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Abstract In this paper, an adaptive fuzzy backstep-
ping output feedback dynamic surface control (DSC)
approach is developed for a class of multiinput and
multioutput (MIMO) stochastic nonlinear systems
with immeasurable states. Fuzzy logic systems are
firstly utilized to approximate the unknown nonlin-
ear functions, and then a fuzzy state observer is de-
signed to estimate the immeasurable states. By com-
bining adaptive backstepping technique and dynamic
surface control (DSC) technique, an adaptive fuzzy
output feedback backstepping DSC approach is de-
veloped. The proposed control method not only over-
comes the problem of “explosion of complexity” in-
herent in the backstepping design methods, but also
the problem of the immeasurable states. It is proved
that all the signals of the closed-loop adaptive con-
trol stochastic system are semiglobally uniformly ul-
timately bounded (SUUB) in probability, and the ob-
server errors and the output of the system converge to
a small neighborhood of the origin. Simulation results
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are provided to show the effectiveness of the proposed
approach.
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1 Introduction

In the past decades, many approximation-based adap-
tive backstepping control approaches have been devel-
oped to deal with uncertain nonlinear strict-feedback
systems via fuzzy-logic-systems (FLSs) or neural-
networks (NNs) approximators; see, for example, [1–
16] and references herein. Adaptive fuzzy or Neural
network backstepping control approaches in [1–10]
are for single-input and single-output (SISO) nonlin-
ear systems, and in [11, 12] are for multiple-input
and multiple-output (MIMO) nonlinear systems, while
those in [13–16] are for SISO/MIMO nonlinear sys-
tems with immeasurable states. Adaptive fuzzy or neu-
ral network backstepping control approaches can pro-
vide a systematic methodology of solving tracking or
regulation control problems for a larger of unknown
nonlinear systems, where FLSs or NNs are used to ap-
proximate unknown nonlinear functions, and the back-
stepping design technique is applied to construct adap-
tive controllers and the adaptation adjusted laws of
the parameters. Two of the main features of these
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adaptive approaches are (i) they can be used to deal
with those nonlinear systems without satisfying the
matching conditions, and (ii) they do not require the
unknown nonlinear functions being linearly param-
eterized. Therefore, the approximator-based adaptive
fuzzy or neural network backstepping control becomes
one of the most popular design approaches to a large
class of uncertain nonlinear systems.

Despite that many developments have been
achieved for the adaptive backstepping control of un-
certain nonlinear strict-feedback systems using FLSs
or NNs, the mentioned above adaptive control ap-
proaches are only applied to the deterministic nonlin-
ear strict-feedback systems without stochastic distur-
bances. It is well known that stochastic disturbances
often exist in many practical systems. Their exis-
tence is a source of instability of the control systems,
thus, the investigations on stochastic systems model-
ing and control have received considerable attention
in recent years [17]. Authors in [18] first proposed
an adaptive backstepping control design approach for
strict-feedback stochastic systems by a risk-sensitive
cost criterion. Authors in [19] solved the output feed-
back stabilization problem of strict-feedback stochas-
tic nonlinear systems by using the quartic Lyapunov
function, while authors in [20] and [21] developed
backstepping control design approaches for nonlinear
stochastic systems with Markovian switching. Mean-
while, by using the linear reduced-order state ob-
server, several different output-feedback controllers
are developed in [22–24] for strict-feedback nonlinear
stochastic systems with unmeasured states. However,
these schemes are only suitable for those nonlinear
stochastic systems with nonlinear dynamics models
known exactly or with the unknown parameters ap-
pearing linearly with respect to known nonlinear func-
tions.

To handle the above the problems, authors in [25]
and [26] first developed adaptive output feedback con-
trol approaches for a class of uncertain nonlinear
stochastic systems by using neural networks and the
stability proofs of the control systems are given on the
stochastic stability theory [27]. Afterward, authors in
[28] extended the results of [25] and [26] to a class
of uncertain large-scale nonlinear stochastic systems
and developed adaptive NN decentralized output feed-
back control schemes. The adaptive NN backstepping
control approaches in [25, 26], and [28] can control
a class of nonlinear stochastic systems with immea-
surable states, however, the nonlinear uncertainties in

the nonlinear stochastic systems are only the functions
of the system output, not related with the other states
variables. Moreover, the mentioned above approaches
are only limited to those SISO or large-scale nonlin-
ear stochastic systems. To our best knowledge, to date,
there are few results on MIMO stochastic nonlinear
systems with immeasurable states.

Motivated by the above observations, in this paper,
an observer-based adaptive fuzzy backstepping out-
put feedback DSC approach is proposed for a class of
MIMO stochastic nonlinear strict-feedback systems.
In the design, the FLSs are first used to approximate
the unknown functions, and a nonlinear fuzzy state ob-
server is designed to estimate the unmeasured states.
Combining the adaptive backstepping design along
with the DSC technique, an observer-based adaptive
fuzzy backstepping control approach is developed. It
is proved that this control approach can guarantee that
all the signals of the closed-loop system are semiglob-
ally uniformly ultimately bounded (SUUB) in prob-
ability, and the observer errors and the output of the
system converge to a small neighborhood of the origin
by appropriate choice of the design parameters. Com-
pared with the existing results, the main advantages of
the proposed control schemes are as follows: (i) by de-
signing a fuzzy nonlinear state observer, the proposed
adaptive control method does not require that all the
states of the system are measured directly. Meanwhile,
the designed state observer can achieve the better esti-
mation results for the unmeasured states than the linear
reduced-order state observer in [25, 26, 28]. (ii) DSC
technique is incorporated in adaptive fuzzy backstep-
ping control design, thus the proposed adaptive con-
trol method can overcome the problem of “explosion
of complexity” inherent in the methods of [25, 26, 28].

2 Problem formulation and some preliminaries

2.1 Problem formulation

Consider the following MIMO uncertain strict-feed-
back stochastic nonlinear system

dxj,1 = (
xj,2 + fj,1(xj,1)

)
dt + φj,1(xj,1)

T dw

dxj,2 = (
xj,3 + fj,2(xj,2)

)
dt + φj,2(xj,2)

T dw

...

(1)
dxj,mj −1 = (

xj,mj
+ fj,mj −1(xj,mj −1)

)
dt
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+ φj,mj −1(xj,mj −1)
T dw

dxj,mj
= (

uj + fj,mj
(X,uj−1)

)
dt

+ φj,mj
(xj,mj

)T dw

yj = xj,1, j = 1,2, . . . , n

where xj,ij
= (xj,1, . . . , xj,ij )

T ∈ Rij , ij =
1,2, . . . ,mj is the state vector for the first ij dif-
ferential equations of the j th subsystem, uj and yj

are the input and output of the first j subsystems.
fj,ij (·) is an unknown smooth nonlinear function.
X = (xT

1 , . . . , xT
n )T with xj = (xj,1, . . . , xj,mj

)T . w is
an independent r-dimensional standard Wiener pro-
cess. In this paper, it is assumed that the only output
variable yj = xj,1 is available for measurement.

Assumption 1 φj,ij (xj,ij
) = gj,ij (yj ), where

gj,ij (yj ) is a smooth function satisfying locally Lip-
schitz condition.

Write (1) in the state space form

dxmj
=
(

Ajxmj
+ Kjyj +

mj∑

k=1

Bj,k

(
fj,k(Xj,k)

)

+ bjuj

)

dt + Gj(yj )
T dw (2)

yj = CT
j xni

, j = 1,2, . . . , n; ij = 1,2, . . . ,mj − 1

where

Aj =
⎡

⎢
⎣

−kj,1
... I

−kj,mj
0 · · · 0

⎤

⎥
⎦

mj ×mj

,

Kj =
⎡

⎢
⎣

kj,1
...

kj,mj

⎤

⎥
⎦ ,

BT
j,k = [0 · · ·1︸ ︷︷ ︸

k

· · ·0]1×mj
, bT

j = [0 · · ·0 · · ·1]1×mj
,

Gj (yj ) = [
gj,1(yj ) · · · gj,mj

(yj )
]
,

CT
j = [1 · · ·0 · · ·0]1×mj

,u = [u1, u2, . . . , un]T

Choose vector Kj such that matrix Aj is a strict Hur-
witz, therefore, given Qj = QT

j > 0, there exists a

positive definite matrix Pj = P T
j such that

AT
j Pj + PjAj = −Qj (3)

Control objective: Using fuzzy logic systems to de-
termine an output feedback controller and parameters
adaptive laws such that all the signals involved in the
closed-loop system are SUUB in probability and the
observer errors and the output of the system are as
small as the desired.

2.2 Stochastic system and stability

To establish stochastic stability as preliminary, we
consider the following stochastic nonlinear system:

dχ(t) = f
(
χ(t)

)
dt + g

(
χ(t)

)
dω(t) (4)

where χ ∈ Rn is the state, ω is an r-dimensional inde-
pendent standard Wiener process, and f (·) : Rn → Rn

and g(·) : Rn → Rn×r are locally Lipschitz and satisfy
f (0) = 0, g(0) = 0.

Define a differential operator � for twice continu-
ously differentiable function V (χ) as follows:

�V (χ) = ∂V

∂χ
f (χ) + 1

2
Tr

{
gT (χ)

∂2V

∂χ2
g(χ)

}
(5)

Recall two stability notions for nonlinear stochastic
system (4).

Definition 1 [27] Consider system (4) with f (0) =
0 and g(0) = 0. The solution χ(t) = 0 is said to be
asymptotically stable in the large if for any ε > 0,

lim
χ(0)→0

P
{

sup
t≥0

∥∥χ(t)
∥∥≥ ε

}
= 0

And for any initial condition χ(0),

P
{

lim
t→∞χ(t) = 0

}
= 1

Definition 2 [27] The solution process {χ(t), t ≥ 0}
of stochastic differential system (4) is said to be
bounded in probability, if

lim
c→∞ sup

0≤t≤∞
P
{∥∥χ(t)

∥∥≥ c
}= 0

Lemma 1 Consider the stochastic nonlinear sys-
tem (4). If there exists a positive definite, radially un-
bounded, twice continuously differentiable Lyapunov
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V : Rn → R, and constants ρ > 0 and μ ≥ 0, such
that

�V (χ) ≤ −ρV (χ) + μ (6)

then the following conclusions are true:

(1) the system has a unique solution almost surely;
(2) the system is bounded in probability;
(3) in addition, if f (0) = 0 and g(0) = 0 and μ =

0. Then the system is asymptotically stable in the
large.

Lemma 2 (Young’s inequality) For any vectors x, y ∈
Rn, there is inequality, xT y ≤ ap

p
‖x‖p + 1

qaq ‖y‖q ,
where a > 0,p > 1, q > 1, and (p − 1)(q − 1) = 1.

2.3 Fuzzy logic systems

A FLS consists of four parts: the knowledge base, the
fuzzifier, the fuzzy inference engine, and the defuzzi-
fier. The knowledge base is composed of a collection
of fuzzy. If-then rules of the following form:

Rl : If x1 is F l
1 and x2 is F l

2 and . . . and xn is F l
n,

then y is Gl, l = 1,2, . . . ,N (7)

where x = (x1, x2, . . . , xn)
T and y are FLS input and

output, respectively, μFl
i
(xi) and μGl (y) are the mem-

bership function of fuzzy sets F l
i and Gl,N is the

number of inference rules.
Through singleton fuzzifier, center average defuzzi-

fication and product inference [29], the FLS can be ex-
pressed as

y(x) =
∑N

l=1 ȳl

∏n
i=1 μFl

i
(xi)

∑N
l=1[

∏n
i=1 μFl

i
(xi)]

(8)

where ȳl = maxy∈R μGl (y).
Define the fuzzy basis functions as

ϕl =
∏n

i=1 μFl
i
(xi)

∑N
l=1[

∏n
i=1 μFl

i
(xi)]

(9)

Denoting θT = [ȳ1, ȳ2, . . . , ȳN ] = [θ1, θ2, . . . , θN ]
and ϕ(x) = [ϕ1(x),ϕ2(x), . . . , ϕN(x)]T , then fuzzy
logic system (8) can be rewritten as

y(x) = θT ϕ(x) (10)

Lemma 3 [29] Let f (x) be a continuous function de-
fined on a compact set Ω . Then for any constant ε > 0,
there exists a fuzzy logic system (10) such as

sup
x∈Ω

∣∣f (x) − θT ϕ(x)
∣∣≤ ε (11)

By Lemma 3, we can assume that the nonlinear
functions in (1) can be approximated by the following
fuzzy logic systems as

f̂j,ij (Xj,ij |θj,ij ) = θT
j,ij

ϕj,ij (Xj,ij ), f̂j,ij (X̂j,ij |θj,ij )

= θT
j,ij

ϕj,ij (X̂j,ij ) (12)

where 1 ≤ j ≤ n, ij = 1,2, . . . ,mj . X̂j,ij is the esti-
mation of state vector Xj,ij .

The optimal parameter vector θ∗
j,ij

is defined as

θ∗
j,ij

= arg min
θj,ij

∈Ωj,ij

[
sup
︸︷︷︸

Xj,ij
∈Uj,ij

,X̂j,ij
∈Ûj,ij

∣∣f̂j,ij (X̂j,ij |θj,ij )

− fj,ij (Xj,ij )
∣∣
]

(13)

where Ωj,ij ,Uj,ij , and Ûj,ij are compact regions for

θj,ij ,Xj,ij , and X̂j,ij , respectively. The fuzzy mini-
mum approximation errors εj,ij and approximation er-
rors δj,ij are defined as

εj,ij = fj,ij (Xj,ij ) − f̂j,ij

(
X̂j,ij |θ∗

j,ij

)
, δj,ij

= fj,ij (Xj,ij ) − f̂j,ij (X̂j,ij |θj,ij ) (14)

Assumption 2 [9, 15, 30] There are unknown positive
constants ε∗

j,ij
and δ∗

j,ij
such that |εj,ij | ≤ ε∗

j,ij
and

|δj,ij | ≤ δ∗
j,ij

.

Denote ωj,ij = εj,ij − δj,ij , by Assumption 2, one
has |ωj,ij | ≤ ε∗

j,ij
+ δ∗

j,ij
= ω∗

j,ij
, where ω∗

j,ij
is also

an unknown constant. ε∗
j,ij

and ω∗
j,ij

can be estimated
by the parameters adaptation laws to be designed in
the next section.

3 Nonlinear fuzzy adaptive observer design

Note that the states (xj,2, . . . , xj,mj
)T in system (1) are

not available for measurement, thus a state observer
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should be designed to estimate the unmeasured states.
A fuzzy adaptive observer is designed for (1) as

˙̂xj,1 = x̂j,2 + f̂j,1(X̂j,1|θj,1) − kj,1(x̂j,1 − yj )

˙̂xj,ij = x̂j,ij +1 + f̂j,ij (X̂j,ij |θj,ij ) − kj,2(x̂j,1 − yj )

j = 1,2 . . . n; ij = 2, . . . ,mj − 1

˙̂xj,mj
= uj + f̂j,mj

(X̂j,mj
|θj,mj

) − kj,mj
(x̂j,1 − yj )

(15)

Rewrite (15) in state space form

x̂mj
= Aj x̂mj

+ Kjyj

+
mj∑

k=1

Bj,kf̂j,k(X̂j,k|θj,k) + bjuj (16)

yj = CT
j x̂mj

, j = 1,2, . . . , n

Let ej = xmj
− x̂mj

be state estimation error vector.
From (1) and (16), one has a composite error dynamic
equation

dej =
(

Ajej +
mj∑

k=1

Bj,k

(
fj,k(Xj,k)

− f̂j,k(X̂j,k|θj,k)
)
)

dt + Gj(yj )
T dw

= (Aj ej + δj )dt + Gj(yj )
T dw (17)

where δj = (δj,1, δj,2, . . . , δj,mj
)T .

Consider the following Lyapunov candidate Vj,0 as

Vj,0 = 1

2

(
eT
j Pj ej

)2 (18)

Using (6) and (17), one has

�Vj,0 = eT
j Pj ej

{
eT
j

(
AT

j Pj + PjAj

)
ej + 2eT

j Pj δj

}

+ 2Tr
{
Gj(yj )

T
(
2Pjej e

T
j Pj

+ eT
j Pj ejPj

)
Gj(yj )

}

≤ −λj‖ej‖4 + 2eT
j Pj ej e

T
j Pj δj

+ 2Tr
{
Gj(yj )

T
(
2Pjej e

T
j Pj

+ eT
j Pj ejPj

)
Gj(yj )

}
(19)

where λj = λmin(Pj ) · λmin(Qj ), λmin(Pj ), and
λmin(Qj ) are the smallest eigenvalues of the matrices
Pj and Qj , respectively.

Choosing an appropriate constant ηj,0 > 0 such
that

pj,0 = λj − 3

2
η

4
3
j,0‖Pj‖ 8

3 − 3mj
√

mjη
2
j,0‖Pj‖4 > 0

By using the well-known mean value theorem
in [26], gj,ij (yj ) can be expressed as gj,ij (yj ) =
yjψj,ij (yj ), thus

Gj(yj ) = yj

[
ψj,1(yj ) · · ·ψj,mj

(yj )
]= yjψj (yj )

(20)

By Lemma 2, one can obtain the following inequali-
ties:

2eT
j Pj ej e

T
j Pj δj

≤ 2‖ej‖3‖Pj‖2‖δj‖ ≤ 3

2
η

4
3
j,0‖Pj‖ 8

3 ‖ej‖4

+ 1

2η4
j,0

∥∥δ∗
j

∥∥4

× 2Tr
{
Gj(yj )

T
(
2Pjej e

T
j Pj

+ eT
j Pj ejPj

)
Gj(yj )

}

≤ 2mj

∣
∣Gj(yj )

T
(
2Pjej e

T
j Pj + eT

j Pj ejPj

)

× Gj(yj )
∣
∣∞

≤ 2mj
√

mj

∣∣Gj(yj )
T
(
2Pjej e

T
j Pj

+ eT
j Pj ejPj

)
Gj(yj )

∣∣

≤ 6mj
√

mjy
2
j

∥∥ψj (yj )
∥∥2‖Pj‖2‖ej‖2

≤ 3mj
√

mj

η2
j,0

y4
j

∥∥ψj (yj )
∥∥4

+ 3mj
√

mjη
2
j,0‖Pj‖4‖ej‖4 (21)

where δ∗
j = (δ∗

j,1, δ
∗
j,2, . . . , δ

∗
j,mj

)T .
Substituting (20) and (21) into (19) results in

�Vj,0 ≤ −pj,0‖ej‖4 + Ξj

+ 3mj
√

mj

η2
j,0

y4
j

∥
∥ψj(yj )

∥
∥4 (22)

where Ξj = 1
2η4

j,0
‖δ∗

j ‖4.

Remark Note that if the stochastic disturbance
dw = 0 (the third term is zero) and fuzzy logic systems



1338 Y. Li et al.

f̂j,ij (X̂j,ij |θj,ij ) can well approximate fj,ij (Xj,ij ) in
system (1), then Ξj will be small, and by (22), it is
concluded that the design state observer (15) is asymp-
totically stable. It should be pointed that the linear
reduced-order state observer used in [22–26], even if
dw = 0, it cannot be concluded that the state observer
is asymptotically stable.

4 Control design and stability analysis

In this section, a fuzzy controller and parameter adap-
tive laws are to be developed by using the backstep-
ping design and DSC technique so that all the signals
in the closed-loop systems are SUUB, the observer er-
rors and the system outputs are as small as the desired.

The mj -steps adaptive fuzzy output-feedback back-
stepping design is based on the following changes of
coordinates:

χj,1 = yj , (23)

χj,ij = x̂j,ij − zj,ij , (24)

ξj,ij = zj,ij − αj,ij −1 (25)

where χj,ij is called the error surface, zj,ij (j =
1, . . . , n; ij = 2, . . . ,mj ) is called the output error of
the first-order filter.

Step j.1 (j = 1,2, . . . , n) Using (1), (15), (24), and
(25), one has

dχj,1 = (
χj,2 + αj,1 + ξj,2 + ej,2 + θT

j,1ϕj,1(X̂j,1)

+ θ̃ T
j,1ϕj,1(X̂j,1) + εj,1

)
dt + gj,1(yj )

T dw

(26)

Consider the following Lyapunov function candidate:

Vj,1 = Vj,0 + 1

4
χ4

j,1 + 1

2γj,1
θ̃ T
j,1θ̃j,1 + 1

2γ̄j,1
ε̃2
j,1 (27)

where γj,1 > 0 and γ̄j,1 > 0 are design parameters.
θ̃j,1 = θ∗

j,1 − θj,1 and ε̃j,1 = ε∗
j,1 − ε̂j,1 are the param-

eter errors. θj,1 and ε̂j,1 are the estimates of θ∗
j,1 and

ε∗
j,1, respectively.

From (22) and (26), one has

�Vj,1 = �Vj,0 + �

(
1

4
χ4

j,1

)
+ 1

γi,1
θ̃ T
j,1

˙̃
θj,1

+ 1

γ̄j,1
ε̃j,1 ˙̃εj,1

≤ �Vj,0 + χ3
j,1

(
χj,2 + αj,1 + ξj,2

+ ej,2 + θT
j,1ϕj,1(X̂j,1)

+ θ̃ T
j,1ϕj,1(X̂j,1) + εj,1

)

+ 3

2
χ2

j,1gj,1(yj )
T gj,1(yj ) − 1

γj,1
θ̃ T
j,1θ̇j,1

− 1

γ̄j,1
ε̃j,1

˙̂εj,1

≤ −pj,0‖ej‖4 + Ξj + 3mj
√

mj

η2
j,0

y4
j

∥∥ψj (yj )
∥∥4

+ χ3
j,1

(
χj,2 + αj,1 + ξj,2 + ej,2

+ θT
j,1ϕj,1(X̂j,1)

)+ ∣∣χ3
j,1

∣∣ε∗
j,1

+ 3

2
χ2

j,1gj,1(yj )
T gj,1(yj )

+ θ̃ T
j,1

(
ϕj,1(X̂j,1)χ

3
j,1 − 1

γj,1
θ̇j,1

)

− 1

γ̄j,1
ε̃j,1

˙̂εj,1 (28)

By Lemma 2, the following inequalities can be ob-
tained:

χ3
j,1ej,2 ≤ 3

4
η

4
3
j,1χ

4
j,1 + 1

4η4
j,1

‖ej‖4, (29)

3

2
χ2

j,1gj,1(yj )
T gj,1(yj ) = 3

2
χ4

j,1ψj,1(yj )
T ψj,1(yj )

(30)

where ηj,1 > 0 is a design parameter. Substituting
(29)–(30) into (28), one has

�Vj,1 ≤ −
(

pj,0 − 1

4η4
j,1

)
‖ej‖4

+ Ξj + χ3
j,1

(
χj,1 + ξj,2 + αj,1

+ 3

4
η

4
3
j,1χj,1 + θT

j,1ϕj,1(X̂j,1)

+ 3mj
√

mj

η2
j,0

χj,1
∥∥ψj (yj )

∥∥4

+ 3

2
χj,1ψj,1(yj )

T ψj,1(yj )

)
+ ∣∣χ3

j,1

∣∣ε∗
j,1
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− 1

γ̄j,1
ε̃j,1

˙̂εj,1 + θ̃ T
j,1

×
(

ϕj,1(X̂j,1)χ
3
j,1 − 1

γj,1
θ̇j,1

)
(31)

Design the intermediate control function αj,1 and the
adaptation functions θj,1 and ε̂j,1 as

αj,1 = −cj,1χi,1 − 3

4
η

4
3
j,1χj,1 − θT

j,1ϕj,1(X̂j,1)

− ε̂j,1 tanh
(
χ3

j,1/k
)

− 3mj
√

mj

η2
j,0

χj,1
∥∥ψj (yj )

∥∥4

− 3

2
χj,1ψj,1(yj )

T ψj,1(yj ), (32)

θ̇j,1 = γj,1ϕj,1(X̂j,1)χ
3
j,1 − σj,1θj,1 (33)

˙̂εj,1 = γ̄j,1χ
3
j,1 tanh

(
χ3

j,1

k

)
− σ̄j,1ε̂j,1 (34)

where σj,1 > 0 and σ̄j,1 > 0 are design parameters,
and θj,1(0) = ε̂j,1(0) = 0.

Substituting (32)–(34) into (31) and utilizing the in-
equalities

∣∣χ3
j,1

∣∣− χ3
j,1 tanh

(
χ3

j,1/kj

)≤ 0.2785kj = k′
j

(∀kj > 0).

(31) becomes

�Vj,1 ≤ −pj,1‖ej‖4 − cj,1χ
4
j,1 + ε∗

j,1k
′
j

+ Ξj + χ3
j,1χj,2

+ χ3
j,1ξj,2 + σj,1

γj,1
θ̃ T
j,1θj,1 + σ̄j,1

γ̄j,1
ε̃j,1ε̂j,1 (35)

where pj,1 = pj,0 − 1
4η4

j,1
.

Introduce a new state variable zj,2 and let αj,1 pass
through a first-order filter with the constant τj,2 to ob-
tain zj,2

τj,2żj,2 + zj,2 = αj,1, zj,2(0) = αj,1(0) (36)

Step j.ij (j = 1,2, . . . , n; ij = 2, . . .mj − 1)

From (24) and (25), the time derivative of χi is

χ̇j,ij = x̂j,ij +1 − kj,ij x̂j,1 + kj,ij yj

+ θT
j,ij

ϕj,ij (X̂j,ij ) − żj,ij

= χj,ij +1 + ξj,ij +1 + αj,ij − kj,ij x̂j,1 + kj,ij yj

+ θT
j,ij

ϕj,ij (X̂j,ij ) − żj,ij (37)

To avoid repeatedly differentiating αj,ij in the tra-
ditional backstepping design, which leads to the so-
called “explosion of complexity,” we can incorporate
the DSC technique proposed by [30–32] into the fol-
lowing backstepping design.

Introduce a new state variable zi,j+1 and let αj,ij

pass through a first-order filter with the constant
τj,ij +1 to obtain zj,ij +1

τj,ij +1żj,ij +1 + zj,ij +1 = αj,ij , zj,ij +1(0) = αj,ij (0)

(38)

(37) can be rewritten as

χ̇j,ij = χj,ij +1 + ξj,ij +1 + αj,ij − kj,ij x̂j,1 + kj,ij yj

+ θT
j,ij

ϕj,ij (X̂j,ij ) − 1

τj,ij

(−zj,ij + αj,ij −1)

(39)

By the definition of ξj,ij +1 = zj,ij +1 − αj,ij , it yields

żj,ij +1 = − ξj,ij +1

τj,ij +1
and

dξj,ij +1 =
(

− 1

τj,ij +1
ξj,ij +1

+ Bj,ij +1(χj,ij
, ε̂j,1, ω̂j,2, . . . , ω̂j,ij ,

θj,1, . . . , θj,ij , ξ j,ij +1
)

)
dt

+ Cj,ij +1(χj,ij
, ε̂j,1, ω̂j,2, . . . , ω̂j,ij ,

θj,1, . . . , θj,ij , ξ j,ij +1
)dw (40)

where χ
j,ij

= [χj,1 · · ·χj,ij ]T , ξ
j,ij +1

= [ξj,2 · · ·
ξj,ij +1]T and

Bj,ij +1(·) = −∂αj,ij

∂yj

(
x̂j,2 + ej,2 + fj,1(yj )

)

−
ij∑

k=1

∂αj,ij

∂X̂j,k

dX̂j,k
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−
ij∑

k=1

∂αj,ij

∂θi,k

θ̇i,k − ∂αj,ij

∂ε̂j,1

˙̂εj,1

−
ij∑

k=2

∂αj,ij

∂ω̂j,k

˙̂ωj,k −
ij∑

k=2

∂αj,ij

∂zj,k

żj,k

− 1

2

∂2αj,ij

∂y2
j

gj,1(yj )
T gj,1(yj ), (41)

Cj,ij +1(·) = −∂αj,ij

∂yj

gj,1(yj ) (42)

Consider the following Lyapunov function candidate:

Vj,ij = Vj,ij −1 + 1

4
χ4

j,ij
+ 1

4
ξ4
j,ij

+ 1

2γj,ij

θ̃ T
j,ij

θ̃j,ij + 1

2γ̄j,ij

ω̃2
j,ij

(43)

where γj,ij > 0 and γ̄j,ij > 0 are design parameters.

θ̃j,ij = θ∗
j,ij

− θj,ij and ω̃j,ij = ω∗
j,ij

− ω̂j,ij are the

parameters errors. θj,ij and ω̂j,ij are the estimates of
θ∗
j,ij

and ω∗
j,ij

, respectively.

From (39), (40), and (43), one has

�Vj,ij ≤ −pj,1‖ej‖4 −
ij −1∑

k=1

cj,kχ
4
j,k + ε∗

j,1k
′
j

+
ij −1∑

k=2

ω∗
j,kk

′
j + Ξj +

ij −1∑

k=1

σj,k

γj,k

θ̃T
j,kθj,k

+ σ̄j,1

γ̄j,1
ε̃j,1ε̂j,1 +

ij −1∑

k=2

σ̄j,k

γ̄j,k

ω̃j,kω̂j,k

+
ij∑

k=1

χ3
j,k(χj,k+1 + ξj,k+1) + χ3

j,ij

×
(

αj,ij − kj,ij x̂j,1 + kj,ij yj

+ θT
j,ij

ϕj,ij (X̂j,ij )

− 1

τj,ij

(−zj,ij + αj,ij −1)

)
+ ∣∣χ3

j,ij

∣∣ω∗
j,ij

−
ij∑

k=2

(
ξ4
j,k

τj,k

− ξ3
j,kBj,k(·)

)

+ 3

2

ij −1∑

k=1

ξ2
k+1Tr

{
Cj,k+1(·)T Cj,k+1(·)

}

+ θ̃ T
j,ij

(
ϕj,ij (X̂j,ij )χ

3
j,ij

− 1

γj,ij

θ̇j,ij

)

− 1

γ̄j,ij

ω̃j,ij
˙̂ωj,ij (44)

Choose intermediate control function αj,ij and adap-
tation functions θj,ij and ω̂j,ij as:

αj,ij = −cj,ij χj,ij + kj,ij x̂j,1

− kj,ij yj − θT
j,ij

ϕj,ij (X̂j,ij )

− 1

τj,ij

(zj,ij − αj,ij −1)

− ω̂j,ij tanh
(
χ3

j,ij
/k
)
, (45)

θ̇j,ij = γj,ij ϕj,ij (X̂j,ij )χ
3
j,ij

− σj,ij θj,ij , (46)

˙̂ωj,ij = γ̄j,ij χ
3
j,ij

tanh

(χ3
j,ij

k

)
− σ̄j,ij ω̂j,ij (47)

with θj,ij (0) = 0, ω̂j,ij (0) = 0.
Substituting (45)–(47) into (44) and utilizing the in-

equalities

|χ3
j,ij

| − χ3
j,ij

tanh
(
χ3

j,ij
/k
)≤ 0.2785kj

= k′
j (∀kj > 0)

one can obtain

�Vj,ij ≤ −pj,1‖ej‖4 −
ij∑

k=1

cj,kχ
4
j,k + ε∗

j,1k
′
j

+
ij∑

k=2

ω∗
j,kk

′
j + Ξj +

ij∑

k=1

σj,k

γj,k

θ̃T
j,kθj,k

+ σ̄j,1

γ̄j,1
ε̃j,1ε̂j,1 +

ij∑

k=2

σ̄j,k

γ̄j,k

ω̃j,kω̂j,k

+
ij∑

k=1

χ3
j,k(χj,k+1 + ξj,k+1)

−
ij −1∑

k=1

(
ξ4
j,k+1

τj,k+1
− ξ3

j,k+1Bj,k+1(·)
)
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+ 3

2

ij −1∑

k=1

ξ2
j,k+1Tr

{
Cj,k+1(·)T Cj,k+1(·)

}

(48)

Step j.mj (j = 1,2, . . . , n) In the final step, the actual

control input uj appears. From (15) and (24), one has

dχj,mj
= uj + kj,mj

x̂j,1 − kj,mj
yj

+ θT
j,mj

ϕj,mj
(X̂j,mj

) + θ̃ T
j,mj

ϕj,mj
(X̂j,mj

)

+ ωj,mj
− żj,mj

(49)

Choose the following Lyapunov function candidate:

Vj,mj
= Vj,mj −1 + 1

4
χ4

j,mj
+ 1

4
ξ4
j,mj

+ 1

2γj,mj

θ̃T
j,mj

θ̃j,mj
+ 1

2γ̄j,mj

ω̃2
j,mj

(50)

where θ̃j,mj
= θ∗

j,mj
− θj,mj

and ω̃j,mj
= ω∗

j,mj
−

ω̂j,mj
are the parameter errors, θj,mj

and ω̂j,mj
are the

estimates of θ∗
j,mj

,ω∗
j,mj

, respectively.
Design controller uj and adaptation functions θj,mj

and ω̂j,mj
as

uj = − cj,mj
χj,mj

+ kj,mj
(x̂j,1 − yj )

− θT
j,mj

ϕj,mj
(X̂j,mj

)

− 1

τj,mj

(zj,mj
− αj,mj −1)

− ω̂j,mj
tanh

(
χ3

j,mj
/k
)
, (51)

θ̇j,mj
= γj,mj

ϕj,mj
(X̂j,mj

)χ3
j,mj

− σj,mj
θj,mj

, (52)

˙̂ωj,mj
= γ̄j,mj

χ3
j,mj

tanh

(χ3
j,mj

k

)
− σ̄j,mj

ω̂j,mj
(53)

with θj,mj
(0) = ω̂j,mj

(0) = 0.
Similar to the derivations in step j.ij , one has

�Vj,mj
≤ −pj,1‖ej‖4 −

mj∑

k=1

cj,kχ
4
j,k + ε∗

j,1k
′
j

+
mj∑

k=2

ω∗
j,kk

′
j + Ξj +

mj∑

k=1

σj,k

γj,k

θ̃T
j,kθj,k

+ σ̄j,1

γ̄j,1
ε̃j,1ε̂j,1 +

mj∑

k=2

σ̄j,k

γ̄j,k

ω̃j,kω̂j,k

+
mj −1∑

k=1

χ3
j,k(χj,k+1 + ξj,k+1)

−
mj −1∑

k=1

(
ξ4
j,k+1

τj,k+1
− ξ3

j,k+1Bj,k+1(·)
)

+ 3

2

mj −1∑

k=1

ξ2
j,k+1Tr

{
Cj,k+1(·)T Cj,k+1(·)

}

(54)

Applying Young’s inequality, one has

σj,k

γj,k

θ̃T
j,kθj,k = σj,k

γj,k

θ̃T
j,k

(
θ∗
j,k − θ̃j,k

)

≤ −σj,k‖θ̃j,k‖2

2γj,k

+ σj,k‖θ∗
j,k‖2

2γj,k

, (55)

σ̄j,1

γ̄j,1
ε̃j,1ε̂j,1 ≤ − σ̄j,1ε̃

2
j,1

2γ̄j,1
+ σ̄j,1ε

∗2
j,1

2γ̄j,1
, (56)

σ̄j,k

γ̄j,k

ω̃j,kω̂j,k ≤ − σ̄j,kω̃
2
j,k

2γ̄j,k

+ σ̄j,kω
∗2
j,k

2γ̄j,k

, (57)

mj −1∑

k=1

χ3
j,kχj,k+1

≤ 3

4

mj −1∑

k=1

υ
4
3
j,kχ

4
j,k + 1

4

mj −1∑

k=1

1

υ4
j,k

χ4
j,k+1

≤ 3

4

mj −1∑

k=1

υ
4
3
j,kχ

4
j,k + 1

4

mj∑

k=2

1

υ4
j,k−1

χ4
j,k, (58)

mj −1∑

k=1

χ3
j,kξj,k+1

≤ 3

4

mj −1∑

k=1

ρ
4
3
j,kχ

4
j,k + 1

4

mj −1∑

k=1

1

ρ4
j,k

ξ4
j,k+1, (59)

mj −1∑

k=1

ξ3
j,k+1Bj,k+1(·)

≤ 3

4

mj −1∑

k=1

(ρj,kMj,k+1)
4
3 ξ4

j,k+1 + 1

4

mj −1∑

k=1

1

ρ4
j,k

, (60)
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3

2

mj −1∑

k=1

ξ2
j,k+1Tr

{
Cj,k+1(·)T Cj,k+1(·)

}

≤ 3

4

mj −1∑

k=1

(ρj,kNj,k+1)
4
3 ξ4

j,k+1 + 1

4

mj −1∑

k=1

1

ρ4
j,k

(61)

where

|Bj,k+1(·)| ≤ Mj,k+1(·),
|Tr{Cj,k+1(·)T Cj,k+1(·)}| ≤ Nj,k+1(·).

Assumption 3 [33] For a given pj,ij > 0, for all ini-
tial conditions satisfying Vj,ij (t) ≤ pj,ij , where

Vj,ij (t) = 1

2

(
eT
j Pj ej

)2 + 1

4

k∑

ij =1

χ4
j,ij

+ 1

4

k−1∑

ij =1

ξ4
j,ij +1 + 1

2

k∑

ij =1

1

γj,ij

θ̃ T
j,ij

θ̃j,ij

+ ε̃2
j,1

2γ̄j,1
+ 1

2

k∑

ij =2

ω̃2
j,ij

γ̄j,ij

Since for any pj,ij > 0, the sets
∏

j,k = {Vj,ij ≤
2pj,ij } (j = 1, . . . , n, k = 2, . . . , ij ) is a compact set

in R

∑k
ij =1 Nij

+j+3k
where Nij is the dimension of

θ̃i,ij . Since Bj,ij +1(·) and Tr{Cj,ij +1(·)T Cj,ij +1(·)}
are continuous functions, there exists the positive con-
stants Mj,ij +1(·),Nj,ij +1(·) such that |Bj,k+1(·)| ≤
Mj,k+1(·), |Tr{Cj,k+1(·)T Cj,k+1(·)}| ≤ Nj,k+1(·)
on
∏

j,k .

Substituting (55)–(61) into (54) results in

�Vj,mj
≤ −pj,1‖ej‖4 −

(
cj,1 − 3

4
υ

4
3
j,1 − 3

4
ρ

4
3
j,1

)
χ4

j,1

−
mj −1∑

k=2

(
cj,k − 3

4
υ

4
3
j,k − 1

υ4
j,k−1

− 3

4
ρ

4
3
j,k

)
χ4

j,k −
(

cj,mj
− 1

υ4
j,mj −1

)
χ4

j,mj

−
mj −1∑

k=1

(
1

τj,k+1
− 1

ρ4
j,k

− 3

4
(ρj,kMj,k+1)

4
3

− 3

4
(ρj,kNj,k+1)

4
3

)
ξ4
j,k+1

−
mj∑

k=1

σj,k‖θ̃j,k‖2

2γj,k

− σ̄j,1ε̃
2
j,1

2γ̄j,1

−
mj∑

k=2

σ̄j,kω̃
2
j,k

2γ̄j,k

+ Ξj + 1

2

mj −1∑

k=1

1

ρ4
j,k

+
(

ε∗
j,1 +

mj∑

k=2

ω∗
j,k

)

k′
j

+
mj∑

k=1

σj,k‖θ∗
j,k‖2

2γj,k

+ σ̄j,1ε
∗2
i,1

2γ̄j,1

+
mj∑

k=2

σ̄j,kω
∗2
j,k

2γ̄j,k

(62)

Choose the design parameters ηj,0, ηj,1, cj,ij , υj,ij

and ρj,ij (j = 1, . . . , n; ij = 1, . . . ,mj ) such that

pj,1 = λj − 3

2
η

4
3
j,0‖Pj‖ 8

3

− 3mj
√

mjη
2
j,0‖Pj‖4 − 1

4η4
j,1

= λj,0 > 0,

(63)

cj,1 − 3

4
υ

4
3
j,1 − 3

4
ρ

4
3
j,1 = c0

j,1 > 0, (64)

cj,k − 3

4
υ

4
3
j,k − 1

υ4
j,k−1

− 3

4
ρ

4
3
j,k = c0

j,k > 0, (65)

cj,mj
− 1

υ4
j,mj −1

= c0
j,mj

> 0, (66)

1

τj,k+1
− 1

ρ4
j,k

− 3

4
(ρj,kMj,k+1)

4
3

− 3

4
(ρj,kNj,k+1)

4
3 = lj,k+1 > 0 (67)

Substituting (63)–(67) into (62), one has

�Vj,mj
≤ −λj,0‖ei‖4 −

mj∑

k=1

c0
j,kχ

4
j,k

−
mj −1∑

k=1

lj,k+1ξ
4
j,k+1 −

mj∑

k=1

σj,k‖θ̃j,k‖2

2γj,k
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− σ̄j,1ε̃
2
j,1

2γ̄j,1
−

mj∑

k=2

σ̄j,kω̃
2
j,k

2γ̄j,k

+ Ξj + 1

2

mj −1∑

k=1

1

ρ4
j,k

+
(

ε∗
j,1 +

mj∑

k=2

ω∗
j,k

)

k′
j

+
mj∑

k=1

σj,k‖θ∗
j,k‖2

2γj,k

+ σ̄j,1ε
∗2
j,1

2γ̄j,1

+
mj∑

k=2

σ̄j,kω
∗2
j,k

2γ̄j,k

≤ −ρjVj,mj
+ μj (68)

Denote λmax(Pj ) is the largest eigenvalue of Pj , and
let

ρj = min
{
(2λj,0)/λ

2
max(Pj ),4c0

j,k,4lj,i , σj,k, σ̄j,k

}

j = 1,2, . . . , n; k = 1, . . . ,mj ; i = 2, . . . ,mj .

μj = Ξj + 1

2

mj −1∑

k=1

1

ρ4
j,k

+
(

ε∗
j,1 +

mj∑

k=2

ω∗
j,k

)

k′
j

+
mj∑

k=1

σj,k‖θ∗
j,k‖2

2γj,k

+ σ̄j,1ε
∗2
j,1

2γ̄j,1
+

mj∑

k=2

σ̄j,kω
∗2
j,k

2γ̄j,k

then (68) becomes

�Vj,mj
≤ −ρjVj,mj

+ μj (69)

Finally, choose the whole Lyapunov function candi-
date as

V =
n∑

j=1

Vj,mj
(70)

Combining (69) and (70), one has

�V =
n∑

j=1

�Vj,mj
≤ −

n∑

j=1

(ρjVj,mj
) +

n∑

j=1

μj

≤ −ρV + μ (71)

where ρ = min{ρ1, ρ2 · · ·ρn},μ = μ1 +μ2 +· · ·+μn.
By Lemma 1 and inequality (74), and using the

same arguments as [23, 26, 28], one can obtain that
all the signals of the closed-loop system are bounded
by μ/ρ, that is, ej and χj,ij are SUUB in probabil-

ity. θ̃j,ij , ε̃j,1, and ω̃j,k are also SUUB in probability

(j = 1,2, . . . , n, ij = 1,2, . . . ,mj , k = 2, . . . ,mj ).
Moreover, choosing appropriate design parameters,
the states observer errors and the outputs of the control
system can be made as small as the desired [25, 26].

The above design procedures and stable analysis
are summarized in the following theorem.

Theorem 1 For stochastic nonlinear system (1), un-
der Assumptions 1–3, the state observer (15) and
the controller (51), with the intermediate control
(32), (45) and parameter laws (33)–(34), (46)–(47),
and (52)–(53) guarantee that all the signals in the
closed-loop system is semiglobally uniformly ulti-
mately bounded in probability. Moreover, the states
observer errors and the outputs of the control system
can be made as small as the desired by choosing ap-
propriate design parameters.

5 Simulation example

In this section, the proposed adaptive fuzzy control ap-
proach is applied to the following example to verify its
effectiveness.

Example Consider a two-continuous stirred tank reac-
tor process with stochastic disturbances, which is de-
scribed by the following differential equation [16, 34]:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ1,1 = b11x1,2 + y3
1dw

ẋ1,2 = b12u1 + 1
2y2

1dw

y1 = x1,1

ẋ2,1 = b21x2,2 + φ21(x1,1, x2,1) + Φx2,1 + y2
2dw

ẋ2,2 = b22u2 + φ22(x2,1, x2,2) + y2
2 cos(y2

2)dw

y2 = x2,1

ẋ3,1 = b31x3,2 + φ31(x1,1, x2,1, x2,2, x3,1)

+ Ψ ω + 2y2
3dw

ẋ3,2 = b32u3 + φ32(x3,1, x3,2) + y5
3dw

y3 = x3,1

(72)

as the described [34], cooling water is added to the
cooling jackets around both reactors at flow rates Fj1

and Fj2, temperatures Tj,1 and Tj,2, respectively. De-
note x1,1 = CA2 − Cd

A2, x1,2 = F2, x2,1 = T2 − T d
2 ,

x2,2 = Tj2 − T d
j2, x3,1 = T1 − T d

j1, with Vj1 = Vj2 =
Vj ,V1 = V2 = V,F0 = F2 = F . w is an independent
r-dimensional standard Wiener process, and the pa-
rameters in (72) are
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Table 1 The values of the process parameters

α = 7.08 × 1010 h−1 ρ = 800.9189 kg/m3 T d
0 = 703.7◦C

E = 3.1644 × 107 J/mol ρj = 997.9450 kg/m3 T d
1 = 750◦C

R = 1679.2 J/mol◦C cρ = 1395.3 J/kg◦C T d
2 = 737.5◦C

λ = −3.1644 × 107 J/mol cj = 1860.3 J/kg◦C T d
j1 = 740.8◦C

U = 1.3625 × 106 J/h m2◦C F = 2.8317 m3/h T d
j2 = 727.6◦C

Cd
A0 = 18.3728 mol/m3 Fj1 = 1.4130 m3/h Vj = 0.1090 m3

Cd
A1 = 12.3061 mol/m3 Fj2 = 1.4130 m3/h V = 1.3592 m3

Cd
A2 = 10.4178 mol/m3 FR = 1.4158 m3/h A = 23.2 m3

T d
j10 = 629.2◦C T d

j20 = 608.2◦C

b11 = 1, b12 = 1, b21 = UA

ρcρV
, b22 = Fj2

Vj

,

b31 = UA

ρcρV
, b32 = Fj1

Vj

, Ψ = F0

V
,

Φ = F + FR

V
,

φ21 = F + FR

V
T d

1 − F + FR

V

(
x2,1 + T d

2

)

− αλ

ρcρ

(
x1,1 + Cd

A2

)
e
− E

R(x2,1+T d
2 )

− UA

ρcρV

(
x2,1 + T d

2 − T d
j2

)
,

φ31 = F0

V
T d

0 − F + FR

V

(
x3,1 + T d

1

)

+ FR

V

(
x2,1 + T d

2

)

− αλ

ρcρ

CA1e
− E

R(x3,1+T d
1 )

− UA

ρcρV

(
x3,1 + T d

1 − T d
j1

)
,

φ22 = Fj2

Vj

(
T d

j20 − x2,2 − T d
j2

)

+ UA

ρjcjVj

(
x2,1 + T d

2 − x2,2 − T d
j2

)
,

ω = e−0.15t sin(t),

φ32 = Fj1

Vj

(
T d

j10 − x3,2 − T d
j1

)

+ UA

ρjcjVj

(
x3,1 + T d

1 − x3,2 − T d
j1

)
,

CA1 = V

F + FR

(
x1,2 + F + FR

V

(
x1,1 + Cd

A2

)

+ α
(
x1,1 + Cd

A2

)
e
− E

R(x2,1T d
2 )

)

where α,E, and λ denote the reaction rate constant,
activation energy, and heat generation rate; ρ and ρj

are the densities of liquid in the reactors and in the
jackets; cp and cj stand for heat capacities. The values
of the process parameters are provided in Table 1.

The objective is to control CA2, T1, and T2 by ma-
nipulating CA0, Tj10, and Tj20. The deviation T0 −T d

0
of the inlet temperature T0 from the steady-state value
T d

0 is assumed to be an unmeasurable disturbance.
Define the following coordinate changes: x̄1,1 =

x1,1, x̄1,2 = b11x1,2, x̄2,1 = x2,1, x̄2,2 = b21x2,2, x̄3,1 =
x3,1 and x̄3,2 = b31x3,2, then the system (72) is of the
same form as in system (1)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

˙̄x1,1 = x̄1,2 + y3
1dw

˙̄x1,2 = ū1 + 1
2y2

1dw

y1 = x̄1,1

˙̄x2,1 = x̄2,2 + φ̄21(x̄1,1, x̄2,1) + Φx̄2,1 + y2
2dw

˙̄x2,2 = ū2 + φ̄22(x̄2,1, x̄2,2) + y2
2 cos(y2

2)dw

y2 = x̄2,1

˙̄x3,1 = x̄3,2 + φ̄31(x̄2,1, x̄3,1) + Ψ ω + 2y2
3dw

˙̄x3,2 = ū3 + φ̄32(x̄3,1, x̄3,2) + y5
3dw

y3 = x̄3,1

(73)

where ū1 = b11b12u1, ū2 = b21b22u2, φ̄21(x̄2,1, x̄2,1)

= φ21(x1,1, x2,1), φ̄22(x̄2,1, x̄2,2) = b21φ22(x2,1, x2,2),
ū3 = b31b32u3 and φ̄32(x̄3,1, x̄3,2) = b31φ32(x3,1,

b31x3,2).
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In the simulation study, eleven fuzzy set are de-
fined over interval [−10,10] for all x̄1,1, x̄1,2, x̄2,1,

x̄2,2, x̄3,1, and x̄3,2, and by choosing partitioning
points as −10,−8,−6,−4,0,2,4,6,8, and 10, their
fuzzy membership functions are given as follows:

μF 1
ij
(xi,j ) = e−0.5(xi,j +10)2

,

μF 2
ij
(xi,j ) = e−0.5(xi,j +8)2

,

μF 3
ij
(xi,j ) = e−0.5(xi,j +6)2

,

μF 4
ij
(xi,j ) = e−0.5(xi,j +4)2

,

μF 5
ij
(xi,j ) = e−0.5(xi,j +2)2

,

μF 6
ij
(xi,j ) = e−0.5(xi,j )2

,

μF 7
ij
(xi,j ) = e−0.5(xi,j −2)2

,

μF 8
ij
(xi,j ) = e−0.5(xi,j −4)2

,

μF 9
ij
(xi,j ) = e−0.5(xi,j −6)2

,

μF 10
ij

(xi,j ) = e−0.5(xi,j −8)2
,

μF 11
ij

(xi,j ) = e−0.5(xi,j −10)2

Let

ϕk
2,1 =

μFk
11

(x̄1,1)μFk
21

(x̄2,1)μFk
31

(x̄3,1)

∑11
k=1(μFk

11
(x̄1,1)μFk

21
(x̄2,1)μFk

31
(x̄3,1))

,

ϕk
2,2 =

∏2
i=1

∏2
j=1 μFk

ij
(x̄i,j )μFk

31
(x̄3,1)

∑11
k=1(

∏2
i=1

∏2
j=1 μFk

ij
(x̄i,j )μFk

31
(x̄3,1))

,

ϕk
3,1 =

∏2
j=1 μFk

1j
(x̄1,j )μFk

21
(x̄2,1)μFk

31
(x̄3,1)

∑11
k=1(

∏2
j=1 μFk

1j
(x̄1,j )μFk

21
(x̄2,1)μFk

31
(x̄3,1))

,

ϕk
32 =

∏3
i=1

∏2
j=1 μFk

ij
(x̄i,j )

∑11
k=1(

∏3
i=1

∏2
j=1 μFk

ij
(x̄i,j ))

.

Then

ϕk
2,1 = [

ϕ1
2,1, ϕ

2
2,1 · · ·ϕ11

2,1

]T
,ϕ2,2

= [
ϕ1

2,2, ϕ
2
2,2 · · ·ϕ11

2,2

]T
,

ϕk
3,1 = [

ϕ1
3,1, ϕ

2
3,1 · · ·ϕ11

3,1

]T
,ϕk

3,2

= [
ϕ1

3,2, ϕ
2
3,2 · · ·ϕ11

3,2

]T

The fuzzy controllers and parameters of adaptive law
are constructed as

u1 = − c1,2χ1,2 + k1,2( ˆ̄x1,1 − y1)

− 1

τ1,2
(z1,2 − α1,1),

u2 = − c2,2χ2,2 + k2,2( ˆ̄x2,1 − y2)

− θT
2,2ϕ2,2(X̂2,2)

− 1

τ2,2
(z2,2 − α2,1) − ω̂2,2 tanh

(
χ3

2,2/k
)
,

u3 = − c3,2χ3,2 + k3,2( ˆ̄x3,1 − y3)

− θT
3,2ϕ3,2(X̂3,2)

− 1

τ3,2
(z3,2 − α3,1)

− ω̂3,2 tanh
(
χ3

3,2/k
)
,

θ̇2,1 = γ2,1ϕ2,1(X̂2,1)χ
3
2,1

− σ2,1θ2,1

˙̂ε2,1 = γ̄2,1χ
3
2,1 tanh

(
χ3

2,1

k

)
− σ̄2,1ε̂2,1

θ2,2 = γ2,2ϕ2,2(X̂2,2)χ
3
2,2 − σ2,2θ2,2,

˙̂ω2,2 = γ̄2,2χ
3
2,2 tanh

(
χ3

2,2

k

)
− σ̄2,2ω̂2,2,

θ̇3,1 = γ3,1ϕ3,1(X̂3,1)χ
3
3,1 − σ3,1θ3,1,

˙̂ε3,1 = γ̄3,1χ
3
3,1 tanh

(
χ3

3,1

k

)
− σ̄3,1ε̂3,1,

θ3,2 = γ3,2ϕ3,2(X̂3,2)χ
3
3,2 − σ3,2θ3,2,

˙̂ω3,2 = γ̄3,2χ
3
3,2 tanh

(
χ3

3,2

k

)
− σ̄3,2ω̂3,2,

α1,1 = − c1,1χi,1

− 3

4
η

4
3
1,1χ1,1

− 3m
√

m

η2
1,0

χ1,1
∥∥ψ1(y1)

∥∥4

− 3

2
χ1,1ψ1,1(y1)

T ψ1,1(y1)
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α2,1 = − c2,1χ2,1 − 3

4
η

4
3
2,1χ2,1

− θT
2,1ϕ2,1(X̂2,1)

− ε̂2,1 tanh
(
χ3

2,1/k
)

− 3m
√

m

η2
2,0

χ2,1
∥∥ψ2(y2)

∥∥4

− 3

2
χ2,1ψ2,1(y2)

T ψ2,1(y2),

α3,1 = − c3,1χ3,1 − 3

4
η

4
3
3,1χ3,1

− θT
3,1ϕ3,1(X̂3,1) − ε̂3,1 tanh

(
χ3

3,1/k
)

− 3m
√

m

η2
3,0

χ3,1
∥∥ψ3(y3)

∥∥4

− 3

2
χ3,1ψ3,1(y3)

T ψ3,1(y3)

The design parameters are chosen as

c1,1 = 10, c1,2 = 4, c2,1 = 10,

c2,2 = 10, c3,1 = 10, c3,2 = 10,

k1,1 = 5, k1,2 = 5, k2,1 = 10,

k2,2 = 10, k3,1 = 5, k3,2 = 5, r2,1 = 1,

r2,2 = 1, r3,1 = 1, r3,2 = 1, r̄2,1 = 1,

r̄2,2 = 1, r̄3,1 = 1, r̄3,2 = 1,

τ1,2 = 0.5, τ2,2 = 0.1, τ3,2 = 0.1,

Fig. 1 The trajectories of x1,1 “solid line” and x̂1,1 “dash-dot-
ted”

η1,0 = 10, η1,1 = 0.5, η2,0 = 10, η2,1 = 0.4,

η3,0 = 10, m = 2,

σ2,1 = 0.01, σ2,2 = 0.01, σ3,1 = 0.01,

σ3,2 = 0.01, σ̄2,1 = 0.01,

σ̄2,2 = 0.01, σ̄3,1 = 0.01,

σ̄3,2 = 0.01, k = 0.01

The initial conditions are chosen as

x̄1,1(0) = 1.5, x̄1,2(0) = 0, x̄2,1(0) = 0.5,

x̄2,2(0) = 1, x̄3,1(0) = 0.5,

Fig. 2 The trajectories of x1,2 “solid line” and x̂1,2 “dash-dot-
ted”

Fig. 3 The trajectories of x2,1 “solid line” and x̂2,1 “dash-dot-
ted”
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x̄3.2(0) = ˆ̄x1,1(0) = 0,

ˆ̄x1,2(0) = 0.5, ˆ̄x2,1(0) = 0.5, ˆ̄x2,2(0) = 0,

ˆ̄x3,1(0) = 0, ˆ̄x3.2(0) = 0,

θ2,1(0) = 0, θ22(0) = 0,

θ31(0) = 0, θ32(0) = 0, ε̂2,1(0) = 0, ε̂3,1(0) = 0,

ω̂2,2(0) = 0, ω̂3,2(0) = 0

The simulation results are shown in Figs. 1–9.

From the above simulation results, it is clear that
even though the exact information on the nonlinear
functions in the system is not available and the state

Fig. 4 The trajectories of x2,2 “solid line” and x̂2,2 “dash-dot-
ted”

Fig. 5 The trajectories of x3,1 “solid line” and x̂3,1 “dash-dot-
ted”

variables are immeasurable, the proposed adaptive
fuzzy output feedback control approaches guarantee
the stability of the closed-loop adaptive control system
and achieve good control performance.

6 Conclusions

In this paper, an observer-based adaptive fuzzy out-
put feedback control approach has been proposed for
a class of uncertain MIMO stochastic nonlinear sys-
tem with immeasurable states. Fuzzy logic systems
are used to approximate the unknown nonlinear func-
tions and a fuzzy state observer is designed to estimate

Fig. 6 The trajectories of x3,2 “solid line” and x̂3,2 “dash-dot-
ted”

Fig. 7 The trajectory of u1
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Fig. 8 The trajectory of u2

Fig. 9 The trajectory of u3

those immeasurable states. By combining the adaptive
backstepping design with the DSC technique, a novel
adaptive fuzzy output feedback backstepping control
approach is developed. It is proved that all the sig-
nals of the closed-loop control system are semiglob-
ally uniformly ultimately bounded (SUUB) in proba-
bility; the observer errors and the system outputs can
be made as small as the desired by appropriate choice
of the design parameters. Simulation results are pro-
vided to show the effectiveness of the proposed ap-
proach.
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