT-rich, referred to as FG-X. Conse-
quently, we assume the volume fraction Vcn for the
top layer of the sandwich plate follows as

H—27
VCN=2(1 )Vé‘N (2a)
=1

and for the bottom layer follows as

_ Z—1b "
Ven =2 Ven (2b)
3—10

inwhich Z=1t=—-h/2,Z=t3=h/2 and

N wen + (0N/pmy — (pN/ pmywen

(20)

where wey is the mass fraction of nanotube, and pCN
and o™ are the densities of carbon nanotube and ma-
trix, respectively, and the mass density of the CN-
TRC is defined by p = VenpSN + Vi, p™. In such a
way, the two cases of uniformly distributed (UD), i.e.,
Von = VC*N, and functionally graded (FG) CNTRCs
will have the same value of mass fraction of nanotube.
The thermal expansion coefficients in the longitu-
dinal and transverse directions can be expressed by

VeNESNa N + Vi Ema™

ay = (3a)
VeNE + Vi E
an = (1 + v1C2N)VCNot§2N + (1 + vm)Vmam
— V12011 (3b)

where oclclN , (szzN , and o™ are thermal expansion co-

efficients, and vlczN and V" are Poisson’s ratios, re-
spectively, of carbon nanotube and matrix. Note that
a11 and ap; are also graded in the thickness direction.
Furthermore, we assume that the material properties
of the CNTs and the matrix are temperature depen-
dant. Thus, the effective material properties of FG-
CNTRC s, such as Young’s modulus, shear modulus,
and thermal expansion coefficients, are functions of
temperature and position. Accordingly, the effective
Poisson’s ratio depends weakly on temperature change
and position and is expressed as

viz = Végi + V" )
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3 Nonlinear forced vibration of CNTRC sandwich
plates

Sandwich structures represent a special form of a
layered structure that consists of two thin stiff and
strong face sheets separated and a relatively thick,
lightweight, and soft core material [36]. Recently, the
sandwich plate with relatively stiff core has drawn
considerable attention [37]. The length, width, and to-
tal thickness of the sandwich plate are a, b, and h.
The thickness of each CNTRC face sheet is / r, while
the thickness of the homogeneous core layer is hy, as
shown in Fig. 1. The plate is exposed to elevated tem-
perature and is subjected to a transverse dynamic load
Q(X,Y,t) combined with initial in-plane edge loads
if any. As usual, the coordinate system has its origin at
the corner of the plate on the mid-plane. Let U,V,and

transverse shear strains are parabolically distributed
across the plate thickness. The advantages of this
theory over the first order shear deformation the-
ory are that the number of independent unknowns
(U,V,W,¥,, and llf ) is the same as in the first order
shear deformation theory, but no shear correction fac-
tors are required. Based on Reddy’s higher order shear
deformation plate theory, Shen [26] derived a set of
general von Karman-type equations which can be ex-
pressed in terms of a transverse displacement W, two
rotations ¥, and llly, and stress function F defined by
Nx = F,yy, NV = F,xx, and ny = —F,xy Hence
the motion equations of a sandwich plate, which in-
cludes the plate-foundation interaction and thermal ef-
fects, can be expressed by

W be the plate displacements parallel to a right-hand L1it(W) — Lia(¥) — L13(¥y) + L1a(F)
set of axes (X, Y, Z), where X is longitudinal and Z ~ -T =~ 2
. . - = . —Lis(NT) = Lig(M") + K1 W — K, VAW
is perpendicular to the plate. ¥, and ¥, are the mid- 15( ) 16( ) ! 2
plane rotations of the normals about the Y and X axes, o R 3117 alp
respectively. The plate rests on an elastic foundation. =LW,F)+ Liz(W) + 1 8< X Y > +0
As is customary [38, 39], the foundation is assumed 5)
to be a compliant foundation, which means that no o o o o o
part of the plate lifts off the foundation in the large de- Lo1(F) + Loa (W) + L3 (¥y) — Loa(W) — Los(NT)
flection region. The load-displacement relationship of 1. - _
the foundation is assumed to be p = K; W — K, V2W, = _EL(W’ W) (6)
where p is the force per l_mit area, K is the Winkler - _ - - - _
foundation stiffness and K3 is the shearing layer stift- L31(W) + L3 (¥x) — L33(Wy) + L3a(F)
. 2 . ~ - -~ -
pess of the foundation, and V- is the Laplace operator — Lss ( NT) — L ( ST)
in X and Y. .
Reddy [25] developed a simple higher order shear P oW Il
deformation plate theory. This theory assumes that the ~9%x + o )
Fig.1 Configuration of a 5 a ‘
CNTRC laminated plate ' ‘
resting on an elastic to
foundation l1
X
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Lat(W) — Lap (W) + Laz (W) + Laa(F)
— 1:45(NT) — l~,46(S'T)

oW
=Jlo— + I10¥, 8
98Y+1o3 (8

in which

- 92 9?2 92 92 92 92
LO)=— _
0 tarZax?

! 9
IX29Y2  “9X0Y 0XoY ©a)

- 4 L\ ([ 8% 92
Lii0==— (-2 —+-—)—-1 b
170 3h2< ST )<8X2 toyz 1 (9b)

and the other linear operators I:i () are defined as
in [12], and I; are defined in Egs. (18a), (18b) below.
Note that the geometric nonlinearity in the von Kéar-
madn sense is given in terms of I:() in Egs. (5) and (6).
If the sandwich-type structure is mid-plane symmet-
ric, the stretching/bending coupling is zero-valued,
Le., Bjj = Ejj =0. Hence, L14() = L15() = L22() =
L23() = L24(0) = L34() = L35() = L44() = L45() = 0.

In the above equations, the superposed dots indi-
cate differentiation with respect to time r. N7, M7,
and PT are the thermal forces, moments and higher
order moments caused by elevated temperature, and
are defined by

NI mI P
Ny oMy By
NI MmI PL
174 Ax
= / Ay | (1,2,2°)ATdZ (10a)
k=111 | Ay ‘
S¢ me e
T | — vl pT
ol Il I e vl I (100
st M, Pl

where AT =T — Tj is the temperature rise from the
reference temperature 7y at which there are no thermal
strains, and

Ax On Qu Qi ][1 O ol
Ay |=—|0Qn 0Qn 0Qx||0 1 |:0t22:|
Axy Oi6 Q% Qe |0 O

an

in which o] and ayy are the thermal expansion co-
efficients measured in the longitudinal and transverse

directions, respectively, and Qi ; are the transformed
elastic constants, details of which can be found in [25,
26]. Note that for an FG-CNTRC layer, Q;; = Q;; in
which

Eq Ex»
On=——m—, Op=——""—
I —vpvy I —vpvy
w1 E 12
Op=—""—"7—, 016 =02=0 (12)
1 — v
Q66 =G 12, Q44 =G23, 0s55=G13

where Eji, Ex, Gi2,v12, and vy are the effective
Young’s and shear moduli and Poisson’s ratios of the
FG-CNTRC layer, respectively. They are derived from
the corresponding properties of the CNTs and the ma-
trix by the use of a micromechanical model as de-
scribed in Sect. 2.

We assume that all the edges of the plate are simply
supported. Depending upon the in-plane behavior at
the edges, two cases will be considered.

Case 1: The edges are simply supported and freely
movable in both the X and Y directions, and the uni-
axial or biaxial edge loads are acting in the X and Y
directions, respectively.

Case 2: Four edges are simply supported with no in-
plane displacements.

The boundary conditions of above two cases can be
expressed as

X=0,a
W=y,=0 (13a)
M =P,=0 (13b)
b -
/ Ny dY +oxbh =0 (for case 1) (13¢)
0
U=0 (forcase?2) (13d)
Y=0,b
W=¥,=0 (13e)
My=P,=0 (13f)
a
/ 1\_/y dX +oyah =0 (forcase 1) (13g)
0
V=0 (for case 2) (13h)

where o, and o, are average compressive stresses in
the X and Y directions, M, and M, are the bending
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moments and Py and ﬁy are the higher order moments
as defined in [25].

The conditions expressing the immovability con-
ditions (13d) and (13h) are fulfilled on the average
senses as [9]

//—dXdY 0 (14a)
/ /'__dex 0 (14b)

in which

U 3?F , °F

*
ax ~ Aigyr TARgys

4 v,
B}, — —E¥, | —
4 v
+< 127 37 12) 3%
4 ( W P*W
e\ Bligxr TERgys
1/oaW\? _ )
_5<§) —(ATleT—i—ATzNyT) (15a)

v ?F  , 3F .
v =gy Al (B -

4 v

B — —E} | —2

+< 27 35 22) Y%
4 ( PW W
“a\ Py TGy

1/0W\? i i}
_§<W) — (AL N] + 435,N]) (15b)

4 L v,
35272 ) ax

In the above equations, the reduced stiffness ma-
trices [A};],[Bf;), [Dj;], [ES ) [F;), and [H[] are
functions of T and Z, determined through relation-
ships [26]

A*=A"1, B*=-A"'B

D*=D —BA !B, E*=-A"'E (16)
F

=F—-EA !B, H*=H-EA'E
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where A;;j, B;j, etc., are the plate stiffnesses, defined
by

(Aij9 D,'], ijs Hl])

:Z/k (0ipi(1, 2%, 2%, 2% dz
k=111

(i,j=1,2,6) (17a)
(Aij, Dij, Fij)
_Z/ (Qipi(1,2%,2Ydz (i, j=4,5)
- (17b)

and the inertias I; (i =1,2,3,4,5,7) are defined by
(1, I, I3, 14, Is, I7)

—Zf p(2)(1,2,2%, 2%, 2% 2°)dZ (18a)
Tk—1

and

I,=1 4 I Is=1 4 I

L=1I 8 Is + 16 I

o 121-2 ; 4 ; (18b)
P 4 (- 1_214 Ll -

9 3]12 5 11 ’ 10_ I 3

4 Solution procedure

Before carrying out the solution process, it is conve-
nient to first define the following dimensionless quan-
tities for such plates, in which the alternative forms ki
and k; are not needed until the numerical examples are
considered

X Y 8 a
X=m—, =m—, =—
a Y=Y b
B w B F
(D}, D3, A7 A3 (D}, D3,1'/2
@, ¥,
(W, W) = (. &)

[D* D3, A% A3, ]1/4
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Dx 11/2 Ax 12
V14=[ 22} ) J/24=[ “}

DT] A§2
AL ( - a® (A7, A])
V5 = Aiz’ Yri,¥Yr2) = 22 [DTID§2]1/2

(yr3, Y14, Y16, VT7)

2
__a r oot 4 o 4 7
7n2hD;‘1<Dx’Dy’WFX’WE">

(MXv P)C)
a? 1 <M 4 }_))
= 5 x> 5751 x
m? DT1[DT1D§2A1‘1A§2]1/4 3h?

(Kl,kl)=k1< D ) (19)
Ka, ko) = K ,
(K2, k) 2( D7 Eoh? )

E
S 0’ o = ~QL Po

a £0 EO

I, Ega? 4Eo(IsI) — Iu1p)
Y170 = ——5 > 4 WA B e —

7'[2,0()D>1'<1 3p0h211DT1

Eo
(¥80, ¥90, Y10) = (I3, Iy, I10) =
IOODll
(oxb2 oya’)h
()\4)(1 )Ly) 2[D* D* ]1/2
g = ga’
.=
n4 Dy, [Df, D3, AT, A5,]1/4

in which pg and E( are the reference values of p™

and E™ at the room temperature (7p = 300 K), and
T AT pnT pT gT T

AL, Ay , Dy, Dy , F; ,and F, are defined by

AT pr' Fr }
AT
T T T
|:Ay D)’ F)’

=_Z/tk [2)‘](1,2, Z¥)AT(Z,T)dZ (20)
y

k=171

where Ay and Ay are given in detail in Eq. (11).
The nonlinear Egs. (5)—(8) may then be written in

dimensionless form as

Lii(W)
—L]6(M

= y14f>L(W, F) +L17(V"V>

— L1ip(Wy) — L13(¥y) + y1aL14(F)

D+ KW - K VW

811/
+ Y80 o + Aq 2D
Loy (F) + y24L22(¥x) + )/24L23(‘1’y) — y24L24(W)
1
= =5 VB LW, W) (22)
L31(W) + L32(¥y) — L33(¥y)
+ y14L34(F) — L3g(ST)
AW .
=Y05- + y10¥x (23)
X
Lyt (W) — Lap(Wx) + L4z (¥y)
+ 714Laa(F) — Las(S")
oW ..
=y0B—— + 0¥y (24)
dy
where
3% 9% 92 3?2 3% 9%
LO0=—sos "% 4 2 O 25
0 9x2 9y? 0xdy dxdy  dy? ax2 (252)
2 597
L170 =y170 + )/171( +8 ) (25b)

and other nondimensional linear operators L;;() are
defined as in [12].

The boundary conditions of Egs. (13a)—(13h) be-
come

x=0,m;
W=v,=0 (26a)

l/ﬂ,B —dy+4k /3 =0 (forcasel) (26b)

//[yz“ﬁzaF_ Sox2

0w, v,
+ v2a| vs11 Br + V233ﬁ—y
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W 32W 1 aw\?
—vu\velio 5 + youaBt— | — sy —
ax2 2 0x

+ ()/224J/T1 — ysyrz)AT] dxdy =0 (for case 2)

(26¢)
y=0,m;
W=v,=0 (26d)
1 (™ 3°F
— / 8— dx +4xy =0 (forcase1) (26e)
[ [t
8x2 8y2
v, oW,
+ vl vo—+ V5228 —
0x ay
2w 32W
— vl V05T + Y622 B° —
1 g2 aW\?
2)’24 3y
+ (yr2 — J/SVTl)AT] dydx =0 (for case 2)
(261)

We assume that the solutions of Egs. (21)—(24) can
be expressed as

W(x,y, 1) =W*(x,y) + W, y,1)

¥, (x, Y, T) = W:(x’ )’) + "ilx(xv yvf)
g 27
Py (x,y, 1) =¥ (x, ) + Wy (x, y, 7)

F(x,y, 1) =F*(x,y) + F(x,y,7)

where W*(x, y) is an initial deflection due to initial
thermal bending moment, and W(x, y,T) is an ad-
ditional deflection. ¥ (x, y), llfy*(x, y) and F*(x,y)
are the mid-plane rotations and stress function cor-
responding to W*(x, y). lf/x(x, y,T), lf/y(x, v, 7) and
F (x,y,7) are defined analogously to ¥[(x,y),
E[/;,‘(x, y) and F*(x,y), but is for Wi(x, v, 7). If the
sandwich-type structure is mid-plane symmetric, no
initial thermal bending occurs under uniform temper-
ature field, and in such a case W*(x,y) = ¥*(x,y) =
WE(x,y) = F*(x,y) =

Substituting Eq. (27) into Eqgs. (21)—(24), we obtain
two sets of equations and can be solved in sequence.
The first set of equations yields the particular solution
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of thermal bending which can be obtained in the sim-
ilar form as in [40]. The second set of equations gives
the homogeneous solution of vibration characteristics
on the initial deflected plate that can be expressed by

W(x, 1)
= sA(l)(t) sinmx sinny
+e [A( ) () sinmx sinny
+ Aé‘l) (t) sin3mx sinny
(3)(r) sinmx sin3ny] + O (e*) (28)
¥y (x,y, 1)
= 8[Cﬁ)(r) + C"ﬁ)(r)] cosmx sinny
+ szcg))(r) sin2mx
+é3 [CS) (t) cosmx sinny
+ Cg?l’) (t) cos3mx sinny
+ C(3)(r) cosmx sin 3ny] + 0( ) (29)
Py (x, y,7)
= s[ (1)(1:) + D (‘L’)] sinmx cosny
+ 82D(()2)(‘L') sin2ny
+e [D( )(r) sinmx cosny
+ D (r) sin3mx cosny
D13 (t) sinmx cos 3ny] + 0(84) (30)
F(x,y,7)
= B9y 2 0%
+ S[B(l)(t) + B(S)(t)] sinmx sinny
+&2(=By?/2 = b§3)x /2 + B (v) cos 2ny
+ Bé(z))(r) cos 2mx)
+¢3 [BS) (t) sinmx sinny
+ Bﬁ) (t) sin3mx sinny
+ BY) (v) sinmx sin3ny] + 0 (%) 3D
Ag(x,y,7)

1 (1 . .
= 8[g41A§1)(‘() + g40A(11)(1:)] sinmx sinny
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+ (sA(lll) (r))z(gzo cos 2mx + gop cos 2ny)
+0(e*) (32)

In Eq. (32), (Agll)e) is taken as the second pertur-

bation parameter relating to the dimensionless ampli-
tude W,,,. From Eq. (28), taking (x, y) = (7w /2m, 7 /2n)
yields

AVe=W, -0 W3 +... (33)

Substituting Eq. (33) into Eq. (32), and applying
Galerkin procedure, one has

d* (W)
dt?

=7iy(0) (34)

840 + 841 (W) + 0 (W)? + ga3(Wi)?

in which coefficients g49 to g43 are all functions of Z
and T, and

4 b T
Ag(T) = ;/0 /0 Ag(x,y,T)sinmxsinnydxdy
(35)

All symbols used in Egs. (28)—(34) are described
in detail in Appendix. If zero-valued initial condi-
tions prevail, i.e., W, (0) = W,,(0) = 0, Eq. (34) may
then be solved by using the Runge—Kutta iteration
scheme. Substituting these solved solutions back into
Eqgs. (28)-(31), we obtain both displacements and
stress function of the plate.

5 Numerical results and discussion

Numerical results are presented in this section for
single-layer CNTRC plates and sandwich plates with
CNTRC face sheets resting on elastic foundations
in thermal environments. We first need to determine
the effective material properties of CNTRCs. Poly
(methyl methacrylate), referred to as PMMA, is se-
lected for the matrix, and the material properties of
which are assumed to be p™ = 1150 kg/m>, v =
0.34, @™ = 45(1 + 0.0005AT) x 107%/K and E™" =
(3.52 — 0.0034T) GPa, in which T = Ty + AT and
To = 300 K (room temperature). In such a way, o™ =
45.0 x 107%/K and E™ = 2.5 GPa at T = 300 K.
The (10, 10) SWCNTs are selected as reinforcements.

Han and Elliott [6] chose ESN = 600 GPa, ESN =

10 GPa, G = 17.2 GPa and v = 0.19 for (10, 10)
SWCNTs. Such a low value of Young’s modulus is
due to the fact that the effective thickness of CNTs
is assumed to be 0.34 nm or more. However, a re-
cent report [41] suggested that the effective thickness
of SWCNTs should be smaller than 0.142 nm. There-
fore, the material properties and effective thickness of
SWCNTs need to be properly chosen either by ex-
periments or molecular dynamics (MD) simulations.
Typical results are listed in Table 1 [10]. These re-
sults confirm that the material properties of CNTs are
size-dependent and temperature-dependent. It is noted
that the effective wall thickness obtained for (10, 10)-
tube is 0.067 nm, which satisfies the Vodenitcharova—
Zhang criterion [41], and the wide used value of
0.34 nm for tube wall thickness is thoroughly inap-
propriate for SWCNTs.

The key issue for successful application of the ex-
tended rule of mixture to CNTRCs is to determine
the CNT efficiency parameter n; (j = 1,2, 3) prop-
erly. For short fiber composites 7 is usually taken to
be 0.2 [42]. However, there are no experiments con-
ducted to determine the value of n; for CNTRCs.
In the present study, we estimated the estimation of
CNT efficiency parameters 711, 12, and 13 by match-
ing the Young’s moduli E1; and E»; and shear mod-
ulus G1p of CNTRCs predicted from the extended
rule of mixture to those from the MD simulations
given by Han and Elliott [6] and Griebel and Hamaek-
ers [4], as previously reported in [10]. For exam-
ple, n1 = 0.137, 172 = 1.022 and n3 = 0.715 for the
case of Vi =0.12, and n; = 0.142, n2 = 1.626 and
n3 = 1.138 for the case of Vg = 0.17, and 0 =
0.141,1n, = 1.585 and n3 = 1.109 for the case of
Viy = 0.28. These values are used in all the following
examples, in which we assume that G13 = G2 and
Gy =1.2G12 [5]

5.1 Comparison studies

To ensure the accuracy and effectiveness of the present
method, three test examples were re-solved for forced
vibrations of single-layer isotropic plates and sand-
wich plates with isotropic or composite face sheets.
Firstly, the curves of central deflection and moment
as functions of time for a simply supported isotropic
square plate (a/h = 10, v = 0.25) subjected to a sud-
denly applied uniform load resting on a Pasternak
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Table 1 Temperature-dependent material properties for (10, 10) SWCNT (tube length = 9.26 nm, tube mean radius = 0.68 nm,

tube thickness = 0.067 nm, UICZN =0.175)

Temperature (K) ESN (TPa) ESN (TPa) GSX (TPa) atN (x107%/K) aN (x107%/K)
300 5.6466 7.0800 1.9445 3.4584 5.1682
500 5.5308 6.9348 1.9643 4.5361 5.0189
700 5.4744 6.8641 1.9644 4.6677 4.8943
0.012 0.010
+ K,=0,K=0 Present
O K,=200, K=20 0.009 |- O Ramachandra & Meyer-Piening [44]
0010 F e ---- Wen[43]: K,,=0, K.=0 0.008 F
. . ——Wen[43]: K,=200, K;=20  ooorf
E 0.006 |- o
";v: 0.006 & 0005}
S 8 b
B 000 5 0.004 |- R
5 0003F
0.002 S 0.002 - 5 5 o
© 0.001
0.000
0.000 v v a
PR T T TR T R S SR SR -0.001 L L L
R T S 7Y 0.000 0.005 0.010 0.015 0.020
Time (sec)
(a)Er(1+)p"™
(a) Fig. 3 Comparisons of dynamic response for a sandwich plate
0.12 with isotropic face sheets subjected to a suddenly applied uni-
K0 K0 form load
, 0 K,=200, K=20
010 1 PN ----Wen[43]: K =0, K=0
¥ TN Wend3]: K200, K220 . ) ]
008 L o A Secondly, the central deflection versus time curves
+‘\\ +/ for a sandwich square plate with isotropic face sheets
=% B N b subjected to a suddenly applied uniform load are plot-
= \

-0.02 PR RS SR U NS N U (A NS SR S

() ER(1+V)A]"

(b)

Fig. 2 Comparisons of dynamic response of an isotropic plate
resting on a Pasternak foundation subjected to a suddenly ap-
plied uniform load: (a) Center deflection; (b) Center bending
moment

foundation are plotted and compared in Fig. 2 with
the method of fundamental solution (MFS) results of
Wen [43]. In Fig. 2, the dimensionless time is de-
fined by (¢/a)[E/2(1+ v),o]l/z, and the dimensionless
foundation stiffnesses are defined by Ky = Kya* /D
and Kg = K,a?/D.
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ted and compared in Fig. 3 with the FEM results of
Ramachandra and Meyer-Piening [44] using their ma-
terial properties, i.e., E = 71.238 GPa, v = 0.33 for
the aluminum face sheet, and E. = 60 MPa, G, =
21 MPa, v, = 0.20 for the PVC foam core. The mass
density of the plate is taken to be p = 308.27 kg/m°.
The sandwich plate is made up of 0.5 mm thick alu-
minum face sheets and 13 mm thick PVC foam core,
and a = b = 500 mm. The suddenly applied uniform
load has go = 40 Pa.

Finally, the curves of central deflection for a square
sandwich plate with composite face sheets subjected
to a suddenly applied transverse sinusoidal load are
plotted and compared in Fig. 4 with the FEM re-
sults of Nayak et al. [45]. The sandwich plate has
a PVC foam core layer and two face sheets made
of 5 plies of graphite-epoxy composites, referred to
as (0/90/0/90/0/core/0/90/0/90/0). The comput-
ing data adopted are: a =b =1 m, h = 0.01 m and
face thickness hrp = 0.00025 m; E{; = 128.0 GPa,
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Fig. 4 Comparisons of dynamic response for a
(0/90/0/90/0/core/0/90/0/90/0) sandwich plate subjected to
a suddenly applied transverse sinusoidal load

E22 =11.0 GPa, V12 = 0.25, G12 = G13 =448 GPa,
Gy = 1.53 GPa, p = 1500 kg/m® for the face
sheets, and E. = 0.10363 GPa, v, = 0.32, Geore =
0.050 GPa, p. = 130 kg/m> for the core layer.
The transverse sinusoidal load is assumed to be
qo sin(mw X /a) sin(w Y /b) where go = 1 Pa.

These three comparisons show that the present re-
sults agree well with existing results. Note that in these
examples, the material properties are assumed to be in-
dependent of temperature.

5.2 Dynamic response of single-layer CNTRC plates

Parametric studies are first carried out to examine
the nonlinear dynamic response of single-layer CN-
TRC plates with or without elastic foundations in ther-
mal environments. Three types of FG-CNTRC plates,
i.e., FG-V, FG-A and FG-X, are considered. An UD-
CNTRC plate with the same thickness is also consid-
ered as a comparator. The plate geometric parameter
aretakentobe a/b=1,b/h =10, h = 2 mm. The de-
flected mode is taken to be (m,n) = (1, 1). The time
step for Runge—Kautta iteration method is At = 0.2 ps.
The dynamic load is assumed to be a suddenly applied
uniform load with go = 2 MPa. The boundary condi-
tion is assumed to be immovable (case 2) except for
Figs. 9 and 14.

Table 2 presents the nonlinear to linear frequency
ratios wn/wr, for single layer CNTRC square plates
resting on elastic foundations at 7 = 300 and 500 K.
The dimensionless frequency is defined by 2 =
2(a?/ h)«/po/Eo. The CNT volume fraction is taken
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Fig. 5 Effects of CNT reinforcements on the dynamic response
of a single-layer CNTRC plate: (a) Central deflection; (b) Cen-
tral bending moment

to be V% = 0.17. As expected, the fundamental fre-
quencies are increased with increase in foundation
stiffness. It can be seen that the fundamental frequen-
cies are reduced, but the nonlinear to linear frequency
ratios are increased with increase in temperature. The
results show that the fundamental frequencies of FG-
X CNTRC plate are higher, but the nonlinear to linear
frequency ratios of the same plate are lower than those
of plates with uniform or unsymmetrical distribution
of CNTs.

Figure 5 presents the dynamic response of three
types of single layer FG-CNTRC plates and compares
with that of the UD-CNTRC plate. The CNT volume
fraction is taken to be V(% = 0.28. It can be seen that
the FG-CNTRC plate of type X has lowest deflection
and largest bending moment, while the FG-CNTRC
plate of type V has largest deflection and lowest bend-
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Table 2 Nonlinear to

linear frequency ratios (k1 k) Temperature Q2 Winax/ h
wnNL /oL, for CNTRC square 0.2 04 0.6 0.8 1.0
plates resting on elastic
foundations in thermal (0,0) 300 K UD 153875 10625 12311 14698 1.7501  2.0550
environments (a/b =1.0, FG-V 140952 1.0741 12706 15435 1.8594 2.2000
b/h =10, h =2 mm,
2 =0.17) FG-A 160922 10569 12118 14332 16952 1.9819
FG-X 203576 1.0359 1.1367 12874 14727 1.6811
500 K UD 139017 1.0734 12684 15395 18536 2.1922
FG-V 127965 1.0861 13109 16175 19681 23431
FG-A 14.8434 1.0642 12370 14808 1.7665 2.0769
FG-X 185859 1.0413 1.1564 13263 15328 1.7631
(100,0) 300K UD 182319  1.0449 1.1693 13515 15714 18155
FG-V 17.1531 1.0506 1.1895 1.3905 1.6308 1.8955
FG-A 18.8130 1.0420 1.1588 1.3309 1.5398 1.7726
FG-X 225658 1.0293 1.1126 12390 13969 15768
500 K UD 16.9978  1.0497 1.1863 13844 1.6215 1.8830
FG-V 160450 1.0556 12070 1.4241 1.6816 19637
FG-A 169833 1.0494 1.1853 1.3825 1.6186 1.8791
FG-X 209793 1.0326 1.1246 12632 14349 16293
(100,10) 300K UD 228280 1.0289 1.1110 1.2358 13918 1.5698
FG-V 219738 1.0311 1.1193 12525 14182 1.6063
FG-A 232678 1.0276 1.1064 12265 13771 15494
FG-X 263877 1.0215 1.0835 1.1795 13022 14446
500 K UD 218578 1.0303 1.1164 12467 14090 15936
FG-V 212062 1.0322 1.1232 12604 14305 1.6233
FG-A 21.8250 1.0302 1.1159 12457 14075 15915
FG-X 250410 1.0230 1.0890 1.1909 13204 14702

ing moment among the four. Hence, in the follow-
ing examples only UD-CNTRC plate and FG-CNTRC
plate of Type X are considered.

Figure 6 shows the effect of CNT volume fraction
Vi (=0.12,0.17 and 0.28) on the dynamic response
of a single layer FG-CNTRC plate. It can be seen that
the central deflections are decreased with increase in
CNT volume fraction. In contrast, the bending mo-
ments are weakly increased when the CNT volume
fraction rises.

Figure 7 shows the effect of temperature changes
(T =300, 500, and 700 K) on the dynamic response of
a single layer FG-CNTRC plate (V% = 0.12). It can
be seen that the curve of central deflection versus time
becomes higher, but the curve of bending moment ver-
sus time becomes lower when the temperature rises.

Figure 8 shows the effect of foundation stiffness on
the dynamic response of a single layer FG-CNTRC
plate (V¥ = 0.12) resting on elastic foundations. Two
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foundation models are considered. The stiffnesses are
(k1, ko) = (100, 10) for the Pasternak elastic founda-
tion, (k1, k2) = (100, 0) for the Winkler elastic foun-
dation and (k1, k2) = (0, 0) for the plate without any
elastic foundation. As expected, both central deflec-
tions and bending moments are reduced when the
foundation becomes stiffer.

Figure 9 presents the dynamic response of a single
layer FG-CNTRC plate with V% = 0.17 under ini-
tial uniaxial in-plane loads. In this example, the in-
plane boundary condition is assumed to be movable
(case 1). The initial uniaxial edge loads are taken to be
P/ P, =—0.5,0.0,and 0.5, in which P, is the critical
buckling load for the UD-CNTRC plate under uniax-
ial compression in the X direction. It can be seen that
the initial in-plane compressive load increases both de-
flection and bending moment of the plate. On the other
hand, the initial in-plane tension load softens both de-
flection and bending moment curves.
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Fig. 6 Effect of CNT volume fraction on the dynamic response
of a single-layer CNTRC plate: (a) Central deflection; (b) Cen-
tral bending moment

5.3 Dynamic response of sandwich plates with
CNTRC face sheets

For all cases below, the plate geometric parameter
a/b =1, b/h = 10, the thickness of each CNTRC
face sheet is identical and the plate is mid-plane sym-
metric, and the thickness of each CNTRC face sheet
hr = 1 mm whereas the thickness of the homoge-
neous substrate is taken to be hg =4, 6, and 8§ mm, so
that the core-to-face sheet thickness ratio hy /hr =4,
6, and 8, respectively. Titanium alloy, referred to as
Ti-6Al1-4V is selected for the homogeneous core layer,
and the material properties of which are assumed to
be nonlinear function of temperature [46], i.e., g =
7.5788 x (1 + 6.638 x 1074T — 3.147 x 107°7?) x
107® K and Ey = 122.56 x (1 —4.586 x 1074T") GPa.
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Fig. 7 Effect of temperature changes on the dynamic re-
sponse of a single-layer CNTRC plate in thermal environments:
(a) Central deflection; (b) Central bending moment

Poisson’s ratio is assumed to be a constant, and vy =
0.29. py = 4429 kg/m?>.

Table 3 presents the nonlinear to linear frequency
ratios wnr/wr, for UD and FG sandwich plates with
CNTRC face sheets resting on elastic foundations at
T =300 and 500 K. The CNT volume fraction is taken
to be V¥ = 0.17. The core-to-face sheet thickness ra-
tios are takentobe hy/hr = 8, 6 and 4. It can be seen
that the fundamental frequencies are increased, but the
nonlinear to linear frequency ratios are decreased with
increase in hg/hp. The results show that the funda-
mental frequencies of the sandwich plate with FG-
CNTRC face sheets are higher, but the nonlinear to
linear frequency ratios of the same plate are lower than
those of the plates with UD-CNTRC face sheets.

Figure 10 shows the effect of the core-to-face sheet
thickness ratio hy / h (=8, 6, and 4) on the dynamic

@ Springer



Z.-X. Wang, H.-S. Shen

Table 3 Nonlinear to
linear frequency ratios
wNL /oy, for sandwich
plates with CNTRC face
sheets resting on elastic
foundations (a/b = 1.0,
b/h =10, Vi =0.17)

@ Springer

(k1, ko) Temperature Q Winax/
0.2 0.4 0.6 0.8 1.0
h=10mm, hy/hy =8
(0, 0) 300 K UD 45170  1.0355 1.1353  1.2845 1.4682 1.6749
FG 5.1936  1.0269 1.1037 1.2210 1.3684 1.5373
500 K UD 42701 1.0358 1.1365 1.2869 1.4719  1.6800
FG 49490 1.0267 1.1030 1.2197 1.3663  1.5344
(100, 0) 300K UD 11.6829 1.0054 1.0214 1.0475 1.0829 1.1269
FG 119518 1.0051 1.0204 1.0453 1.0792 1.1213
500 K UD 11.5896 1.0049 1.0196 1.0436 1.0763 1.1169
FG 11.8476 1.0047 1.0187 1.0417 1.0730 1.1119
(100,10) 300K UD 19.1215 1.0020 1.0080 1.0180 1.0317  1.0492
FG  19.2760 1.0020 1.0079 1.0177 1.0312  1.0483
500 K UD 19.0647 1.0018 1.0073 1.0163  1.0288  1.0447
FG 19.2117 1.0018 1.0072 1.0160  1.0284  1.0440
h=8mm, hy/hy=6
(0, 0) 300 K UuD 42061 1.0416 1.1575 13283 15359 1.7674
FG 5.0994  1.0284 1.1093 1.2324 13865 1.5625
500 K UD 39764 1.0421 1.1592 1.3318 1.5412 1.7746
FG 4.8712 1.0282 1.1084 1.2306 1.3836  1.5585
(100, 0) 300 K UD 11.7940 1.0054 1.0214 1.0475 1.0830 1.1270
FG  12.1295 1.0051 1.0202 1.0449 1.0784 1.1202
500 K UD 11.7140 1.0049 1.0196 1.0436 1.0763 1.1170
FG  12.0354 1.0047 1.0186 1.0413 1.0723  1.1109
(100,10) 300K UD 19.4613 1.0020 1.0079 1.0177 1.0313 1.0484
FG  19.6521 1.0019 1.0077 1.0173 1.0306 1.0474
500 K UD 194130 1.0018 1.0072 1.0161 1.0284 1.0441
FG  19.5944 1.0018 1.0070 1.0158 1.0279  1.0432
h=6mm, hy/hy =4
(0, 0) 300 K UD 3.6924  1.0556 1.2070 1.4241 1.6815 1.9635
FG 4.9944  1.0306 1.1176  1.2490 1.4127  1.5987
500 K UD 34915 1.0564 12101 14299 1.6903  1.9753
FG 47916  1.0303 1.1161 1.2462 14082 1.5925
(100, 0) 300K UD 12.0430 1.0054 1.0212 1.0472 1.0825 1.1262
FG 124870 1.0050 1.0197 1.0438 1.0767 1.1175
500 K UD 11.9830 1.0049 1.0195 1.0434 1.0759 1.1164
FG 124074 1.0046 1.0182 1.0404 1.0708 1.1086
(100,10) 300K UubD  20.1100 1.0019 1.0077 1.0172 1.0303  1.0470
FG  20.3585 1.0019 1.0075 1.0167 1.0295 1.0458
500 K UD 20.0741 1.0018 1.0070  1.0157 1.0277 1.0430
FG  20.3100 1.0017 1.0068 1.0153 1.0270 1.0419
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Fig. 8 Effect of foundation stiffness on the dynamic response
of a single-layer CNTRC plate resting on elastic foundations:
(a) Central deflection; (b) Central bending moment

response of sandwich plates with FG-CNTRC face
sheets subjected to a suddenly applied uniform load
at 7 =300 K. The CNT volume fraction of CNTRC
face sheets is taken to be V& = 0.17. It can be seen
that the sandwich plate with FG-CNTRC face sheets
has higher deflection along with higher bending mo-
ment when it has higher core-to-face sheet thickness
ratio.

Figures 11, 12, 13, 14 are dynamic responses of the
sandwich plates with FG-CNTRC face sheets analo-
gous to the dynamic results of Figs. 6, 7, 8, 9, which
are for the single-layer CNTRC plates. To compare
Figs. 11 and 6, it can be seen that now the effect of
CNT volume fraction on the curves of bending mo-
ment versus time for the sandwich plate is more pro-
nounced than that for the single layer CNTRC plate.
Also, to compare Figs. 12 and 7, it can be seen that
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Fig. 9 Effect of initial uniaxial in-plane loads P/ P, on the dy-
namic response of a single-layer CNTRC plate: (a) Central de-
flection; (b) Central bending moment

now both deflections and bending moments of sand-
wich plate keep increasing when the temperature rises.
Otherwise, they lead to broadly the same conclusions
as do Figs. 8 and 9.

6 Conclusions

Nonlinear dynamic responses of single-layer CNTRC
plates and sandwich plates with CNTRC face sheets
resting on a Pasternak elastic foundation in ther-
mal environments have been presented. Two cases of
in-plane boundary conditions are considered. Initial
stresses caused by thermal loads or in-plane edge loads
are examined. The parametric studies have been car-
ried out after three comparisons which demonstrated
the accuracy and effectiveness of the present method.

@ Springer



Z.-X. Wang, H.-S. Shen

0.40

FG sandwich plate —a— V’CN=0A12
0.35 ra/b=1, b/h=10, T=300 K, h /h=8 —— V,CN:0‘17
0.30 | —A— V' =028

Central deflection (mm)

0.35
| FG sandwich plate —=—/ /h=8
0.30 L/b=1, b/h=10, T=300 K, V‘CNZO.17 —o— /h=6
—A—h [h=4
€
E
c
K]
©
K
o
©
s
€
7}
(&)
n 1 n 1 1 1 n
0.0 0.1 02 0.3 0.4 0.5
Time (ms)
(a)
4.5
40 I FG sandwich plate —=— /h=8
T L ab=1, b/m=10, T=300 K, V‘CNZO,W ——h /h=6
35 —A—h /h=4
E L
5
Z
<
€
[}
£
S
£
g
c
o}
O
1 1 1 1

0.0 0.1 0.2 0.3 0.4 0.5
Time (ms)

(b)

Fig. 10 Effect of core-to-face sheet thickness ratio on the dy-
namic response of sandwich plate with FG-CNTRC face sheets:
(a) Central deflection; (b) Central bending moment

The results obtained illustrate that the linear function-
ally graded CNT reinforcement has a quantitative ef-
fect on the nonlinear dynamic responses of CNTRC
plates. The numerical results show that the CNT vol-
ume fraction, the foundation stiffness and initial stress
have a significant effect on the dynamic response of
both single-layer CNTRC plate and sandwich plate
with CNTRC face sheets. The temperature changes
have a significant effect on the deflections of the plate,
whereas this effect is less pronounced on the bending
moments of the same plate. They also show that the
core-to-face sheet thickness ratio has a significant ef-
fect on the dynamic response of sandwich plates with
CNTRC face sheets.
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Fig. 11 Effect of CNT volume fraction on the dynamic re-
sponse of a sandwich plate with FG-CNTRC face sheets:
(a) Central deflection; (b) Central bending moment
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Fig. 12 Effect of temperature changes on the dynamic response

of a sandwich plate with FG-CNTRC face sheets in thermal en-
vironments: (a) Central deflection; (b) Central bending moment
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Fig. 13 Effect of foundation stiffness on the dynamic response
of a sandwich plate with FG-CNTRC face sheets resting on elas-
tic foundations: (a) Central deflection; (b) Central bending mo-
ment
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Fig. 14 Effect of initial uniaxial in-plane loads P /P on the
dynamic response of a sandwich plate with FG-CNTRC face
sheets: (a) Central deflection; (b) Central bending moment
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and for initially compressed stressed plates (movable
edge condition)
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in which P, is the critical buckling load for the UD
plate (or sandwich plate) under uniaxial compression
in the X direction, and 7 is the load proportion ratio,
defined by oy = noy. In the above equations (with oth-
ers are defined as in [12]).
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