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Abstract This paper proposes the chaos control and
the modified projective synchronization methods for
unknown heavy symmetric chaotic gyroscope systems
via Gaussian radial basis adaptive backstepping con-
trol. Because of the nonlinear terms of the gyroscope
system, the system exhibits chaotic motions. Occa-
sionally, the extreme sensitivity to initial states in a
system operating in chaotic mode can be very destruc-
tive to the system because of unpredictable behavior.
In order to improve the performance of a dynamic sys-
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tem or avoid the chaotic phenomena, it is necessary
to control a chaotic system with a regular or periodic
motion beneficial for working with a particular con-
dition. As chaotic signals are usually broadband and
noise-like, synchronized chaotic systems can be used
as cipher generators for secure communication. Obvi-
ously, the importance of obtaining these objectives is
specified when the dynamics of gyroscope system are
unknown. In this paper, using the neural backstepping
control technique, control laws are established which
guarantees the chaos control and the modified projec-
tive synchronization of unknown chaotic gyroscope
system. In the neural backstepping control, Gaussian
radial basis functions are utilized to on-line estimate
the system dynamic functions. Also, the adaptation
laws of the on-line estimators are derived in the sense
of Lyapunov function. Thus, the unknown chaotic gy-
roscope system can be guaranteed to be asymptoti-
cally stable. Also, the control objectives have been
achieved.

The proposed method allows us to arbitrarily adjust
the desired scaling by controlling the slave system. It
is not necessary to calculate the Lyapunov exponents
and the eigenvalues of the Jacobian matrix, which
makes it simple and convenient. Also, it is a system-
atic procedure for modified projective synchronization
of chaotic systems and it can be applied to a variety of
chaotic systems no matter whether it contains external
excitation or not. Notice that it needs only one con-
troller to realize modified projective synchronization
no matter how much dimensions the chaotic system
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contains and the controller is easy to be implemented.
It seems that the proposed method can be useful for
practical applications of chaotic gyroscope systems in
the future.

Numerical simulations are presented to verify the
proposed control and synchronization methods.

Keywords Chaos control · Synchronization · Heavy
symmetric gyroscope · Adaptive control ·
Backstepping control · Gaussian radial basis function
neural network

1 Introduction

Dynamic chaos is a very interesting nonlinear effect
which has been intensively studied during the last
three decades. Chaotic phenomena can be found in
many scientific and engineering fields such as bio-
logical systems, electronic circuits, power converters,
chemical systems, and so on [1]. A chaotic system
has complex dynamical behaviors that possess some
special features, such as excessive sensitivity to ini-
tial conditions, broad spectrums of Fourier transform,
bounded and fractal properties of the motion in the
phase space, etc. Chaos in control systems and control-
ling chaos in dynamical systems have both attracted
much interest in recent years. Since the pioneering
work of Ott, Grebogi, and Yorke proposed the well-
known OGY control method, where the control of
chaotic systems has been widely studied [2]. Chaos
control can be mainly divided into two categories [3]:
one is the suppression of the chaotic dynamical be-
havior and the other is to generate or enhance chaos
in nonlinear systems. Nowadays, different techniques
have been proposed to achieve chaos control [4–6].

The synchronization problem is interpreted as a
stabilization one. The goal is to stabilize, at the ori-
gin, the discrepancy between the master and slave sys-
tems. Discrepancy is defined as the dynamical differ-
ences between the master and slave systems and in-
cludes [7]:

1. Model mismatches, which means that the model of
the master system might not be the same as that of
the slave system.

2. Unknown initial conditions, which implies that the
time series of the master system cannot be equal to
that for the slave system.

3. Parametric uncertainty, which means that the slave
system could be constructed with inaccuracies.

Since the synchronization of chaotic dynamical
systems has been observed by Pecora and Carroll [8]
in 1990, chaos synchronization has become a topic
of great interest [9–11]. Synchronization phenomena
have been reported in the recent literature. Until now,
different types of synchronization have been found in
interacting chaotic systems, such as complete synchro-
nization [8], generalized synchronization [12], phase
synchronization [13], and antiphase synchronization
[14], etc.

In 1999, projective synchronization has been first
reported by Mainieri and Rehacek [15] in partially
linear systems that the master and slave vectors syn-
chronize up to a constant scaling factor α (a pro-
portional relation). Later, some researchers have ex-
tended synchronization to a general class of chaotic
systems without the limitation of partial-linearity, such
as nonpartially-linear systems [16, 17]. After that,
a new synchronization, called generalized projective
synchronization (GPS), has been observed in the non-
linear chaotic systems [18–20].

Recently, Li [21] considers a new synchroniza-
tion method, called modified projective synchroniza-
tion (MPS), where the responses of the synchronized
dynamical states synchronize up to a constant scal-
ing matrix. Therefore, the synchronization and anti-
synchronization can coexist in a chaos synchroniza-
tion problem.

The dynamics of a gyro is a very interesting non-
linear problem in classical mechanics. The concept
of chaotic motion in a gyro was first presented in
1981 by Leipnik and Newton [22], showing the ex-
istence of two strange attractors. The gyro has at-
tributes of great utility to navigational, aeronautical,
and space engineering [23]. Gyros for sensing angular
motion are used in airplane automatic pilots, rocket-
vehicle launch-guidance, space-vehicle attitude sys-
tems, ship’s gyrocompasses, and submarine inertial
auto-navigators. In the past years, gyros have been
found with rich phenomena which give benefit for the
understanding of gyro systems. Different types of gy-
ros with linear/nonlinear damping are investigated for
predicting the dynamic responses such as periodic and
chaotic motions [24–29].

Some methods have been presented to control of
the nonlinear gyro system such as delayed feedback
control and adaptive control [25], backstepping con-
trol [30], sliding mode control [31]. Also, some meth-
ods have been presented to synchronize two identi-
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cal/nonidentical nonlinear gyro systems such as ac-
tive control [32, 33], backstepping control [30, 34],
adaptive sliding mode control [35], fuzzy control [36],
fuzzy sliding mode control [37], neural sliding mode
control [38, 39], and some methods so on [40–45].

In some studies, the chaotic gyroscope system is
considered as a model with parametric uncertainty [35,
43], model uncertainty [36], and external disturbance
plus model uncertainty [38–40]. No one is considered
this system as an unknown system.

Numerous backstepping control design procedures
have been proposed to achieve chaos control and syn-
chronization [6, 20, 30, 34, 46]. The key idea of back-
stepping design is to select recursively some appropri-
ate functions of state variables as virtual control in-
puts for lower dimension subsystems of the overall
system [47].

Notice that for some chaotic systems, since the dy-
namic characteristics of the control system are nonlin-
ear and the precise models are difficult to obtain, the
model-based control approaches are difficult to be im-
plemented [48].

The adaptive neural control approach based on
backstepping design has been developed for non-
linear uncertain systems without the requirement of
matching conditions. Stable neural controller design
schemes are proposed for unknown nonlinear SISO
systems via backstepping design technique [49–51].
With the backstepping design technique, neural net-
works are mostly applied to approximate the un-
matched and unknown nonlinearities, and then imple-
ment adaptive control using the conventional control
technology. The advantage of adaptive neural control
based on backstepping methodology includes that both
the parameters and the nonlinear functions can be un-
known and the uncertainties in systems need not sat-
isfy the matching conditions [52]. Excellent contribu-
tions for backstepping control, using neural networks,
are presented in [53–67].

Overview of this study In spite of several notable
studies of heavy symmetric chaotic gyroscope sys-
tem, there has not been a rigorous treatment of chaos
control and synchronization of unknown chaotic gy-
roscope system. This topic is an interesting topic in
the framework of intelligent hybrid control theory. The
discussion in this paper may be viewed as an attempt to
intelligent nonlinear hybrid control and synchroniza-
tion of unknown heavy symmetric gyroscope system
as a “mechatronical control system.”

This paper proposes the chaos control and modified
projective synchronization of unknown heavy sym-
metric chaotic gyroscope systems via Gaussian Radial
Basis Adaptive Backstepping Control (GRBABC).
The GRBABC system is composed of the Gaussian ra-
dial basis function neural networks (GRBFNN) identi-
fication and adaptive backstepping control techniques.
The control methods contain GRBFNN identifiers de-
signed in the sense of the Lyapunov functions. The
GRBFNN identifiers are utilized to online estimate
the system dynamic functions. An adaptation laws for
GRBABC system is derived in the sense of Lyapunov
function. Thus, the system can be guaranteed to be
asymptotically stable.

Contribution of this study For some systems, since
the dynamic characteristics of the control system are
nonlinear and the precise models are difficult to obtain,
the model-based control approaches are difficult to
be implemented. To overcome this drawback, a novel
Gaussian radial basis adaptive backstepping control
(GRBABC) system has been proposed. In the neural
nonlinear controller, a GRBFNN identifier is utilized
to estimate the system dynamic function in an online
manner. The adaptive law of the GRBABC system is
synthesized using the Lyapunov functions so that the
asymptotic stability of the control system can be guar-
anteed.

Suppression of the chaos is presented so as to im-
prove the performance of a dynamical system. Pro-
posed methods in this study to achieve modified pro-
jective synchronization (MPS) are capable to create a
full range GPS of all state variables in a proportional
way, but the complete synchronization is not consid-
ered in the proposed method. It also allows us to ar-
bitrarily adjust the desired scaling by controlling the
slave system. It is not necessary to calculate the Lya-
punov exponents and the eigenvalues of the Jacobian
matrix, which makes it simple and convenient.

The proposed method is a systematic procedure for
control and synchronization of uncertain chaotic sys-
tems. It can be applied to a variety of chaotic systems
no matter whether it contains external excitation or
not. It needs only one control system to realize chaos
control and synchronization no matter how many di-
mensions the chaotic system contains. The controller
is easy to be implemented.

Since the gyro has been utilized to describe the
mode in navigational, aeronautical or space engineer-
ing, the chaos control and MPS procedure of chaotic
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gyroscope systems in this study may have practical ap-
plications in the future.

This paper is organized as follows. In Sect. 2, the
dynamics of a heavy symmetric gyroscope system
has been explained. Chaos control problem and mod-
ified projective synchronization problem have been
formulated in Sect. 3. In Sect. 4, the ideal backstep-
ping controls have been designed to chaos control and
modified projective synchronization of chaotic gyro-
scope systems. Also, two theorems for chaos con-
trol and MPS of gyroscopes via ideal backstepping
control have been proven in Sect. 4. Then it is as-
sumed that the dynamic characteristics of the gyro-
scope system are unknown. It has been explained in
Sect. 5. Also, in this section, GRBFNN identifier is de-
scribed. GRBABC system is designed to chaos con-
trol and MPS of chaotic gyroscope systems in Sects. 6
and 7, respectively. Moreover, two theorems for chaos
control and MPS of gyroscopes via GRBABC have
been proven in Sects. 6 and 7, respectively. In Sect. 8,
novelty of proposed method has been explained. Fi-
nally, to show the effectiveness of the proposed control
methods for chaos control and synchronization of gy-
roscope systems, simulations have been presented in
Sect. 9. At the end, the paper is concluded in Sect. 10.

2 Description of chaotic gyroscope system

The symmetric gyroscope mounted on a vibrating base
is shown in Fig. 1. The dynamics of a heavy symmet-
ric gyroscope with linear-plus-cubic damping of angle

Fig. 1 A schematic diagram of a heavy symmetric gyroscope

θ mounted on a vibrating base can be described by Eu-
ler’s angels θ , φ and ψ . The vibration dynamics of the
base can be described by the multiple harmonic mo-
tion

∑n
k=1 Ak sinωkt sinx.

Let the state variables x = [θ θ̇ φ̇ ]T , then the dy-
namic equations can be obtained as (more details are
presented in Appendix A):
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ1 = x2

ẋ2 = − (βφ − βψ cosx1)(Bψ − βφ cosx1)

I 2
1 sin3 x1

− c1

I1
x2 + Mgl

I1
sinx1 − MgA

I1
sinωt sinx1

ẋ3 = −2x2x3
cosx1

sinx1
+ βψ

I1 sinx1
x2

(1)

where I1 and I3 are the polar and equatorial moments
of inertia of the typical gyroscope, Mg is the gravity
force, l is the distance between the center of gravity
and O .

It is clear that coordinates θ and φ are cyclic, which
provides the conjugate momenta. The momentum in-
tegrals are βφ and βψ .

The gyroscope system (1) performs complex dy-
namics and has been extensively studied Ge [24].

With specific value set as follows:

βφ = 2, βψ = 5, l = 0.25, I1 = 1

Mg = 4, c1 = 0.5, ω = 2, A = 50

In numeric simulation, the dynamic behavior gyro-
scope system (2) exhibits an irregular motion as shown
in Figs. 2 and 3 with initial conditions of

Fig. 2 Time series of x1, x2, and x3
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Fig. 3 Phase plane trajectory of a chaotic nonlinear gyro

(x1, x2, x3) = (−0.5,−1.2,10)

Figures 2 and 3 show that the gyroscope system tra-
jectories are in a state of chaotic motion.

Following this, the chaos control problem of non-
linear chaotic gyros is described.

3 Chaos control and modified synchronization
problems of chaotic gyroscope system

In this section, the chaos control problem and modified
projective synchronization problem have been formu-
lated as follows.

3.1 Chaos control problem of chaotic gyroscope
system

In the previous section, it has been shown that the
heavy symmetric gyro considered exhibits chaotic mo-
tion. The extreme sensitivity to initial states in a sys-
tem operating in chaotic mode can be very destruc-
tive to the system because of unpredictable behavior.
Sometimes, chaos is unwanted or undesirable. In or-
der to improve the performance of a dynamic system
or avoid the chaotic phenomena, we need to control a
chaotic system with a periodic motion which is bene-
ficial for working with a particular condition. It is thus
of great practical importance to develop suitable con-
trol methods. Many researchers have been focused on
this type of problem controlling chaos. Anticontrol of
chaos is interesting, nontraditional, and very challeng-
ing.

For this purpose, in this section, chaos control prob-
lem of gyroscope system is described as follows.

Now, control inputs are introduced in (1) for the
second and third states. Thus, the controlled nonlinear
gyro becomes as follows:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ1 = x2

ẋ2 = − (βφ − βψ cosx1)(Bψ − βφ cosx1)

I 2
1 sin3 x1

− c1

I1
x2 + Mgl

I1
sinx1

− MgA

I1
sinωt sinx1 + u1(t)

ẋ3 = −2x2x3
cosx1

sinx1
+ βψ

I1 sinx1
x2 + u2(t)

(2)

where u1, u2 ∈ R are the control inputs attached in the
nonlinear gyroscope system.

In order to simplify the following procedure, two
nonlinear functions are defined as follows:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

g(x1, x2) = − (βφ − βψ cosx1)(Bψ − βφ cosx1)

I 2
1 sin3 x1

− c1

I1
x2 + Mgl

I1
sinx1

− MgA

I1
sinωt sinx1

h(x1, x2, x3) = −2x2x3
cosx1

sinx1
+ βψ

I1 sinx1
x2

(3)

The control problem is to drive the system to track
a three-dimensional desired vector Xd(t) as follows:

Xd(t) = [xd_1, xd_2, xd_3]T
= [xd_1, ẋd_1, xd_2]T (4)

which belongs to a class of C function on [t0,∞). Let
us define the tracking error as

E(t) = [
e1(t), e2(t), e3(t)

]T

= [x1 − xd_1, x2 − ẋd_1, x3 − xd_3]T (5)

Then the error dynamics can be obtained from (5), (2),
and (3) as follows:

⎧
⎪⎨

⎪⎩

ė1 = e2

ė2 = g(x1, x2) − ẍd_1 + u1(t)

ė3 = h(x1, x2, x3) − ẋd_3 + u2(t)

(6)
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The control goal considered in this section is that
for any given target orbit Xd(t), the controller is de-
signed such that the resulting tracking error vector sat-
isfies:

lim
t→∞

∥
∥E(t)

∥
∥ → 0 (7)

where ‖ · ‖ is the Euclidean norm of a vector.

3.2 Chaos synchronization problem of chaotic
gyroscope systems

Consider two coupled, chaotic gyro systems, where
the master and slave systems are denoted by x andy,
respectively. The master system is shown in (1) and
the slave system is presented as follows:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẏ1 = y2

ẏ2 = − (βφ − βψ cosy1)(Bψ − βφ cosy1)

I 2
1 sin3 y1

− c1

I1
y2 + Mgl

I1
siny1

− MgA

I1
sinωt siny1 + u1(t)

ẏ3 = −2y2y3
cosy1

siny1
+ βψ

I1 siny1
y2 + u2(t)

(8)

In order to simplify the following procedure, two non-
linear functions are defined as follows:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

g(y1, y2) = − (βφ − βψ cosy1)(Bψ − βφ cosy1)

I 2
1 sin3 y1

− c1

I1
y2 + Mgl

I1
siny1

− MgA

I1
sinωt siny1

h(y1, y2, y3) = −2y2y3
cosy1

siny1
+ βψ

I1 siny1
y2

(9)

Defining the generalized synchronization errors be-
tween the master and slave systems as follows:

E(t) =
⎡

⎣
e1

e2

e3

⎤

⎦

=
⎡

⎣
y1

y2

y3

⎤

⎦ −
⎡

⎣
α1 0 0
0 α1 0
0 0 α2

⎤

⎦

⎡

⎣
x1

x2

x3

⎤

⎦ (10)

where α1, α2 ∈ R are the scaling factors that define
a proportional relation between the synchronized sys-
tems. Obviously, the modified projective synchroniza-
tion is defined as the generalized projective synchro-
nization if α1 is equal to α2. Moreover, it is consid-
ered that α1, α2 �= 1. Then the error dynamics can be
obtained as

⎧
⎪⎨

⎪⎩

ė1(t) = e2(t)

ė2(t) = g(y1, y2) − α1g(x1, x2) + u1(t)

ė3(t) = h(y1, y2, y3) − α2h(x1, x2, x3) + u2(t)

(11)

Notice that in this study the MPS has been considered,
then α �= 1:

⎧
⎪⎨

⎪⎩

ė1(t) = e2(t)

ė2(t) = (1 − α1)p(x1, x2, y1, y2, α1) + u1(t)

ė3(t) = (1 − α2)q(x1, x2, x3, y1, y2, y3, α2) + u2(t)

(12)

where

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

p(x1, x2, y1, y2, α1) = g(y1, y2) − α1g(x1, x2)

1 − α1

q(x1, x2, x3, y1, y2, y3, α2)

= h(y1, y2, y3) − α2h(x1, x2, x3)

1 − α2

(13)

Notice that α1, α2 ∈ R and α1, α2 �= 1.
The objective of the current synchronization prob-

lem is to design the appropriate control signals u1(t)

and u2(t) such that for any initial conditions of the
master and slave systems, the synchronization errors
converge to zero such that the resulting synchroniza-
tion error vector satisfies (7).

In the next section, the backstepping control is de-
signed to achieve the control and synchronization ob-
jectives.

4 Ideal backstepping control technique to chaos
control and modified synchronization of chaotic
gyroscopes

In this section, ideal backstepping control to chaos
control and MPS have been designed as follows.
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Fig. 4 Chaos control via
backstepping control

4.1 Chaos control via backstepping control

The architecture of chaos control of gyroscope system
via backstepping control is shown in Fig. 4. The fol-
lowing theorem shows the properties of chaos control
of two-degree-of-freedom heavy symmetric gyroscope
systems via backstepping control.

Theorem 1 Consider the chaos control problem rep-
resented by (6). If the control inputs u1(t) and u2(t)

are suitably designed as:

u1(t) = −k1e2 − k2e1 − g(x1, x2) + ẍd_1 (14)

u2(t) = −k3e3 − h(x1, x2, x3) + ẋd_3 (15)

where k1 = c1 + c2, k2 = c1c2, k3 = c3, and ci (i =
1,2,3) are positive constant parameters. Then the hit-
ting condition of Lyapunov stability theory is satisfied,
and the trajectories of chaos control error dynamics
will converge to zero.

Proof of Theorem 1 To obtain the control laws of (6),
the design of ideal backstepping controller for chaos
control is described step-by-step as follows:

Step 1 Define

z1 = e1 (16)

and the derivative of e1 is defined as

ż1 = ϕ1 (17)

The ϕ1 can be viewed as a virtual control in the equa-
tion.
Define a Lyapunov function as

V1 = 1

2
z2

1 (18)

Differentiating (18) with respect to time and us-
ing (17), it is obtained that

V̇1 = z1ż1 = z1ϕ1 (19)

Let

ϕ1 = −c1z1 (20)

then

V̇1 = −c1z
2
1 (21)

where c1 is a positive constant parameter.
Step 2 Define

z2 = e2 − ϕ1 (22)

and the derivative of (22) is defined as

ż2 = ė2 − ϕ̇1 = g(x1, x2) − ẍd_1 + u1(t) − ϕ̇1 (23)

Define a Lyapunov function as

V2 = 1

2
z2

2 (24)

Differentiating (24) with respect to time and us-
ing (23), it is obtained that

V̇2 = z2ż2 = z2
(
g(x1, x2) − ẍd_1 + u1(t) − ϕ̇1

)
(25)

Let

u1(t) = −c2z2 − g(x1, x2) + ẍd_1 + ϕ̇1 (26)

then

V̇2 = −c2z
2
2 (27)

where c2 is a positive constant parameter.
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Fig. 5 MPS via
backstepping control

Step 3 Define

z3 = e3 (28)

and the derivative of e3 is defined as

ż3 = h(x1, x2, x3) − ẋd_3 + u2(t) (29)

Define a Lyapunov function as

V3 = 1

2
z2

3 (30)

Differentiating (30) with respect to time and us-
ing (29), it is obtained that

V̇3 = z3ż3 = z3
(
h(x1, x2, x3) − ẋd_3 + u2(t)

)
(31)

Let

u2(t) = −c3z3 − h(x1, x2, x3) + ẋd_3 (32)

then

V̇3 = −c3z
2
3 (33)

where c3 is a positive constant parameter.

Therefore, define the Lyapunov function as

VT = V1 + V2 + V3 (34)

Differentiating (34) with respect to time and us-
ing (21), (27), and (33), we obtain

V̇T = −
3∑

i=1

ciz
2
i (35)

where ci (i = 1,2,3) are positive constant parameters.
Then the backstepping controller for chaos control

proposed in Theorem 1 will asymptotically stabilize
the error dynamics. (Converging errors to zero are in-
vestigated in Appendix B.) �

4.2 Chaos synchronization via backstepping control

The architecture of MPS via backstepping control is
shown in Fig. 5. The following theorem shows the
properties of the MPS of two-degree-of-freedom gy-
roscope systems via backstepping control.

Theorem 2 Consider the MPS problem represented
by (12). If the control inputs u1(t) and u2(t) are suit-
ably designed as:

u1(t) = −k1e2 − k2e1 − (1 − α1)p(x1, x2, y1, y2, α1)

(36)

u2(t) = −k3e3 − (1 − α2)q(x1, x2, x3, y1, y2, y3, α2)

(37)

where k1 = c1 + c2, k2 = c1c2, k3 = c3, and ci (i =
1,2,3) are positive constant parameters. Then the hit-
ting condition of Lyapunov stability theory is satisfied,
and the trajectories of chaos control error dynamics
will converge to zero.

Proof of Theorem 2 To obtain the control laws of (12),
the design of ideal backstepping controller for MPS is
described step-by-step as follows:

Step 1 Define

z1 = e1 (38)

and the derivative of e1 is defined as

ż1 = ϕ1 (39)

The ϕ1 can be viewed as a virtual control in the equa-
tion.
Define a Lyapunov function as

V1 = 1

2
z2

1 (40)
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Differentiating (40) with respect to time and us-
ing (39), it is obtained that

V̇1 = z1ż1 = z1ϕ1 (41)

Let

ϕ1 = −c1z1 (42)

then

V̇1 = −c1z
2
1 (43)

where c1 is a positive constant parameter.
Step 2 Define

z2 = e2 − ϕ1 (44)

and the derivative of (44) is defined as

ż2 = ė2 − ϕ̇1

= (1 − α1)p(x1, x2, y1, y2, α1) + u1(t) − ϕ̇1 (45)

Define a Lyapunov function as

V2 = 1

2
z2

2 (46)

Differentiating (46) with respect to time and us-
ing (45), it is obtained that

V̇2 = z2ż2

= z2
[
(1 − α1)p(x1, x2, y1, y2, α1) + u1(t) − ϕ̇1

]

(47)

Let

u1(t) = −c2z2 − (1 − α1)p(x1, x2, y1, y2, α1) + ϕ̇1

(48)

then

V̇2 = −c2z
2
2 (49)

where c2 is a positive constant parameter.
Step 3 Define

z3 = e3 (50)

and the derivative of e3 is defined as

ż3 = (1 − α2)q(x1, x2, x3, y1, y2, y3, α2) + u2(t)

(51)

Define a Lyapunov function as

V3 = 1

2
z2

3 (52)

Differentiating (52) with respect to time and us-
ing (51), it is obtained that

V̇3 = z3ż3

= z3
[
(1 − α2)q(x1, x2, x3, y1, y2, y3, α2) + u2(t)

]

(53)

Let

u2(t) = −c3z3 − (1 − α2)q(x1, x2, x3, y1, y2, y3, α2)

(54)

then

V̇3 = −c3z
2
3 (55)

where c3 is a positive constant parameter.

Therefore, define the Lyapunov function as

VT = V1 + V2 + V3 (56)

Differentiating (56) with respect to time and us-
ing (43), (49), and (55), we obtain

V̇T = −
3∑

i=1

ciz
2
i (57)

where ci (i = 1,2,3) are positive constant parameters.
Then the backstepping controller for MPS pro-

posed in Theorem 2 will asymptotically stabilize the
error dynamics. �

5 Design of GRBABC systems

Since the system dynamic functions of chaotic heavy
symmetric gyroscope systems may be unknown or
perturbed in practical application, the ideal back-
stepping controllers designed in Theorems 1 and 2
cannot be precisely obtained. To solve this prob-
lem, a GRBFNN identifier is utilized to approximate
the system dynamic function. The descriptions of
the GRBFNN identifier is described in this section.
GRBABC system is designed to chaos control and
MPS of chaotic gyroscope systems, in Sect. 6. More-
over, novelty of the proposed method is explained in
Sect. 7.
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Fig. 6 Structure of GRBF neural network

5.1 GRBFNN identifier

The network structure of the GRBFNN identifier is
shown in Fig. 6, which can be considered as one layer
feed forward neural network with nonlinear element.
The GRBFNN output can perform the mapping accord-
ing to

f (z) =
n∑

j=1

wjGj (zj ,mj , σj ) (58)

where z = [z1, z2, . . . , zn]T ∈ Rn is the input vector,
Gj(zj ,mj , σj ) ∈ Rn, j = 1,2, . . . , n are the Gaussian
radial basis function, σj ∈ R is the spread of Gaussian
function, mj is the mean value of Gaussian function
and n is the number of neurons. Each Gaussian radial
basis function can be represented by

Gj(zj ,mj , σj ) = exp

(
zj − mj√

2σj

)2

(59)

Equation (58) can be rewritten in compact vector
forms as

f (z,w,m,σ) = wT G(z,m,σ ) (60)

where w = [w1,w2, . . . ,wn]T , G = [G1,G2,

. . . ,Gn]T , m = [m1,m2, . . . ,mn]T , σ = [σ1, σ2,

. . . , σn]T .
By the universal approximation theorem, there ex-

ists an ideal GRBFNN identifier f ∗ such that

f = f ∗(z) + Δ = w∗T G
(
z,m∗, σ ∗) (61)

where Δ denotes the approximation error and is as-
sumed to be bounded. w∗, m∗, and σ ∗ are the opti-
mal parameter vectors of w,m, and σ , respectively.

The optimal parameter vectors that are needed to best
approximate a given nonlinear function are difficult to
determine. So, an estimate function is defined as

f̂ (z, ŵ, m̂, σ̂ ) = ŵT G(z, m̂, σ̂ ) (62)

where ŵ, m̂, and σ̂ are the estimated of w∗, m∗,
and σ ∗, respectively. For notational convenience, de-
note

G∗ = G
(
z,m∗, σ ∗) (63)

and

Ĝ = G(z, m̂, σ̂ ) (64)

Define

w̃ = w∗ − ŵ (65)

Notice that the optimal values are not unique. Also,
in this study, m and σ are not trained.

6 GRBABC system to chaos control of unknown
chaotic gyroscope system

The architecture of proposed method to chaos con-
trol via Gaussian Radial Basis Adaptive Backstep-
ping Control (GRBABC) system is shown in Fig. 7.
The control laws of the GRBABC systems are devel-
oped as follows.

The neural backstepping controllers are chosen as
follows to chaos control of unknown chaotic gyro-
scope system considered in (6):

u1(t) = −k1e2 − k2e1 − ĝ(x1, x2) + ẍd_1 (66)

u2(t) = −k3e3 − ĥ(x1, x2, x3) + ẋd_3 (67)

where two GRBFNN identifiers ĝ and ĥ are designed to
online estimate the system dynamic functions g and h,
restrictively. Follow theorem shows the properties of
the proposed GRBABC system to chaos control of un-
known chaotic gyroscope system considered in (6).

Theorem 3 Consider the chaos control problem rep-
resented by (6). g and h are the unknown functions.
The ideal control system is designed as (14), (15). The
neural backstepping controllers are designed as (66),
(67), in which the adaptation laws of the GRBFNN

identifiers are achieved as

˙̂wg = − ˙̃wg = z2Gg (68)

˙̂wh = − ˙̃wh = z3Gh (69)



Chaos control and modified projective synchronization of unknown heavy symmetric chaotic 1923

Fig. 7 Chaos Control via
GRBABC system

where z2 and z3 are represented in (16) and (22), re-
strictively. Also, Gg and Gh are represented in (60) to
estimate g and h functions. Thus, the error state tra-
jectories asymptotically converge to zero.

Proof of Theorem 3 Define a Lyapunov function as

VT = 1

2
z2

1 + 1

2
z2

2 + 1

2
z2

3 + 1

2
w̃T

g w̃g + 1

2
w̃T

h w̃h (70)

Differentiating (70) with respect to time is obtained as

V̇T = z1ż1︸︷︷︸
A

+ z2ż2︸︷︷︸
B

+ z3ż3︸︷︷︸
C

+w̃T
g

˙̃wg + w̃T
h

˙̃wh (71)

Substituting (17) and (20) into A:

A = z1ż1 = −c1z
2
1 (72)

Substituting (23) into B:

B = z2ż2 = z2
(
g(x1, x2) − ẍd_1 + u1(t) − ϕ̇1

)
(73)

Let

u1(t) = −c2z2 − ĝ(x1, x2) + ẍd_1 + ϕ̇1 (74)

Substituting (74) into (73), then B is obtained as

B = z2ż2 = −c2z
2
2 + z2

[
g(x1, x2) − ĝ(x1, x2)

]
(75)

Let g = w∗T
g Gg and ĝ = ŵT

g Gg , then

z2
[
g(x1, x2) − ĝ(x1, x2)

]

= z2
(
w∗T

g − ŵT
g

)
Gg = z2w̃

T
g Gg (76)

So,

B = z2ż2 = −c2z
2
2 + z2w̃

T
g Gg (77)

Also, substituting (29) into C:

C = z3ż3 = z3
[
h(x1, x2, x3) − ẋd_3 + u2(t)

]
(78)

Let

u2(t) = −c3z3 − ĥ(x1, x2, x3) + ẋd_3 (79)

Substituting (79) into (78), then C is obtained as

C = z3ż3

= −c3z
2
3 + z3

[
h(x1, x2, x3) − ĥ(x1, x2, x3)

]
(80)

Let h = w∗T
h Gh and ĥ = ŵT

h Gh. Then

z3
[
h(x1, x2, x3) − ĥ(x1, x2, x3)

]

= z3
(
w∗T

h − ŵT
h

)
Gh = z3w̃

T
h Gh (81)

So,

C = z3ż3 = −c3z
2
3 + z3w̃

T
h Gh (82)

Substituting (72), (77), and (82) into (71), we obtain

V̇T = −c1z
2
1 − c2z

2
2 − c3z

2
3 + w̃T

g (z2Gg + ˙̃wg)

+ w̃T
h (z3Gh + ˙̃wh) (83)

IF the adaption laws are considered as follows:

˙̂wg = − ˙̃wg = z2Gg (84)

˙̂wh = − ˙̃wh = z3Gh (85)
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Then the differentiation of Lyapunov function will be
negative

V̇T = −c1z
2
1 − c2z

2
2 − c3z

2
3 < 0 (86)

Therefore, the neural backstepping controllers de-
signed in (66), (67) will asymptotically stabilize the
system and the chaos control of unknown chaotic gy-
roscope system can be achieved. Also, the weights
of GRBFNN identifiers will converge to optimal val-
ues. (Converging errors to zero are investigated in Ap-
pendix C.) �

7 GRBABC system to chaos synchronization of
unknown chaotic gyroscope systems

The architecture of proposed method to chaos syn-
chronization via Gaussian Radial Basis Adaptive
Backstepping Control (GRBABC) system is shown in
Fig. 8. The control laws of the GRBABC systems are
developed as follows.

The neural backstepping controllers are chosen as
follows to MPS of unknown chaotic gyroscope sys-
tems considered in (12):

u1(t) = −k1e2 − k2e1 − (1 − α1)p̂(x1, x2, y1, y2, α1)

(87)
u2(t) = −k3e3 − (1 − α2)q̂(x1, x2, x3, y1, y2, y3, α2)

(88)

where two GRBFNN identifiers p̂ and q̂ are designed
to online estimate the system dynamic functions p

and q , restrictively. The following theorem shows the
properties of the proposed GRBABC system to MPS
of unknown chaotic gyroscope systems considered
in (12).

Theorem 4 Consider the MPS problem represented
by (12). p and q are the unknown functions. The ideal
control system is designed as (36), (37). The neural
backstepping controller is designed as (87), (88), in
which the adaptation laws of the GRBFNN identifiers
are achieved as

˙̂wp = − ˙̃wp = (1 − α1)z2Gp (89)

˙̂wq = − ˙̃wq = (1 − α2)z3Gq (90)

where z2 and z3 are represented in (44) and (50), re-
strictively. α1, α2 ∈ R are the scaling factors that de-
fine proportional relations between the synchronized
systems.

Thus, the trajectories of MPS error dynamics will
converge to zero.

Proof of Theorem 4 Define a Lyapunov function as

VT = 1

2
z2

1 + 1

2
z2

2 + 1

2
z2

3 + 1

2
w̃T

p w̃p + 1

2
w̃T

q w̃q (91)

Differentiating (91) with respect to time is obtained as

V̇T = z1ż1︸︷︷︸
A

+ z2ż2︸︷︷︸
B

+ z3ż3︸︷︷︸
C

+w̃T
p

˙̃wp + w̃T
q

˙̃wq (92)

Substituting (39) and (42) into A:

A = z1ż1 = −c1z
2
1 (93)

Substituting (45) into B:

B = z2ż2

= z2
[
(1 − α1)p(x1, x2, y1, y2, α1) + u1(t) − ϕ̇1

]

(94)

Fig. 8 Chaos
synchronization via
GRBABC system
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Let

u1(t) = −c2z2 − (1 − α1)p̂(x1, x2, y1, y2, α1) + ϕ̇1

(95)

Substituting (95) into (94), then B is obtained as

B = z2ż2

= −c2z
2
2 + (1 − α1)z2

[
p(x1, x2, y1, y2, α1)

− p̂(x1, x2, y1, y2, α1)
]

(96)

Let

p = w∗T
p Gp and q̂ = ŵT

q Gq

then
[
p(x1, x2, y1, y2, α1) − p̂(x1, x2, y1, y2, α1)

]

= z2
(
w∗T

p − ŵT
p

)
Gp = z2w̃

T
p Gp (97)

So,

B = z2ż2 = −c2z
2
2 + (1 − α1)z2w̃

T
p Gp (98)

Also, substituting (51) into C:

C = z3ż3

= z3
[
(1 − α2)q(x1, x2, x3, y1, y2, y3, α2) + u2(t)

]

(99)

Let

u2(t) = −c3z3 − (1 − α2)q̂(x1, x2, x3, y1, y2, y3, α2)

(100)

Substituting (100) into (99), then C is obtained as

C = z3ż3

= −c3z
2
3 + (1 − α2)z3

[
q(x1, x2, x3, y1, y2, y3, α2)

− q̂(x1, x2, x3, y1, y2, y3, α2)
]

(101)

Let

q = w∗T
q Gq and q̂ = ŵT

q Gq

then
[
q(x1, x2, x3, y1, y2, y3, α2)

− q̂(x1, x2, x3, y1, y2, y3, α2)
]

= (
w∗T

q − ŵT
q

)
Gq = w̃T

q Gq (102)

So,

C = z3ż3 = −c3z
2
3 + (1 − α2)z3w̃

T
q Gq (103)

Substituting (93), (98), and (103) into (92):

V̇T = −c1z
2
1 − c2z

2
2 − c3z

2
3

+ w̃T
p

[
(1 − α2)z2Gp + ˙̃wp

]

+ w̃T
q

[
(1 − α2)z3Gq + ˙̃wq

]
(104)

If the adaption laws are considered as follows:

˙̂wp = − ˙̃wp = (1 − α1)z2Gp (105)

˙̂wq = − ˙̃wq = (1 − α2)z3Gq (106)

Then the differentiation of Lyapunov function will be
negative.

V̇T = −c1z
2
1 − c2z

2
2 − c3z

2
3 < 0 (107)

Therefore, the neural backstepping controllers de-
signed in (87), (88) will asymptotically stabilize
the system and the MPS of unknown chaotic gyro-
scope systems can be achieved. Also, the weights
of GRBFNN identifiers will converge to optimal val-
ues. �

8 Novelty of GRBABC system

For some systems, since the dynamic characteristics
of the control system are nonlinear and the precise
models are difficult to obtain, the model-based con-
trol approaches are difficult to be implemented. To
overcome this drawback, a novel Gaussian radial ba-
sis adaptive backstepping control (GRBABC) sys-
tem has been proposed. In the neural nonlinear con-
troller, a GRBFNN identifier is utilized to estimate
the system dynamic function in an online manner.
The adaptive law of the GRBABC system is synthe-
sized using the Lyapunov functions so that the asymp-
totic stability of the control system can be guaran-
teed.

The GRBABC system to chaos control and MPS is
shown in Figs. 9 and 10, respectively. Figures 9 and 10
are two flowcharts that explain how the GRBABC sys-
tem can be used for chaos control and modified projec-
tive synchronization.
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Fig. 9 The GRBABC
system to chaos control of
chaotic gyroscope system

Suppression of the chaos is presented so as to im-
prove the performance of a dynamical system. To
achieve modified projective synchronization (MPS), it
is clear that the proposed methods are capable to create
a full range MPS of all state variables in a proportional
way. The proposed method allows us to arbitrarily ad-
just the desired scaling by controlling the slave system,
but the complete synchronization is not considered in
the proposed method. It is not necessary to calculate
the Lyapunov exponents and the eigenvalues of the Ja-
cobian matrix, which makes it simple and convenient.
Also, it is a systematic procedure for MPS of chaotic
systems and it can be applied to a variety of chaotic
systems no matter whether it contains external exci-
tation or not. Notice that it needs only one controller

to realize MPS no matter how many dimensions the
chaotic system contains and the controller is easy to
implement.

In the next section, simulation results are presented
to show the effectiveness of the proposed method for
chaos control and synchronization of known and un-
known chaotic gyroscope systems.

9 Simulation results

In this section, numerical simulations are given to
demonstrate chaos control and MPS of the known and
unknown nonlinear heavy symmetric gyroscope sys-
tems via GRBABC. The parameters of nonlinear gyros
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Fig. 10 The GRBABC
system to MPS of chaotic
gyroscope systems

systems are specified as follows:

βφ = 2, βψ = 5, l = 0.25, I1 = 1

Mg = 4, c1 = 0.5, ω = 2, A = 50

which, as shown in Sect. 2, give rise to a chaotic state.

9.1 Simulation results of chaos control via ideal
backstepping control (Theorem 1)

Numerical simulations are given to demonstrate track-
ing control of the nonlinear gyro to two desired trajec-
tories: regular and periodic trajectories. Regular tra-
jectories are defined as

Xd_Regular(t) =
[
π

3
,0,1

]T

and periodic trajectories are defined as follows:

Xd_Periodic(t) =
⎡

⎣
k cos(wt) + d1

−kw sin(wt)

k sin(wt) + d2

⎤

⎦

where k = 1, w = 1, and d1 = d2 = 1.5. The initial
conditions are defined as

[
x1(0) x2(0) x3(0)

]T = [1 −1 −1]T

The time responses of the nonlinear gyroscope con-
trolled to track regular trajectories are shown in
Fig. 11, and the corresponding error states converge
asymptotically to zero in Fig. 12. The corresponding
control inputs are shown in Fig. 13.

The time responses of the nonlinear gyroscope
controlled with track periodic trajectories are
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Fig. 11 Control via ideal
backstepping control: time
responses of state variables
(tracking regular
trajectories). Trajectories of
state variables and desired
states are shown with solid
and dashed line,
respectively

Fig. 12 Control via ideal
backstepping control: time
response of tracking error
states and virtual states
(tracking regular
trajectories)

shown in Fig. 14, where the corresponding error
states converge asymptotically to zero in Fig. 15.
The corresponding control inputs are shown in
Fig. 16.

The simulation results of chaos control of nonlinear
gyro via ideal backstepping control have good perfor-
mances and confirm that the error states are asymptot-
ically regulated to zero.
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Fig. 13 Control via ideal
backstepping control:
control inputs (tracking
regular trajectories)

Fig. 14 Control via ideal
backstepping control: time
responses of state variables
(tracking periodic
trajectories). trajectories of
state variables and desired
states are shown with solid
and dashed line,
respectively

9.2 Simulation results of MPS via ideal backstepping
control (Theorem 2)

Numerical simulations are given to demonstrate MPS
of the chaotic nonlinear gyros via ideal backstepping
control.

The scaling factor is specified as α2 = 0.5,
α2 = −0.5 and the initial conditions are defined as

[
x1(0) x2(0) x3(0)

]T = [1 −1 1]T ,

[
y1(0) y2(0) y3(0)

]T = [2 2 −2]T

The time responses of controlled master-slave chaotic
gyros are shown in Fig. 17. Obviously, the MPS errors
converge asymptotically to zero in Fig. 18. The corre-
sponding control inputs are shown in Fig. 19.
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Fig. 15 Control via ideal
backstepping control: time
response of tracking error
states (tracking periodic
trajectories)

Fig. 16 Control via ideal
backstepping control:
control inputs (tracking
periodic trajectories)

The simulation results of MPS via ideal backstep-
ping control have good performances and confirm that
the master and slave systems achieve the modified pro-
jective synchronized states. Also, these results demon-
strate that the system error states are asymptotically
regulated to zero.

9.3 Simulation results of chaos control via GRBABC
(Theorem 3)

Assume that the dynamic functions of the chaotic gy-
roscope are unknown. The system dynamic function

would be estimated online by two GRBFNN identi-
fiers. The GRBFNN identifiers with five hidden nodes
are utilized to approach the system dynamic functions
of the chaotic gyroscope system.

Numerical simulations are given to demonstrate the
tracking control of the unknown chaotic gyro to two
desired trajectories: Regular and periodic trajectories.
Regular trajectories are defined as:

Xd_Regular(t) =
[

π

3
,0,1

]T
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Fig. 17 MPS via ideal
backstepping control: time
response of state variables

Fig. 18 MPS via ideal
backstepping control: time
response of MPS error
states and virtual states
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Fig. 19 MPS via ideal
backstepping control:
control inputs

Fig. 20 Control of
unknown chaotic gyroscope
via GRBABC: time
responses of state variables
(tracking regular
trajectories). Trajectories of
state variables and desired
states are shown with solid
and dashed line,
respectively

and periodic trajectories are defined as follows:

Xd_Periodic(t) =
⎡

⎣
k cos(wt) + d1

−kw sin(wt)

k sin(wt) + d2

⎤

⎦

where k = 1, w = 1 and d1 = d2 = 1.5.
The initial conditions are defined as

[
x1(0) x2(0) x3(0)

]T = [1 −1 1]T

The time responses of the unknown chaotic gyroscope
controlled to track regular trajectories are shown in

Fig. 20, and the corresponding error states asymptot-
ically to zero in Fig. 21. The corresponding control
inputs are shown in Fig. 22.

The time responses of the nonlinear gyroscope con-
trolled with track periodic trajectories are shown in
Fig. 23, where the corresponding error states converge
asymptotically to zero in Fig. 24. The corresponding
control inputs are shown in Fig. 25.

The simulation results of chaos control of unknown
chaotic gyroscope via GRBABC have good perfor-
mances and confirm that the error states are asymp-
totically regulated to zero.
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Fig. 21 Control of
unknown chaotic gyroscope
via GRBABC: time
response of tracking error
states and virtual states
(tracking regular
trajectories)

Fig. 22 Control of
unknown chaotic gyroscope
via GRBABC: control
inputs (tracking regular
trajectories)

9.4 Simulation results of MPS via GRBABC
(Theorem 4)

Assuming that the dynamic functions of chaotic gy-
roscope are unknown, the system dynamic functions

would be estimated online by two GRBFNN identi-

fiers. The GRBFNN identifiers with five hidden nodes

are utilized to approach the system dynamic functions

of the chaotic system.
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Fig. 23 Control of
unknown chaotic gyroscope
via GRBABC: time
responses of state variables
(tracking periodic
trajectories). Trajectories of
state variables and desired
states are shown with solid
and dashed line,
respectively

Fig. 24 Control of
unknown chaotic gyroscope
via GRBABC: time
response of tracking error
states and virtual states
(tracking periodic
trajectories)

Numerical simulations are given to demonstrate

MPS of the chaotic nonlinear gyros via GRBABC.

The scaling factor is specified as α1 = 0.5,

α2 = −0.5 and the initial conditions are defined

as
[
x1(0) x2(0) x3(0)

]T = [1 −1 1]T
[
y1(0) y2(0) y3(0)

]T = [2 2 −2]T
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Fig. 25 Control of
unknown chaotic gyroscope
via GRBABC: control
inputs (tracking periodic
trajectories)

Fig. 26 MPS of unknown
chaotic gyros via
GRBABC: time response of
state variables

The time responses of controlled master-slave chaotic

gyros are shown in Fig. 26. Obviously, the MPS errors

converge asymptotically to zero in Fig. 27. The corre-

sponding control inputs are shown in Fig. 28.

The simulation results of MPS via GRBABC have

good performances and confirm that the master and

slave systems achieve the modified projective syn-

chronized states. Also, these results demonstrate that
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Fig. 27 MPS of unknown
chaotic gyros via
GRBABC: time response of
MPS error states

Fig. 28 MPS of unknown
chaotic gyros via
GRBABC: control inputs

the system error states are asymptotically regulated to
zero.

10 Conclusion

In this paper, the chaos control and MPS of unknown
heavy symmetric chaotic gyroscope systems via Gaus-

sian radial basis adaptive backstepping control are
studied.

Since for some systems, the dynamic characteris-
tics of the control system are nonlinear and the pre-
cise models are difficult to obtain, the model-based
control approaches are difficult to be implemented. To
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overcome this drawback, a novel GRBABC system
has been proposed. In the neural nonlinear controller,
a GRBFNN identifier is utilized to estimate the system
dynamic function in an online manner. The adaptive
law of the GRBABC system is synthesized using the
Lyapunov functions so that the asymptotic stability of
the control system can be guaranteed.

Suppression of the chaos is presented so as to im-
prove the performance of a dynamical system. To
achieve MPS, it is clear that the proposed methods are
capable to create a full range MPS of all state vari-
ables in a proportional way. It also allows us to ar-
bitrarily adjust the desired scaling by controlling the
slave system, but the complete synchronization is not
considered in the proposed method. It is not necessary
to calculate the Lyapunov exponents and the eigenval-
ues of the Jacobian matrix, which makes it simple and
convenient.

The advantages of the Gaussian radial basis adap-
tive backstepping control can be summarized as fol-
lows:

(1) It is a systematic procedure for control and syn-
chronization of uncertain chaotic systems.

(2) It can be applied to a variety of chaotic systems
no matter whether it contains external excitation
or not.

(3) It needs only one control system to realize chaos
control and synchronization no matter how much
dimensions the chaotic system contains.

(4) The controller is easy to be implemented.

The proposed techniques have been successfully
applied to unknown heavy symmetric chaotic gyro-
scope systems. Simulations results show that the pro-
posed method is very effective and robust against sys-
tem uncertainty.

Since the gyro has been utilized to describe the
mode in navigational, aeronautical or space engineer-
ing, the chaos control and MPS procedure of chaotic
gyroscope systems in this study may have practical ap-
plications in the future.

Appendix A: Modeling of chaotic symmetric
gyroscope

The symmetric gyroscope mounted on a vibrating base
is shown in Fig. 1. The dynamics of a heavy symmet-
ric gyroscope with linear-plus-cubic damping of angle

θ mounted on a vibrating base can be described by Eu-
ler’s angels θ (nutation), φ (precession), and ψ (spin).
The Lagrangian can be written as follows [24, 25]:

L = 1

2
I1

(
θ̇2 + φ̇2 sin2 θ

) + 1

2
I3(φ̇ cos θ + ψ̇)2

− Mg(l + A sinωt) cos θ (A.1)

where I1 and I3 are the polar and equatorial moments
of inertia of symmetric gyro, respectively.

Mg is the gravity force, l the amplitude of the ex-
ternal excitation disturbance, and ω is the frequency of
the external excitation disturbance. Coordinates φ and
ψ are cyclic, as they are absent from the Lagrangian,
which provides us with two first integrals of the mo-
tion expressing the conjugate momenta. The momen-
tum integrals are [24, 25]:

Pφ = ∂L

∂φ̇
= I1φ̇ sin2 θ + I3(φ̇ cos θ + ψ̇) cos θ = βφ

(A.2)

Pψ = ∂L

∂ψ̇
= I3(φ̇ cos θ + ψ̇) = I3ωz = βψ (A.3)

where ωz is the spin velocity of the gyro. The Routh’s
procedure is adopted along with the above-mentioned
relations, the Routhian of the system becomes:

R = L − βφφ̇ − βψψ̇

= 1

2
I1θ̇

2 −
[
(βφ − βψ cos θ)2

2I1 sin2 θ
+ β2

φ

2I3

+ Mg(l + A sinωt) cos θ

]

(A.4)

The equation above depends on the angle θ alone. Ac-
cording to [25], βφ = βψ when θ = 0. The dissipative
force is also assumed to be in linear form as

F = −c1θ̇ (A.5)

where c1 is positive constants.
The equations of motion describing the system can

be obtained from:

d

dt

(
∂R

∂θ̇

)

− ∂R

∂θ
= F (A.6)

d

dt

(
∂R

∂φ̇

)

− ∂R

∂φ
= 0 (A.7)
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The equations governing the gyroscope are given
as

θ̈ + (βφ − βψ cos θ)(Bψ − βφ cos θ)

I 2
1 sin3 θ

+ c1

I1
θ̇

− Mgl

I1
sin θ + MgA

I1
sin(ωt) sin θ = 0 (A.8)

φ̈ + 2φ̇θ̇
cos θ

sin θ
− βψ

I1 sin θ
θ̇ = 0 (A.9)

Notice that with considering d
dt

( ∂R

∂ψ̇
)− ∂R

∂ψ
= 0, we ob-

tain Bψ is constant. According to (A.3), βψ = I3ωz, it
is correct for the coordinate ψ .

Therefore, (A.8) and (A.9) are the differential equa-
tions governing the chaotic symmetric gyroscope sys-
tem. Let the state variables x = [θ θ̇ φ̇ ]T , then the dy-
namic equations can be obtained as

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ1 = x2

ẋ2 = − (βφ − βψ cosx1)(Bψ − βφ cosx1)

I 2
1 sin3 x1

− c1

I1
x2 + Mgl

I1
sinx1

− MgA

I1
sinωt sinx1

ẋ3 = −2x2x3
cosx1

sinx1
+ βψ

I1 sinx1
x2

(A.10)

Equation (A.10) is presented in Sect. 2 as (1).

Appendix B: Investigation of converging errors
to zero for Theorem 1

Equations (14) and (15), the designed control inputs,
must be substituted in (6) as follows:

⎧
⎪⎪⎨

⎪⎪⎩

ė1 = e2

ė2 = −k1e2 − k2e1

ė3 = −k3e3

(B.1)

So,

ë1 = ė2 = −k1e2 − k2e1 = −k1ė1 − k2e1 ⇒
ë1 + k1ė1 + k2e1 = 0

ë2 = −k1ė2 − k2ė1 = −k1ė2 − k2e2 ⇒
ë2 + k1ė2 + k2e2 = 0

ė3 = −k3e3 ⇒ ė3 + k3e3 = 0
↓
⎧
⎪⎨

⎪⎩

ë1 + k1ė1 + k2e1 = 0

ë2 + k1ė2 + k2e2 = 0

ė3 + k3e3 = 0

(B.2)

Then three differential equations are obtained that they
are exponential stable. After solving them, we obtain
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

e1(t) = a1e
(

−k1+
√

k2
1−4k2

2 )t + a2e
(

−k1−
√

k2
1−4k2

2 )t

e2(t) = a3e
(

−k1+
√

k2
1−4k2

2 )t + a4e
(

−k1−
√

k2
1−4k2

2 )t

e3(t) = a5e
−k3t

(B.3)

Notice, k1, k2, k3 are positive constant parameters. If
k1 > 2

√
k2, then (k2

1 − 4k2) is positive. When t → ∞,
then
⎧
⎪⎪⎨

⎪⎪⎩

lim
t→∞ e1(t) → 0

lim
t→∞ e2(t) → 0

lim
t→∞ e3(t) → 0

(B.4)

Therefore, the tracking trajectory is achieved.

Appendix C: Investigation of converging errors to
zero for Theorem 3

The same considerations as the previous Appendix,
(66) and (67), the designed control inputs, must be
substituted in (6) as follows:
⎧
⎪⎪⎨

⎪⎪⎩

ė1 = e2

ė2 = −k1e2 − k2e1 + [
g(x1, x2) − ĝ(x1, x2)

]

ė3 = −k3e3 + [
h(x1, x2, x3) − ĥ(x1, x2, x3)

]
(C.1)

where two GRBFNN identifiers ĝ and ĥ are designed to
online estimate the system dynamic functions g and h,
restrictively.
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Let g = w∗T
g Gg and ĝ = ŵT

g Gg , as mentioned be-
fore (76), then
[
g(x1, x2) − ĝ(x1, x2)

] = (
w∗T

g − ŵT
g

)
Gg = w̃T

g Gg

(C.2)

Also, let h = w∗T
h Gh and ĥ = ŵT

h Gh, as mentioned
before (81), then
[
h(x1, x2, x3) − ĥ(x1, x2, x3)

]

= (
w∗T

h − ŵT
h

)
Gh = w̃T

h Gh (C.3)

From the two previous equations, (6) can be rewritten
as follows:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

ė1 = e2

ė2 = −k1e2 − k2e1 + [
g(x1, x2) − ĝ(x1, x2)

]

= −k1e2 − k2e1 + w̃T
g Gg

ė3 = −k3e3 + [
h(x1, x2, x3) − ĥ(x1, x2, x3)

]

= −k3e3 + w̃T
h Gh

(C.4)

With considering the Lyapunov function (defined in
proof of Theorem 3 in previous version of paper) as

VT = 1

2
z2

1 + 1

2
z2

2 + 1

2
z2

3 + 1

2
w̃T

g w̃g + 1

2
w̃T

h w̃h (C.5)

When t → ∞, then all terms will converge to zero:

w̃g → 0

w̃h → 0
(C.6)

So, (C.4) can be rewritten as follows:
⎧
⎪⎨

⎪⎩

ė1 = e2

ė2 = −k1e2 − k2e1

ė3 = −k3e3

(C.7)

Then we simplify (C.7) to solve as follows:

ë1 = ė2 = −k1e2 − k2e1 = −k1ė1 − k2e1 ⇒
ë1 + k1ė1 + k2e1 = 0

ë2 = −k1ė2 − k2ė1 = −k1ė2 − k2e2 ⇒
ë2 + k1ė2 + k2e2 = 0

ė3 = −k3e3 ⇒ ė3 + k3e3 = 0

⎧
⎪⎨

⎪⎩

ë1 + k1ė1 + k2e1 = 0

ë2 + k1ė2 + k2e2 = 0

ė3 + k3e3 = 0

(C.8)

Then three differential equations are obtained that they
are exponential stable. After solving them, we obtain:
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

e1(t) = a1e
(

−k1+
√

k2
1−4k2

2 )t + a2e
(

−k1−
√

k2
1−4k2

2 )t

e2(t) = a3e
(

−k1+
√

k2
1−4k2

2 )t + a4e
(

−k1−
√

k2
1−4k2

2 )t

e3(t) = a5e
−k3t

(C.9)

Notice, k1, k2, k3 are positive constant parameters. If
k1 > 2

√
k2, then (k2

1 − 4k2) is positive. When t → ∞,
then
⎧
⎪⎪⎨

⎪⎪⎩

lim
t→∞ e1(t) → 0

lim
t→∞ e2(t) → 0

lim
t→∞ e3(t) → 0

(C.10)

Therefore, the tracking trajectory is achieved while the
dynamics of the gyro are unknown.
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