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Abstract This paper studies the problem of the ro-
bustly exponential stabilization for uncertain Marko-
vian jump systems with mode-dependent time-varying
state delays. The contribution of this paper is two-fold.
Firstly, by constructing a modified Lyapunov func-
tional and using free-weighting matrices technique,
some delay-dependent robustly exponential stability
criteria of such systems are obtained in terms of lin-
ear matrix inequalities (LMIs), which are less conser-
vative than some existing ones. Secondly, a state feed-
back controller is designed, which can guarantee the
robustly exponential stability of the uncertain closed-
loop systems. Some illustrative numerical examples
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are given to demonstrate the reduced conservatism and
applicability of the obtained results.
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1 Introduction

Markovian jump systems can model different types
of dynamic ones subject to abrupt changes occurred
in their structures, such as failure prone manufac-
turing systems, power systems and economics Sys-
tems, and so on. This class of systems can be re-
garded as a special case of hybrid systems, since the
state takes continuous values and the jumping pa-
rameters take discrete values in a system simultane-
ously. Since Markovian jump systems were firstly in-
troduced by Krasovskii and Lidskii in [19], a great
deal of attentions have been devoted to them in
[10, 20, 27, 30, 31, 33] and the references therein.
Besides, the existence of time delays in systems
can usually cause instability, oscillation and poor per-
formance, and thus the study for the Markovian jump
systems with time delay is of both theoretical and prac-
tical importance. The theory of stability analysis, feed-
back control and Hy,-control, as well as some other
important applications for Markovian jump systems
with time delay has been discussed in the past sev-
eral decades. For example, the problems of stability
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analysis and H, control of such systems via design-
ing a state feedback controller have been addressed
in [2, 6-8, 31]. The results about the stability anal-
ysis and Hy filtering for stochastic delayed Marko-
vian jump systems have been obtained in [24, 32].
Lian et al. in [16, 17] and Wang et al. [28] have dis-
cussed the robust Hy, sliding mode control, the adap-
tive variable structure control and the stabilization for
a class of uncertain switched delay systems, respec-
tively. The research on the controller design of Marko-
vian jump systems with time delay has been con-
ducted by Cao and Lam [6], and Wang et al. [26], but
the results proposed in [6, 26] are delay-independent,
which means that they are much more conservative
than delay-dependent ones owing to failing to use
of the information on the length of delays. Recently,
Boukas et al. [2] have obtained some delay-dependent
stability conditions for Markovian jump systems with
time delay by employing the bounding technique and
using the mode transformation. Chen et al. [5] have
acquired some delay-dependent sufficient criteria for
Markovian jump systems with time delay by using
free-weighting matrices (see Refs. [14, 15, 25]). In
[8], some less conservative criteria for Markovian
jump systems with time delay were derived by con-
structing an appropriate Lyapunov—Krasovskii func-
tional (LKF) and using Moon’s inequality. Chen et al.
[9] have also obtained some delay-dependent stabil-
ity conditions for Markovian jump systems with time
delay by exploiting a descriptor model transforma-
tion and employing the bounding technique. To ob-
tain much less conservative criteria, Fei et al. [11]
have achieved some delay-dependent conditions for
Markovian jump systems with time delay by using
the delay-partitioning approach (see Ref. [13]). But
the results given in [2, 5, 8,9, 11] are only suitable
for the constant delay which is mode-independent. In
[29], Xu et al. have obtained some delay-dependent
sufficient conditions ensuring the stochastic stability
for Markovian jump systems with time-varying delay
by employing the free-weighting matrices (see Refs.
[14, 15, 25]) and the time-varying delay is also mode-
independent. As we know, in real systems, the trans-
mission delays may occur randomly, which can be also
modeled as a Markov process [21], and thus the mode-
dependent time-varying delays are more natural and
general than the mode-independent ones in Markovian
jumping systems (see Refs. [19, 22, 27, 30, 31]).

On the other hand, typical stability analysis of
Markovian jump systems with time delay mentioned
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above is involved with stochastic stability. But from
the point of practical application, the exponential sta-
bility is of much significance, since the exponential
stability can provide fast convergence and the desir-
able accuracy once the decay rate is determined. Al-
though the exponential stability analysis and exponen-
tial stabilization of Markovian jump systems with time
delay have been discussed in Shu et al. [23] and Wang
et al. [26], the results are only suitable for constant de-
lay which is mode-independent.

Inspired by the statements above, it is very neces-
sary to discuss the exponential stability and exponen-
tial stabilization of the uncertain Markovian jump sys-
tems with mode-dependent time-varying state delays.
In this paper, to reduce the conservatism of the stabil-
ity conditions, a modified Lyapunov—Krasovskii func-
tional combined with the Leibniz—Newton formula
are introduced. The distributed delay free-weighting
matrix functional coupled with the Leibniz—Newton
formula can avoid the use of the mode transforma-
tion and the bounding technique. Moreover, the con-
ditions obtained in this paper are formulated in terms
of linear matrix inequalities (LMIs), which are effec-
tive methods to treat the problems and can be eas-
ily checked by resorting to available software pack-
ages. Compared with some existing reports, the use
of this modified Lyapunov—Krasovskii functional cou-
pled with the Leibniz—Newton formula in our paper
can reduce the conservatism in searching for the upper
bound of the time-varying delays such that our con-
sidered systems are robustly exponentially stable. And
then based on the derived stability conditions, a mem-
ory state feedback controller is designed such that the
closed-loop systems is also robustly exponentially sta-
ble. Finally, some illustrative examples are provided to
demonstrate the effectiveness and applicability of our
results, and also give a convincing comparison with
some existing results.

Notations Unless otherwise specified, for a real
square matrix A, the notation A > 0 (A > 0,
A <0, A <0) means that A is a real symmetric and
positive definite (positive semi-definite, negative def-
inite, negative semi-definite, respectively); Amax(A)
and Amin(A) denote the maximum and minimum
eigenvalues of the square matrix A, respectively. If A
is a vector or matrix, its transpose is denoted by AT:
|B| = /trace(BT B) denotes the Euclidean norm of a
vector B or its induced norm of a matrix B. Unless
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explicitly stated, matrices in this paper are assumed
to have real entries and compatible dimensions. Let
7 > 0and C([—7, 0]; R") be the family of all continu-
ous R"-valued functions ¢ on the interval [—t, 0] with
the norm ¢ || = sup{|¢ ()| : —7 <6 < 0}.

2 Problem formulation

Consider the following linear state-delay systems with
Markovian jumping parameters:

X)) =A(t, r(0)x(@) + Aa(t,r®)x(t — h(z,r(@)))
+ B(t,r(0)u(r), =0, 2.1
x0(0) =), 6€[—h,0], r)=ro, (22)

where x(t) € R" is the system state, u(t) € R? is
the control input. A(z,r(t)), Aqg(¢,r(2)), B(t,r(t)) are
the system matrices of the stochastic jumping process
{r(t),t > 0}. Here, {r(t),t > 0} is a continuous-time
Markov process taking values in the finite discrete set
S={1,2,....,N}. IT ={y;j :i,j € S} be the den-
sity matrix of Markov chain {r(¢)},>0. Thus, y;; > 0
fori # j and y;; = — Z?/:l’j#i vij. Furthermore, the
transition probability of Markov chain {r(¢)};>¢ can
be described as

Plr@t+A)=jlr@t) =i}

wiato),  i#),

I+viA+o(D), i=],
where A > 0 and lima_o 2 = 0. h(t, (1)) de-
notes the mode-dependent time-varying delay when
the model is in r(¢). When r(t) =i,i € S, h(t,r(t))
is denoted by h;(¢), which is satisfied 0 < h; (t) < h;
and h,- (t) < pi. The initial condition of the systems
is specified as (rg, ¢(-)) with ro € S being the initial
mode and ¢ being the initial function such that ¢ €
C([—h,0]; R"), where h = max{h;,i € S}. For sim-
plicity of notation, when the systems operate in the ith
mode (r(t) =i), A(t,r(t)), Aqg(t, r(t)) and B(t, r(t))
are denoted as A;(t), A;4(¢t) and B;(¢), which are ma-

trix functions, and for each i € S,

Ai(t) =A; + AA; (1),
Aig(t) =Ajg + AAjq(1), (2.3)
Bi(t)=B; + AB; (1),

where A;, A;q and B; are known real constant ma-
trices representing the nominal systems for all i € S,
and AA;(t), AA;q(¢t) and AB;(t) (i € S) are unknown
matrices representing time-varying parameter uncer-
tainties, which can be described as

[AAi(1) AAja(t) ABi1)]
=E F;(H)[H; Hy H3l, ieS, 2.4

where E;, Hy;, Hy;, H3; are known constant matri-
ces with compatible dimensions for each i € S, and
Fi(t) (i € S) are unknown Lebesgue measurable ma-
trix functions satisfying

FI(OF )<, Vies. (2.5)

In particular, when F;(t) =0 (i € S), systems (2.1)
are referred to as their nominal systems:

X(t) = Aix(0) + Aig(Dx(t = hi (1)) + Biu(r).  (2.6)

The main purpose of this paper is to obtain suffi-
cient conditions such that the following two require-
ments are satisfied:

(1) The uncertain Markovian jump systems (2.1) are
robustly exponentially stable in mean square when
u(t)=0.

(2) Design a robust state feedback controller

u(t) = Kix (1) + Kigx(t — hi (1)), Q2.7)

which can exponentially stabilize systems (2.1),
where K; € RP*", K;; € RP*" (i € S) are the
gain matrices of the state feedback controller.
Thus, by applying this controller to the systems
(2.1) for each i € S, we obtain the following
closed-loop systems of (2.1) with (2.7) which can
be described as

x(t) = (Ai() + Bi(1)K;)x(1)
+ (Aia(®) + Bi()Kiq)x(t — hi(1)). (2.8)

Definition 2.1 The nominal Markovian jump systems
(2.6) (with u(z) = 0) are said to be exponentially sta-
ble in mean square if there exist two positive constant
scalars & > 0 and A > O such that

2 _
E[x0)| <allplPe™,
for the initial value ¢ € C([—h,0]; R") and rg € S,

where x(7) denotes the trajectory of the systems state
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at time ¢ from the initial system state ¢ and the initial
mode ry.

Definition 2.2 Consider the uncertain Markovian
jump systems (2.1). If there exists a state feedback
controller (2.7) such that the resulting closed-loop sys-
tems (2.8) are robustly exponentially stable, then the
uncertain Markovian jump systems (2.1) are said to
be robustly exponentially stabilizable and the corre-
sponding state feedback controller (2.7) are said to
robustly exponentially stabilize systems (2.1) for all
admissible uncertainties (2.4)—(2.5).

Before ending this section, we introduce the follow-
ing lemmas, which are the necessary tools for the de-
velopment of our results.

Lemma 2.3 (Schur complement lemma [3]) For a
given matrix

S S
§— 1T1 12

S]z S22
with S11 = SlTl, Sy = SZTZ, the following conditions
are equivalent:

(1) S<O0;
(2) S <0, Si1 — S1285,' ST, < 0;
(3) $11 <0, 522 — SBSﬂlSu <0.

Lemma 2.4 [3] Let U,V,W and M be real matri-
ces of appropriate dimensions with M satisfying M =
MT | then

M+UVW+WIvTuT <0, foralvlv <1,
if and only if there exist a scalar ¢ > 0 such that

M+ 'uuT +eWwTw <0.

3 Main results

In this section, some LMIs-based sufficient conditions
for the exponential stability for the nominal systems
(2.6) when u(t) = 0 are firstly given by using the free-
weighting matrices (see Refs. [14, 15, 25]).

Theorem 3.1 For a given scalar k > 0, and the time-
varying delays h;(t) satisfies 0 < h;(t) < h; <h and

@ Springer

fzi(t) < u;i (i €8). If there exist some positive def-
inite symmetric matrices P, Q1, Q2, 03, Q4, Q1; €
R™" (i € S) and some appropriately dimensional
matrices N; = [NL, NI, NL NI NITT M; = [MT,
Mle., M%, M4Ti, M;]T (i € S), such that the following
linear matrix inequalities (LMIs) hold:

- £2; I 0
Ak, M | T

[ 2 Wi
Y, = <0,
' ‘1’52 Wi22:|
_ 3.1
2 P
D; = <0,
' ‘P,»le ¢i22:|
[ 2 T
;= <0,
l _T,-Tz Yi
N
il Q1+ ) %01 < 0o, 32)
j=1
where
i1 22 213
Qi=| * Qo Qi3 |,
* * 2i33
I =Y
hN4i —hNIY; AIT Q4
=| —hNs +hMy; —hN). AL,Q4 |,
i —hMy; —hD3Tl- 0
[—hQ3 —h>N] 0
Mip=| * —hQ4 0 .
|+ * T
—hQ3 —h*NI 0
Yino = * —hQy4 0 ,
* * _ek}l167] Q4
P12 ="Ti12
hNs; —hMIC AiT [on
= | —hNs; + hMs; —hM1. Al Q4 |,
—hMs; —hML 0
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Dinp = * —hQy4 0 ,
* * —a Q4
~hQ3 —h’MI 0
Tin = * —hQy4 0 ’
* * —o Q4
N
‘Qi“:KP""'PiAi"‘AiTPi+Zyijpj+e"hQ1
j=1
kh eh —1 |
+e" 01 + 0>+ 03
K K
+ N[ + Nii,

2i12 = P;Ajq + Nai — N{; + M,

2i13=N3i — M{;,

i =[-(1—p)e" 01] v [-(1 - ) Q1]
— NJ; = Noj + M3 + My,

i3 = —N3i — MJ; + M3;,

Qi3 =—Q1 — ML — Mj;,

and x means symmetric terms, the nominal Markovian
Jjump systems (2.6) when u(t) = 0 are exponentially
stable.

Proof Define a Lyapunov—Krasovskii functional can-
didate for systems (2.6) as

V(t, x,0) =Vit, x,0) + Valt, x;,0) + V3(t, x4, 1),

(3.3)
where
xr=x(t+0), —-2h<6<0,
and

Vi(t, xe, i) = ' xT (1) Pix (1),

t
Va(t, x;,i) = / O T (5)01x(s) ds
t—h;(t)

t
+/ O T ()01 x(s)ds,
t—h

0 pt
V3<r,xz,i)=/f e e=?)
—hJt+0

x xT(s)(Q2 + 03)x(s)ds d

0 pt
+ / / O 5T (5)Qux (s)ds db.
—hJt+0

Let £ be the weak infinitesimal generator of the
random process {(x;,r(¢),t > 0} (see Ref. [21]). For
eachi € S and t > h, we have
’Sv(tv Xt l) = ’gvl (tv Xt l) + £V2(t7 Xt l)

+ LV3(t, x4, 0), (3.4

where

LVi(t, X1, 0)
N
= eKth(l‘)|:KP + P A; + AiTP,' + Z)/iij:|x(t)
j=1
+2"xT () P Ajax (t — hi (1)), (3.5)
LVa(t, x1, i)
= [x" (][ 01+ " 01]x (1)
— (1 =hi@)x" (t — i (1))
X e_"(h"(t)_h)le(t - hi(t))

—x"(t =) Quix(t — h)]

O T ($)Q1x(s) ds

[ N
+/ T ()Y v 01x(s)ds, (3.6
t—h

j=1
LV3(t, x;,0)

e —

K

_ et [ﬂm (024 03)x(1)

eKh

+x7 ()

-1
Q4i(t)}
K

'
—e’”[ E"xT () Qax(s) ds
—h

t
- e’”/ é"xT(s)03x(s) ds
t—h;(t)

@ Springer
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t—h;(1)
—e’”/ é"xT(s)Q3x(s)ds
t—h

t
—e’“/ M1 () Q4% (s)ds
t—h;(t)

t—h;(t)
—e"’/ \ M1 (5) Q4% (s)ds. (3.7
t_

By calculation, as y; <1 (i € ),

—(1 = hi (@) M OxT (1 — hi (1)) Q1x (1 — hi (1))
< —(1 = p)e " MO (1 — hi (1)) Qux(t — i (1))
<—(1—pu)x"(t —hi() Qix(t — hi(®),  (3.8)

andas u; > 1(i € 5),

—(1 = hi (@) M OxT (1 — hi (1)) Q1x (1 — hi (1))
< —(1 = u)e " MO (1 — hi (1)) Qux(t — i (1))

< —(1 = u)e"x" (¢ = hi (1) Qux(r = hi (1)).
3.9

Thus, from (3.8) and (3.9) it follows that
—(1=hi@)e" M OxT (1 — hi (1)) Q1x(t — hi (1))
<xT(t—hi®)[-(1 — u)e” 01]
V= = ui) Q1 ]x(t — hi(0)).
Noting that y;; > 0, for j # i and y;; <0, it follows

that

N t
Zm/ O () 01x(s) ds
=1 t—hj(t)

t
SZV:‘/’/I_

J# hj®

(3.10)

O T ($)Q1x(s) ds

t
— |yl ST (5)01x(s) ds

t—h;(t)

SZVU/

t
O T ($)Q1x(s) ds
o

t
= |yl / O T (5)01x(s) ds. (3.11)
t—h

On the other hand, from the Newton-Leibniz for-
mula, it is clear that

aii(t) =2 ¢TI (1)N; |:x(t) —x(t —hi())

@ Springer

t
—/ )'c(s)dsj| =0,
t—h; ()

axi (1) :=2e"c T (1) M; |:x(t —hi()) —x(t —h)

t—h;(t)
—/ x(s) dsj| =0,
t—h

(3.12)

(3.13)
where

{OE [xT(rxxT(r —hi(®)), x"(t — h),

t T t—h;(t) 9T
|:/ x(s)ds] , |:/ x(s)ds] :| .
t—h;(t) t—h

Substituting (3.5)—(3.13) into (3.4) yields

EV(t,xt, l)

<! :xT(t) |:KP,' + PA; +A]P,

N
+Y viiPi+e" 01+ "0y
=1
I(h_]

+ (@2 + Qs)}dt)

+2xT (1) P; Ajax (t — hi (1))
+xT(t = hi@)[-(1 = e Q1]
V== ) Q1 ]x(t — hi (1))
—xT(t —h)Quix(t —h)

t
+Im|/ eMxT (s)Q1x(s)ds
t—h
t N
+/ e"xT(s) Y " yijQjx(s)ds
t—h X
j=l1

'

—e’”/ " xT(5)Qax(s) ds
t—h
t

—e’“/ é"xT(s)03x(s) ds
t—h;(t)

t—h;(t)
— e'”/ eKth(s)ng(s)
t—h
Kkh
—1
+iTns

04X (1)

t
- e’”/ EN 3T () Qax(s)ds
t—h;(t)
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—h

t—h;(t) bt )
—e“/ " X" (5)Qax(s)
t

+a1;(t) +a (1)

1 ! ' Kkt T ;
= e n (1,5, 0,1)
h= Ji—ni@y Ji-nioy

x Min(t,s,a,i)dsda

1 t—hi(t) pt
+—2/ / el (1t s, i)
h t—h; t—h; (1)

X W/n(t,s,a,i)dsda

1 t t—h;(t) r

x ®/n(t,s,o,i)dsdo

IA

1 t—h;(t) pt—h;(t)
i
h2 Ji—h —h

X Ti'n(t, s,a,i)dsda

T, s, a,i)

t
T il / T 0150 ds
t7

t N
+/ il ()Y vij01jx(s)ds
t—h

j=1

t
— ! / é"xT (s)0rx(s) ds, (3.14)
t—h

where £(t, s, 0,i) = [xT (1), xT (t — h; (1)), xT (t — h),
2T ()17, and

1T /
1, Hi22 K

[, kh 1 -
m=| “2] + AT 04,
i12

i £2; (/34 eKh —1 -~ -
. i12 T 17
Vi = lI/i/sz Wi/22:| * K A Q4 A

i £2; P! eKh —1 -~ -
' _q);sz ¢>i/22 K P Q4 A
i 2; T/ eKh -1 - -
v/ = i12 + A~T 71A',
B E O AP
h Ny —hNL
T

Hi/12 = lI/i/l2 = —hN4l + hM4l _thi s
—h My —hN1;

hNs; —hMT.
@, =T/, =| —hNsi+hMs; —hMJ, |,
—hMs; —hM1,
o —hQ3 —h*Ny
i22 % —hQ4 ’
r 2T
o/ —hQ3  —h"Nj;
i22 — % —hQ4 ’
o [ 03 —h>My
i22 — * —hQ4 ’
B 24T
Y. — —hQs —h"Ms
i22 * —hQ4 ’

A= [QZ;Ai» o A, 0].
It follows from (3.1), by applying Lemma 2.3, that
foreachi € §

v! <0,

1

o <0,

<o, ! 7/ <O.
And, by virtue of (3.2), when ¢t > h, from (3.14) it

implies that

LV (t,x,0) <O0. (3.15)

Let a; = max;es{|A;|} and ar = max;es{|Aiql}.
Thus, it follows from x () = A;x(t) + A;jqx(t — h; (1))
that for any 7 > 0,

t
|x(0)| = x(0)+/ [Aix(s) + Aigx(s — hi(s))]ds
0

t
< |x(0)] +/0 az|x(s — hi(s))|ds
'
+/ a1|x(s)|ds.
0
When 0 <t < h, the above inequality implies that
t
|x(t)| <[agh+1] sup |(p(9)| +/ ot1|x(s)|ds.
—h<6<0 0

By applying the Gronwall inequality to this inequality,
we obtain, when 0 <t < h,

lx(t)| < [oah + 11e*" sup ]|<p(9)|. (3.16)

0e[—h,0

@ Springer
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Hence, we have, when 0 <t < h,

2 (3.17)

x(]* <v sup |p@®)
0e[—h,0]

where v = [aoh + 1]%€2*1". Now, by employing the
Dynkin’s formula, (3.15) and (3.17), it follows that,
when t > h,
EV(t,x;,r (1))
t—h
=V(h,xh,r(h))+E/ EV(xS,r(s),s)ds
0

< V(h, xp,r(h))
=" xT (W) Px (h)

h
+/ O T (5)01x(s) ds
h—h;(h)
h
+/ ECTMT(5)01ix(s)ds
0
0 h
+ / / ¢ xT (s)(Q2 + Q3)x(s)ds db
—h Jh+s

0 h
+f / "7 (5)Qux(s)ds dO
—h Jh+s

fe"hmax{|P,-|}v sup |<p(9)|2
ieS 6e[—h,0]

e)ch _

sup o)
K 6e[—h,0]

+ ey

KheKh -1

sup o]
0e[—h,0]

+I}1€a§({|Q1i|}€

+ (1021 +103)
Kkh _ _
xe’(h$ sup |<,a(0)|2
K 0e[—h,0]
+2|Q4|(a12v+a%)

€M —kh—1

2
xe 3 sup [p(©®)][".
K 6e[—h,0]
On the other hand,
EV(t,x,i) > & E|x ()],

1
max;es{|P; |}
Hence, when t > h,

Elx)|* 2o sup ]|(p(9)|26_'”, (3.18)

6e[—h,0

@ Springer

where

o(h) = I}leag{|Pf1|}{€“h max{|Pi[}v

Kh_l
+ e 0|

h
e’ 1 e
h
+ max il te*
K ieS {|Ql|}

Khe"h—/ch—l

+ (1021 +103)e 5

e —eh—1
+ 2] Q4|(a12v + a%)e"hT }

When 0 <t < h, we obtain

1
max;es{| P}
<"ExT (1) Pix(1)

e’”E|x(z‘)’2

Se"hmax{|P,~|}v sup }go(@)]z.
ie§ 0e[—h,0]

That is,
2 —
Elx()| < I}légX”Pi erh 1}16352({|Pi|}v

X sup |<p(9)|2e_’”. (3.19)

0e[—h,0]

It follows from (3.18) and (3.19) that when ¢ > 0,

Elx@)* <o'(h) sup |p@®)|e™,
0e[—h,0]

where o'(h) = max{o(h), max;es{|P; ' [}e<"  x
max;es{| P;|}v}. Thus, the nominal systems (2.6) are
exponentially stable with the decay rate . The proof
of this theorem is completed. O

Remark 3.2 1t is satisfactory that Theorem 3.1 holds
without the restrictive condition: fz,-(t) < ui <1
(i € S). Thus, Theorem 3.1 is more general than those
given in [27, 30].

Remark 3.3 For the nominal Markovian jump sys-
tems (2.6) with mode-dependent time-varying state
delays, the novelties of Theorem 3.1 are that the mod-
ified Lyapunov—Krasovskii functional (3.3) we intro-
duced and the terms —e*’ ftt__hhi(t) eMxT (s)Q3x(s)ds
and —e*! ftt__hhi(t) N i1 (s)Q4%(s)ds are fully used,
which can reduce the conservatism.

Remark 3.4 In considering Theorem 3.1, the deriva-
tive value of the Lyapunov—Krasovskii functional can
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ultimately be written as the sum (3.14) of four parts:

1 ' ' it T ;
_2 e n (tv s, a, l)
h= Je—hiey Ji—nir)

x Min(t,s, o, i)dsda,
t—h;(t)

1 t
= f T (s, i)
h= Ji—n, t—hi (t)

x Win(t,s, a,i)dsda,

1 t t—h;(t) -
ﬁ‘/t_”([) ‘/t_h ektn (t,s,()l,i)

x @n(t,s,a,i)dsda and

1 t=hi(t) pt—=hi(t) r
— et (s, o, i)
h? /t—h [—h

x Y{n(t,s,a,i)dsdeo.

This treatment is different from the ones in [19, 24, 27,
29, 32] and can effectively reduce the conservatism in
[19, 24, 27, 29, 32], which will be illustrated by some
numerical examples in Sect. 5.

Now, we generalize Theorem 3.1 to the correspond-
ing uncertain case, and give the following sufficient
conditions on the robustly exponential stability for
the uncertain Markovian jump systems (2.1) when
u(t)=0.

Theorem 3.5 For a given scalar k > 0, and the time-
varying delays h;(t) satisfies 0 < h;(t) < h; <h and
hi(t) < wi (i €85). If there exist some positive def-
inite symmetric matrices: P, Q1, Q2, O3, Q4, Q1; €
R™" (i € S) and some appropriately dimensional
matrices N; = [N[;, NJ., NL, NI, NLTT M = (M,
M2Tl., M;, MAE, MSTI.]T (i € S), and some positive sca-
lars €1, €2i, €3i, €4; (i € S) such that (3.2) and the fol-
lowing linear matrix inequalities (LMIs) hold:

[ 2!
/ 1
I = H} H- <0,
L4412 i22
i 22 i
l]/[/ = lpTl‘ l[/ < O’
i12 i22
- (3.20)
2 P
Q] = q)T’ B | = 0,
| Fi12 i22
[ 2} T
T‘i/ = T} e < O’
L 112 i22

where
k k
251 2 S
.Q,k = * i 23|, k=1,2,3,4,
* k8233
II;1
=Yz
h N —/’ZNlIl? AzT 04 PiTEi
= | ~hNai+hMy —hNj; AJ, Qs 0 |,
—hMa; —hN1 0
* —hQ4 0 0
M = . ! ’
* * T eh 1 04 Q4 E;
* * * —e1il
* —hQ4 0 0
WYin = ) ; ’
* —c794+ Q4 Ei
* * * —82,'1
D12
=T
hNs; —nM? ATQs PTE;
= | —hNs; +hMs; —hM§ AiT;lQ4 0 ’
—hMs; —hM], 0 0
_hQ3 _thZ; 0 0 -
@ * —hQ4 0 0
22 = ’
l * ——#=04 QLE;
* * * —&3il |
_hQ3 _thSY; 0 0 -
* —hQy4 0 0
Yio = ) ; ’
* —a—04 O4Ei
* * * —e4il |
N
Qfiy =k P+ PiA + AP+ ) i P+ e 04
j=1
kh eh —1 e —1
+€ Qli + P Qz —|— - Q3

+ N{; + Nii + e H; H;,
_Q{(lz:PiAid+N2i _N17;+M£ +8kiH]7;H2iv
k=1,2,3,4,i€S,
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£2i13, §2i22, 82123, §2i33 are given in Theorem 3.1 and
* means the symmetric terms, the uncertain Marko-
vian jump systems (2.1) when u(t) = 0 are robustly
exponentially stable.

Proof Replacing A;, Ajq in (3.1) with A; + AA; (1),
Ajg + AA;j4(t), AA;(t), AA;4(t) are described in
(2.3) and (2.4), and we obtain

=M+ I FEOA+A RO, €S,
where

Li=[E'P, 0 0 0 0 E04],

A, =[H; Hy 0 O O O]

From Lemma 2.4, we know 171.’ <0 (@ es) are
equivalent to

n'=1; + gl—l,l]’l.TF,- +en Al A,

where ¢1; > 0 (i € S). From IT] <0 (i € S), by using
Lemma 2.3, we know that [T < 0 (i € §). Similarly,
the other three cases can be proved. Hence, the proof
is completed. ]

4 A state feedback controller design

In this section, we consider the robust stabilization for
the uncertain Markovian jump systems. When a con-
trol in law (2.6) is applied to systems (2.1), the closed-
loop systems (2.8) become

i1 iz 23

%(t) = (A + EiF; () Hy ) x (1)
+ (Aig + Ei Fi () o) x (t — hi (1)), (4.1)

where A; = A; + BiK;, Aig = Ajg + BiKiq, Hyj =
Hy + H3K; and Hy; = Hy;i + H3iKiq (i € 5).

Theorem 4.1 For a given scalar k > 0, and time-
varying delays h;(t) satisfies 0 < h;(t) < h; < h
and ]:li(t) < u; (i €8). If there exist some positive
definite symmetric matrices Qg, Q4, Xi, R, T;, S1; €
R™™ (i € S) and some appropriately dimensional
matrices Ni = [NlTi, 1\72Tl, 1\~/le, ]\~/4Tl, I(’STI.]T, Mi = [A;IE,
A;IzTi, I\;I3Tl, Mg, MSTi]T (i € S), such that the following
linear matrix inequalities (LMIs) hold:

I ;I 0
_ <0,
' Hile Y)

‘1’i=_ QTz Wi12:|<0’
_'I’ilz Yin
) (4.2)
_¢i12 @i
- [ -QTl Tilz] 0,
| Tip Ti2
N
it Ri + Y vijS1j < T, 4.3)

j=1

where

;=] * S$2in 23|,
k k 9,33
hXT Ny ~hNLQs  XxTAT +LTBI 5
Hilzzlpilzz —thTNAll +thTM4l —hﬁzj;ézt XlTA?;J‘I‘ZleBlT 0 s
—hXiTM4i —th; Q4 0 0
~hQ3 —h>N] 04 0 0
¢ —hQ4 0 0
Mi»n = . A ,
% * T kh] Q4 0

@ Springer
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~hQ3 —h>NLQ, 0 0
* —hQq 0 0
Yinp = . = ,
* * _e’(h_—lQ4 0
* * * —1I;
]’lXiTNSi —/’11\;[1]; Q4
CDHZ:T[IZ: _thTNSI +thTM5, _hMg;QA},
—hX! Ms; —hMI Q4
—hQ3 —h’ML Q4 0 0 ]
* —hQ4 0 0
Djx = c A )
% k —mQ;l 0
* * * —TI; |
~hQ3 —h’ML Q4 0 0 ]
* —hQ4 0 0
Yinp = . A ,
k * _WQ4 O
* * * =17 |

~ ~ e
in=«kX;+A; X; +Xl-TAl-T + B;L; +LiTBl-T + yi X +€KhRi +ekhS1i +

Ri12=Aia X; + Biiid ~|—X1-T1\72,' - Nl];Xz + Ml];Xi,

213 = X N3 — MLx;,

x'al' +LTBI &
XAl + LT BT 0
0

0

Kh

T; +N1Tl-Xi +XiT]§/1,',

Qi = [~ —u)e*" Ri] v [-(1 — u)Ri] = NJ; Xi — X[ Noj + M3 X; + X[ My;,

Qi3 =—X! N3 — MLX; + X] M3,

Qi3 =—Ni — MLX; — X] M3;,

Ei= [\/VilX,'T,---a«/Vi(ifl)XiT’\/Vi(iJrl)XiT,--~,«/ViNX,'T,X,'T],

-"7Xl'715Xl'+15"'5XN

Tekh — 1

and x means the symmetric terms, then the nomi-
nal closed-loop systems (4.1) are exponentially stable.
Moreover, the gain matrices K; and K;q can be chosen
as

Ki=L; X!
and
Kiq= iidXi_la

foreachi e S.

Proof Setting

P,~=Xi_l, R = X! 01X,
Sui=X'0uXi;, T=XI0:X;,
0;=0;", 04=0;"
Nli:NUXi_l, MU:M”XI._I,
Noi=NuX;7'.  My=MyX;",
N3i = N3 X[, M3 = M3 X; ',
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N4i=N4iQ3_1, M4i=M4iQ3_l,
NSi:NSiQ;I’ MSi:MSiQ;17 i€sS.

Then, pre-multiplying and post-multiplying (4.2) with
diag{X;, X, Xi, 03, 04, 04} (i € S) can result in
(3.1) by using Lemma 2.3. By pre-multiplying and
post-multiplying (4.3) with X; (i € §), we obtain
(3.2). Thus, by virtue of Theorem 3.1, the closed-loop
systems (4.1) have exponential stability. The proof of
this theorem is completed. (|

Next, we also generalize Theorem 4.1 to the un-
certain case, and the design theorem is given as fol-
lows:

Theorem 4.2 For a given scalar k > 0, and time-
varying delays h;(t) satisfies 0 < h;(t) < h; < h
and hi(t) < pi (i € 5). If there exist some positive
definite symmetric matrices Q3, Q4, Xi, R, T;, S1; €

k
£, Sz $2i3

F=| * Q2 23|, k=1,2,34,
% * .Qi33
hXiTN4i _hNIT; Q4
iy == | —hXI' Ny + hXI' My, —hN1%Qu4
—hXiTM4i —h]\~f3Tl Q4
~hQ3 —h>N Q4 0
* —hQ4 0
Il = * * —e,cp'f—_1Q4+8liEiE,{
k k %
% * %
~hQ3 —h>NL Q4 0
* —h Q4 0
Yin = * * —ek+_1Q4+82iEiEl{
k * %
* * %
hXiTﬁsi —hﬂ;lf; Q4
®in=Tio=| —hXI'Ns; +hXI'Ms; —hML Q04
—th-TM5,' —hMSY; Q4

@ Springer

R™" (i € S) and some appropriately dimensional
matrices 1(7[ = [1\~71Ti, ]\72Tl, ]\~I3Tl, ]\~J4Tl, IVSTI.]T, Mi = [A;Iﬂ,
MzTi’ Mg;, Mg, MSTI]T (i € §) and ey, ¢, &3i, &4i
(i € S) such that (4.3) and the following linear ma-
trix inequalities (LMIs) hold:

o Q! M 0
L <0,
' mol, M

v [ 27 ¥ 0
o <0,
l Wi{Z Yin
- 3 (4.4)
o 27 Din 0
o <0,
l _‘1752 Pin
T [ T 0
_ <0,
l _Tifz Yin
where
T AT 7T RT TyT . fTyl =
XTAT +LTBT  xTHL +LTHT &

XAl +LTBI xTHE+LTHL 0 |,
0 0 0
0 0
0 0
0 0 |.
—eul 0
* —I;
0 0
0 0
0 0 |,
—epl 0
* —TI;
XTAT+ITB] XTul+LTH] =
XAl + LT BT xTHI +LEHL 0 |,
0 0 0
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~hQ3 —h*MLQ. 0
s —hQ4 0
Dip = * * —ek,f—_IQ4 + &3 EE!
* k k
* * *
~hQ3 —h>ML Q4 0
* —h Q4 0
Tioo= * * —e,(hK—_1Q4+84,'EiEl{
k * %
% * %

‘Qikll =«X;+AX; + Xl-TAiT + B,»ii + iiTBl-T +yi Xi + eKhRi + e"hSu

eKh _

+ T; + N Xi + X[ Nii + e Ei E]

k=1,2,3,4,i€8,

the other quantities $2;12, §2i13, §2i22, §2i23, $2i33, &i,
I; (i € S) are given in Theorem 4.1 and * means the
symmetric terms, then the uncertain closed-loop sys-
tems (4.1) are robustly exponential stable. Moreover,
the gain matrices K; and K;q can be chosen as

K; ZZ,,‘Xi_l and KidZZ,,‘dXi_l,

foreachi € S.

5 Some illustrative numerical examples

In this section, some illustrative examples are provided
to show the feasibility of our obtained results.

Example 5.1 Consider the following nominal Marko-

vian jump systems, which are considered in [18, 19,
24,29, 30, 32]:

2(t) = Aix(0) + Ajax (1 — hi (1)), i€S=1{1,2),

(5.1

with system matrices as follows:

-2 0 -1 0
A‘_[o —0.9]’ Ald_[—l —1}’

-1 0.5 -1 0
Az—[o _11|, A2d—[1 _1],

Table 1 The upper bounds of # with different values of p in
Example 5.1

“w
0.9 1.0 1.5

Yue and Han in [32] 0.9279 - -

Shen et al. [24] 0.7529 0.7529 0.7255

Xu et al. [29] 0.9359 0.8886 0.8886

Maetal. [19] 1.0428 1.0428 1.0428

Our result 1.2996 1.2996 1.2996

where 0 < h; (t) < hi <h, hi(t) < u; (i € S). The pa-
rameter matrix [T = {y;;} is given by IT = [;l Jz]
The convergence rate k = 0.1.

Case 1. Table 1 lists the comparison results with re-
spect to [19, 24, 29, 32] when p| = py = . It is not
hard to see from Table 1 that the upper bound % of
the time-varying delay A (t) is better than the ones ob-
tained in [19, 24, 29, 32]. When h =0.8 and u = 1.5,
the upper bound of the decay rate k is 0.8065 in [19].
However, by using Theorem 3.1, it can be derived that
the suboptimal upper bound of the decay rate k is
1.0101, which is larger than the one given in [19].

Case 2. Table 2 presents the comparison results with
respect to [18, 30] with different values w1 and w2
when k = 0.0. From Table 2, it can be seen that Theo-
rem 3.1 is much better than those obtained in [18, 30].
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Table 2 The upper bounds of / with different values of 1) and
2 when k = 0.0 in Example 5.1

Table 4 The allowable upper bounds of % for different y;; in
Example 5.2

Authors
Xu et al. Ma et al. Theorem 3.1
[30] [18]

n1 =0.0, u =0.0
n1 =0.0,u2=0.5
n1 =0.5,u,=0.5

0.9800 1.5370 1.5414
0.9800 1.3550 1.3984
0.4899 1.1240 1.3900

n1=10,ur =15 - 0.8870 1.3872

Table 3 The allowable upper bounds of % for different y;;
when k = 0.0 in Example 5.2

Y11
-0.1 -0.3 -0.5 -0.7 -0.9

Xuetal [29] 0.4021 0.4010 0.4001 0.3993 0.3987
Wuetal. [27] 04252 0.4250 0.4248 0.4246 0.4244

Our result 0.6186 0.6188 0.6191 0.6193 0.6195

Example 5.2 Consider the nominal Markovian jump
system with two modes and the following parameters,
which is considered in [2, 4, 6, 7, 9-11, 27, 29, 34]:

4, _[3:4888  0.8057
"= 1 —0.6451 —3.2684 |’
4 _[—08620 —1.2019
4= _0.6841 —2.0729 |
4, [24898  0.2895
271 13396 —0.0211 |
o [ 28306 0.4978
=1 _0.8436 —1.0115 |"

Case 1. When k = 0.0, Table 3 presents the maxi-
mal allowable delay % for different values y;; com-
pared with those in [27, 29] when y,22 = —0.8 and
w1 = p2 =0.9. From Table 3, we can see that our re-
sult is also better than the ones given in [27, 29].

Case 2. When k = 0.0, Table 4 gives the maximal
allowable delay & for different values y1; compared
with those discussed in [2, 4, 6, 7, 9-11, 29, 34] when
yo = —0.8 and w1 = py = 0.0. It is easily seen that
our result is less conservative than those derived in
[2,4,6,7,9-11, 29, 34].

Example 5.3 Consider the uncertain Markovian jump
systems in the form of (2.1) with two modes, that is

@ Springer

Y11

—0.1 -0.5 -0.8 -1.0
Fujisaki [10] 0.2224 0.2200 - 0.2174
Boukas et al. [2] 0.2224 0.2200 0.2184 0.2174
Chen et al. [9] 0.5012 0.4941 0.4915 0.4903
Cao et al. [6] 0.5012 0.4941 - 0.4903
Cao et al. [7] 0.5012 0.4941 - 0.4903
Xu et al. [29] 0.6797 0.5794 0.5562 0.5465
Feietal. [11] 0.6797 0.5794 0.5562 0.5465
(m=1)

Zhao et al. [34] 0.6797 0.5794 - 0.5465

Chen et al. [4] 0.6814 0.5794 0.5563 0.5475
(k=0.1)
Chen et al. [4] 0.6979 0.5898 0.5660 0.5568
(k=0.3)
Chen et al. [4] 0.7053 0.5991 0.5739 0.5568
(k=0.5)
Our result 0.7773 0.6721 0.6579 0.6530

S = {1, 2}. The mode switching is governed by the in-
-3 3

s 75]. The systems ma-

finitesimal generator IT = [
trices are shown as follows:

a [t oos] o, _[-02s 0]
~02 —1 0 02

0.2 0.0 0.15 0
H = 5 H = .
12 [o.o 0.1} 2 [ 0 0.05]
Case 1. This uncertain closed-loop system with 41 (¢) =
hy(t) = h is considered in [23]. From Table 5, it can be

seen that our results in this paper are less conservative
than those in Shu et al. [23].

Case 2. The time-varying delays h(t), ha(t) satisfy
n1 = p2 =0.1 and &2 = 1.0. The purpose is to design
a robust state feedback controller u(¢) satisfying (2.7),
which can exponentially stabilize these systems. In
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Table S The upper bound

h of time delay for robust Methods h

stabilization when the

Controller K Controller K»

[2.1264 —57.4410]
1.0 x €% x [1.4441 0.2316]

[—4.3850 —1.0087]
1.0 x ¢* x [—1.9271 —0.3091]

decay rate k = 1.5 in Shu et al. [23] 0.8000
Example 5.3 (Case 1) Our result 1.5098
i —
251 |
2 L
— 1.5 L
1
0.5F g
0 L L L L
0 2 4 6 8 10
Time t

Fig. 1 The operation modes of Example 5.3

this example, we assume the decay rate k = 0.5. We
choose

Nll 21\721 :N31 :Mll :MZI =M31

_[-0.05 0

~|-001 o
N12:N22:N32:M12:M22:M32

_[-001 0

L 0o —00s5]

Nui = Nyz = N5y = N5y = Myy = Myp = Ms; = M,
_ [0 0
- 10 0]

By resorting to the Matlab LMI Control Toolbox to
solve the LMIs in (4.3) in Theorem 4.1 and (4.4) in

Theorem 4.2, the gain matrices of a robustly exponen-
tially stabilizing controller can be obtained as

K1 =120.9844 32.7289],
K> =[-7.5161 —-2.9073],
K14 =[-0.1341 —1.8274],

K>y =[-0.1380 0.1188].

T

A -—--X1
! —X2
\

1.5},

0.5 \

Time t

Fig. 2 The control input curve of Example 5.3 (Case 2)

80

701

60

50

40

30

20

10

Time t

Fig. 3 The control input curve of Example 5.3 (Case 2)

The simulation is displayed for h(¢) = ha(t) =
#4—1 under the initial condition ¢(¢) = [2.0, 0.5] for
t € [—1,0] with r(0) =1, r € [—1, 0]. The simulation
results are given in Figs. 1, 2 and 3. Figures 1, 2 and 3
shows the operation modes, the response and the con-
trol input curve, respectively. From these simulation
results, it is easily seen that the uncertain closed-loop

systems (4.1) are robustly exponentially stable.
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6 Conclusion

In this paper, by constructing a modified Lyapunov—
Krasovskii functional and employing the Newton—
Leibniz formula, we obtain some sufficient conditions
ensuring the robustly exponential stability for the un-
certain Markovian jump systems. And then, a mem-
ory state feedback controller is designed such that
the closed-loop systems is also robustly exponentially
stale. The method used in this paper is different from
some previous reports. And the conservatism can be
effectively reduced, which can be shown by some il-
lustrative numerical examples.
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