
Nonlinear Dyn (2011) 65:317–334
DOI 10.1007/s11071-010-9894-0

O R I G I NA L PA P E R

Mathematical modeling and experimental investigation
of an embedded vibro-impact system

R.R. Aguiar · H.I. Weber

Received: 30 June 2010 / Accepted: 15 November 2010 / Published online: 8 December 2010
© Springer Science+Business Media B.V. 2010

Abstract The subject of this work is the experimen-
tal investigation and the mathematical modeling of the
impact force behavior in a vibro-impact system, where
a hammer is mounted on a cart that imposes a pre-
scribed displacement. By changing the hammer stiff-
ness and the impact gap it is possible to investigate the
impact force behavior under different excitation fre-
quencies. The experimental data will be used to val-
idate the mathematical model. The hammer behavior
is studied in more detail using a nonlinear analysis,
which shows the various responses of the hammer,
such as dynamical jumps, bifurcations and chaos.

Keywords Nonlinear dynamics · Impact ·
Vibro-impact · Impact oscillator

1 Introduction

Oil well drilling in hard rock formations is still a great
challenge for oil companies. Optimal productivity is
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possible by combining advantages of existing drilling
techniques: both rotary and percussive drilling. In con-
ventional rotary drilling, the energy applied in the sys-
tem (oil well drillstring) comes from the rotary table
located at the top of the drillstring. Such energy, sup-
plied to drill the oil well, ends up being wasted by
vibration (axial, torsional and bending), friction with
borehole walls and heat [1–3]. If part of the energy
wasted in vibration could be reinserted into the drilling
process, the rate of penetration (ROP) could be in-
creased.

The use of the already existing vibrations in the
drillstring [2, 4] (in fact, the axial vibration due to the
cutting process) to generate a harmonic load on the
bit and an excitation in a steel mass (hammer) which
will cause impacts, is the motivation of this work (see
Fig. 1). The concept of this hybrid drilling technique
is to reintroduced the energy wasted on axial vibra-
tion, back into the drilling process, with the use of im-
pacts. The stress waves created by such impacts may
be useful to release the system from a stick condition
of stick-slip phenomena, as well as generating cracks
on the rock formation, increasing the rate of penetra-
tion. The axial vibration generated by the bit/rock in-
teraction excites the hammer. When the excitation fre-
quency approaches the mass resonance, impacts on the
bit occur, since the hammer displacement is limited by
the gap. Therefore, in addition to the rotative penetra-
tion, a percussive action takes place due to the impact
of the hammer on the bit [5, 6]. The idea of combining
a percussive action to rotary drilling is not new, be-
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Fig. 1 (a) Resonance hammer-drilling technique; (b) Embed-
ded vibro-impact system

ing first developed by Hausser and Nüsse & Gräfer in
1955 [5].

The study of vibro-impact systems has been the
aim of several researches, from the application of
a percussive action in rotary drilling for improved
performance [5–7], to ultrasonic drilling [8–10], im-
pact dampers [11, 12] and vibro-safe percussion ma-
chines [13].

In general, experimental contributions have been
rather limited. Shaw and Holmes [28] experimentally
examined the response of a beam with a fixed ampli-
tude constraint at one end, noting that a one-degree-
of-freedom approximation allowed prediction of the
regions of periodic and chaotic motion. This was ex-
tended systematically in Shaw [27], where the subhar-
monic resonances predicted in Thompson et al. [30]
were observed along with period-doubling bifurca-
tions. Ing et al. [29] also studied an impact oscillator
with a one-sided elastic constraint. Different bifurca-
tion scenarios have been shown for a number of val-
ues of the excitation amplitude, with the excitation fre-
quency as the bifurcation parameter. Various other ex-
perimental impact oscillators were studied by Hinrichs
et al. [32] and Todd and Virgin [33]. Of note is Pi-
iroinen et al. [31], where a pendulum contacting with
a rigid stop was shown to exhibit periodic windows in
a period-adding cascade up to period-5.

From the theoretic point of view, vibro-impact
system is a quite interesting subject [14] because
it presents a rich and complex dynamical response,
from periodic to chaotic behavior. Since it is a non-
smooth system, bifurcations and other nonlinear phe-
nomena may occur where such behaviors are mostly
not present in linear systems. Besides the references

mentioned above, several other studies concerning
vibro-impact systems are available in the literature,
such as the works of Divenyi et al. [20, 21], and Pe-
terka et al. [22–25].

The main objective of this work is to understand
the behavior of an impact hammer embedded inside
a vibrating structure. The use of new hardware im-
proved the capability of investigating the system in
a shorter timescale, enhancing knowledge of contact
mechanics. The study of this test rig includes defin-
ing its characteristics, like the range of possible excita-
tion frequencies and the measurement of the impulsive
forces. The experimental part of this work presents
data regarding the vibro-impact system under different
hammer characteristics. From the experimental data a
mathematical model is proposed and validated. Using
numerical simulations the system behavior is investi-
gated in more detail. A nonlinear analysis (bifurcation
diagrams, Poincaré maps) is performed, including the
mapping of regions of existence and stability of impact
motions (called by the authors “Peterka map”).

Although the literature shows several studies deal-
ing with vibro-impact systems, as listed, there is little
concern regarding the force magnitude developed by
the impacts. Since the motivation relies on a hybrid
technique to drill hard rock formations, special atten-
tion is dedicated in this work regarding this issue, as
well as which system parameters combination devel-
ops higher impact forces. In this manner, the authors
propose a contribution to the field of vibro-impact dy-
namics: the Peterka map with impact force magnitude
addressed. Such a diagram can be used as a design tool
for this special type of devices.

2 Experimental apparatus

The experiment consists of a main cart, made of alu-
minum, which slides along the horizontal axis on a
low-friction rail bearing assembly (INA-Laufwagen
LFL52-E-SF), see Fig. 2. Excitation is provided by an
inverter controlled AC motor (EBERLE model B56b4,
745.7 W). The motor is attached to the cart through
a pin that slides into a slot machined on an acrylic
plate attached to the cart. The pin hole is drilled off-
centered on the disk at the edge of the motor, so that
rotational motor movement becomes sinusoidal cart
movement. This device is used instead of an electro-
magnetic shaker because it can perform higher ham-
mer amplitudes than a shaker. The device attempts to
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avoid the influence of impact forces on the excitation
source.

Hammer mass combines an aluminum coupling
that holds the springs and the impact device (steel).
Hammer stiffness is assured by two clamped–clamped
bending beams (steel). These beams have a transverse
section of 22.3 mm width and 0.6 mm height. The
length of the beams can be changed in order to vary
the hammer stiffness. The length of the beams is de-
fined as the distance between the aluminum couplings
(Fig. 3(a)). Different values of the hammer stiffness
will be determined by changes in the length of the
beams. This information will be used to compare dif-
ferent values of hammer stiffness. To vary the gap be-

Fig. 2 Test rig

tween the hammer and the cart, the impact device is
composed of a screw and a knurled nut.

The measurement devices on the test rig include:

– one accelerometer attached to the hammer (ac-
celerometer Endevco 751-10 SN AC70);

– one piezoelectric force sensor (PCB 208C03) fixed
to the cart and located in front of the hammer impact
device;

– two laser displacement sensors, both located on
the side of the cart. One of the laser displace-
ment sensors measures cart displacement (optoN-
CDT 1607-20) and the other measures hammer dis-
placement (optoNCDT 1607-100). Both laser dis-
placement sensors are DC powered (ICEL power
supply PS-500).

The accelerometer signal is filtered by a signal con-
ditioner (ENDEVCO Isotron 2792B). The force sen-
sor is powered and its signal filtered by an ICP sig-
nal conditioner (PCB 482C05). All data is acquired
by two oscilloscopes (Tektronix digital storage oscil-
loscopes) that use different timescales. The first oscil-
loscope (TDS 2024B) measures the impact force and
acceleration at the precise moment of impact (micro
scale), after the impact force signal is triggered. The
second oscilloscope (TDS 2012B) measures both cart
and hammer displacements using laser displacement
sensors signals (macro scale). Sensor specifications
are shown in Table 1.

Fig. 3 (a) Detail of beam springs supporting the hammer; (b) Experimental sketch
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Table 1 Sensor
specifications Hammer accelerometer—751-10 SN AC70

Sensitivity 10.225 mV/g

Measure range ±50 g

Resonance frequency 50 kHz

Impact force sensor—PCB 208C03

Sensitivity 2.263 mV/N

Measure range ±2.224 kN

Resonance frequency 75 kHz

Cart laser displacement sensor—optoNCDT 1607-20

Sensitivity 10 V/mm

Measure range 20 mm

Hammer laser displacement sensor—optoNCDT 1607-100

Sensitivity 2 V/mm

Measure range 100 mm

2.1 Experimental methodology

The test rig considers different values for the impact
gap, the hammer stiffness and the excitation frequency.
The length of the impact gap is measured using cali-
brated shims. The excitation frequency is supplied by
the AC motor. The system responses are: the hammer
acceleration, the impact force, the cart displacement
and the hammer displacement.

The methodology is to observe the behavior of the
impact system as the values of gap and the hammer
stiffness are varied. Three different values for the ham-
mer stiffness (lengths for the beam springs: 170, 150
and 135 mm) and three values for the impact gap: 0.0,
1.0 and 3.0 mm were chosen. The combination gener-
ates 9 different possibilities of hammer configurations.
For each hammer stiffness, the parameters are identi-
fied for the case without impact. Afterwards, a study
with impact is carried out. The excitation frequency
from the AC motor is varied in order to cover a range
of frequencies.

The laser displacement sensor signal presents an
undesirable level of noise, which was decreased using
a moving average filter. The original signal is always
compared to the filtered signal, trying to avoid any
masking of relevant phenomenon. Due to the nature
of the moving average (a low-pass filter), the phase
plane charts show a smooth effect during the impact,
caused by the differentiation of low-pass filtered sig-
nal, as will be seen by the comparison between exper-
imental data and numerical results.

3 Experimental results

3.1 Experimental results for the first value of
hammer stiffness (beam spring length 170 mm)

The impact force behavior, as the excitation frequency
is swept, can be divided into frequency bands, showing
similar characteristics in each frequency band, regard-
less of the stiffness/gap combination.

Impact gap 0.0 mm For the 0.0 mm gap configu-
ration, the first frequency band is from 4.00 up to
11.50 Hz. This band is characterized by impacts, at
one impact per excitation cycle. Defining z, the char-
acteristic of impacts, a fraction where the numerator
indicates the amount of impacts and the denominator
indicates the excitation cycles. Therefore, for an im-
pact behavior of one impact per one excitation cycle,
z = 1/1.

At the lowest excitation frequencies (up to 7.00 Hz),
the hammer follows the cart movement, with low mag-
nitudes of impact force. As the excitation frequency
increases, the magnitude of impact force increases as
well, reaching a maximum of 204 N at 9.00 Hz, see
Figs. 4 and 5. After reaching this level, the magni-
tude of the impact force decreases as the excitation
frequency increases. Figure 4 shows the behavior of
the hammer under the maximum impact force in the
frequency band z = 1/1 (one impact per one excita-
tion cycle).

From the charts presented in Fig. 4 it can be no-
ticed that impact force transducer captures the first
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Fig. 4 Couplings distance 170 mm, gap 0.0 mm. Maximum impact force on frequency band z = 1/1. Excitation frequency 9.00 Hz:
(a) Impact force; (b) Hammer acceleration

Fig. 5 Couplings distance 170 mm, gap 0.0 mm. Maximum impact force on frequency band z = 1/1. Excitation frequency 9.00 Hz:
(a) Displacements (hammer and cart); (b) Hammer phase plane

impulse transferred by the hammer. In a second mo-
ment, in this micro scale analysis, the impacted struc-
ture will give some impulse back to the hammer, and
will react according to an own dynamics originat-
ing a second peak. From this chart, observation of
experiment and modal analysis of a test rig, it can
be concluded that system flexibility is caused by ax-
ial vibration of the hammer and bending vibration
of the cart plate where the impact force sensor is
mounted. Since the hammer is fixed on the opposite
side of the knurled nut, the accelerometer measures

the hammer dynamics. The existence of contact dy-
namics is corroborated by the results shown in the ac-
celeration chart, because there are unexpected oscil-
lations after the impact. Further analysis of the test
rig, later presented in this work, shows that the peaks
in the impact force are caused by bending flexibil-
ity of the cart plate where the impact force sensor is
mounted. Also, the axial vibration of the hammer is
relevant during impact, as shown in the acceleration
charts.
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Fig. 6 Couplings distance 170 mm, gap 0.0 mm. Transitory behavior. Excitation frequency 12.25 Hz: (a) Displacements; (b) Hammer
phase plane

Fig. 7 Couplings distance 170 mm, gap 0.0 mm. Excitation frequency 15.25 Hz, z = 1/2: (a) Impact force; (b) Hammer acceleration
during impact

After the first frequency band, the systems goes
through a transitory behavior (bifurcation), character-
ized by a change in impact characteristics. The im-
pact behavior is still at impact per excitation cycle
(z = 1/1). However, the impacts have alternate mag-
nitudes, as shown in Fig. 6.

In the second frequency band, from 12 to 16 Hz,
the impacts occur every two cycles of excitation (z =
1/2), see Figs. 7 and 8. Because of high frequencies,

the excitation force increases substantially as does the
impact force, see (2). Although the maximum impact
force at frequency band z = 1/2 is higher than at fre-
quency band z = 1/1, it is important to remember that
at frequency z = 1/2 the impacts occur every two cy-
cles and also that energy introduced into the system
increases with the square of the excitation frequency.
Once the cart displacement is prescribed, as in

xexc = A0 cos(Ωt), (1)
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Fig. 8 Couplings distance 170 mm, gap 0.0 mm. Excitation frequency 15.25 Hz, z = 1/2: (a) Displacements; (b) Hammer phase plane

the magnitude of the excitation force Fexc, according
to Newton’s second law, becomes

‖Fexc‖ = ‖Mẍexc‖ = MA0Ω
2, (2)

where M is the total mass (cart and hammer com-
bined), A0 is the displacement amplitude of the cart
and Ω is the excitation frequency. Therefore, for a pos-
sible field application, the idea is to use the axial vibra-
tion of the drillstring to generate the excitation, and
this excitation is generally in the low-frequency range,
i.e., within the impact force behavior at z = 1/1.

At this point it is important to emphasize that ex-
citation is not influenced by the impacts, even in con-
ditions of maximum impact force. This is confirmed
by the cart displacement under different excitation fre-
quencies. With this experimental data it is possible
to analyze the system behavior in the frequency do-
main. To do so, a computational routine has been de-
veloped to determine the Fi (impact force peak). The
maximum value of Fi has been found for each exci-
tation frequency, so this routine masks the hammer
behavior if there is a bifurcation in the impact force
or a chaotic behavior is present. To generate a non-
dimensional chart, the force ratio Fi/mg is used (mg

is the hammer weight), and the excitation frequency is
divided by the natural frequency of the hammer with-
out impact. The natural frequency of the hammer is
experimentally identified using modal analysis. This
non-dimensional chart will be useful to compare data

between different hammer configurations. For this par-
ticular stiffness/gap configuration, the impact force ra-
tio chart (Fi/mg) in the frequency domain is shown in
Fig. 9(a).

Using a concept from the linear theory to describe
a nonlinear behavior, the excitation frequency where
the maximum impact force is achieved is defined as
impact resonance. Since the hammer displacement is
limited by a gap, an interesting phenomenon occurs.
The occurrence of the impacts significantly changes
the value of the impact resonance, as compared to the
hammer resonance. This change of resonance in the
occurrence of impacts has already been studied [15]
and these results were expected.

Impact gap 1.0 and 3.0 mm Similarly to the results
obtained for gap 0.0 mm configuration, the hammer
response for 1.0 and 3.0 mm gap configurations may
also be separated into frequency bands. Some differ-
ences are observed in these non-zero gap conditions
as compared to 0.0 mm gap condition. For instance,
the occurrence of nonlinear jump after the impact res-
onance. Another difference is the occurrence of con-
ditions of no impact at higher excitation frequencies.
Charts in Fig. 9(b) and (c), show the maximum im-
pact force in the frequency domain, for gaps 1.0 and
3.0 mm, respectively.
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Fig. 9 Frequency domain response, non-dimensional force, Fi/mg: Couplings distance 170 mm: (a) gap 0.0 mm; (b) gap 1.0 mm;
(c) gap 3.0 mm

Fig. 10 Frequency domain response, non-dimensional force, Fi/mg: Couplings distance 150 mm: (a) gap 0.0 mm; (b) gap 1.0 mm;
(c) gap 3.0 mm

3.2 Experimental results for the second value of
hammer stiffness (beam spring length 150 mm)

For this hammer stiffness, the same gaps were used
(0.0, 1.0 and 3.0 mm), and the same frequency band
pattern was observed. Due to a smaller beam spring
length (consequently a higher value of hammer stiff-
ness), higher impact resonance frequencies are found
for each stiffness/gap configuration. The test rig shows
a limitation at higher excitation frequencies. When the
excitation frequency reaches 12 Hz or more, the vibra-
tion levels on the mounting structure supporting the
AC motor become substantially higher. This vibration
level is transmitted to the rest of the test rig (low-
friction rail, cart and hammer). Charts in Fig. 10 show
the maximum impact force in the frequency domain,
for gaps 0.0, 1.0 and 3.0 mm, respectively.

3.3 Experimental results for the third value of
hammer stiffness (beam spring length 135 mm)

The impact force behavior of this hammer stiffness
follows the same patterns already observed, regardless
of the gap imposed. For the 0.0 mm gap configuration,
it was not possible to identify the impact resonance
frequency (z = 1/1), because the frequency was out
of the test rig range measuring capability. For the other
gap configurations, 1.0 and 3.0 mm, the impact reso-
nance frequency was observed. No data at frequency
band z = 1/2 was obtained due to test rig limitation.
The nonlinear jump after the impact resonance was ob-
served for the 3.0 mm gap configuration but it was not
observed for the 1.0 mm gap.

Because the impact force pattern is similar to pre-
vious experiments, charts documenting the outputs are



Mathematical modeling and experimental investigation of an embedded vibro-impact system 325

Fig. 11 Frequency domain response, non-dimensional force, Fi/mg: Couplings distance 135 mm: (a) gap 0.0 mm; (b) gap 1.0 mm;
(c) gap 3.0 mm

Fig. 12 Mathematical modeling, physical representation

omitted. Figure 11 shows the non-dimensional force in
the frequency domain for all gap configurations.

4 Mathematical modeling and comparison
between numerical simulation and experimental
results

The mathematical modeling of this test rig is presented
below. A simple mass–spring–damper system with
base excitation [16] is used. The clamped-clamped
beam springs’ behavior is modeled as nonlinear spring
(cubic). See Fig. 12.

For the situation of no impact, i.e. x − (y +
gap) > 0, equation of motion is

mẍ + cẋ + k
(
x + x3) = F = cẏ + k

(
y + y3), (3)

where

y = A0 sin(Ωt),

ẏ = A0Ω cos(Ωt).
(4)

The impact model used is the spring-dashpot mo-
del [17]. Figure 13 shows one comparison between ex-
perimental data and numerical simulation for the case
where the cart is not moving and the hammer is re-
leased from a known initial condition. This result was
used to identify the impact parameters.

Although the spring-dashpot model is not capable
of reproducing the real impact force profile over time
due to the jump caused by the damping force, this
model generated satisfactory results. Impact parame-
ters for this model are listed in Table 2.

Therefore, when the hammer is impacting the cart
(x − (y + gap) � 0), the equation of motion will
change to

mẍ + cẋ + k
(
x + x3

) = F − Fi,

Fi = kiδ + ci δ̇,
(5)

where the penetration δ and the velocity of penetration
δ̇ are described as

δ = x − (y + gap),

δ̇ = ẋ − ẏ.
(6)

Model parameters are shown in Table 3.
According to the Filippov theory [18, 19], the math-

ematical modeling presented is described by a differ-
ential equation with a discontinuous right-hand side.
Therefore, the state space ẋ = f (x),x ∈ Rn may be
split into two subspaces Γ− and Γ+, separated by a
hyper-surface Σ . Hyper-surface is defined by a scalar
function h(x). Consequently, the state space x is in Σ

when h(x) = 0. Hence, it is possible to define the sub-
spaces Γ− and Γ+, as well as the hyper-surface Σ ,
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Fig. 13 Impact force parameters identification. Comparison between experimental data and numerical simulation. Impact modeled
using the spring-dashpot model

Table 2 Impact parameters: spring-dashpot model

Parameter Value Unit

Impact stiffness, ki 5.5 · 106 N/m

Impact damping, ci 1.2 · 103 Ns/m

using the sets:

Γ− = {
x ∈ Rn

∣∣ h(x) < 0
}
,

Σ = {
x ∈ Rn

∣∣ h(x) = 0
}
,

Γ+ = {
x ∈ Rn

∣∣ h(x) > 0
}
.

(7)

Some physical systems need different interfaces in
order to perform a correct description of the transi-
tions. The impact force model used in the mathemat-
ical modeling is an example. Due to the nature of the
impact model, the contact between the mass and the
support occurs whenever the linear displacement be-
comes equal to the contact gap. However, the mass
loses contact with the support when the contact force
vanishes. Two indicator functions are used to define
the system subspaces (more detail on this mathemat-
ical procedure can be found in the works of Divenyi
et al. [20, 21]):

hα(θ, θ̇) = l sin θ − gap,

hβ(θ, θ̇) = kiδ + ci δ̇,
(8)

where the penetration δ and velocity of penetration δ̇

are already defined in (6).

Table 3 Hammer supported by beam springs: parameters iden-
tification

Parameter Value Unit

Hammer mass, m 0.298 kg

Cart mass, M 5.38 kg

Excitation amplitude, A0 0.89 mm

Damping ratio, ζ 0.004

Couplings distance Value Unit

170 mm

Natural frequency, ω 4.50 Hz

Damping coefficient, ζ 0.06 Ns/m

Couplings distance Value Unit

150 mm

Natural frequency, ω 5.25 Hz

Damping coefficient, ζ 0.08 Ns/m

Couplings distance Value Unit

135 mm

Natural frequency, ω 6.50 Hz

Damping coefficient, ζ 0.09 Ns/m

The mass is not in contact with the support if the
state vector x = (θ, θ̇ ) ∈ Γ−, in other words:

Γ− = {
x ∈ R2

∣∣ hα(θ, θ̇ ) < 0 or hβ(θ, θ̇ ) < 0
}
. (9)

For the case when there is a contact between the
mass and the support:

Γ+ = {
x ∈ R2

∣∣ hα(θ, θ̇ ) > 0 and hβ(θ, θ̇) > 0
}
. (10)
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The hyper-surface Σ consists of the conjunction of
two surfaces, Σα and Σβ . The hyper-surface Σα de-
fines the transition from Γ− to Γ+, i.e., when the mass
initiates the contact with the support,

Σα = {
x ∈ R2

∣∣ hα(θ, θ̇) = 0 and hβ(θ, θ̇) � 0
}
. (11)

Surface Σβ defines the transition from Γ+ to Γ− as
the contact is lost when the impact force vanishes:

Σβ = {
x ∈ R2

∣∣ hα(θ, θ̇) � 0 and hβ(θ, θ̇) = 0
}
. (12)

Consequently, the state equation of this discontinu-
ous system is written as follows:

ẋ = f (x, t) =

⎧
⎪⎪⎨

⎪⎪⎩

f−(x, t), x ∈ Γ−,

co{f−(x, t), f+(x, t)}, x ∈ Σ,

f+(x, t), x ∈ Γ+,

(13)

where

f−(x, t) =
[

ẋ

1
m(−c(ẋ − ẏ) − k(x − y) − k(x − y)3)

]
;

x ∈ Γ− (14)

f+(x, t)

=
[

ẋ

In 1
m(−c(ẋ − ẏ) − k(x − y) − k(x − y)3 − Fi)

]
;

x ∈ Γ+ (15)

co
{
f−(x, t), f+(x, t)

}

=
[

ẋ

1
m(−c(ẋ − ẏ) − k(x − y) − k(x − y)3 − (ci δ̇))

]
;

in Σα (16)

co
{
f−(x, t), f+(x, t)

}

=
[

ẋ

1
m

(−c(ẋ − ẏ) − k(x − y) − k(x − y)3)

]

;

in Σβ. (17)

This approach allows one to numerically integrate
non-smooth systems [20].

4.1 Comparison between numerical simulation and
experimental results

The comparison between numerical simulation and
experimental results starts with the chart of the non-
dimensional force (Fi/mg) in the frequency domain
(Ω/ω), for each stiffness and gap imposed on the test
rig. These results are shown in Figs. 14, 15 and 16. The
methodology applied in order to identify the impact
force is the same performed for the experimental data,
where for each excitation frequency the maximum im-
pact force is detected, regardless of the impact force
behavior.

Simulation results show satisfactory agreement
with the experimental data. For the beam springs of
length 170 mm, Fig. 14, the simulation captures well
the maximum impact force and also the presence of
the nonlinear jump, for the 3.0 mm gap configuration
(Fig. 14(c)).

For the beam spring of length 150 mm, the agree-
ment is better for the 1.0 mm gap configuration. For
the 0.0 mm gap configuration, the agreement is sat-
isfactory until the excitation frequency is twice the
value of the natural frequency of the hammer. For the
3.0 mm gap configuration, agreement is also satisfac-
tory, although the nonlinear jump is detected with a
10% error in frequency.

For the beam spring of length 135 mm, the agree-
ment is satisfactory up to a non-dimensional frequency
of 1.7, for the cases of 0.0 and 1.0 mm gap.

4.2 Nonlinear analysis: bifurcation diagrams, Peterka
map and basins of attraction

In this subsection, some nonlinear tools are used to
investigate the hammer behavior, starting with the bi-
furcation diagrams, shown in Figs. 17, 18 and 19.

Two interesting issues can be observed. First, the
bifurcation diagrams of the experimental data in all
stiffness/gap combinations present a group of dis-
persed points, even in regions where a steady behav-
ior was observed (for example, z = 1/1). The second
observation is related to the disagreement between nu-
merical simulation and experiment data. The simula-
tion results present higher amplitudes than the exper-
imental data. The phenomenon that justifies both is-
sues is the energy distribution in the bending vibration
modes of the beam springs after each impact. This can
be shown obtaining the experimental modal analysis



328 R.R. Aguiar, H.I. Weber

Fig. 14 Numerical/experiment comparison; non-dimensional force versus non-dimensional frequency. Couplings distance 170 mm:
(a) gap 0.0 mm; (b) gap 1.0 mm; (c) gap 3 mm

Fig. 15 Numerical/experiment comparison; non-dimensional force versus non-dimensional frequency. Couplings distance 150 mm:
(a) gap 0.0 mm; (b) gap 1.0 mm; (c) gap 3 mm

Fig. 16 Numerical/experiment comparison; non-dimensional force versus non-dimensional frequency. Couplings distance 135 mm:
(a) gap 0.0 mm; (b) gap 1.0 mm; (c) gap 3 mm

of the beam springs right after the instant of impact.

The frequency response of the bending beams after the

impact is shown in Fig. 20.

To better understand the hammer dynamics, a modal

analysis is performed, where the natural frequencies of

the hammer with the beam springs are determined. The
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Fig. 17 (Color online) Bifurcation diagrams, hammer displacement, numerical simulation (blue)/experimental data (red) comparison.
Couplings distance 170 mm: (a) gap 0.0 mm; (b) gap 1.0 mm; (c) gap 3.0 mm

Fig. 18 (Color online) Bifurcation diagrams, hammer displacement, numerical simulation (blue)/experimental data (red) comparison.
Couplings distance 150 mm: (a) gap 0.0 mm; (b) gap 1.0 mm; (c) gap 3.0 mm

Fig. 19 (Color online) Bifurcation diagrams, hammer displacement, numerical simulation (blue)/experimental data (red) comparison.
Couplings distance 135 mm: (a) gap 0.0 mm; (b) gap 1.0 mm; (c) gap 3.0 mm

experiment is equipped with an extra mini accelerome-
ter (Endevco 25B, SN BL55, sensitivity 4.7707 mv/g),
located on one of the beam springs at the end closest to

the hammer. The idea is to separate the frequency re-
sponse function of the hammer from the beam springs.
The impact force signal is used as the trigger and the
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Fig. 20 Frequency domain response in free flight after impact. Couplings distance 170 mm: (a) Hammer accelerometer; (b) Beam
spring accelerometer

FRF is obtained during the hammer motion following
the impact. Two separate tests are performed. For each
test the triggered signal is obtained by averaging data
from 5 trials. Results are shown in Fig. 20, for beam
spring lengths of 170 mm.

After impact the beam springs behave like a
clamped–clamped beam in bending vibration. Ana-
lyzing the FRFs, several peaks in the low-frequency
range are observed. These frequencies are associated
with the first bending vibration modes of the beam
springs. Also, a peak in the high frequency range is
detected (around 7 kHz). This frequency is associated
with the axial vibration of the hammer itself.

To understand the hammer axial behavior, the FFT
of the hammer acceleration signal during impact was
obtained. Several trials were performed and the results
are shown in Fig. 21.

The Fourier Transform of the hammer acceleration
following impact reveals three peaks shown in Fig. 21.
The first peak, in the 1 kHz range, can be associated
with the envelope of the acceleration signal. The sec-
ond peak at around 3 kHz has a lower magnitude and is
associated with the impact force profile. The last peak
occurs at around 6 kHz and corresponds to the hammer
axial oscillations after impact.

The modal analysis shows that after each impact
the energy applied to the beam springs is distributed
among its bending vibration modes. In the bifurca-
tion map, this energy distribution is shown as a dis-
persion of the experimental points, even in a steady-
state condition. Because the mathematical model con-
siders only the first bending vibration mode, the am-

Fig. 21 FFT of several acceleration signals at moment of im-
pact

plitude obtained by numerical simulation is always
higher than the experimental data, even when the im-
pact force is presenting equivalent values. This dif-
ference appears to be higher as the stiffness of beam
springs increases. Even taken into account this am-
plitude difference, the transition between frequency
bands can be qualitatively observed.

Although the impact force charts shown in Fig. 17
give some important information regarding the im-
pact force amplitude and the impact resonance, such
charts provide neither information about the charac-
teristics of the impact force, nor details on the transi-
tion between frequency bands. To better visualize the
behavior of this dynamical system, a nonlinear tool is
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used. The tool shows a map of regions of stable im-
pact behavior, which the authors call a “Peterka map”
[22–25], shown in Fig. 22, which provides informa-
tion about the characteristic of the impact force as the
gap is varied and the range of excitation frequencies is
covered. From this chart one can see the areas where
the two frequency bands occur, as noted by the red
(z = 1/1) and green (z = 1/2) areas.

The maps are identical for all the cases. This is
an indication that the impact force behavior is some-
how not dependent on the hammer stiffness. Indepen-
dence is not completely due to the non-dimensional
gap, which takes into consideration the hammer’s first
natural bending vibration frequency, a function of the
system stiffness.

Fig. 22 Peterka map, couplings distance 170 mm

Although the map of regions of stable impact be-
havior (Peterka map) provides important information
about the condition of impact, no information regard-
ing the impact magnitude is given. To overcome this
problem, a slight variance of the Peterka map is sug-
gested. The relevant impact condition is z = 1/1.
Therefore, just this area in the Peterka map is ad-
dressed. For each stiffness (addressed as the beam
spring length, as mentioned previously), the impact
force magnitude is obtained and plotted in colors, see
Fig. 23.

This chart provides several important facts about
the system behavior and it confirms some aspects ob-
served during the experimental analysis. First, it con-
firms that the impact force when the hammer is ex-
cited in its natural frequency generates impact forces
that are 3 times smaller in magnitude than the max-
imum force. It also shows that the maximum impact
force for each given gap does not occur at the z = 1/1
boundary, except for high values of gap. Finally, the
chart confirms the recommendation to operate in the
field using the 0.0 mm gap, because the magnitude of
the impact force is in the same value as the impact
force in higher gap values. In addition, non-zero gap
values are known to present nonlinear jumps.

Finally, the presence of impact and the gap be-
tween the hammer and the cart induces nonlineari-
ties, and therefore nonlinear phenomena arise, specif-
ically in the transition between frequency bands. One
of these phenomena is the change of the basins of at-
traction [26] for some gap conditions. In the Peterka

Fig. 23 Peterka map of
z = 1/1 with impact force
magnitude addressed
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Fig. 24 (Color online) Basins of attraction; condition of impact (blue)/no impact (red): (a) Couplings distance 150 mm, Ω/ω = 1.80,
gap/A0 = 1.74; (b) Couplings distance 135 mm, Ω/ω = 2.15, gap/A0 = 1.60

map, Fig. 22(a)–(c), for a gap condition higher than
1.5, there is an area between the z = 1/1 (red) and
z = 1/2 (green) regions that is characterized by vari-
ous impact conditions, which are dependent on initial
condition of the system.

This area in the Peterka map can be better visu-
alized as a change in the basins of attraction [26],
defined as the set of initial conditions x0 such that
x(t) → x∗ as t → ∞. See Fig. 24.

5 Conclusions

This work presents results of an experimental investi-
gation and the corresponding mathematical modeling
to validate the impact force behavior in a vibro-impact
system, where an elastically mounted hammer impacts
inside a cart that vibrates under a prescribed displace-
ment. The underlying idea is to use the existing energy
in the cart motion to generate impulses which may be
useful to the system.

By changing the hammer parameters the impact
force behavior is investigated for cart frequencies in
a given range. A certain behavior pattern of the impact
force is observed allowing the definition of frequency
bands presenting similar characteristics according to
the gap imposed between the neutral position of the
hammer and the impact point on the cart. Inside the
bands the impact force behavior presents a regular

pattern while in the transition regions between adja-
cent bands the hammer shows a nonlinear behavior, as
basins of attraction, jump phenomena and even chaotic
behavior.

The presence of gap significantly changes the fre-
quency where the maximum impact force occurs
(called by the authors impact resonance) and differs
from the hammer’s natural frequency. A smoothing
effect, which does not reflect the reality of the impact,
was noticed in the phase plane charts during impact
and is caused by the differentiation of a low-pass fil-
tered signal. To evaluate the influence of the flexibil-
ity in the mounting of the hammer [34], its behavior
was compared to a situation where the suspension was
done using a set of wires which guarantee a paral-
lel displacement of the hammer: it was noted that the
elastic suspension leads to significantly higher impact
forces, regardless of the stiffness imposed by the beam
springs of the hammer suspension.

The mathematical model developed to validate the
experiments is capable of determining qualitatively the
frequency bands and predicting the impact force mag-
nitude in the frequency domain for each stiffness/gap
combination. However, the mathematical model did
not predict well the hammer displacement, due to the
energy used in the bending vibration modes of the
beam springs, which support the hammer, following
each impact. This energy distribution can be observed
due to the dispersion of the experimental points in
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the bifurcation map, even in a steady-state condition.
Since the mathematical model considers only the first
bending vibration mode, the resulting amplitude is al-
ways higher than the one obtained with the experimen-
tal data, even when the impact force presents equiva-
lent values. This difference appears to be greater when
the beam springs stiffness increases. Another observed
aspect is the similarity in the shape pattern of the Pe-
terka maps regardless the value for hammer stiffness,
except in the chaotic region between frequency bands
z = 1/1 (one impact per one excitation cycle) and
z = 1/2 (one impact every two excitation cycles). This
is an indication that the impact force behavior is some-
how independent on the hammer stiffness.

Also, a new methodology was proposed to better
visualize each impact force behavior in the Peterka
map, plotting one impact force characteristic at a time
and adding colors to the third coordinate Fi . This
methodology provided important information regard-
ing the hammer behavior and confirmed some aspects
observed during the experimental analysis. By observ-
ing experimental data and modeling results using non-
linear tools, the recommendation made to optimize the
result was that one should operate with a 0.0 mm gap,
because the magnitude of the impact forces was in the
same range as the impact force using higher gap val-
ues. However, with higher gap values it was observed a
nonlinear jump which will demand a careful tuning of
the frequencies. The zero gap impact is a robust result.
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