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Abstract The flexible redundant manipulator, i.e., the
flexible manipulator with redundant rigid degrees of
freedom, possesses the same kinematic redundancy
property as the rigid redundant manipulator. Some un-
desired effects on the flexible redundant manipulator
are expected to alleviate via kinematic redundancy.
Due to the presence of structural flexibility, a manip-
ulator will inevitably vibrate when performing tasks.
Therefore, how to reduce its vibration responses is a
significant problem. Moreover, the manipulator’s mo-
bility, i.e., its ability to move, is another important is-
sue, because good mobility is a desirable goal for al-
most all robotic manipulator systems. In this paper,
how to reduce vibration and improve mobility is stud-
ied for the flexible redundant manipulator. Firstly, a
method for vibration control via redundancy resolu-
tion is put forward. Secondly, the self-motions satisfy-
ing vibration reduction are analyzed, and its additional
optimization ability is revealed. Based on this ability,
a strategy is proposed to both reduce vibration and im-
prove mobility for the flexible redundant manipulator.
Finally, simulation results demonstrate the effective-
ness of this strategy.
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1 Introduction

The redundant manipulator, which can achieve addi-
tional performances while tracing a given end-effector
trajectory, has been extensively studied [1–4]. The
self-motion capability of the redundant manipulator,
which allows link motion while maintaining a fixed
end-effector location, has been used as a tool to re-
solve a lot of robotic problems such as avoidance of
singularities [5], joint limits [6], and obstacles [7]. But
all of the above approaches only considered rigid ma-
nipulators, which are appropriate for many industrial
robots.

Compared with traditional rigid manipulators, new
generation of manipulators, which are usually flexible
in links or joints, have many advantages such as higher
operational speed, less weight, and lower energy con-
sumption [8, 9]. In addition, in order to perform versa-
tile tasks and adapt to complex environment, these ma-
nipulators are usually kinematically redundant as well,
i.e., the number of their rigid joint degrees of freedom
is greater than the number of their end-effector degrees
of freedom. In this paper, they are called “the flexible
redundant manipulators.” Similar to the rigid redun-
dant manipulator, the flexible redundant manipulator
also possesses the kinematic redundancy property. As
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a result, some undesired effects on the flexible redun-
dant manipulator are expected to alleviate via redun-
dancy resolution.

Due to low stiffness, a major disadvantage of the
flexible manipulator is the deterioration of the end-
effector accuracy. In the area of our concern, namely,
analysis and control of the flexible manipulator, there
have been many papers published, and different ways
have been sought for controlling the flexibility [8, 9].
However, little attention appears to have been paid to
the issue of how to control vibration of flexible ma-
nipulators by way of their topological characteristics.
Nguyen [10] first examined the possibility of reducing
vibration for the flexible manipulator with the use of
the self-motions introduced by redundant degrees of
freedom. In addition, some researchers [11–14] also
studied vibration control for the flexible redundant ma-
nipulator by optimizing its self-motions. However, lit-
tle attention has been paid to the mobility issue of the
flexible redundant manipulator.

The manipulator’s mobility, i.e., its ability to move,
is a desirable goal for almost all robotic manipula-
tor systems, whether or not they are redundant. The
mobility of a manipulator is closely related to its
kinematic dexterity. A number of mathematical mea-
sures have been proposed for quantification. Based on
the singular value decomposition, several indices are
put forward, like condition number, minimum singu-
lar value, and minimum condition number [15–17].
Yoshikawa defined a term of “the manipulability” as
a measure for kinematic performance of a manipulator
[18]. Klein compared several dexterity measures for
the design and control of kinematically redundant ma-
nipulator [19]. Moreover, some extended researches
have been conducted [5, 20], and some other indices
are suggested, including: the global conditioning in-
dex(GCI) [21], the local conditioning index(LCI) [22],
and so on.

Although some of the aforementioned indices can
be used to improve mobility of the rigid redundant ma-
nipulator via the kinematic redundancy, another issue
should be considered for the flexible redundant ma-
nipulator. As mentioned above, a flexible redundant
manipulator will vibrate in motion due to its struc-
tural flexibility, thus resulting in the deterioration of
its operation task accuracy. Therefore, as far as the
flexible redundant manipulator is concerned, vibra-
tion reduction and mobility improvement should be
taken into account simultaneously. However, most of

the above researches on the flexible redundant manip-
ulator mainly focused on vibration reduction, but sel-
dom cared about kinematic performance improvement
at the same time. Nguyen [10] made a tradeoff, i.e., if
the flexible redundant manipulator is in regions close
to singularities, choose the self-motions to maximize
the manipulability measure [18] to avoid singulari-
ties; if the manipulator is in all other regions, choose
the self-motions to reduce vibration. Obviously, this
method cannot guarantee vibration reduction and kine-
matic performance improvement simultaneously. In
addition, frequent switches between different methods
for choosing the self-motions are prone to result in un-
stable motion of the flexible redundant manipulator.
Until now, there are few papers concerning concurrent
optimization of multiple performance indices for the
flexible redundant manipulator. Therefore, it is impor-
tant to seek a method for simultaneously reducing vi-
bration and improving mobility for the flexible redun-
dant manipulator via redundancy resolution.

In this paper, the kinematic redundancy property of
the flexible manipulator is deeply researched. To deal
with the adverse flexible effects, a method for vibra-
tion reduction is put forward via redundancy resolu-
tion. Then the self-motions satisfying vibration reduc-
tion are analyzed, and its additional optimization abil-
ity is revealed. It is found the self-motions satisfying
vibration reduction are not unique, thus can be fur-
ther used to optimize additional performance criteria.
Based on this ability, a strategy is proposed to both re-
duce vibration and improve mobility for the flexible
redundant manipulator.

2 Dynamic formulation for the flexible redundant
manipulator

2.1 Kinematic analysis

In this paper, the open-chain serial flexible manipula-
tor with redundant rigid degrees of freedom is studied.
Since the nominal trajectory of a manipulator is usu-
ally planned according to its joint motion, the desired
position/posture of the end-effector x is the function
of joint angles q , that is,

x = ξ(q) (1)

where x ∈ Rm is the nominal position/posture of the
end-effector with respect to the base frame; m is the
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number of the end-effector degrees of freedom in the
work space; q ∈ RnR is the set of joint angles; nR is
the number of joints.

Differentiating (1) for two times with respect to
time, we obtain

ẍ = J q̈ + J̇ q̇ (2)

where J ∈ Rm×nR is the rigid Jacobian matrix,J =
dξ/dq; ẍ ∈ Rm is the nominal acceleration of the end-
effector.

To a redundant manipulator, the number of its rigid
joint degrees of freedom is greater than the number
of its end-effector degrees of freedom, i.e., nR > m,
hence the general solution for q̈ is given by

q̈ = J+(
ẍ − J̇ q̇

) + (
I − J+J

)
ε1 (3)

where J+ ∈ RnR×m is the generalized inverse matrix
of J ; (I − J+J )ε1 ∈ N(J );N(J ) is the null space of
J ;ε1 ∈ RnR is the arbitrary vector; I ∈ RnR×nR is the
unit matrix.

Since (2) includes m equations with nR unknown
q̈ , there are an infinite number of solutions of q̈ , in-
dicated by the arbitrary vector ε1. It means no matter
how ε1is chosen, the nominal end-effector motion of
the flexible redundant manipulator cannot be affected
at all, i.e., different choices of ε1 may produce dif-
ferent joint motion while maintaining the unchanged
nominal end-effector motion. This “self-motion” ca-
pability is an attractive feature of the redundant ma-
nipulator.

2.2 Dynamic analysis

In general, the structural flexibility in a manipulator
system can be mainly described as the link flexibility
and the joint flexibility. In this paper, only the link flex-
ibility is considered. Based on Kane’s method and the
assumed-modes method, the dynamic equations of the
flexible redundant manipulator are derived (the flexi-
ble links are modeled as clamped base beams) and can
be written as follows [23]:

Msψ̈ + Csψ̇ + Ksψ = Q (4)

where Ms ∈ Rn×n is the system mass matrix;
Cs ∈ Rn×n is the system damping matrix; Ks ∈ Rn×n

is the system stiffness matrix; Q ∈ Rn is the sum
of Coriolis, gravitational, centripetal, and control

torques; ψ ∈ Rn is the set of rigid and flexural de-
grees of freedom, ψT = [qT ϕT]T;ϕ ∈ RnF is the set
of flexural displacement of links; nis the total number
of degrees of freedom, n = nR + nF;nF is the number
of flexural degrees of freedom in the flexible links.

Equation (4) can be separated into two equations
describing the dynamics of q and ϕ

Dq̈ + Uϕ̈ = τ + τR (5)

Gq̈ + Mϕ̈ + Cϕ̇ + Kϕ = f (6)

where D ∈ RnR×nR ,U ∈ RnR×nF ,G ∈ RnF×nR ,M ∈
RnF×nF are block matrices that form Ms;τ ∈ RnR is
the set of control torques applied to the joints;
τR ∈ RnR is the rigid component of the nonlinear
torque; C ∈ RnF×nF;K ∈ RnF×nF;f ∈ RnF is the flex-
ible component of the nonlinear torque.

For the convenience of our study, (5) and (6) can be
expressed as

Dq̈ + e = τ (7)

Mϕ̈ + Cϕ̇ + Kϕ = f − Gq̈ (8)

where e = Uϕ̈ − τR.
Equation (8) describes the flexible vibration of the

flexible redundant manipulator. When the joint motion
of the flexible manipulator is known, (8) can be solved
for its vibration responses, then substituting these re-
sponses into (7), the corresponding joint torques can
be obtained.

Substituting (3) into (8), we obtain

Mϕ̈ + Cϕ̇ + Kϕ = u (9)

where u = f − GJ+(ẍ − J̇ q̇) − G(I − J+J )ε1.
Equation (9) describes vibration responses of the

flexible redundant manipulator.
Substituting (3) into (7), we obtain

τ = DJ+(
ẍ − J̇ q̇

) + D
(
I − J+J

)
ε1 + e (10)

Equation (10) provides the joint torques for the flexible
redundant manipulator.

From (9), it is seen that the vibration equations of
the flexible redundant manipulator are different from
those of the flexible nonredundant manipulator. The
difference is there exists in (9) the arbitrary vector
ε1 corresponding to the self-motion of the redundant
manipulator. The changes of the arbitrary vector ε1

may result in the changes of M,C,K , and u, thereby
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change the vibration responses of the manipulator.
Therefore, how to choose ε1 can directly affect the
vibration responses of the flexible redundant manip-
ulator. This effect may be favorable or adverse. Since
different ε1 can result in different vibration responses
of the manipulator, it is possible to damp out vibration
by properly choosing ε1.

Once ε1 has been chosen for reducing vibration, the
corresponding joint motion can be obtained from (3),
then joint-torques for suppressing vibration can be ob-
tained from (10). In this paper, (9) is used to reduce vi-
bration, and (10) is used to make the flexible redundant
manipulator trace a desired end-effector trajectory ac-
curately. Therefore, (9) and (10) are the bases of our
vibration reduction method for the flexible redundant
manipulator.

3 Method for vibration reduction

As we know, increasing the damping and eliminat-
ing the exciting force are important ways to reduce
vibration of an oscillatory system. To a flexible re-
dundant manipulator, as mentioned above, there ex-
ist the self-motions in its joint space while maintain-
ing a fixed nominal end-effector position/posture. This
means whatever ε1 is chosen, the nominal end-effector
motion cannot be affected. On the other hand, differ-
ent choices of ε1 can directly affect the vibration re-
sponses of the flexible redundant manipulator. There-
fore, some form of modal control force can be con-
structed and actively exerted to the flexible redundant
manipulator system by properly choosing the arbitrary
vector ε1 in the mode space, which can eliminate the
exciting force and increase the damping of the manip-
ulator.

By means of the following transformation:

ϕ = Pη (11)

where P ∈ RnF×nF is the mode matrix; η = {η1 η2 · · ·
ηnF}T are the mode coordinates.

In the case of the proportional damping, (9) can be
transformed into a set of uncoupled equations in the
mode space, that is,

η̈ + diag[2ξiωi]η̇ + diag
[
ω2

i

]
η = f g (12)

where ξi is the ith modal damping ratio; ωi is
the ith natural frequency; i = 1,2, . . . , nF; f g =

{fg1 fg2 · · · fgnF}T is the modal generalized force,
f g = P Tu.

Equation (12) is a set of vibration equations of the
flexible redundant manipulator described in the mode
space.

To a flexible redundant manipulator, its modal gen-
eralized force f g can be separated as follows:

f g = f v + f c (13)

where

f v = {fv1 fv2 · · · fvnF}T

= P Tf − P TGJ+(
ẍ − J̇ q̇

)
(14)

f c = {fc1 fc2 · · · fcnF}T

= −P TG
(
I − J+J

)
ε1 (15)

In (14), f v is related to the joint motion of the manipu-
lator, and mainly excites vibration, so f v is called the
modal exciting force. While in (15), f c contains the
arbitrary vector ε1 corresponding to the self-motion of
the flexible redundant manipulator, and how to choose
ε1 can directly affect its vibration responses, so f c is
called the modal control force.

Equation (12) can be described as follows:

η̈i + 2ξiωi η̇i + ω2
i ηi = fvi + fci

(i = 1,2, . . . , nF) (16)

To suppress vibration, increasing the damping and
eliminating the exciting force are expected. Since ε1

can be chosen arbitrarily, f c can be constructed by
properly choosing ε1 as follows:

fci = −2ξciωi η̇i + 2ξiωi η̇i − fvi

(i = 1,2, . . . , nF) (17)

where ξci is the selected modal damping ratio for sup-
pressing vibration, and the desired damping property
can be obtained by properly choosing ξci .

Substituting (17) into (16), we obtain

η̈i + 2ξiωi η̇i + ω2
i ηi = 0 (i = 1,2, . . . , nF) (18)

Equation (18) shows this form of modal control force
imposed on the flexible manipulator can increase the
damping and eliminate the exciting force simultane-
ously. As a result, vibration will be reduced effectively.
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Therefore, (18) is the desired vibration reduction equa-
tion.

In order to solve the arbitrary vector ε1 satisfying
vibration reduction, (17) can be described in a matrix
as follows:

f c = f m − f v (19)

where f m = {(−2ξc1ω1η̇1 + 2ξ1ω1η̇1) · · · (−2ξcnF

×ωnF η̇nF + 2ξnFωnF η̇nF)}T.
Substituting (14) and (15) into (19), (19) can be ex-

panded as follows:

P TG
(
I − J+J

)
ε1

= P Tf − P TGJ+(
ẍ − J̇ q̇

) − f m (20)

Equation (20) can be solved for the arbitrary vector ε1

satisfying vibration reduction.

4 Additional optimization ability

As mentioned above, a method for vibration reduction
has been proposed by choosing ε1 while the desired
end-effector trajectory is traced. However, in order to
implement this method, some problems concerning
choices of ε1 should be considered.

Equation (20) can be written as follows:

Aε1 = b (21)

where A = P TG(I −J+J ); b = P Tf −P TGJ+(ẍ−
J̇ q̇) − f m.

If let rank(.) denote “the rank of”, obviously
rank(A) ≤ min(rank(P TG)rank(I − J+J )). In gen-
eral, the matrix G has full rank except at certain
special (known) manipulator configurations [10], so
rank(G) = min(nR, nF). Since P T is a full rank ma-
trix, rank(P TG) = rank(G). If the manipulator is not
in a singular configuration, rank(I − J+J ) = nR − m

[10]. In this paper, it is assumed G is a full rank matrix
and the manipulator is not in a singular configuration.

Theoretically, a flexible redundant manipulator has
infinite many vibration modes. Even though some
higher modes are truncated, there are a lot of flexural
degrees of freedom, but a flexible redundant manip-
ulator usually has few redundant rigid joint degrees
of freedom. It means there are more flexural degrees
of freedom than the number of redundant joints avail-
able, i.e. nR − m < nF, which is a common case. As

for nR − m ≥ nF, it is uncommon and can be solved
easily. Therefore, the first case is mainly analyzed in
this paper.

If nR < nF, rank(P TG) = nR, then

rank(A) ≤ min(nR, nR − m) = nR − m < nR (22)

If nR ≥ nF, rank(P TG) = nF, then

rank(A) ≤ min(nF, nR − m) = nR − m < nR (23)

Either way,

rank(A) ≤ rank
(
Ã

)
(24)

where Ã is the augmentation matrix of the (21).
If rank(A) = rank(Ã), there are infinitely many so-

lutions to (21) and the general solution for ε1 is given
by

ε1 = A+b + (I − A+A)ε2 (25)

where ε2 ∈ RnR is an arbitrary vector; A+ is the gen-
eralized inverse matrix of A.

The self-motion provided by the general solution of
ε1 can suppress the end-effector vibration.

If rank(A) < rank(Ã), there are no solution to (21).
Since rank(A) < nR, i.e. A ∈ RnF×nR is not a full col-
umn rank matrix, there are infinitely many solutions of
ε1 to minimize ‖Aε1 − b‖2, and the general solution
for ε1 in the least squares sense is:

ε1 = A+b + (
I − A+A

)
ε2 (26)

This means that although the desired vibration control
(18) cannot be achieved, but it can be approached in
the least squares sense. Thus, the self-motion corre-
sponding to the general solution for ε1 can still reduce
vibration effectively. This can be verified by the fol-
lowing numerical simulation examples.

From (25) and (26), it can be seen that the arbitrary
vector ε1 satisfying vibration reduction are not unique,
and still depend on the arbitrary vector ε2. Since what-
ever ε2 can ensure the corresponding ε1 to satisfy vi-
bration reduction, additional performance criteria can
be optimized by properly choosing ε2 on the premise
of vibration reduction.

5 Relation between mobility and joint velocity

The joint velocities required to move the end-effector
with a desired speed depend on the direction of mo-
tion. The manipulator’s mobility, i.e., its ability to
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move, is better in the directions requiring lower joint
velocities [24, 25]. When the manipulator is close to a
singular configuration, its joint velocities required to
move in certain directions are extremely high, even
the end-effector velocity is very small. In view of
this, Dubey defined the velocity ratio of a manipu-
lator as the ratio of the end-effector velocity vector
norm to the joint velocity vector norm, and call it the
“manipulator-velocity-ratio” (MVR) [24, 25]. If rv is
MVR, then

rv = ‖ẋ‖/‖q̇‖ (27)

And it is proven that rv lies in the following range [24]:

σm ≤ rv ≤ σ1 (28)

where σm is the minimum singular value of J , σ1 is
the maximum singular value of J .

Therefore, increasing MVR along the minor-axis
of MVRE (manipulator-velocity-ratio-ellipsoids) can
lower the upper limit on the joint velocities required to
move the end-effector in all directions [24, 25]. Since
excessive joint velocities usually indicate bad kine-
matic performance of the manipulator, Chen [26] sug-
gested avoiding singularity through evading joint ve-
locity limits for the rigid redundant manipulator.

From these researches, it can be seen, as far as the
rigid manipulator is concerned, the kinematic dexter-
ity contains two meanings in the context of a manip-
ulator’s ability to move, i.e., the “magnitude” of the
joint velocities and the “uniformity” of the velocity ra-
tios. On the one hand, the joint velocities required to
attain the given end-effector velocities are expected to
be low. On the other hand, uniform velocity ratios in
all directions of the end-effector are also expected. As
for the flexible redundant manipulator, however, vibra-
tion control is considerably important issue, and thus
is considered as the primary optimization objective in
this paper. In our opinion, it is quite valuable to control
vibration and improve kinematic performance simul-
taneously for the flexible redundant manipulator. Even
so, however, it is difficult to simultaneously achieve
vibration reduction and uniform velocity ratios in all
directions of the end-effector only by using the self-
motions. Therefore, it is necessary to make a com-
promise. Firstly, as the primary optimization objec-
tive, the joint velocities satisfying vibration reduction
are obtained by redundancy resolution. As mentioned
in Sect. 4, these joint velocities are not unique. Then

based on the aforementioned additional optimization
ability, the minimum joint velocities required to attain
the given end-effector velocities are chosen from those
joint velocities satisfying vibration reduction. In such
a case, the manipulator’s mobility in the directions of
the end-effector motion can be enhanced and its vibra-
tion responses can be damped out at the same time.

6 Simultaneous optimization on vibration
reduction and mobility improvement

6.1 Joint velocity resolution for vibration reduction

Substituting (25) or (26) into (3), the joint accelera-
tions satisfying vibration reduction at time n is

q̈n = J+
n−1

(
ẍn−1 − J̇ n−1q̇n−1

)

+ (
I − J+

n−1J n−1
)
A+

n−1bn−1

+ (
I − J+

n−1J n−1
)(

I − A+
n−1An−1

)
ε2 (29)

where subscript n − 1 and n denote the variable value
at time n − 1 and n, respectively.

From (29), it is found that the joint motions satis-
fying vibration reduction are not unique; they still de-
pend on the arbitrary vector ε2. Since whatever ε2 can
guarantee vibration reduction, the mobility is expected
to improve by further choosing ε2.

If ε2 has been chosen for improving the mobility,
q̈n can be obtained from (29). Then q̇n and qn can be
respectively obtained by integrating q̈n for once and
twice with respect to time. If the flexible manipulator
moves according to these q̇n and qn, both vibration
reduction and mobility improvement can be achieved
simultaneously.

According to the above analysis, vibration reduc-
tion is implemented at the acceleration level, but the
mobility needs to be improved at the velocity level.
Therefore, in order to achieve these two aims at the
same time, the joint acceleration q̈n should be ex-
pressed in form of velocities.

Using the Taylor Series expansion and only consid-
ering the first three items, the joint acceleration q̈n at
the time n can be expressed at the velocity level (see
the Appendix):

q̈n = 2

3�t
q̇n − 2

3�t2
qn−1 + 2

3�t2
qn−2 (30)
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where �t is the time step corresponding to each time
subinterval of the whole process.

Let (27) = (28), we obtain:

q̇n = H + Qε2 (31)

where H and Q are as follows:

H = 1

�t
qn−1 − 1

�t
qn−2

+ 3�t

2

[
J+

n−1

(
ẍn−1 − J̇ n−1q̇n−1

)

+ (
I − J+

n−1J n−1
)
A+

n−1bn−1
]

Q = 3�t

2

(
I − J+

n−1J n−1
)(

I − A+
n−1An−1

)

If the flexible redundant manipulator moves according
to (31), it may trace the desired end-effector trajectory.

6.2 Strategy for both vibration reduction and
mobility improvement

In (31), the joint velocities satisfying vibration reduc-
tion are not unique, they still depend on the arbitrary
vector ε2. Since whatever ε2 can guarantee vibration
reduction, the mobility can be improved by further
choosing ε2 at the same time.

As mentioned in Sect. 5, if the joint velocities re-
quired to attain the given end-effector velocities can be
decreased, the manipulator’s mobility in the directions
of the end-effector motion will be improved. Because
the joint velocities in (31) can both supply the given
end-effector velocities and reduce vibration, a method
proposed here is to minimize these joint velocities in
the least squares sense by choosing ε2, that is,

Minimize
∥∥q̇(ε2)

∥∥
2 (32)

From (32), we obtain

ε2 = −Q+H (33)

If the flexible redundant manipulator moves according
to (31) and (33), both vibration reduction and mobility
improvement can be achieved at the same time.

7 Simulation and analysis

To verify the method presented above, a planar ma-
nipulator with one flexible link is used in numerical

Fig. 1 Three-link planar
manipulator

Fig. 2 Vibration deformations of the end-effector

simulations, as shown in Fig. 1. The planar manipu-
lator has one redundant rigid degree of freedom with-
out considering its end-effector posture. Only vibra-
tion deformations in the horizontal plan are consid-
ered. The parameters are given as follows: each length
of three links is 1.0 m, the first two links are made
of steel, and their cross-sections are squares with side
length of 0.05 m, the third link is made of aluminum
with the elastic modulus of 71 GPa and the density
of 2,710 kg/m3, whose section is rectangle with the
height of 0.05 m and the width of 0.005 m. The ini-
tial three joint angles are q(0) = {75◦ − 150◦ 60◦}T,
angular velocities are q̇(0) = {0◦ 0◦ 0◦}T/s, and the
initial end-effector velocities are ẋ(0) = {0 0}T m/s,
the desired end-effector accelerations with respect to
the base frame are:

ẍ(t) =
{ {0.5 0.5}T m/s2 0 ≤ t ≤ 1.5 s

{−0.5 − 0.5}T m/s2 1.5 s ≤ t ≤ 3.0 s

Our task in this example is to reduce vibration and
improve mobility for the flexible redundant manipula-
tor. Only the first two modes are considered in this ex-
ample. The numerical simulations of three cases have
been performed respectively as follows.

Case 1: No self-motion, i.e., ε1 = 0. The corre-
sponding numerical simulation results are shown in
Fig. 2. It is seen that the end-effector vibration cannot
be reduced because of no self-motion, thereby result-
ing in the deterioration of the end-effector accuracy.
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Fig. 3 Vibration deformations of the end-effector

Fig. 4 Tracing errors of the end-effector

Case 2: Only considering vibration reduction, i.e.,
ε1 �= 0 and ε2 = 0. In this case, the main aim is to
reduce vibration but ignore joint velocities optimiza-
tion. The vibration deformations of the end-effector
are shown in Fig. 3. Compared with Fig. 2, it is found
in Fig. 3 that the vibration deformations are elimi-
nated effectively via redundancy resolution. However,
as shown in Fig. 4, because of no simultaneous joint
velocities minimization, the second joint velocity in
this simulation abruptly jumps to 1003.6◦/s at time
t = 2.77 s, indicating bad mobility. As a result, the
end-effector severely deviates from the prescribed tra-
jectory, thereby causing large tracing errors. In addi-
tion, the corresponding rigid motion configurations of
the manipulator are shown in Fig. 5. From this fig-
ure, it can be seen clearly that the abrupt change of
the joint velocities may cause discontiguous rigid mo-
tion, resulting in the failure to trace the prescribed
end-effector motion. The corresponding manipulabil-
ity profile of the manipulator in this simulation is
shown as line 1 in Fig. 6.

Case 3: considering both reducing vibration and
improving mobility, i.e., ε1 �= 0 and ε2 �= 0. The vi-

Fig. 5 Rigid motion configurations of the manipulator

Fig. 6 Manipulability profile

bration deformations of the end-effector are shown in
Fig. 7. Compared with Fig. 2, the vibration deforma-
tions in Fig. 7 are eliminated effectively via redun-
dancy resolution. At the same time, since the addi-
tional optimization capability is introduced in this sim-
ulation, the kinematic performance of the manipula-
tor is improved as well. The corresponding rigid mo-
tion configurations of the manipulator are shown in
Fig. 8. From this figure, it shows that the correspond-
ing rigid motion configurations of the manipulator are
smooth and continuous. The corresponding manipula-
bility profile of the manipulator in this simulation is
shown as line 2 in Fig. 6. Compared with line 1 in
Fig. 6, this manipulability profile (line 2) is better. Al-
though line 1 looks better than line 2 in the vicinity of
the 3 second, since these rigid motion configurations
of the manipulator during this time period in Case 2
cannot achieve the prescribed end-effector trajectory,
the corresponding manipulability during this time pe-
riod has no actual sense.
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Fig. 7 Vibration deformations of the end-effector

Fig. 8 Rigid motion configurations of the manipulator

All of the above simulation results show the opti-
mization method presented in this paper is effective in
reducing vibration and improving mobility.

Furthermore, it should be noted that the dynamic
model of the flexible manipulator is usually highly
nonlinear, thus its computation is a time-consuming
task. In this study, the dynamic model of the flexi-
ble manipulator is derived based on Kane’s method
[27], which is an effective method for creating and
solving complex flexible multibody dynamics. This
method has such advantages as concision, iteration,
and minor calculating works, thus is convenient for
computer programming. Moreover, the modal analy-
sis technology is employed in the vibration reduction
method suggested here, thereby further reducing com-
putation difficulty. As for the above simulation ex-
ample, almost 4 seconds is spent in a computer with
the Intel® Core™2 Duo T7500@2.2 GHz CPU and
3 GB RAM. On the other hand, the computation work
concerning the optimization method proposed in this
paper can be performed offline. In addition, the op-
timization method does not need to search the opti-

mal value within specified constraints, which is usu-
ally a time-consuming work, but directly offers the fi-
nal analytic expression, i.e., (31) and (33), thus can
save much time. In practical applications, if a flexible
redundant manipulator moves according to the opti-
mized joint velocities obtained offline, both vibration
reduction and mobility improvement can be achieved
at the same time.

8 Conclusion

In this paper, we show proper choices of the self-
motions are very important in both reducing undesired
vibration and improving mobility for the flexible re-
dundant manipulator. A method for vibration control
is proposed via redundancy resolution. By analyzing
the self-motions satisfying vibration reduction, its ad-
ditional optimization ability is revealed. Based on this
ability, a strategy is proposed to both reduce vibration
and improve mobility for the flexible redundant ma-
nipulator. The simulation results demonstrate the ef-
fectiveness of this strategy.
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Appendix

In Sect. 6.1, the joint acceleration q̈n at the time n is
expressed at the velocity level, as shown in (30), i.e.,

q̈n = 2

3�t
q̇n − 2

3�t2
qn−1 + 2

3�t2
qn−2 (A.1)

This result can be derived as follows.
Using the Taylor series expansion and only consid-

ering the first three items, the joint angles q(t) can be
expanded at time n, i.e.,

q(t) = qn + q̇n(t − n) + q̈n

2
(t − n)2 (A.2)

Equation (A.2) may be changed as

q̈n = 2

(t − n)2

[
q(t) − qn − q̇n(t − n)

]
(A.3)
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If t = n − 1, then

q̈n = 2

�t2
[qn−1 − qn + q̇n�t] (A.4)

where �t is the time step corresponding to each time
subinterval of the whole process.

If t = n − 2, then

q̈n = 2

4�t2
[qn−2 − qn + 2q̇n�t] (A.5)

Let (A.5) subtract (A.4), we obtain

q̈n = 2

3�t
q̇n − 2

3�t2
qn−1 + 2

3�t2
qn−2 (A.6)
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