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Abstract Most of the analytical models found in the
literature, to study the contact between cylindrical
bodies, are based on the Hertz pressure distribution.
The major shortcomings associated with these cylin-
drical models concern their nonlinearity. Firstly, the
indentation is expressed as an implicit function of the
contact force, thus a numerical iterative technique is
required to evaluate the contact force for a given in-
dentation. In a dynamic analysis code, it is implied
that at each integration time step, the iterative process
for the solution of the nonlinear equations has to
be solved. Secondly, the current cylindrical contact
models include logarithmic functions, which impose
mathematical and physical limitations on their appli-
cation, particularly for conformal contact conditions
with lower clearance values. The validity domain of
each contact model is identified in this work with re-
lation to the clearance value and material properties
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of the contacting cylinders. A comparative assessment
of the performance of each model is performed cal-
culating the relative difference of each one in relation
to Johnson’s model. The results show that, in general,
different models exhibit distinct behavior for both the
internal and external contact between cylinders. The
load limit of each model and the restrictions on its
application is identified using two simple examples
of mechanical engineering practice in which internal
contacting cylinders are involved and analyzed to in-
clude: journal bearings and roller chain drives.

Keywords Contact mechanics · Penalty
formulation · Multibody contact · Hertz contact
models · Continuous contact force model

1 Introduction

The analytical models available to study the contact
stresses and deformations are important design tools
for the kinematics of mechanical systems or in tribol-
ogy studies and, therefore, their extensive use has to be
done within their validity limits. Several models have
been postulated to represent the interaction forces be-
tween the surfaces of two contacting bodies. The sim-
plest contact description, known as the Kelvin–Voigt
viscoelastic model, represents the contact/impact force
by a parallel linear spring-damper element [1]. Given
its simplicity, this model is a very rough approxima-
tion and does not represent accurately the overall non-
linear nature of the contact phenomenon. Firstly, it
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is very difficult to quantify the stiffness coefficient,
which depends on the geometry and physical proper-
ties of the contacting bodies. Secondly, it is an over-
simplification to assume a linear relation between the
indentation depth and the contact force; the contact
force depends on the shape of the surfaces in con-
tact, the material properties, and so forth. Thus, a
more complex relationship between indentation, i.e.,
the pseudo-penetration between the contacting bodies,
and the contact forces is generally required [2].

The impact response can be accurately predicted
using the traveling stress wave propagation theory.
However, this analysis is quite complicated [3].
A more suitable model that expresses the nonlinear
relationship between the impact force and the indenta-
tion depth is the nonlinear force-displacement model
by Hertz [4, 5]. This is an elastostatic theory that
does not account for the energy dissipation process
that characterizes impact mechanisms. As a result, the
Hertz contact model cannot be used during the loading
and unloading phases of contact unless this is quasi-
static and for very well-defined geometries. This is-
sue has been investigated by Lim and Stronge [6] and
by Gugan [7] that showed that the compression part
of the impact is well described by the Hertz theory
for ball and cylindrical geometries but that, even for
elastic contact only, during restitution a nonnegligi-
ble amount of energy is lost, mainly due to the elastic
strain energy that develop. During dynamic contact or
impact, the loss of energy depends on the relative size
of the bodies, their materials and the relative impact
velocity. These drawbacks led several researchers to
modify the Hertz law to include energy dissipation in
the form of internal damping [8–10], being the model
proposed by Lankarani and Nikravesh an example that
is extensively used. Another problem of the Hertz con-
tact model is that the compression of two-dimensional
bodies in contact cannot be solely calculated from the
contact stresses given by the Hertz theory. The shape
and size of the bodies and the way in which they
are supported must be taken into account also. These
calculations are generally difficult, particularly if the
elastic compression of the bodies is a line instead of
a point. One of the major difficulties is the identifi-
cation of suitable influence functions that take into ac-
count variations in cylindrical contact. Several analyti-
cal models are proposed to calculate the indentation of
cylindrical surfaces and the contact force exerted be-
tween them when the contact area is rectangular [5, 9,

12–14]. However, three major drawbacks are associ-
ated with these models. First, the contact force cannot
be explicitly defined as a function of indentation in a
closed form [2, 15]. This poses a problem when im-
plementing forward dynamic analysis computational
programs for impact simulation, because a numerical
iterative technique is required to predict the contact
model parameters, i.e., contact stiffness and damping,
at each integration time step [16–18]. Furthermore, the
control of the time steps of several numerical integra-
tion algorithms requires the information on any new
contact indentation and the respective contact force
that develops during the time step in order to avoid ex-
cessive initial indentations to develop [19]. Secondly,
being that these models are based on the Hertz pres-
sure distribution, it should not be taken for granted
that they are suitable for applications where the size
of the contact area is comparable to the dimensions of
the contacting bodies, i.e., in conformal contact con-
ditions. It is well known that the analytical model de-
rived by Hertz is only applicable in a limited range
of conditions, notably in conditions of nonconformal
contact, where the dimensions of the deformed contact
patch are small in comparison with the principal radii
of the undeformed surfaces [4, 5]. The third drawback
is related to the expressions that define all of these
models, where a logarithmic function imposes some
mathematical and physical limitations on internal con-
tact analysis. Several new cylindrical contact models
are being proposed, such as that by Liu and coworkers
[20, 21] for internal cylindrical contact. Frequently,
the validation of these models is done by using a de-
tailed finite element analysis [6, 20, 21] for a range
of clearances specific for the applications foreseen in
each one of them. Consequently, each cylindrical con-
tact model has a specific validity domain of applica-
tion, which depends on the clearance value and the
material properties.

The purpose of this paper is to present and discuss
the shortcomings associated with the actual cylindri-
cal contact models to describe the contact between
bodies with cylindrical geometries with particular fo-
cus on internal contacting geometries involving low
clearances and high loads simultaneously. Examples
of the application of these models are the analysis of
machinery [22], chain drives [23], road and rail vehi-
cles [24], etc., in which standard mechanical construc-
tion tolerances apply. The accuracy of each model is
analyzed considering a wide range of contact condi-
tions. In all models studied here, only the compression
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phase of the contact is analyzed being the restitution
phase of a dynamic contact not focused here. For a
detailed analysis of the energy dissipation issues as-
sociated to dynamic contact or impact, the interested
reader is referred to the works by Hunt and Crossley
[8], Lankarani and Nikravesh [7], Lim and Stronge [6],
or Gugan [7] among others.

2 Analytical models for contacting cylindrical
bodies modeling

Most of the models available in the literature describ-
ing the contact between cylindrical geometries express
the contact force as an implicit function of the inden-
tation. As a result, when used in the framework of
forward dynamic analysis, a numerical iterative tech-
nique is required to evaluate the contact force at each
integration time step. This is not only computationally
costly but also represents a numerical difficulty for the
performance of a computational program [16–18].

An analytical model that explicitly defines the in-
dentation as a function of the contact force is more
efficient for implementation in a computational code
for impact simulation of dynamical systems. There-
fore, despite the model proposed by Lankarani and
Nikravesh [9, 10] which has been established for mod-
eling, the contact between spherical bodies has been
extensively used in cylindrical contact analysis; see
also [2, 25–31]. For this reason, this model is also con-
sidered in the comparative study of analytical contact
models that describe the contact between cylindrical
geometries presented in this section.

2.1 Johnson model

Johnson presents a study based on the Hertz theory
[32] about the compression of a long circular cylinder
in a nonconformal contact with two other surfaces [5].
This approach, considering only the contact between
two cylindrical bodies, is schematically represented in
Fig. 1. When two deformable cylinders of radius Ri

and Rj made of materials with elastic modulus and
Poisson coefficients denoted by Ei , νi , and Ej , νj , re-
spectively, are submitted to the action of a compressive
load P the total indentation, δ is given by

δ = P

πE∗

{
ln

(
4πE∗�R

P

)
− 1

}
(1)

Fig. 1 Contact between cylindrical bodies [5]

In (1), the compressive load P is expressed per unit of
the axial length of the cylinder. Furthermore, the in-
dentation, which accounts for the contribution of both
cylinders, is assumed to be measured at a point dis-
tant enough from the contact point. E∗ represents the
composite modulus of the two colliding cylinders and
is evaluated as

1

E∗ = 1 − ν2
i

Ei

+ 1 − ν2
j

Ej

(2)

However, if the contacting cylinders are characterized
by similar elastic properties (Poisson’s coefficient and
Young’s modulus), (2) takes the form

E∗ = E

2(1 − ν2)
(2a)

Depending on what parameter �R represents,
(1) can be applied to internal and external contacts.
When �R represents the sum of the cylinders’ radii,
(Ri + Rj ), an external contact geometry is considered,
as in Fig. 1. Otherwise, for internal contact, �R is
quantified by the difference between the cylinders’
radii, (Ri − Rj ), corresponding to the clearance be-
tween the two cylindrical bodies.

In the numerical solution of the forward dynam-
ics of a mechanical system, the state variables, i.e.,
positions and velocities of the bodies in the system
are obtained first. The internal and external forces act-
ing on the system are obtained with appropriate mod-
els, contact models in this case, with the information
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of the state variables. Therefore, the forces are calcu-
lated for given positions and velocities of the system at
each time step. Therefore, for each given indentation,
(1) has to be solved iteratively to evaluate the contact
force that fulfills it [2]. Considering that the general-
ized stiffness depends on the contact force, namely due
to the variation of �R, a different stiffness value is ob-
tained for each instant of contact. This is a difficulty
when implementing a computational program for im-
pact simulation analysis, because a numerical iterative
technique is required to predict the contact parameters
at each integration time step [16–18].

The ESDU–78035 Tribology Series [11] contains
some expressions for contact mechanics analysis suit-
able for engineering applications. For the particular
case of contacting cylinders made of materials with
identical elastic properties, the model proposed by
ESDU is equivalent to the one presented by John-
son [5].

2.2 Radzimovsky model

Formulas for Stress and Strain [33] includes a contact
expression proposed by Radzimovsky [12] to calculate
the reduction in the distance between centers for con-
tact between external cylinders, i.e., the indentation.
This expression is given by

δ = P

πE∗

[
2

3
+ ln

(
2Di

b

)
+ ln

(
2Dj

b

)]
(3)

where Di and Dj represent the diameter of contacting
cylinders. For cylinders with different elastic material
properties, parameter b, appearing in (3), is evaluated
by

b = 1.60

(
PR

E∗

)(1/2)

(4)

where the composite modulus is calculated by (2).
Otherwise, if the contacting materials present similar
elastic properties, the parameter b is calculated by

b = 2.15

(
PR

E

)(1/2)

(4a)

where E is the Young modulus for the material for
both cylinders. In (4) and (4a), parameter R represents
the relative curvature of contact and is given by

R = RiRj

(Ri ± Rj )
= RiRj

�R
(5)

where the ± sign depends on the curvature of the con-
tacting surfaces, i.e., depends on the contact geometry
being internal (−) or external (+). Thus, (3) can be
rewritten in a form similar to that suggested by John-
son [5], i.e.,

δ = P

πE∗

{
2

3
+ ln

(
8�RE′′

c2P

)}
(6)

in which parameter E′′ corresponds to E∗ or E and c

assumes the value 2.15 or 1.60 depending if the mate-
rial properties of colliding cylinders are similar or not,
respectively.

2.3 Goldsmith model

Also based on the Hertz theory, Goldsmith [13] pro-
posed an expression for indentation as a function of the
contact force, P , suitable for the internal impact be-
tween a shaft inside a cylinder. The Goldsmith model
is written as

δ = P

(
σi + σj

l

)[
ln

(
lm

PR(σi + σj )

)
+ 1

]
(7)

where σk is a material parameter, evaluated by

σk = 1 − ν2
k

Ek

, (k = i, j) (7a)

R is the relative curvature as represented in (5) and
applied to the internal contact geometry, l is the axial
length of the cylinder, and the exponent m is unitary.
In (7a), the quantities νk and Ek are the Poisson’s ratio
and the Young’s modulus associated with the material
of each cylinder. Since the exponent m = 1 considered
by Goldsmith leads to a problem of inconsistency of
units in expression (7), Dubowsky and Freudenstein
[14] proposed a similar expression with an exponent
m = 3. A comparative study between these two ex-
pressions is carried out by Flores et al. [29], in which
the solution corresponding to the time variation of
indentation, the normal contact force, and the force-
indentation ratio presented by these two models are
discussed.

Considering that the contact force as a force per
unit length, and assuming similar elastic properties for
the contacting cylinders, the contact model proposed
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by Goldsmith and expressed by (7) can be reformu-
lated, resulting in

δ = P

πE∗

{
ln

(
πE∗

PR

)
+ 1

}
(8)

Initially the Goldsmith model has been derived for in-
ternal contact geometry. However, (8) can be applied
to internal and external contact geometry, changing the
sign in (5), which quantifies the relative curvature of
colliding cylinders.

All the relations between force and indentation de-
fined by the models presented here, for the contact be-
tween cylindrical geometries, use a logarithmic func-
tion. This is not surprising, since all models are de-
rived from the Hertz contact theory. This function im-
poses some mathematical and physical limitations on
the models, particularly for internal contact geome-
tries with lower clearance values, i.e., for conformal
contact conditions. This aspect is presented and dis-
cussed in detail in Sect. 3 of this work.

2.4 Lankarani and Nikravesh model

The simplicity of the model suggested by Lankarani
and Nikravesh [10] for implementation in a compu-
tational program stems from the fact that the contact
force can be expressed as an explicit function of the
indentation. Furthermore, this model accounts for the
energy dissipation during the impact process, being
selected by many researchers to represent the con-
tact/impact phenomena. However, for comparison to
all the other models considered in this work, which are
purely elastic, the term accounting for the energy dissi-
pated during impact is neglected. Thus, the model sug-
gested by Lankarani and Nikravesh can be expressed
in terms of indentation and written as

δ =
{

3P

4πE∗R(1/2)

}(1/n)

(9)

being E∗ and R evaluated using (2a) and (5), respec-
tively. Equation (9) can be also used for internal and
external contact geometries, depending on the sign
taken in (5). The value for the exponent n is equal
to 1.5, for contact between spherical bodies. In this
case, (9) represents the contact law proposed by Hertz.
Thus, assuming a uniform force distribution over the
length of the cylinders and neglecting boundary ef-
fects, Hunt and Crossley [8] suggested the use of (9)

with an exponent n in the range of 1.0 to 1.5, extend-
ing in this form the use of the original Hertz model to
handle cylindrical contact.

3 Validity domains of analytical cylindrical
models

The models proposed by Johnson, Radzimovsky and
Goldsmith represent the indentation as a function of
contact force, P , in a logarithmic form. From a phys-
ical point of view, the functions expressed in (1), (6),
and (8) should exhibit a continuous monotonically in-
creasing behavior, i.e., the values obtained for the in-
dentation must be always positive and must increase
with increasing load. This trend is always observed
for external contacting cylinders, but not for internal
contact or loads beyond certain values. For example,
considering Johnson’s contact model with a clearance
value 5 µm, for load values higher than approximately
1 kN/mm, the indentation value decreases with in-
creasing load, which is physically inconsistent, as il-
lustrated in Fig. 2.

This behavior is well characterized by the curve
that corresponds to the indentation derivate func-
tion. In fact, the derivate function presents a continu-
ous monotonically decreasing behavior reaching zero.
This corresponds to the maximum value of the inden-
tation function, beyond which it takes negative values.
Thus, for internal contact, it is necessary to define the
validity domains of the models, which depend on the
clearance value and on the material properties.

3.1 Specification of validity domains

In order to guarantee that the mathematical and physi-
cal requirements are satisfied, the logarithmic function
of (1), which represents Johnson’s contact model and
consequently the ESDU–78035 model, must be equal
to or greater than 2. This leads to a load limit value for
each clearance value given by

ln

(
4πE∗�R

P

)
≥ 2 → Plim ≤ 4πE∗�R

e2
(10)

Just like the Johnson model, in internal contact, the
validity of the Radzimovsky model also depends on
the clearance values and on the elastic properties of
the materials. For stiff materials in which both cylin-
ders have a similar Poisson’s coefficient and Young’s
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Fig. 2 Indentation and its
derivate function for
Johnson’s contact model for
internal cylindrical contact
with a clearance of 5 µm

modulus values, the Radzimovsky model is valid for
loads lower than the value given by

ln

(
8E�R

2.152P

)
≥ 0 → Plim ≤ 8E�R

2.152
(11)

For cylinders with materials having different elastic
properties, the equation that defines the validity do-
main is similar, but E is replaced by the compos-
ite modulus E∗ and the constant 2.15 becomes 1.60.
The Goldsmith model has also a specific validity do-
main, which depends not only on the material proper-
ties and clearance values, but also on the dimensions
of the bodies. The load limit for the Goldsmith model
is

ln

(
πE∗

PR

)
≥ 0 → Plim ≤ πE∗

R
(12)

Contrary to the Johnson and the Radzimovsky models,
the contact geometry is not handled by the Goldsmith
model in the same way. In this model, the indentation
is not a function of �R, but instead depends on the rel-
ative curvature R defined by (5). In order to define its
validity domain as a load function of clearance value,
as done for the others models, it is necessary to recon-
sider (5). For internal contact, the clearance is defined
as the difference between the radii of colliding cylin-
ders. If the clearance value is very low compared to
the radius of the larger body, it can be neglected, so
that the quantity (Ri − �R) can be taken as equal to

Ri , this is

R = RiRj

(Ri ± Rj )
= RiRj

�R

= Ri(Ri − �R)

�R
� R2

i

�R
(13)

Substituting the value of (13) into (12), the limit load
value becomes an explicit function of the dimensions
of the bodies

Plim ≤ πE∗�R

R2
i

(14)

The validity domain of the Johnson, Radzimovsky,
and Goldsmith models for differences between the
cylinder diameters varying from 5 µm to 10 mm is
shown in Fig. 3. Note that the lower values of this
range are associated to clearances in typical mechan-
ical systems while the higher values are associated
with other types of cylindrical contact. Since the va-
lidity domain also depends on the material properties,
Fig. 3 illustrates the domain for a stiff material, such
as steel in which E = 207 GPa; υ = 0.3, with fill sym-
bols, while blank symbols represent the behavior of a
soft material, e.g., aluminum for which E = 70 GPa;
υ = 0.35. It can be concluded that for very small clear-
ance values, the validity domain is very restricted,
being this limitation even more pronounced for soft
materials. As expected, the validity domain decreases
for soft materials and for smaller clearances. For ex-
ample, with a clearance of 5 µm, the limit load for
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Fig. 3 Validity domain for
the different cylindrical
contact force models. The
filled symbols are for a stiff
materials with elastic
properties of E = 207 GPa
and υ = 0.3 while blank
filled symbols are for soft
materials with E = 70 GPa
and ν = 0.35

the Johnson’s model is 967 N/mm for steel and only
339 N/mm for aluminum. Thus, particularly for inter-
nal contact with very small clearance values, special
care must be taken with the application of the Johnson
model as it may not be representative of the contact
indentation relation.

Comparing the Radzimovsky and Johnson models
for materials with similar elastic properties and for the
whole set of clearance values, it is observed that the
validity domain of the Radzimovsky model is 46% to
44% higher than the Johnson model, for stiff and soft
materials, respectively.

It is worth noting that the Goldsmith model, con-
sidering an Ri value of 10 mm for stiff materials has
a very limited validity range, as observed in Fig. 3.
Comparing the three models, it can be concluded that
the Goldsmith model presents the narrowest validity
domain. Furthermore, this validity domain does not
only depend on the clearance value and materials’
properties, as it is also strongly dependent on the di-
mensions of the bodies in contact. This trend is illus-
trated in Fig. 4, which represents the validity domain
as a function of clearance values, in the range of 5 µm
to 10 mm, and dimensions of bodies Ri with values
in the range 1 to 300 mm. For the same clearance, the
limit load varies strongly as a function of Ri . How-
ever, increasing Ri reduces the value of limit load,
and consequently decreases the validity domain of the
Goldsmith model. In fact, according to (14) for very

low clearance values, the limit load is reached quickly,
even for low Ri values. For the Johnson and the Radz-
imovsky models, the validity domain is also reduced
with the increasing softness of the materials.

In summation, it is concluded that all models con-
sidered have similar expressions, even though the con-
tact geometric is not accounted for in the same way,
and each model has a specific validity domain in the
case of internal contact. By using the physical consid-
erations expressed before the Lankarani and Nikravesh
model, represented by (9) is valid in the complete do-
main, since the equation does not include a logarith-
mic term and so does not present mathematical limita-
tions. For external contacting cylinders, all functions
of all models are continuous and monotonically in-
creasing, and for all binomials �R/load, the inden-
tation value is always positive. Therefore, for external
contact, all models overviewed are valid representa-
tions of the indentation-contact force relation.

3.2 Comparative study of the different models

A comparative study to evaluate the performance of
the models described above in relation to the model
presented by Johnson, taken here as the reference, is
presented next. The model by Johnson [5] is one of
the most popular to establish the relationship between
the indentation and the contact force, being the basis
to derive the expression proposed by ESDU 78035 Tri-
bology Series [11] for journal bearing applications.
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Fig. 4 Validity domain for
the Goldsmith model as a
function of the dimensions
of the bodies in contact for
material properties of
E = 207 GPa and ν = 0.3

Since the contact between cylinders leads to a wide
range of curvature radii, the problems of internal and
external geometries are analyzed separately. The dif-
ference between two given models is

Difference for X model

= {Result applying X model

− Result applying Johnson model}
× {Result applying Johnson model}−1 (15)

A mapping of the differences of the different models,
with respect to the Johnson contact model, is presented
in Figs. 5–8, for internal contact, and Figs. 9–12, for
external contact.

3.2.1 Internal contact

In the case of internal contact clearances in the range
of 5 µm to 10 mm and loads in the range of 1 to
1000 N/mm are tested. Figures 5–8 show the differ-
ences of the contact models in relation to the John-
son model. In these figures, and all of the same type
that follow, not only particular isolines of differences
are identified. but also the typical difference between
the models observed in particular regions are noted.
The limit load value of 1000 N/mm is selected ac-
cording to the validity domain previously identified for
each model under the present conditions. For all mod-
els, except for the Goldsmith model, loads lower than
1000 N/mm are definitely within the validity domain.

The Goldsmith model has a very restricted validity
domain, especially for lower clearances, as demon-
strated. For an Ri = 15 mm, the limit loads are 10, 15,
40, 80, 120, 160, 400, 800 N/mm for clearances of 5
and 7.5, 10, 25, 50, 75, 100, 250, and 500 µm, respec-
tively. For clearances above 750 µm, the Goldsmith
model is correctly defined for all loads considered in
internal contact. This validity domain is represented
by the area above the black dashed line in Fig. 6.

The Radzimovsky model differences, with respect
to the Johnson model are shown in Fig. 5. Differ-
ences lower than 5% are obtained for clearances higher
than 500 µm, while for lower clearances differences
equal to or lower than 10% are obtained. The excep-
tion holds for clearances of 5, 7.5, 10, and 25 µm
and for higher loads where the difference is slightly
higher.

The difference of the Goldsmith model, presented
in Fig. 6, considering only the validity domain for
clearance values higher 750 µm, shows that an ex-
cessive value exists in the whole domain. This dif-
ference varies varying between 24%, for clearance of
10 mm and load of 1 N/mm, to 79%, for a clearance
of 750 µm and a load value of 1000 N/mm. Difference
diminishes with increasing clearances and increases
with increasing loads.

The Lankarani and Nikravesh model with an expo-
nent of 1.5 produces maximum differences of 90% for
clearances lower than 100 µm, as seen in Fig. 7. For
higher clearance values, the difference decreases. The
difference also decreases for lower loads. With an ex-
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Fig. 5 Difference of the
Radzimovsky model
relative to the Johnson
model for internal contact

Fig. 6 Difference of the
Goldsmith model with
respect to the Johnson
model for internal contact

ponent value n = 1.0 the difference variation is flatter
but for the domain of the clearances and loads consid-
ered here, higher differences on the vicinity of 100%
are obtained, as observed in Fig. 8.

Therefore, it is concluded that the Lankarani and
Nikravesh model leads to higher differences than the
Radzimovsky model, in internal cylindrical contact,
regardless of the exponent considered. Thus, like the
Goldsmith model, the Lankarani and Nikravesh model
is not appropriate for modeling contact between in-
ternal cylinders, particularly for lower clearances and
higher loads, i.e., in conditions of conformal con-
tact.

3.2.2 External contact

For external cylindrical contact, �R values be-
tween 5 and 500 mm and loads in the range of 1 to
10000 N/mm are considered. The same methodology

followed for internal contact is used to evaluate the
performance of the different contact models for exter-
nal contact. Figures 9–12 illustrate the performance of
each model with respect to the Johnson model. The
Radzimovsky model presents for the complete do-
main differences below 3% with respect to the Johnson
model. Only for very low (Ri + Rj ) and very large
loads the Radzimovsky model presents difference in
the vicinity of 5%, as observed in Fig. 9.

The differences of the Goldsmith model, illustrated
in Fig. 10, are smaller than those observed for internal
cylindrical contact, especially for the lower Ri + Rj .
Nevertheless, the trend of increasing differences with
increasing loads remains in the Goldsmith contact
model.

The trend of the difference growth observed for the
Goldsmith model is also evident for the model pro-
posed by Lankarani and Nikravesh with an exponent
value of 1.5, depicted in Fig. 11, being the difference
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Fig. 7 Difference of the
Lankarani and Nikravesh
model with an exponent
value of 1.5 with respect to
the Johnson model for
internal contact

Fig. 8 Difference of the
Lankarani and Nikravesh
model with an exponent
value of 1.0 with respect to
the Johnson model for
internal contact

Fig. 9 Difference between
the Radzimovsky and the
Johnson models for external
contact

values larger than those of the Goldsmith model. For

an exponent of 1.0 the difference is almost constant,

as observed also for internal cylindrical contact, even

though differences are higher than for n = 1.5. Fig-

ures 11 and 12 show that the Lankarani and Nikravesh

model leads to the higher differences than the other

models, especially for an exponent of 1.0. This model

is, therefore, not appropriate for modeling the contact



A critical overview of internal and external cylinder contact force models 691

Fig. 10 Difference
between the Goldsmith and
the Johnson models for
external contact

Fig. 11 Difference of the
Lankarani and Nikravesh
model, for an exponent of
1.5, with respect to the
Johnson model for external
contact

Fig. 12 Difference of the
Lankarani and Nikravesh
model, for an exponent of
1.0, with respect to the
Johnson model for external
contact

between external cylinders, regardless of the exponent

value considered.

Figures 5 and 6, which represent the constant dif-

ference curves versus �R values for internal and ex-

ternal contacting cylinders, respectively, show that for
low clearances and forces the Goldsmith and Johnson
models present comparable results. Ravn [2] and Flo-
res et al. [29] compared spherical and cylindrical con-
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Table 1 Average clearance values, average tensile strength per unit length and the corresponding Plim of each model, for several
journal bearings’ diameters, based on a close-running type of fit (ESDU-65007)

Diameter
[mm]

Average Clearance
[µm]

Average tensile strength/Unit length
[N/mm]

Plim [N/mm]

Johnson model Radzimovsky model Goldsmith model

6.35 15.75 25.20 3053.56 5642.40 139.89

12.70 19.25 63.70 3732.13 6896.27 42.74

25.40 23.50 209.20 4556.10 8418.82 13.05

50.80 34.00 733.80 6591.81 12180.42 7.03

127.00 37.25 2059.50 7221.91 13344.73 4.72

254.00 61.25 5912.50 11874.95 21942.67 0.83

508.00 83.00 22381.50 16091.77 29734.56 0.34

tacts using the Lankarani and Nikravesh, Goldsmith
and Dubowsky, and Freudenstein models and draw
similar conclusions for this range of application of
the models. However, for larger values of �R or for
higher contact forces, besides the Johnson model taken
as reference for this study, only the Radzimovsky
model leads to satisfactory accuracy for the two con-
tact geometries. In fact, the models studied here gen-
erally exhibit distinct behavior for the two types of
contact internal and external. Regarding the Goldsmith
model, a rough approximation is obtained, in particu-
lar for internal contact. Furthermore, low clearances
lead to a negative indentation depth, even for small
load values, when these models are applied. This situa-
tion is physically impossible, so the validity domain of
these models is very limited. Likewise, the model pro-
posed by Lankarani and Nikravesh is found not to be
appropriate for modeling contact between cylinders.

3.3 Clearance and load values for common
mechanisms

In order to ascertain whether the load limit of each
model can restrict its applicability, two common exam-
ples of mechanical engineering practice in which in-
ternal contacting cylinders are used and analyzed there
are the journal bearings and the roller chain drives. The
tolerance dimensions for several diameters are estab-
lished for journal bearings, according to their fit [34].
In this study, a close running fit is selected, which
corresponds to an H8/f7 adjustment. The correspond-
ing range of clearance values is calculated on the ba-
sis of the H8 and f7 definitions and their tolerance
grades [35]. From a guide for the load capacity of bear-
ings [36], it is possible to define the average tensile

strength per unit length function of the bearing’s di-
ameters. Based on a close running fit, Table 1 summa-
rizes the average clearance values and the average ten-
sile strength per unit length of hydrodynamic oil film
bearings for several journal bearing diameters.

In order to apply the contact models, their mathe-
matical limitations must be known. Equations (1), (6),
and (8) establish the limit load values for application
of the Johnson, Radzimovsky, and Goldsmith models,
respectively. These limit load values are presented in
Table 1. The average clearances ranging from 16 µm
to 83 µm, which correspond to very low clearance
values, and a wide range of load capacities, between
25 N/mm and 22381 N/mm, can be expected for the
journal bearing diameters under analysis in general
applications. For the roller chain drives, three types
of roller chain drives are considered: ANSI standard
chains n°. 40, 80, and 120 [37]. Based on the average
tensile strength and on the distance between internal
plates, characteristic of each roller chain type, the av-
erage tensile strength per unit length is calculated and
presented in Table 2. Clearance values are evaluated
according to the tolerance dimensions given by SRAM-
PORT [38]. A relation between the clearance value of
each pin/bushing pair and the pin radii is established
and its value multiplied by the pin radii of each stan-
dard roller chain drive. The range of clearance values
that characterizes the three types of chains is presented
in Table 2. The average clearance values and the cor-
responding limit loads for the Johnson, Radzimovsky,
and Goldsmith models, for the three types of roller
chain drives considered, are also included in Table 2.
Clearance values between 22.31 µm and 62.50 µm and
load capacity values ranging from 1498.70 N/mm to
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Table 2 Average clearance values, average tensile strength per unit length and the corresponding Plim of each model, for three types
of roller chain drives, based on Standard dimensions (ANSI Standard)

ANSI STANDARD
Chain n°

Pin diameter
[mm]

Average Clearance
[µm]

Average tensile strength/Unit length
[N/mm]

Plim [N/mm]

Johnson
model

Radzimovsky
model

Goldsmith
model

40 3.96 22.31 1498.70 4325.39 7992.51 2038.09

80 7.92 44.62 2903.10 8650.78 15985.01 1019.05

120 11.10 62.50 4335.02 12117.30 22390.48 726.69

4335.02 N/mm are obtained for the roller chain drives
under study.

Tables 1 and 2 show the values of the pairs
clearance-load that are out of the validity domain of
each one of the cylindrical models, in terms of the
journal bearing diameter and roller chain drive type.
In what the journal bearings is concerned, and for the
set of average clearance values presented in this study,
the Goldsmith model cannot be applied, with the ex-
ception of the smallest internal diameter, because all
values are out of its validity domain. Therefore, the
Goldsmith model must not be used to evaluate contact
forces in journal bearings. A similar behavior is ob-
served for roller chain drives, since for the Goldsmith
model most values are also out of the validity domain.
In the case of journal bearings, the Johnson model has
only one value out of the validity domain, which cor-
responds to higher clearance and higher journal bear-
ing diameter. Regarding the Radzimovsky model, all
values are included in the validity domain. For roller
chain drives, all the values are included in the validity
domain of the Johnson and or the Radzimosky models,
which suggests that these models are suitable for prac-
tical applications of cylindrical contact. Thus, from
Tables 1 and 2, it can be concluded that the Goldsmith
model should not be used in these practical applica-
tions and should be used with caution in other me-
chanical applications. In addition, this model leads to
large differences, even for applications within its va-
lidity domain.

3.4 Static analysis of the different models

The analysis of the validity domain of the cylindrical
contact models assumes a unitary value for the axial
length of the contacting cylinders. Consequently, the
influence of the cylinder length on the contact force is
not yet taken into account. The contact between cylin-
drical geometries is in a line and not punctual, and so

the contact area assumes a rectangular shape instead
of being ellipsoidal. Contrary to spherical contact the
cylindrical contact force models is expressed as a load
per unit axial length. So it is expected that the variation
of the cylinder length affects the behavior exhibited
by cylindrical contact models. To evaluate the influ-
ence of the cylinder length on the different approaches
that describe the contact phenomenon involving bod-
ies with cylindrical geometries, a static loading case
is performed using a basic journal-bearing geometry.
Two different clearance values are analyzed: 0.5 and
0.02 mm. The first is selected because it corresponds to
the exaggerated typical clearance of worn equipment,
while the second corresponds to the clearance in a typ-
ical journal-bearing [36]. Values of 1 and 0.5 are taken
for the radius/length ratio to evaluate the influence of
the journal-bearing length on the contact force. In this
analysis, all the models are considered to be purely
linear elastic because neither of the models described
in the literature that characterize the contact between
cylindrical geometries accounts for the energy dissi-
pation that may occur during contact. Spherical and
cylindrical models are also used in this study as a form
to account to the Lankarani and Nikravesh model, also
used for modeling the contact between cylinders, de-
spite being derived for spherical contacting geome-
tries. Figures 13 and 14 illustrate the behavior of the
models under study, for clearance values of 0.5 and
0.02 mm, respectively, and for a journal-bearing axial
length of 10 mm.

All cylindrical models exhibit a similar behavior,
as shown in Fig. 13, although small differences in the
contact force can be observed for higher penetration
values. The Goldsmith model has the smallest contact
force values for all the penetration values tested is the
exception to this trend. This behavior is not surprising
for the Goldsmith contact model, since the generalized
stiffness coefficient takes lower values than those ob-
tained with the other cylindrical models.
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Fig. 13 Contact force vs.
penetration depth for a
clearance value of 0.5 mm
for cylinders with material
properties of E = 207 GPa
and ν = 0.3

Comparing the cylindrical models with the spheri-
cal contact described by the Lankarani and Nikravesh
model, it is observed that in both cases the contact
force increases with the penetration depth. Neverthe-
less, for the same penetration value, smaller contact
forces are achieved with the Lankarani and Nikravesh
model, which means that the contact is softer than with
cylindrical models. For very high penetration values,
however, identical contact forces are observed for both
contact models.

For the 0.02 mm clearance value, Fig. 14 shows
that, in general, the behavior of the contact models
is similar to that described for a clearance value of
0.5 mm. There are small differences between the cylin-
drical models, particularly for higher penetration val-
ues, being the discrepancy larger for small the clear-
ances, especially between cylindrical and spherical
models.

The influence of the contact axial length on the be-
havior of cylindrical models is illustrated in Fig. 15,
with respect to the Johnson’s model, for a clearance
value of 0.02 mm. It is observed that the contact force
increases with the axial length of the cylinder. This
behavior cannot be predicted by the spherical model,
since it does not account for the influence of the length
dimension on the contact force. Figure 15 also shows
the relative difference values between the Lankarani
and Nikravesh and the Johnson models for the two
axial lengths considered. Relative differences ranging

from 90% to 40% are observed between the models
for an axial length of 10 mm (R/L = 1.0). The max-
imum difference corresponds to the smallest penetra-
tion depth. The same trend is observed for an axial
length of 20 mm (R/L = 0.5), with difference ranging
from 95% to 70%.

From Figs. 13–15 it can be concluded that the
Lankarani and Nikravesh model is the least appro-
priate for modeling the contact between cylindrical
geometries. Firstly, it is formulated for spherical con-
tact geometries and, therefore, the shape and princi-
pally the length of the bodies are not taken into ac-
count. Secondly, because the contact between cylin-
drical bodies is stiffer than the contact between spher-
ical bodies, small values of contact force are obtained
for the same penetration and this difference is larger
with smaller clearances. The Goldsmith model leads
to a smaller generalized stiffness coefficient, and con-
sequently to smaller contact force values, when com-
pared to other cylindrical models. This behavior arises
from the inconsistency of the units related to the ex-
ponent value that affects the axial length of the cylin-
der. This model should, therefore, not be selected to
describe the contact between bodies with cylindrical
geometries.

It is also concluded that there are, in general, only
small differences between the different cylindrical
contact models. Special attention is required in the
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Fig. 14 Contact force vs.
penetration depth for a
clearance value of 0.02 mm
for cylinders with material
properties of E = 207 GPa
and ν = 0.3

Fig. 15 Influence of
cylinder axial length in the
behavior presented by the
Lankarani and Nikravesh
and the Johnson models, for
a clearance value of
0.02 mm and a material
with properties
E = 207 GPa; ν = 0.3

application of these models, particularly for inter-
nal contacting geometries with low clearance values
and high penetration depths, since their validity do-
main depends on the value of the logarithmic func-
tion. Therefore, an analytical model free of mathe-
matical and physical limitations, i.e., without domain
validity problems, and defining the contact force as
an explicit function of penetration can be a useful al-

ternative to modeling the contact between cylindrical
geometries.

4 Conclusions

Based on the Hertz pressure distribution, different au-
thors have proposed analytical models to study the
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contact between cylindrical bodies, being some of
these models analyzed and discussed in this paper.
These cylindrical models have three major shortcom-
ings: (i) they are all iterative if the contact force is to be
calculated as a function of indentation, thus requiring
the use of less efficient numerical procedures; (ii) they
have all been proposed as purely elastic models, and
are unable to explain the energy dissipation during the
impact process; (iii) they all include logarithmic func-
tions, which imposes mathematical and physical limi-
tations on their application, particularly for conformal
contact conditions with lower clearance values. The
exception is the force-penetration relation proposed by
Lankarani and Nikravesh, with a modification of the
pseudo-stiffness parameter and of the indentation ex-
ponent. Due to their mathematical and physical limi-
tations the validity domain of each model, which de-
pends on the clearance and material properties, has
been identified and discussed.

A comparative assessment of the performance of
each model in relation to the Johnson contact model
was performed after specifying their validity domains.
The results showed that, in general, different models
exhibit distinct behavior for both the internal and ex-
ternal contact between cylinders. Furthermore, due to
the high differences displayed by all models, it can be
concluded that they are not sufficiently accurate for
modeling either type of cylindrical contact, apart from
the Radzimovsky model. When compared with the
Johnson model, the Lankarani and Nikravesh model,
for any value of exponent tested, leads to high differ-
ences. The Lankarani and Nikravesh contact model,
therefore, represents a rough approximation to evalu-
ating the contact between cylindrical bodies, although
it relates indentation and contact force by an explicit
function. However, the contact force values are under-
estimated, especially for lower clearance values. Like-
wise, the study of the Goldsmith model revealed that
it also leads to high differences even for applications
within its validity domain.

In order to evaluate if the load limit of each model
restricts its applicability, two common examples of
mechanical engineering practice in which internal
contacting cylinders are involved have been analyzed,
i.e., a journal bearings and a roller chain drives. This
study allows concluding that the Goldsmith model
should not be used in the majority of mechanical appli-
cations because of its very restricted validity domain.
In addition, the study reveals that only the Johnson and

the Radzimovsky models are suitable to describe the
contact involving colliding cylinders in most of prac-
tical applications. Also, when involving the length of
the cylinder on the contact forces, the conclusions on
the validity and precision of the contact models remain
the same, i.e., the use of the Johnson and Radzimovsky
contact models are recommended.
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