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Abstract Recently, the fractional-order Chen–Lee
system was proven to exhibit chaos by the presence
of a positive Lyapunov exponent. However, the exis-
tence of chaos in fractional-order Chen–Lee systems
has never been theoretically proven in the literature.
Moreover, synchronization of chaotic fractional-order
systems was extensively studied through numerical
simulations in some of the literature, but a theoretical
analysis is still lacking. Therefore, we devoted our-
selves to investigating the theoretical basis of chaos
and hybrid projective synchronization of commensu-
rate and incommensurate fractional-order Chen–Lee
systems in this paper. Based on the stability theorems
of fractional-order systems, the necessary conditions
for the existence of chaos and the controllers for hy-
brid projective synchronization were derived. The nu-
merical simulations show coincidence with the theo-
retical results.
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1 Introduction

Research into fractional-order systems has been very
active in recent years. Systems with fractional-order
dynamics were proven to exist in different disciplines
[1], such as viscoelastic systems [2], electromagnetic
waves [3], dielectric polarization [4], quantitative fi-
nance [5], and quantum evolution of complex sys-
tems [6]. Chaotic phenomena were found in several
fractional-order systems, e.g., the fractional Lorenz
system [7, 8], the fractional Duffing system [9–11], the
fractional Chua system [12, 13], the fractional Chen
system [14, 15], the fractional van der Pol system
[16, 17], and the fractional Newton–Leipnik system
[18, 19].

In 2004, Chen and Lee introduced a new chaotic
system [20], which is now called the Chen–Lee sys-
tem [21]. The Chen–Lee system relates to gyro mo-
tion originating from the anticontrol of chaos in a rigid
body, and it can be implemented in electronic circuits
[22]. Recently, Sheu et al. studied chaos of fractional-
order Chen–Lee systems [23]. In their study, the exis-
tence of chaos in fractional-order Chen–Lee systems
was proven numerically by the presence of a posi-
tive Lyapunov exponent, but the existence of chaos
in fractional-order Chen–Lee systems has never been
theoretically proven in the literature. In addition, syn-
chronization of chaotic fractional-order systems was
extensively studied using numerical simulations in
some of the literature, but a theoretical analysis is still
lacking. Therefore, we devoted ourselves to investigat-

mailto:kanechen@giga.net.tw
mailto:ccm821.jemmy@gmail.com


852 C.-M. Chang, H.-K. Chen

ing the theoretical basis of chaos and hybrid projective
synchronization of fractional-order Chen–Lee systems
in this study.

Based on stability theorems [24–28] of commen-
surate and incommensurate fractional-order systems,
the necessary conditions for the existence of chaos
and the controllers for synchronization were derived.
This paper is organized as follows. Section 2 intro-
duces the definition of fractional derivative and the ap-
proximation method adopted in this study. Section 3
reviews the stability theorems of commensurate and
incommensurate fractional-order systems. In Sect. 4,
the necessary conditions for the existence of chaos of
fractional-order Chen–Lee systems are derived, and
numerical simulations are presented to confirm the
theoretical conclusions. The hybrid projective syn-
chronization of fractional-order Chen–Lee systems is
achieved in Sect. 5, and the numerical results were co-
incident with the theoretical analysis. Finally, conclu-
sions are drawn in Sect. 6.

2 Fractional derivative and approximation
method

There are some definitions of fractional derivatives
[1, 29], such as the Grünwald–Letnikov definition, the
Riemann–Liouville definition, and the Caputo defin-
ition. Among these different definitions of fractional
derivatives, the Caputo fractional derivate defined as
follows was used in this study:

D
q∗x(t) =

⎧
⎪⎨

⎪⎩

1
�(m−q)

∫ t

0 (τ − t)m−q−1x(m)(τ ) dτ,

m − 1 < q < m,

dm

dtm
x(t), q = m,

(1)

where m is the first integer which is not less than
q , x(m) is a general m-order derivative, and � is the
gamma function. Due to the facts that initial values
of integer-order derivatives are measurable in real ap-
plications and nonhomogeneous initial conditions are
allowed, the Caputo fractional derivate was adopted.

The Adams–Bashforth–Moulton predictor-corrector
scheme [30, 31] and the frequency domain approx-
imation method [32] are two conventional approx-
imation methods for numerically solving fractional-
order differential equations. In this study, the Adams–
Bashforth–Moulton predictor-corrector scheme was
chosen because of the reliability of its numerical re-
sults [33].

3 Stability theorem of fractional-order systems

The stability theorem of fractional-order systems has
extensively been investigated in recent years [24–28].
Some important results of the stability theorem for
fractional-order systems are reviewed in this section.

Theorem 1 [24, 27, 28] Consider the following frac-
tional-order system:

dqx

dtq
= f (x), (2)

where x ∈ Rn, f ∈ Rn, qi ’s are rational numbers be-
tween 0 and 1, and dq

dtq
= [ dq1

dtq1 , dq2

dtq2 , . . . , dqn

dtqn ]T de-
notes the fractional derivatives of order qi . Assume
that qi = vi/ui , (ui, vi) = 1, ui, vi ∈ N , for i =
1,2, . . . , n, and M is the lowest common multiple of
the denominators ui of qi . The equilibrium points, x∗,
of system (2) satisfy

f
(
x∗) = 0. (3)

(1) If q1 = q2 = · · · = qn, system (2) is called a com-
mensurate fractional-order system. The equilib-
rium points are asymptotically stable if

∣
∣arg(λ)

∣
∣ > qπ/2 (4)

for all eigenvalues, λ, of the Jacobian matrix J =
∂f/∂x|x∗ .

(2) If qi ’s are rational numbers between 0 and 1,
but not identically equal to each other, system
(2) is called an incommensurate fractional-order
system. The equilibrium points are asymptotically
stable if

∣
∣arg(λ)

∣
∣ > π/2M (5)

for all root λ’s of the following equation

det
(
diag

([
λMq1, λMq2, . . . , λMqn

]) − J
) = 0. (6)

4 Chaos in fractional-order Chen–Lee systems

The Chen–Lee system [20] which originated from the
anticontrol of chaos in a rigid body was proposed by
Chen and Lee in 2004. Since then, the Chen–Lee sys-
tem has garnered much attention [34–36]. The study of
Chen–Lee systems was extended from integer orders
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to fractional orders by Sheu et al. [23] in 2007. In their
study, the existence of chaos in fractional-order Chen–
Lee systems was numerically proven by the presence
of a positive Lyapunov exponent, but the existence of
chaos in fractional-order Chen–Lee system has never
been theoretically proven in the literature.

It was found that chaotic scrolls are generated only
around the saddle points of index 2 in a 3-D nonlinear
integer-order system. It was also found that the sad-
dle points of index 2 play a crucial role in generating
chaotic scrolls in a 3-D fractional-order system [27].
Therefore, the necessary condition for a fractional-
order system to display chaotic phenomena is insta-
bility of the equilibrium points.

Theorem 2 [27] Consider the fractional-order sys-
tem (2).

(1) The necessary condition for the existence of chaos
in a commensurate fractional-order system is

qπ/2 − min
i

{∣
∣arg(λi)

∣
∣
} ≥ 0, (7)

where λ’s are eigenvalues of the Jacobian matrix
J = ∂f/∂x|x∗ .

(2) The necessary condition for the existence of chaos
in a incommensurate fractional order system is

π/2M − min
i

{∣
∣arg(λi)

∣
∣
} ≥ 0, (8)

where λi ’s are roots of the following equation:

det
(
diag

([
λMq1, λMq2, . . . , λMqn

]) − J
) = 0. (9)

The fractional-order Chen–Lee system [23] is de-
scribed as
⎧
⎪⎪⎨

⎪⎪⎩

dq1x1
dtq1 = −x2x3 + ax1,

dq2x2
dtq2 = x1x3 + bx2,

dq3x3
dtq3 = (1/3)x1x2 + cx3,

(10)

where a = 5, b = −10, c = −3.8, and the initial condi-
tion is (0.2,0.2,0.2). The five equilibrium points, x∗,
of the fractional-order Chen–Lee system are

E1 = (0,0,0),

E2 = (
√

3bc,
√−3ac,

√−ab),

E3 = (
√

3bc,−√−3ac,−√−ab),

E4 = (−√
3bc,−√−3ac,

√−ab),

E5 = (−√
3bc,

√−3ac,−√−ab),

and the Jacobian matrix evaluated at x∗ is

J =
⎡

⎢
⎣

a −x∗
3 −x∗

2

x∗
3 b x∗

1

(1/3)x∗
2 (1/3)x∗

1 c

⎤

⎥
⎦ . (11)

The eigenvalues corresponding to equilibrium point
E1 are (5,−10,−3.8); thus, E1 is a saddle point
of index 1. The eigenvalues corresponding to equi-
librium points E2, E3, E4, and E5 are identical to
(−13.177,2.1885 ± 7.2723i), thus E2, E3, E4, and
E5 are all saddle points of index 2. Since the char-
acteristic equations of the Jacobian matrix evaluated
at equilibrium points E2, E3, E4, and E5 are identi-
cal, the equilibrium point E2 was used to represent the
other saddle points of index 2 in estimating the neces-
sary conditions of the existence of chaos.

(1) Commensurate case: (q1, q2, q3) = (0.9,0.9,0.9).
The characteristic equation of the Jacobian ma-

trix (11) becomes

λ3 − (a + b + c)λ + 4abc = 0.

Substitute the parameters a, b, c into above equa-
tion and obtain:

λ3 + 8.8λ + 760 = 0.

It can be seen that the necessary condition (7) is
satisfied:

0.9π/2 − min
i

{∣
∣arg(λi)

∣
∣
} = 0.1352 > 0.

Based on Theorem 2, the Chen–Lee system with
commensurate fractional orders (q1, q2, q3) =
(0.9,0.9,0.9) exhibits a chaotic attractor. The
maximal Lyapunov exponent calculated by the
method presented in [37] is 2.323, and the phase
diagrams are shown in Fig. 1. The numerical sim-
ulations confirm the theoretical conclusion.

(2) Incommensurate case: (q1, q2, q3) = (0.95,0.9,

0.85).
Equation (9) becomes

λM(q1+q2+q3) − aλM(q2+q3) − bλM(q1+q3)

− cλM(q1+q2) + 4abc = 0.

Substitute the parameters a, b, c, q1, q2, q3 into
the above equation and obtain

λ54 + 3.8λ37 + 10λ36 − 5λ35 + 760 = 0.
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Fig. 1 Phase diagrams of
the Chen–Lee system with
commensurate fractional
orders (q1, q2, q3) =
(0.9,0.9,0.9)

Fig. 2 Phase diagrams of
the Chen–Lee system with
incommensurate fractional
orders (q1, q2, q3) =
(0.95,0.9,0.85)

It can be seen that the necessary condition (8) is
satisfied:

π/40 − min
i

{∣
∣arg(λi)

∣
∣
} = 0.0072 > 0.

Based on Theorem 2, the Chen–Lee system with
incommensurate fractional orders (q1, q2, q3) =
(0.95,0.9,0.85) exhibits a chaotic attractor. The
maximal Lyapunov exponent is 1.705, and the
phase diagrams are shown in Fig. 2. The numeri-
cal simulations confirm the theoretical conclusion.

5 Hybrid projective synchronization of
fractional-order Chen–Lee systems

Consider the master and slave fractional-order chaotic
systems described by

dqx

dtq
= f (x) (12)

and

dqy

dtq
= f (y) + u, (13)

where x, y ∈ Rn are master- and slave-state vectors,
f : Rn → Rn is a nonlinear vector function, u ∈ Rnis
a controller vector, and dq

dtq
= [ dq1

dtq1 , dq2

dtq2 , . . . , dqn

dtqn ]T

denotes fractional derivatives of order qi which are ra-
tional numbers between 0 and 1. Define the error state
vector as

e = y − αx, (14)
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where α = diag([α1, α2, . . . , αn]), and αi ’s are scaling
factors. Then the error dynamics are obtained:

dqe

dtq
= f (y) − αf (x) + u. (15)

By appropriately designing the controller vector, the
error dynamics can be rewritten as

dqe

dtq
= A(x)e. (16)

Now the hybrid projective synchronization problem
between the master and slave systems has been trans-
formed into a stability problem of a zero solution of
the error dynamics. Therefore, the conclusions of The-
orem 1 can be applied in this section.

Theorem 3 [24, 27, 28]

(1) If q1 = q2 = · · · = qn, hybrid projective synchro-
nization will be achieved if

qπ/2 − min
i

{∣
∣arg(λi)

∣
∣
}

< 0 (17)

for all eigenvalues, λ, of Jacobian matrix J of sys-
tem (16) evaluated at the origin.

(2) If qi ’s are rational numbers between 0 and 1, but
not identically equal to each other, hybrid projec-
tive synchronization will be achieved if

π/2M − min
i

{∣
∣arg(λi)

∣
∣
}

< 0 (18)

for all root λ’s of the following equation:

det
(
diag

([
λMq1, λMq2, . . . , λMqn

]) − J
) = 0.

(19)

The master and slave fractional-order Chen–Lee
systems are respectively described by

⎧
⎪⎪⎨

⎪⎪⎩

dq1x1
dtq1 = −x2x3 + ax1,

dq2x2
dtq2 = x1x3 + bx2,

dq3x3
dtq3 = (1/3)x1x2 + cx3,

(20)

and
⎧
⎪⎪⎨

⎪⎪⎩

dq1y1
dtq1 = −y2y3 + ay1 + u1,

dq2y2
dtq2 = y1y3 + by2 + u2,

dq3y3
dtq3 = (1/3)y1y2 + cy3 + u3,

(21)

where a = 5, b = −10, c = −3.8, and the initial con-
ditions are (x1(0), x2(0), x3(0)) = (0.2,0.2,0.2) and
(y1(0), y2(0), y3(0)) = (0.3,0.3,0.3). Define the hy-
brid projective synchronization error as e = y − αx,
where α = diag([α1, α2, α3]), and αi ’s are scaling fac-
tors. Then the error dynamics are obtained:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dq1e1
dtq1 = −e2e3 − α3x3e2 − α2x2e3

+ (α1 − α2α3)x2x3 + ae1 + u1,

dq2e2
dtq2 = e1e3 + α3x3e1 + α1x1e3

+ (α1α3 − α2)x1x3 + be2 + u2,

dq3e3
dtq3 = (1/3)(e1e2 + α2x2e1 + α1x1e2)

+ (1/3)(α1α2 − α3)x1x2 + ce3 + u3.

(22)

If the controllers are designed as

⎧
⎨

⎩

u1 = e2e3 + (α2α3 − α1)x2x3 − k1e1,

u2 = −e1e3 + (α2 − α1α3)x1x3 − k2e2,

u3 = −(1/3)e1e2 + (1/3)(α3 − α1α2)x1x2 − k3e3,

(23)

then the error dynamics can be written as
⎧
⎪⎪⎨

⎪⎪⎩

dq1e1
dtq1 = (a − k1)e1 − α3x3e2 − α2x2e3,

dq2e2
dtq2 = α3x3e1 + (b − k2)e2 + α1x1e3,

dq3e3
dtq3 = (1/3)α2x2e1 + (1/3)α1x1e2 + (c − k3)e3.

(24)

The Jacobian matrix of system (24) at the origin is

J =
⎡

⎣
a − k1 −α3x3 −α2x2

α3x3 b − k2 α1x1

(1/3)α2x2 (1/3)α1x1 c − k3

⎤

⎦ . (25)

(1) Commensurate case: (q1, q2, q3) = (0.9,0.9,0.9).
The characteristic equation of the Jacobian ma-

trix (25) becomes

λ3 + (k1 + k2 + k3 − a − b − c)λ2

+ [
(k1 − a)(k2 − b) + (k1 − a)(k3 − c)

+ (k2 − b)(k3 − c)

− (1/3)α2
1x2

1 + (1/3)α2
2x2

2 + α2
3x2

3

]
λ

+ (k1 − a)(k2 − b)(k3 − c)

+ (2/3)α1α2α3x1x2x3 − (1/3)(k1 − a)α2
1x2

1

+ (1/3)(k2 − b)α2
2x2

2 + (k3 − c)α2
3x2

3 = 0.

In this case, the scaling factors are set to α1 = −1,
α2 = 1, and α3 = −1. Design k1 = k2 = k3 = 10
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Fig. 3 Time history of
hybrid projective
synchronization errors for
fractional-order Chen–Lee
systems with (q1, q2, q3) =
(0.9,0.9,0.9) and
(α1, α2, α3) = (−1,1,−1)

Fig. 4 Phase diagrams for
master and slave
fractional-order Chen–Lee
systems with (q1, q2, q3) =
(0.9,0.9,0.9) and
(α1, α2, α3) = (−1,1,−1)

when hybrid projective
synchronization is achieved

and substitute the parameters a, b, c, α1, α2, α3

into the above equation, it can be seen that the nec-
essary condition (17) is satisfied:

0.9π/2 − min
i

{∣
∣arg(λi)

∣
∣
}

< 0.

Based on Theorem 3, the zero solution of the error
dynamics is asymptotically stable. In other words,
the hybrid projective synchronization between
the master and slave Chen–Lee systems with
commensurate fractional orders (q1, q2, q3) =
(0.9,0.9,0.9) is achieved. The numerical simu-
lations shown in Figs. 3 and 4 are coincident with
this conclusion.

(2) Incommensurate case: (q1, q2, q3) = (0.95,0.9,

0.85).

Equation (19) becomes

λ54 + (k3 − c)λ37 + (k2 − b)λ36 + (k1 − a)λ35

+ [
(k2 − b)(k3 − c) − α2

1x2
1

]
λ19

+ [
(k1 − a)(k3 − c) − α2

2x2
2

]
λ18

+ [
(k1 − a)(k2 − b) − α2

3x3
3

]
λ17

+ (2/3)α1α2α3x1x2x3

+ (k1 − a)(k2 − b)(k3 − c)

− (1/3)(k1 − a)α2
1x2

1

+ (1/3)(k2 − b)α2
2x2

2 + (k3 − c)α2
3x2

3 = 0.

In this case, the scaling factors are set to α1 = −1,
α2 = 2, and α3 = −0.5. Design k1 = k2 = k3 = 10
and substitute the parameters a, b, c, α1, α2, α3
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Fig. 5 Time history of
hybrid projective
synchronization errors for
fractional-order Chen–Lee
systems with (q1, q2, q3) =
(0.95,0.9,0.85) and
(α1, α2, α3) =
(−1,2,−0.5)

Fig. 6 Phase diagrams for
master and slave
fractional-order Chen–Lee
systems with (q1, q2, q3) =
(0.95,0.9,0.85) and
(α1, α2, α3) =
(−1,2,−0.5) when hybrid
projective synchronization
is achieved

into above equation, it can be seen that the neces-
sary condition (18) is satisfied:

π/40 − min
i

{∣
∣arg(λi)

∣
∣
}

< 0.

Based on Theorem 3, the zero solution of the error
dynamics is asymptotically stable. In other words,
the hybrid projective synchronization between
the master and slave Chen–Lee systems with
incommensurate fractional orders (q1, q2, q3) =
(0.95,0.9,0.85) is achieved. The numerical simu-
lations shown in Figs. 5 and 6 are coincident with
this conclusion.

6 Conclusions

In this paper, we studied chaos and hybrid projective
synchronizations of fractional-order Chen–Lee sys-

tems based on the stability of fractional-order sys-
tems. Previously, the existence of chaos in fractional-
order Chen–Lee systems was only verified by numeri-
cal calculations of a positive Lyapunov exponent. In
addition, the theoretical study of synchronization of
chaotic fractional-order systems is still incomplete in
the present literature. This reason motivated us to de-
vote ourselves to accomplishing this work. The stabil-
ity theorems of fractional-order systems guarantee that
chaos is exhibited in commensurate and incommensu-
rate fractional-order Chen–Lee systems, and that hy-
brid projective synchronization occurs if the necessary
conditions are satisfied. Numerical simulations were
coincident with the theoretical conclusions.
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