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Abstract This paper investigates the nonlinear flexu-
ral dynamic behavior of a clamped Timoshenko beam
made of functionally graded materials (FGMs) with an
open edge crack under an axial parametric excitation
which is a combination of a static compressive force
and a harmonic excitation force. Theoretical formula-
tions are based on Timoshenko shear deformable beam
theory, von Karman type geometric nonlinearity, and
rotational spring model. Hamilton’s principle is used
to derive the nonlinear partial differential equations
which are transformed into nonlinear ordinary differ-
ential equation by using the Least Squares method and
Galerkin technique. The nonlinear natural frequen-
cies, steady state response, and excitation frequency-
amplitude response curves are obtained by employing
the Runge–Kutta method and multiple scale method,
respectively. A parametric study is conducted to study
the effects of material property distribution, crack
depth, crack location, excitation frequency, and slen-
derness ratio on the nonlinear dynamic characteristics
of parametrically excited, cracked FGM Timoshenko
beams.
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1 Introduction

Damages in the form of cracks are observed as a re-
sult of manufacturing process, fatigue, and heavy dy-
namic loads, etc. These damages may lead to underde-
signed structures in many cases and increase the vul-
nerability of structures to static and dynamic loads. Al-
though most of these cracked deficient structures are
not likely to collapse, they must be limited to desig-
nated ultimate loads that should be determined based
on the properties of the damaged structure. The dy-
namic behavior of cracked structures has been a topic
of active research over the last few decades. A large
number of studies on the free and forced vibration of
cracked structures, using analytical or numerical meth-
ods or both, are available in open literature [1–8]. For
Timoshenko beams in which the effect of transverse
shear deformation is nonnegligible, Kisa et al. [9] ana-
lyzed the free vibration of cracked Timoshenko beam
using a combination of finite element and mode syn-
thesis method. Zheng and Fan [10] developed a mod-
ified Fourier series solution technique to calculate the
natural frequencies of a Timoshenko beam with an
arbitrary number of transverse open cracks. Loya et
al. [11] obtained the natural frequencies for flexure vi-
brations of a cracked Timoshenko beam with simple
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boundary conditions. The beam was modeled as two
segments connected by an extensional spring and a ro-
tational spring.

Parametric excitation occurs when such system
parameters as stiffness, inertia and damping terms
vary with time. It is known that an axial force ex-
erted on a beam changes beam stiffness. Hence, a
time-varying axial load produces parametric excita-
tion. Unlike forced vibration in which resonance hap-
pens when the excitation frequency is equal or close
to the natural frequencies of the structure, the response
of a parametrically excited system grows as the exci-
tation frequency is twice of the natural frequencies.
The parametrically excited structure is governed by a
set of Mathieu equations if its axial excitation is har-
monic. By taking into account the nonlinear inertia
terms, Nayfeh and Pal [12] analyzed the nonlinear
vibration of a cantilever beam subjected to paramet-
ric excitations. Zavodney and Nayeh [13] derived the
nonlinear partial differential equation of a slender can-
tilever beam carrying a lumped mass at an arbitrary
position subjected to a principal parametric excitation.
Abou-Rayan et al. [14] obtained nonlinear response
of a parametrically excited buckled beam and ob-
served complicated dynamic behaviors such as period-
multiplying bifurcations, jump phenomena and chaos.
Kar and Dwivedy [15] dealt with the nonlinear behav-
ior of a beam with a principal parametric resonance of
its first mode and a 3:1 internal resonance between its
first two modes. Anderson et al. [16] experimentally
investigated the planar responses of a parametrically
excited, inextensional slender cantilever beam based
on the analytical model in which a quadratic damp-
ing was added. The experimental results were in good
agreement with the theoretically predicted ones.

Functionally graded materials (FGMs) have at-
tracted increasing research efforts over the past few
years due to their outstanding properties. Numerous
studies on the dynamic behavior and fracture of FGM
structures have been reported [17–30]. Investigations
concerning the effect of crack defects on the dynamic
behavior of FGM structures haven also received in-
creasing attention recently. Sridhar et al. [31] analyzed
wave propagation in FGM beams and layered struc-
tures containing embedded horizontal or vertical edge
cracks using pseudospectral finite element method.
Yang and Chen analytically discussed the influence of
open edge cracks on the free and forced linear vibra-
tion of FGM beams under an axial force and a moving

Fig. 1 A clamped FGM beam with an open edge crack under
axial excitation

load [32] and the elastic stability characteristics of an
Euler–Bernoulli FGM beam with different boundary
conditions [33]. Ke et al. [34] studied the flexural vi-
bration and elastic buckling of a cracked FGM Timo-
shenko beam.

It should be noted that the above investigations [31–
34] are based on linear beam theory and do not account
for the nonlinear deformation, which may give unrea-
sonable results for FGM beams undergoing nonlinear
vibrations when subjected to large external dynamic
loads. Most recently, Yang et al. [35] investigated the
nonlinear dynamic response of a functionally graded
plate with a through-width surface crack. This pa-
per presents analytical solutions for the nonlinear free
and forced vibrations of clamped FGM beams with an
open edge crack under axial parametric excitation by
using Timoshenko beam theory, von-Karman type ge-
ometric nonlinearity, and rotational spring model. The
nonlinear natural frequencies, steady state deflection
response and excitation frequency-amplitude charac-
teristics have been obtained. Comprehensive numeri-
cal results are provided to study the effects of mate-
rial property gradient, crack depth, crack location, ex-
citation frequency, and slenderness ratio on the non-
linear dynamic behavior of cracked FGM Timoshenko
beams.

2 The rotational spring model

Figure 1 shows a clamped FGM Timoshenko beam of
length L, width b, thickness h, and containing an open
edge crack of depth a located at a distance L1 from the
left end. The beam is movable in the longitudinal di-
rection at the right end when subjected to a combine
action P = P0 − P1 cosΩt which consists of a static
compressive force P0 and a dynamic force P1 cosΩt

with magnitude of P1 and excitation frequency Ω .
These forces are positive for compressive and negative
for tensile. The Young’s modulus E(z), shear modulus
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μ(z) and mass density ρ(z) of the beam vary exponen-
tially in the thickness direction according to

E(z) = E0e
βz, μ(z) = μ0e

βz, ρ(z) = ρ0e
βz (1)

where E0, μ0, and ρ0 are the Young’s modulus, shear
modulus, and mass density at the midplane (z = 0) of
the beam. β is a constant describing the material prop-
erty gradient along the thickness direction, and β = 0
corresponds to an isotropic homogeneous beam. Pois-
son’s ratio ν is taken as a constant (ν1 = ν2 = ν) in
the analysis since its influence on the stress intensity
factors (SIFs) is quite limited [20].

It is assumed that the crack is perpendicular to the
beam surface and always remains open. The well-
accepted rotational spring model can then be used to
treat the cracked beam as two subbeams connected by
a massless elastic rotational spring at the cracked sec-
tion whose flexibility due to the edge crack can be de-
rived from [36]

1 − ν2

E(a)
K2

I = M2
I

2

dG

da
(2)

where MI is the bending moment at the cracked sec-
tion. KI is the SIF under mode I bending load. E(a) is
Young’s modulus at the crack tip. Based on the data
given by Erdogan and Wu [20], the magnitude of
SIF, which is a function of dimensionless crack depth
ς = a

h
, can be obtained by using Lagrange interpola-

tion technique as detailed in our previous study [34].

3 Governing equations

Let the longitudinal displacement and transverse de-
flection of an arbitrary point of the beam be denoted
by ū(x, z, t) and w̄(x, z, t), respectively. Timoshenko
beam theory gives

ū(x, z, t) = u(x, t) − zϕ(x, t), (3a)

w̄(x, z, t) = w(x, t) (3b)

where u(x, t) and w(x, t) are displacement compo-
nents in the midplane, ϕ(x, t) is the cross-section ro-
tation, and t is time.

By using Hamilton’s principle, the governing dif-
ferential equations of motion of the beam can be de-
rived as

∂N

∂x
= I0

∂2u

∂t2
− I1

∂2ϕ

∂t2
, (4a)

∂Q

∂x
+ ∂

∂x

(
N

∂w

∂x

)
= I0

∂2w

∂t2
+ P

(
∂2w

∂x2

)
, (4b)

∂M

∂x
− Q = I1

∂2u

∂t2
− I2

∂2ϕ

∂t2
(4c)

where the inertia terms (I0, I1, I2), axial force N ,
shear force Q, and bending moment M are defined as

(I0, I1, I2) = b

∫ h/2

−h/2
ρ(z)

(
1, z, z2)dz;

[
N

M

]
=

[
A11 B11

B11 D11

][ ∂u
∂x

+ 1
2 ( ∂w

∂x
)2

− ∂ϕ
∂x

]
,

Q = κsE44

(
∂w

∂x
− ϕ

)
(5)

where the shear correction factor κs = 5/6 and the
stiffness elements of the beam are

(A11,B11,D11) = b

∫ h/2

−h/2

E(z)

1 − ν2

(
1, z, z2)dz,

E44 = b

∫ h/2

−h/2
μ(z)dz

(6)

For the cracked FGM beam considered in the
present analysis, the boundary conditions require

u1 = 0, w1 = 0, ϕ1 = 0 at x = 0, (7a)

N2 = 0, w2 = 0, ϕ2 = 0 at x = L (7b)

At the cracked section (x = L1), the compatibility
conditions enforce the continuities of the axial dis-
placement, transverse deflection, axial force, bending
moment, and shear force across the crack. The dis-
continuity in the slope is proportional to the bending
moment transmitted by the cracked section. Thus, we
have

u1 = u2, w1 = w2, (8a)

N1 = N2, M1 = M2,

Q1 − P
∂w1

∂x
= Q2 − P

∂w2

∂x
,

(8b)

kT (ϕ1 − ϕ2) = M1 (8c)

In (7a, 7b) and (8a, 8b, 8c), subscript i = 1, and i = 2
refer to the left subbeam and right subbeam divided by
an open edge crack.
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4 Linear free vibration analysis

We first consider the linear free vibration of a cracked
FGM beam subjected to a static compressive force
P = P0. Neglecting the axial inertia term and the
nonlinear part in (5), then substituting this equation
into (4a, 4b, 4c) yields the linear governing equations
of motion for the ith subbeam

A11
∂2ui

∂x2
− B11

∂2ϕi

∂x2
= −I1

∂2ϕi

∂t2
, (9a)

κsE44

(
∂2wi

∂x2
− ∂ϕi

∂x

)
= I0

∂2wi

∂t2
+ P0

∂2wi

∂x2
, (9b)

B11
∂2ui

∂x2
− D11

∂2ϕi

∂x2
− κsE44

(
∂wi

∂x
− ϕi

)

= −I2
∂2ϕi

∂t2
(9c)

Let ω be the natural frequency of the cracked beam,
λ be its dimensionless form, A0 and I denote the A11

and I0 of an intact homogeneous beam, respectively.
With the use of following dimensionless quantities:

(p,p0,p1) = (P,P0,P1)/A0, e44 = κsE44/A0,

Ũi = ui/L, W̃i = wi/L, ϕ̃i = ϕi,

ξ = x/L,  = L1/L, a11 = A11/A0,

b11 = B11/A0L, d11 = D11/A0L
2,

Ī0 = I0/I, Ī1 = I1/IL, Ī2 = I2/IL2,

t̄ = t

√
A0/IL2, (λ, Ω̄) = (ω,Ω)

√
IL2/A0

(10)

Equations (9a, 9b, 9c) can be rewritten in dimension-
less form as

a11
∂2Ũi

∂ξ2
− b11

∂2ϕ̃i

∂ξ2
= −Ī1

∂2ϕ̃i

∂ t̄2
(11a)

e44

(
∂2W̃i

∂ξ2
− ∂ϕ̃i

∂ξ

)
= Ī0

∂2W̃i

∂t̄2
+ p0

∂2W̃i

∂ξ2
(11b)

b11
∂2Ũi

∂ξ2
− d11

∂2ϕ̃i

∂ξ2
− e44

(
∂W̃i

∂ξ
− ϕ̃i

)

= −Ī2
∂2ϕ̃i

∂ t̄2
(11c)

Accordingly, the boundary conditions (7a, 7b) become

Ũ1 = 0, W̃1 = 0, ϕ̃1 = 0 at ξ = 0 (12a)

N̄2 = 0, W̃2 = 0, ϕ̃2 = 0 at ξ = 1 (12b)

and the compatibility conditions (8a, 8b, 8c) can be
nondimensionalized as

Ũ1 = Ũ2, W̃1 = W̃2, (13a)

Ñ1 = Ñ2, M̃1 = M̃2,

Q̃1 − p0
∂W̃1

∂ξ
= Q̃2 − p0

∂W̃2

∂ξ
,

(13b)

kT

(
ϕ̃1 − ϕ̃2

) = M̃1 (13c)

where Ñi, Q̃i , M̃i (i = 1,2) are the dimensionless ax-
ial forces, shear forces, and bending moments.

For harmonic vibration, it can be assumed that

Ũi(ξ, t̄ ) = Ui(ξ)eiλt̄ , (14a)

W̃i(ξ, t̄ ) = Wi(ξ)eiλt̄ , (14b)

ϕ̃i (ξ, t̄ ) = Φi(ξ)eiλt̄ (14c)

Substituting (14a, 14b, 14c) into (11a, 11b, 11c) leads
to a set of ordinary differential equations in λ whose
solutions can be readily obtained as

Ui =
(

−m1α − n1

α

)
ei1 cos(αξ)

+
(

m1α + n1

α

)
ei2 sin(αξ)

+
(

−m1β + n1

β

)
ei3 cosh(βξ)

+
(

−m1β + n1

β

)
ei4 sinh(βξ)

+ giξ + gi0 (15a)

Wi = ei1 sin(αξ) + ei2 cos(αξ) + ei3 sinh(βξ)

+ ei4 cosh(βξ) (15b)

Φi = (−mα3 + nα
)
ei1 cos(αξ)

+ (
mα3 − nα

)
ei2 sin(αξ)

+ (
mβ3 + nβ

)
ei3 cosh(βξ)

+ (
mβ3 + nβ

)
ei4 sinh(βξ) (15c)

where

d = d11 − b2
11

a11
, c1 = d

(
1 − p0

e44

)
,
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c2 = −dλ2Ī0

e44
+

(
Ī1λ

2b11

a11
+ e44 − λ2Ī2

)(
1 − p0

e44

)

− e44,

c3 = ( Ī1λ
2b11

a11
+ e44 − λ2Ī2)λ

2Ī0

e44
,

α =

√√√√
√

c2
2 + 4c1c3 − c2

2c1
,

β =

√√√√
√

c2
2 + 4c1c3 + c2

2c1
,

m = c1

Ī1λ
2b11

a11
+ e44 − λ2Ī2

,

m1 = (d11Ī1λ
2 − b11Ī2λ

2 + b11e44)(
p0
e44

− 1)

b11Ī1λ2 − a11Ī2λ2 + a11e44
,

n = e44 + dλ2 Ī0
e44

Ī1λ
2b11

a11
+ e44 − λ2Ī2

,

n1 = e44Ī1λ
2 + (d11 Ī1 Ī0λ

4+b11e44 Ī0λ
2−b11 Ī0 Ī2λ

4)
e44

b11Ī1λ2 − a11Ī2λ2 + a11e44

Note that eij , gi, gi0 (i = 1,2; j = 1, . . . ,4) are con-
stants to be determined from boundary conditions and
the compatibility conditions at the cracked section
given in (12) and (13). This gives a set of nonlinear
homogeneous equations whose determinant should be
zero for a nontrivial solution

det[H(λ)] = 0 (16)

The linear natural frequencies and the associated mode
shapes of the cracked FGM beam can then be obtained
by solving (16). The expression of this determinant is
given in Appendix.

5 Parametrically excited vibration analysis

5.1 Nonlinear governing equations

We now turn our attention to the nonlinear vibration
analysis of cracked FGM beams under parametric ex-
citation which contains both static and dynamic axial
forces. Substituting (5) into (4), neglecting axial iner-
tia term and using the dimensionless quantities defined

in (10) yields the dimensionless nonlinear equations of
motion

a11

(
∂2Ũ

∂ξ2
+ ∂W̃

∂ξ

∂2W̃

∂ξ2

)
− b11

∂2ϕ̃

∂ξ2
= −I1

∂2ϕ̃

∂ t̄2
(17a)

e44

(
∂2W̃

∂ξ2
− ∂ϕ̃

∂ξ

)
+ a11

∂

∂ξ

(
∂Ũ

∂ξ

∂W̃

∂ξ

)

+ 3

2
a11

(
∂W̃

∂ξ

)2
∂2W̃

∂ξ2
− b11

∂

∂ξ

(
∂ϕ̃

∂ξ

∂W̃

∂ξ

)

− (p0 − p1 cos Ω̄t̄)
∂2W̃

∂ξ2
= Ī0

∂2W̃

∂t̄2
(17b)

b11

(
∂2Ũ

∂ξ2
+ ∂W̃

∂ξ

∂2W̃

∂ξ2

)
− d11

∂2ϕ̃

∂ξ2
− e44

(
∂W̃

∂ξ
− ϕ̃

)

= −Ī2
∂2ϕ̃

∂ t̄2
(17c)

Using single mode approximation, the dynamic defor-
mation components for the ith subbeam can be ex-
pressed in the following form:
(
Ũi , W̃i, ϕ̃i

) = (
rU
i Ui(ξ), rW

i Wi(ξ), rΦ
i Φi(ξ)

)
q(t̄)

(i = 1,2) (18)

where q(t̄) is the function of t̄ to be determined,
rU
i , rW

i , rΦ
i are the unknown constants, and mode

shape functions Ui,Wi,Φi are given in (15).
Substituting (18) into nonlinear boundary and com-

patibility conditions, expressing the total squared
residual in terms of coefficients rU

i , rW
i , rΦ

i , and then
applying the least squares technique to minimize the
residual Err gives

∂Err

∂rU
i

= 0,
∂Err

∂rΦ
i

= 0 (19)

This results in a set of homogeneous equations in
rU
i , rW

i , rΦ
i that can be used to express rU

i and rΦ
i by

rW
i . Reexpressing (18) in terms of rW

i and putting it
into (17) and applying Galerkin integration yields the
following nonlinear dynamic governing equation

q̈ + (
k1 + k2p1 cos Ω̄t̄

)
q + k3q

2 + k4q
3 = 0 (20)

In order to dissipate the influence of free vibration to
get steady state response, a damping term is added
to (20)

q̈ + a1q̇ + (
k1 + k2p1 cos Ω̄t̄

)
q + k3q

2 + k4q
3 = 0

(21)
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Table 1 Coefficients
k1, k2, k3, k4 of cracked
FGM beams with
E2/E1 = 5.0

Crack location L1/L Crack depth k1 k2 k3 k4

a/h

0.0 0.1 0.1519 4.947 −0.005612 2.9630

0.3 0.1243 4.641 −0.001189 0.2495

0.5 0.1028 4.595 −0.0004896 0.0887

0.1 0.1 0.1564 5.080 −0.0007773 0.0669

0.3 0.1473 5.253 0.0007613 0.0670

0.5 0.1371 5.467 −0.0005038 0.0682

0.2 0.1 0.1582 5.075 −0.0004678 0.0244

0.3 0.1597 5.320 0.0004969 0.0366

0.5 0.1655 5.811 −0.0006145 0.0490

0.3 0.1 0.1575 4.982 0.0005220 0.0273

0.3 0.1543 4.469 −0.0004770 0.0233

0.5 0.1579 3.002 −0.0001749 0.0028

0.4 0.1 0.1566 4.884 −0.0008914 0.0878

0.3 0.1484 3.762 −0.0005381 0.0927

0.5 0.1372 1.790 0.0004897 0.0943

0.5 0.1 0.1562 4.847 −26.41 0.1087e6

0.3 0.1449 3.574 −12.25 0.1189e5

0.5 0.1264 1.577 −2.740 1580

where a1 is the damping coefficient, an over dot de-
notes differentiation with respect to time. Constants
ki (i = 1 ∼ 4) are directly dependent on the depth and
location of the crack, the axial static compressive load
and beam parameters such as material property gradi-
ent and beam geometry. Tables 1, 2, 3 list their values
at E2/E1 = 0.2,1.0,5.0, a/h = 0.1,0.3,0.5, L1/L =
0.0,0.1,0.2,0.3,0.4,0.5, and L/h = 6. Here, E1 and
E2 denote Young’s modulus at the top and bottom sur-
faces of the beam, respectively. E2/E1 = 1.0 corre-
sponds to a special case where the beam is isotropic
homogeneous. As can be seen, the constant showing
the effect of parametric excitation, k2, increases as
E2/E1 decreases from 5.0 to 0.2. At same E2/E1 ra-
tio, k2 decreases as the crack depth grows when the
crack is located at L1/L = 0.0,0.3,0.4,0.5 whereas
increases at L1/L = 0.1,0.2. k1 and k3 are related to
the inhomogeneous material properties and k3 is zero
for homogeneous beams (E2/E1 = 1.0) that do not
have bending-stretching coupling effect. k4 describes
the influence of nonlinear bending deformation.

The nonlinear natural frequency can be obtained
from (20) and the steady state response is calculated
by solving (21) with the Runge–Kutta method.

5.2 Frequency response

To find the approximate solution of frequency-ampli-
tude response from (20), multiple scale method is em-
ployed in this study, beginning by introducing a di-
mensionless small perturbation parameter ε to serve
as a measure of the amplitude. Applying the following
scale transforms to (21),

a1 → εa1, kl → εkl, l = 2 ∼ 4 (22)

one has

q̈ + εa1q̇ + (
k1 + εk2p1 cos Ω̄t

)
q + εk3q

2 + εk4q
3

= 0 (23)

Then two time scales T = t̄ , τ = εt̄ are chosen to seek
the approximation of the expansion

q(t̄, ε) = q0(T , τ ) + εq1(T , τ ) + · · · (24)

The first- and second-order differential operators be-
come

d

dt̄
= D0 + εD1, (25a)
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Table 2 Coefficients
k1, k2, k3, k4 of cracked
FGM beams with
E2/E1 = 1.0

Crack location L1/L Crack depth k1 k2 k4

a/h

0.0 0.1 0.1636 12.16 1.9410

0.3 0.1284 11.41 0.1718

0.5 0.1067 11.45 0.0784

0.1 0.1 0.1707 12.59 0.0718

0.3 0.1584 13.17 0.0725

0.5 0.1468 13.76 0.0753

0.2 0.1 0.1736 12.61 0.0338

0.3 0.1763 13.48 0.0427

0.5 0.1879 15.09 0.0617

0.3 0.1 0.1725 12.27 0.0337

0.3 0.1687 10.30 0.0204

0.5 0.1855 4.936 −0.0131

0.4 0.1 0.1711 11.90 0.0965

0.3 0.1604 7.999 0.1060

0.5 0.1448 2.148 0.0770

0.5 0.1 0.1705 11.78 84.70

0.3 0.1545 7.452 6910

0.5 0.1297 1.725 43790

Table 3 Coefficients
k1, k2, k3, k4 of cracked
FGM beams with
E2/E1 = 0.2

Crack location L1/L Crack depth k1 k2 k3 k4

a/h

0.0 0.1 0.1472 24.39 −0.003544 1.6380

0.3 0.1108 22.98 −0.0006342 0.1225

0.5 0.0924 23.17 0.0003940 0.0636

0.1 0.1 0.1550 25.48 −0.0006890 0.0672

0.3 0.1414 26.88 0.0006423 0.0675

0.5 0.1304 28.05 −0.0004508 0.0698

0.2 0.1 0.1583 25.53 0.0004856 0.0295

0.3 0.1621 27.82 0.0005691 0.0427

0.5 0.1772 31.64 −0.0004933 0.0646

0.3 0.1 0.1571 24.61 0.0004715 0.0293

0.3 0.1537 19.01 −0.0003378 0.0136

0.5 0.1759 5.393 −0.0006384 −0.0355

0.4 0.1 0.1554 23.75 −0.0009120 0.0883

0.3 0.1426 13.54 −0.0001299 0.0986

0.5 0.1236 0.677 −0.0001068 0.0047

0.5 0.1 0.1547 23.46 −27.67 74960

0.3 0.1352 12.38 −5.062 3571

0.5 0.1080 −0.055 −0.02963 6.020
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d2

dt̄2
= D2

0 + 2εD0D1 + ε2D2
1 (25b)

where D0 = ∂
∂T

, D1 = ∂
∂τ

.
Substituting (24) and (25) into (23) and equating

the coefficients of the same power of ε gives

D2
0q0 + k1q0 = 0, (26)

D2
0q1 + k1q1

= −(2D0D1 + a1D0 + k2p1 cos Ω̄T )q0

− k3q
2
0 − k4q

3
0 (27)

Obviously, the solution of (26) is

q0 = A(τ)ei
√

k1T + cc (28)

where cc is the complex part conjugate to A(τ)ei
√

k1T

and i = √−1. After inserting this solution into (27), it
is found that principle resonance occurs at Ω̄ ≈ 2

√
k1.

To study the principle parametric resonance, and quan-
titatively describe the nearness of Ω̄ to two times of
natural frequency, we define the detuning parameter σ

Ω̄ = 2
√

k1 + εσ (29)

The condition below needs to be satisfied to eliminate
the effect of long-term item

2i
√

k1
dA

dτ
+ a1i

√
k1A + 3k4A

2Ā + Ā

2
k2p1e

iστ

= 0 (30)

where Ā is a complex number conjugate to A that can
be expressed in polar coordinates

A(τ) = R(τ)eiψ(τ) (31)

Substituting (31) into (30) and separating the real and
imaginary parts yields two equations to be used to de-
termine R(τ) and ψ(τ)

dR

dτ
+ a1R

2
+ k2p1R

4
√

k1
sin(στ − 2ψ) = 0, (32a)

R
dψ

dτ
− 3k4

2
√

k1
R3 − k2p1R

4
√

k1
cos(στ − 2ψ) = 0 (32b)

To find the equilibrium state in (32), set dR
dτ

= 0,
dψ
dτ

= 0 and one has

a2
1R4 +

(
σR2 − 3k4√

k1
R4

)2

= k2
2p2

1R
4

4k1
(33)

Table 4 The first four linear frequencies of intact, clamped
FGM beams

Frequency L/h = 15 L/h = 7

Present Ref. [37] Present Ref. [37]

ω1 0.0287 0.0292 0.1241 0.1264

ω2 0.0772 0.0786 0.3133 0.3184

ω3 0.1468 0.1495 0.4567 0.4719

ω4 0.2131 0.2205 0.5582 0.5675

This defines the relationship between excitation fre-
quency and vibration amplitude.

Please note that both coefficients k1 and k3 repre-
sent the inhomogeneous material properties but due to
the fact that the terms associated with k3 do not con-
tain long-term items, k3 does not appear in (33).

6 Numerical results

Table 4 compares the present results and two-dimens-
ional elasticity solutions [37] for the first four di-
mensionless linear frequencies ω = Ωh

√
(ρ/Q66) of

clamped FGM beams (L/h = 7,15) with material pa-
rameters given in [37]. Good agreement is observed.

Table 5 lists the dimensionless fundamental fre-
quencies ω1/ω10 of clamped FGM beams with an
open edge crack at different positions (L1/L = 0.0,

0.1,0.2,0.3,0.4,0.5). ω1 and ω10 denote the linear
fundamental frequencies of the cracked and intact
beams. The parameters used in this example are: h =
0.1 m; a/h = 0.2, L/h = 10; E2/E1 = 0.2, E1 =
70 GPa; ν1 = 0.33, ρ1 = 2780 kg/m3. The beam is
free from axial force. The present results agree well
with those obtained using Euler–Bernoulli beam the-
ory [33].

Unless otherwise stated, it is assumed in the follow-
ing computations that the beam thickness h = 0.1 m,
slenderness ratio L/h = 6; Young’s modulus ratio
E2/E1 = 5.0,1.0, and 0.2. The beam is 100% alu-
minum at the top surface with the material parameters
E1 = 70 GPa; ν1 = 0.33; ρ1 = 2780 kg/m3. The static
axial compressive force P0 = 0.8Pcr and Pcr is the
critical buckling load. Crack depth a/h = 0.0 implies
that the beam is intact and there is no edge crack in the
beam. The deflection at mid-point of the beam is nor-
malized as W0 = w/h in Tables 6, 7, 8 and Figs. 2–9.

Table 6 presents the dimensionless linear and
nonlinear fundamental frequencies of clamped FGM
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Table 5 Dimensionless
fundamental frequencies
ω1/ω10 of clamped FGM
beams with an edge crack

L1/L = 0.0 L1/L = 0.1 L1/L = 0.2 L1/L = 0.3 L1/L = 0.4 L1/L = 0.5

Present 0.9255 0.9763 0.9992 0.9931 0.9755 0.9670

Ref. [33] 0.9427 0.9822 0.9994 0.9951 0.9822 0.9760

Table 6 Dimensionless linear and nonlinear fundamental frequencies of cracked FGM beams: Effect of crack location

L1/L E2/E1 = 5.0 E2/E1 = 1.0 E2/E1 = 0.2

Linear Nonlinear Linear Nonlinear Linear Nonlinear

W0 = 0.4 W0 = 0.8 W0 = 0.4 W0 = 0.8 W0 = 0.4 W0 = 0.8

0.0 0.3897 0.4897 0.7055 0.4045 0.5024 0.7137 0.3837 0.4855 0.7027

0.1 0.3954 0.5011 0.7275 0.4132 0.5176 0.7449 0.3937 0.5049 0.7409

0.2 0.3978 0.5012 0.7237 0.4166 0.5170 0.7392 0.3979 0.5047 0.7340

0.3 0.3969 0.4913 0.6998 0.4154 0.5038 0.7021 0.3964 0.4859 0.6870

0.4 0.3957 0.4893 0.6952 0.4136 0.5020 0.6976 0.3942 0.4832 0.6828

0.5 0.3952 0.4879 0.6929 0.4129 0.5110 0.7144 0.3933 0.4825 0.6803

Table 7 Dimensionless linear and nonlinear fundamental frequencies of cracked FGM beams: Effect of crack depth

a/h E2/E1 = 5.0 E2/E1 = 1.0 E2/E1 = 0.2

Linear Nonlinear Linear Nonlinear Linear Nonlinear

W0 = 0.4 W0 = 0.8 W0 = 0.4 W0 = 0.8 W0 = 0.4 W0 = 0.8

0.0 0.3976 0.4974 0.7145 0.4164 0.5126 0.7239 0.3976 0.4977 0.7140

0.1 0.3957 0.4893 0.6952 0.4136 0.5020 0.6976 0.3942 0.4832 0.6803

0.3 0.3853 0.4492 0.5999 0.4005 0.4526 0.5794 0.3776 0.4231 0.5348

0.5 0.3704 0.4011 0.4787 0.3805 0.3930 0.4312 0.3516 0.3526 0.3576

beams with an open edge crack (a/h = 0.1) at differ-
ent locations. Table 7 gives the results for FGM beams
containing an open edge crack at L1/L = 0.4 of vari-
ous crack depths.

Numerical results show that the nonlinear funda-
mental frequency increases with an increase in vibra-
tion amplitude. The linear fundamental frequency of
all beams is the minimum when the crack is located at
the beam end (L1/L = 0.0). The graded beams with
E2/E1 = 5 and E2/E1 = 0.2 have very close linear
and nonlinear frequencies that are smaller than those
of the homogeneous beam (E2/E1 = 1). Their nonlin-
ear frequencies reaches the lowest value if the edge
crack is at the midpoint of the beam (L1/L = 0.5)

while for a homogeneous beam, the lowest nonlin-
ear frequency is found at L1/L = 0.4. A deeper edge
crack leads to a weaker cracked section thus results
in lower linear and nonlinear frequencies. This effect,
however, is much more pronounced for nonlinear fre-

quencies. It is also observed from the results that the
nonlinear frequency is significantly affected by crack
depth, especially at higher vibration amplitudes, but
is not very sensitive to the crack location. For exam-
ple, the nonlinear fundamental frequency of the graded
beam (E2/E1 = 0.2) drops by almost 48% as the crack
depth increases from a/h = 0.1 to a/h = 0.5 while
the biggest percentage difference between its funda-
mental frequencies with different crack location is less
than 4%.

Table 8 compares the dimensionless linear and
nonlinear fundamental frequencies of graded beams
(E2/E1 = 5.0) with different slenderness ratio L/h

(= 6,10,20). The edge crack is located at L1/L = 0.4
and the crack depth is a/h = 0.3. The linear and non-
linear frequencies become considerably lower as the
slenderness ratio L/h changes from 6 to 20.

To compare the frequencies of FGM beams with
and without an open edge crack, results for intact
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Table 8 Dimensionless
linear and nonlinear
fundamental frequencies of
cracked FGM beams: Effect
of slenderness ratio

L/h Linear Nonlinear

W0 = 0.4 W0 = 0.8

6 0.3853 0.4492 0.5999

0.3976* 0.4974* 0.7145*

10 0.2534 0.2956 0.3952

0.2601* 0.3173* 0.4445*

20 0.1335 0.1575 0.2121

0.1356* 0.1635* 0.2266*

beams are also provided in Tables 7 and 8 in which di-
mensionless linear and nonlinear frequencies at a/h =
0.0 in Table 7 and those with a superscript asterisk “∗”
in Table 8 are for intact FGM beams. Obviously, both
linear and nonlinear natural frequencies of an intact
beam are higher than those of a cracked beam, espe-
cially when the vibration amplitude is large and the
slenderness ratio is small.

Figures 2, 3, 4 display the dynamic deflection re-
sponses of cracked FGM beams subjected to a har-
monic axial excitation. Since the steady state re-
sponse is much more important in engineering ap-
plications, deflection responses at t̄ = 400 ∼ 450 are
given while the results before t̄ = 400 are omitted in
these figures. To study the principle parametric res-
onance, it is assumed that the excitation frequency
is Ω = 0.85, and the magnitude of dynamic force
is P1 = 0.18,0.085,0.04 for beams with E2/E1 =
5.0,1.0,0.2, respectively. The damping coefficient is
taken to be a1 = 0.05 as an illustrative example to
include the damping effect on the nonlinear dynamic
response.

Figure 2 shows the steady state responses of graded
beams (E2/E1 = 5.0) with an edge crack (a/h = 0.1)

at different locations (L1/L = 0.0,0.1,0.3,0.5). For
beams containing an edge crack at the same loca-
tion (L1/L = 0.3), the effect of crack depth is stud-
ied in Fig. 3 where the steady state responses of an
intact beam (a/h = 0.0) and cracked beams with
a/h = 0.1,0.3 are directly compared. To examine
how the nonlinear dynamic behavior is influenced by
material property gradient, Fig. 4 gives the steady
state responses of intact beams and cracked beams
(L1/L = 0.4, a/h = 0.3) with Young’s modulus ra-
tio E2/E1 = 5.0,1.0,0.2. It is observed that the pres-
ence of edge crack increases the bending deflection of
the beam and may also change the deflection response

Fig. 2 Steady state responses of graded beams (E2/E1 = 5.0)

with an edge crack (a/h = 0.1) at different locations

Fig. 3 Steady state responses of graded beams (E2/E1 = 5.0)

with an edge crack (L1/L = 0.3) of different depths

curve. As expected, vibration amplitude becomes sig-
nificantly higher as the crack depth a/h increases due
to the fact that the beam stiffness will be greatly weak-
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Fig. 4 Steady state responses of cracked FGM beams with dif-
ferent Young’s modulus ratios: (a) intact beams; (b) cracked
beams

ened by a deeper edge crack. The vibration amplitude
is the maximum (minimum) when the crack is at the
end (midpoint) of the beam but does not change very
much as the crack moves from L1/L = 0.1 to 0.3. The
nonlinear central deflection is seen to increase as the
Young’s modulus E2/E1 decreases from 5.0 to 0.2.
This is because the smaller the E2/E1 value is, the
lower the bending stiffness of the beam becomes. It
is also evident from Fig. 4 that the free vibration re-
sponse already disappears at t̄ = 400 ∼ 450 for in-
tact and cracked beams with E2/E1 = 5.0 and 1.0 but
still plays an important role in the total deflection re-
sponse of the cracked beam whose Young’s modulus
ratio E2/E1 = 0.2.

Fig. 5 Phase diagrams of cracked FGM beams (L1/L = 0.4,

a/h = 0.3) with different Young’s modulus ratios

Fig. 6 Frequency responses of FGM beams (E2/E1 = 5.0)

with an edge crack (a/h = 0.1) at different locations

Figure 5 presents the phase diagrams of FGM
beams (E2/E1 = 5.0,1.0,0.2) with an edge crack
(a/h = 0.3,L1/L = 0.4) under a harmonic axial exci-
tation (P1 = 0.04). Results show that the beam with a
smaller Young’s modulus ratio is more flexible and has
greater velocity as it vibrates. The phase diagram of
the cracked beam with E2/E1 = 0.2 is different from
and much more complicated than those of the other
two cracked beams.

Figures 6, 7, 8, 9 investigate frequency responses,
in form of dimensionless central deflection W0 against
the detuning parameter σ , of cracked FGM beams for
various parameters. The solid lines and dashed lines
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Fig. 7 Frequency responses of cracked FGM beams
(L1/L = 0.3, a/h = 0.1) with different Young’s modulus ratios

Fig. 8 Frequency responses of FGM beams (E2/E1 = 5.0)

with an edge crack (L1/L = 0.3) of different depths

represent the stable and unstable branches of the plots.
All these branches bent to the right of each figure.

Plotted in Fig. 6 are the frequency-amplitude curves
of a graded beam (E2/E1 = 5.0) with an edge crack
(a/h = 0.1) at L1/L = 0.0,0.1,0.3 and 0.5. Fig-
ure 7 shows the frequency responses of cracked beams
(a/h = 0.1,L1/L = 0.3) with different Young’s mod-
ulus ratios (E2/E1 = 5.0,1.0,0.2). The effects of
crack depth and slenderness ratio on the frequency
responses are demonstrated in Figs. 8 and 9, respec-
tively, where the results for intact beams are also pro-
vided. At the same crack depth and slenderness ra-
tio, the branches of the frequency response curves

Fig. 9 Frequency responses of cracked FGM beams
(E2/E1 = 5.0,L1/L = 0.4, a/h = 0.3) of different slenderness
ratios

converge to each other and the region between the
branches becomes narrow as dimensionless central de-
flection and the Young’s modulus ratio increase, as can
be observed in Figs. 6 and 7. The frequency response
curves, however, are insensitive to the change of crack
location. It is also evident from Figs. 8 and 9 that the
frequency-amplitude curves are considerably changed
at different crack depths and slenderness ratios. Both
the vibration amplitude and resonance region, espe-
cially the former, grow sharply at a large crack depth
and slenderness ratio. These results are consistent with
those presented in Figs. 2–5.

7 Concluding remarks

Nonlinear dynamic behavior of parametrically ex-
cited FGM Timoshenko beams containing an open
edge crack is studied within the framework of Tim-
oshenko beam theory, von Karman type nonlinear
displacement-strain relationship, and rotational spring
model. A parametric study has been conducted to ex-
amine how the nonlinear vibration frequency, steady
state response and frequency-amplitude behavior are
influenced by material property gradient, crack depth,
crack location, and slenderness ratio. It is found that
(1) the nonlinear natural frequency decreases as the
crack depth and slenderness ratio increases and tends
to be smaller when the crack is located at the beam end
and the midpoint than at other places; (2) the steady
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state deflection response becomes considerably higher
as the crack depth increases and the Young’s modulus
ratio decreases. The dynamic deflection is the maxi-
mum (minimum) when the crack is at the beam end
(midpoint); (3) FGM beams with a deep edge crack
and large slenderness ratio have much higher vibration
amplitude and bigger resonance region; (4) compared
with other system parameters, crack location has a rel-
atively small effect on the nonlinear dynamic behavior
of parametrically excited FGM beams.

Appendix

In (23), let

J11 = sin(α), J12 = cos(α), J13 = sinh(β),

J14 = cosh(β), J21 = sin(α), J22 = cos(α),

J23 = sinh(β), J24 = cosh(β),

Q11 = −m1α − n1

α
, Q12 = −m1β + n1

β
,

Q21 = −mα3 + nα, Q22 = mβ3 + nβ,

H1 = (e44 − p0)α − e44Q21,

H2 = (e44 − p0)β − e44Q22,

f11 = −a11Q11 + Q21b11,

f12 = −a11Q12 + Q22b11,

f21 = −b11Q11 + Q21d11,

f22 = −b11Q12 + Q22d11

the determinant in free vibration analysis for clamped-
sliding FGM beams with single edge crack are given
as below:

H̄ =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Q11 0 Q12 0 0 1 0 0 0 0 0 0

0 1 0 1 0 0 0 0 0 0 0 0

Q21 0 Q22 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 f11αJ21 f11αJ22 −f12βJ23 −f12βJ24 a11 0

0 0 0 0 0 0 J21 J22 J23 J24 0 0

0 0 0 0 0 0 Q21J22 −Q21J21 Q22J24 Q22J23 0 0

Q11J12 −Q11J11 Q12J14 Q12J13  1 −Q11J12 Q11J11 −Q12J14 −Q12J13 − −1

J11 J12 J13 J14 0 0 −J11 −J12 −J13 −J14 0 0

f11αJ11 f11αJ12 −f12βJ13 −f12βJ14 a11 0 −f11αJ11 −f11αJ12 f12βJ13 f12βJ14 −a11 0

f21αJ11 f21αJ12 −f22βJ13 −f22βJ14 b11 0 −f21αJ11 −f21αJ12 f22βJ13 f22βJ14 −b11 0

H1J12 −H1J11 H2J14 H2J13 0 0 −H1J12 H1J11 −H2J14 −H2J13 0 0

f21αJ11 − kQ21J12 f21αJ12 + kQ21J11 −f22βJ13 − kQ22J14 −f22βJ14 − kQ22J13 0 0 kQ21J12 −kQ21J11 kQ22J14 kQ22J13 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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