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Abstract This paper is concerned with the nonzero
mean stationary probability density function (PDF) so-
lution for nonlinear oscillators under external Gaussian
white noise. The PDF solution is governed by the well-
known Fokker–Planck–Kolmogorov (FPK) equation
and this equation is numerically solved by the expo-
nential-polynomial closure (EPC) method. Different
types of oscillators are further investigated in the case
of nonzero mean response. Either weak or strong non-
linearity is considered to show the effectiveness of
the EPC method. When the polynomial order equals
2, the results of the EPC method are identical with
those given by equivalent linearization (EQL) method.
These results obtained with the EQL method differ
significantly from exact solution or simulated results.
When the polynomial order is 4 or 6, the PDFs ob-
tained with the EPC method present a good agreement
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with the exact solution or simulated results, especially
in the tail regions. The numerical analysis also shows
that the nonzero mean PDF of the response is nonsym-
metrically distributed about its mean unlike the case of
the zero mean PDF reported in the references.

Keywords Nonlinear oscillator · Nonzero mean ·
Probability density function · Gaussian white noise ·
Stochastic processes

1 Introduction

The study of nonlinear stochastic dynamics has re-
ceived more and more attention in the last few decades
because it is widely applicable in the fields of science
and engineering. In this research field, the excitation
acting on systems is treated as white noise. Further-
more, most excitations are assumed to have zero mean,
or the mean is preliminarily subtracted out so that
the computation procedure can be significantly simpli-
fied. However, some physical excitations have nonzero
mean in nature, e.g., wind gusts or extreme waves [1].
In addition, the response of the systems with some
types of nonlinearity may have nonzero mean even un-
der zero mean excitation [2].

Subjected to Gaussian white noise, the probabil-
ity density function (PDF) solution of the response
of nonlinear oscillators is governed by the well-known
Fokker–Planck–Kolmogorov (FPK) equation [3]. Only
a few exact stationary solutions were obtained under
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highly restricted conditions [4–6]. Therefore, some
methods were developed for the approximate solu-
tions to the FPK equation. Maximum entropy princi-
ple was employed to determine the approximate PDF
solution of nonlinear oscillators, with which compli-
cated nonlinear algebraic equations need to be for-
mulated and solved [7]. Energy dissipation balancing
method is another approximate approach [8]. In this
method, the original nonlinear oscillator is approxi-
mately replaced by another oscillator which belongs
to the class of generalized stationary potential and has
obtainable exact solution [9]. This replacement crite-
rion is based on the assumption that the average energy
dissipation remains unchanged. Stochastic averaging
method is also proposed for the PDF solution of re-
sponse amplitude of nonlinear oscillators [10, 11]. It
is suitable for the lightly damped oscillators excited
by weak broad-band excitation. Perturbation method
is also adopted for analyzing the weakly nonlinear os-
cillators [12]. Recently, the review on numerical solu-
tion methods was made, including weighted residuals
method, finite element method, path integration (cell
mapping) method, finite difference method, and vari-
ational method (eigenfunction) expansion [13]. Much
computational effort is needed with these methods and
negative values of PDF solutions may be obtained in
the tail regions. Monte Carlo simulation is a versatile
approach for the digital analysis of the PDF solutions
of nonlinear stochastic oscillators [14]. Besides the
PDF solutions, equivalent linearization (EQL) method
is widely adopted for the evaluation on second mo-
ments [15]. When the system is excited by exter-
nal Gaussian white noise, the EQL method is also
equivalent to Gaussian closure method [16]. These
two methods are inadequate when high nonlinearity
or parametric excitation exists in nonlinear oscilla-
tors.

As described above, although much effort has been
made on the PDF solutions of nonlinear oscillators,
the available methods are still restricted to some lim-
itations, respectively. In particular, the nonzero mean
PDF solutions as well as the tail behavior of the PDF
solutions are scarcely mentioned in existing refer-
ences. In this paper, the nonzero mean PDF solution is
tentatively obtained with the exponential-polynomial
closure (EPC) method by solving the well-known
Fokker–Planck–Kolmogorov (FPK) equation [17, 18].
In order to evaluate the effectiveness of the proposed
method, different types of oscillators is further inves-
tigated in the case of nonzero mean response. Either

weak or strong nonlinearity is considered to show the
effectiveness of the EPC method. When the polyno-
mial order equals 2, the results of the EPC method
are identical with those given by equivalent lineariza-
tion (EQL) method. These EQL results differ signifi-
cantly from exact solution or simulated results. When
the polynomial order is 4 or 6, the PDFs obtained
with the EPC method present good agreement with
the exact solution or simulated results, especially in
the tail regions. The numerical analysis also shows
that the nonzero mean PDF of the response is non-
symmetrically distributed about its mean unlike the
case of the zero mean PDF reported in previous ref-
erences.

2 EPC solution procedure

A nonlinear oscillator excited by external excitation
can be represented as

Ẍ + h
(
X,Ẋ

) = W(t), (1)

where X and Ẋ are the responses of the oscillator (e.g.,
displacement, velocity) and W(t) is external excita-
tion. Under random excitation, X and Ẋ can be mod-
eled as stochastic processes; h(·) is a function of X

and Ẋ, and the functional form is assumed to be de-
terministic; W(t) is zero-mean Gaussian white noise
which autocorrelation is

E
[
W(t)W(t + τ)

] = 2πKδ(τ), (2)

where E[·] denotes the expectation of (·); δ(t) is Dirac
delta function; K is a constant.

Setting X = x1 and Ẋ = x2, (1) can be expressed as

{
ẋ1 = x2,

ẋ2 = −h(x1, x2) + W(t).
(3)

The response vector {x1, x2}T is Markovian and the
PDFs of responses are governed by the following FPK
equation

∂p

∂t
= −x2

∂p

∂x1
+ ∂

∂x2

{
h(x1, x2)p

}

+ 1

2
· 2πK

∂2p

∂x2
2

. (4)
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In this paper, the stationary PDF solution is considered
and the term on the left-hand side of (4) equals zero.
Therefore, (4) is reduced to

−x2
∂p

∂x1
+ ∂

∂x2

{
h(x1, x2)p

} + πK
∂2p

∂x2
2

= 0. (5)

In general, the following requirements are fulfilled by
the PDF p(x1, x2) of the stationary response of the
nonlinear oscillator

⎧
⎪⎪⎨

⎪⎪⎩

p(x1, x2) ≥ 0, x1, x2 ∈ �2,

lim
xi→±∞p(x1, x2) = 0, i = 1,2,

∫ +∞
−∞

∫ +∞
−∞ p(x1, x2) dx1 dx2 = 1,

(6)

where � denotes real space. The exact PDF solution
of (5) is usually not obtainable. To fulfill the condi-
tions (6), an approximate PDF is used and expressed as
an exponential-polynomial function of state variables.
The approximate PDF solution p̃(x1, x2;a) to (5) is
assumed to be

p̃(x1, x2;a) = ceQn(x1,x2;a), (7)

where c is a normalization constant and a is an un-
known parameter vector containing Np entries. The
polynomial Qn(x1, x2;a) is expressed as

Qn(x1, x2;a) =
n∑

i=1

i∑

j=0

aij x
i−j

1 x
j

2 , (8)

which is a n degree polynomial in x1 and x2. To fulfill
the requirements (6), it is also required that

Qn(x1, x2;a) = −∞, x1, x2 �∈ Ω, (9)

where Ω = [m1 − c1σ1,m1 + d1σ1] × [m2 − c2σ2,

m2 + d2σ2] ∈ �2 in which mi , σi denote mean val-
ues and standard deviations of xi (i = 1,2), respec-
tively. ci > 0 and di > 0 are constants; mi − ciσi and
mi + diσi locate in the tails of the PDFs of xi . This
means that the approximate PDF is assumed to vanish
beyond these boundaries.

Generally the FPK equation (5) cannot be satisfied
exactly with p̃(x1, x2;a) because p̃(x1, x2;a) is only
an approximation of p(x1, x2) and the number of un-
known parameters Np is always limited in practice.
Substituting p̃(x1, x2;a) for p(x1, x2) leads to the fol-

lowing residual error:

�(x1, x2;a)

= −x2
∂p̃

∂x1
+ ∂

∂x2

{
h(x1, x2)p̃

} + πK
∂2p̃

∂x2
2

=
{
−x2

∂Qn

∂x1
+ ∂h(x1, x2)

∂x2
+ h(x1, x2)

∂Qn

∂x2

+ πK

[(
∂Qn

∂x2

)2

+ ∂2Qn

∂x2
2

]}
p̃(x1, x2;a)

= F(x1, x2;a)p̃(x1, x2;a). (10)

Because p̃(x1, x2;a) �= 0, the only possibility for
p̃(x1, x2;a) to satisfy (5) is F(x1, x2;a) = 0. How-
ever, F(x1, x2;a) �= 0 in general because p̃(x1, x2;a)

is only an approximation of p(x1, x2). In this case, an-
other set of mutually independent functions Hs(x1, x2)

that span space �Np are introduced to make the pro-
jection of F(x1, x2;a) on �Np vanish, which leads to

∫ +∞

−∞

∫ +∞

−∞
F(x1, x2;a)Hs(x1, x2) dx1 dx2 = 0. (11)

This means that the reduced FPK equation (5) is ful-
filled with p̃(x1, x2;a) in the weak sense of integration
if F(x1, x2;a)Hs(x1, x2) is integrable in �Np . Select-
ing Hs(x1, x2) as

Hs(x1, x2) = xk−l
1 xl

2f1(x1)f2(x2), (12)

where k = 1,2, . . . , n; l = 0,1,2, . . . , k and s =
1
2 (k + 2)(k − 1)+ l + 1; Np nonlinear algebraic equa-
tions in terms of Np unknown parameters can be for-
mulated. The algebraic equations can be solved with
any available method to determine the parameters. Nu-
merical experience shows that a convenient and effec-
tive choice for f1(x1) and f2(x2) is the PDFs obtained
with the EQL method or Gaussian closure method as
follows:

f1(x1) = 1√
2πσ1

exp

{
− (x1 − m1)

2

2σ 2
1

}
, (13)

f2(x2) = 1√
2πσ2

exp

{
− (x2 − m2)

2

2σ 2
2

}
. (14)

Because of the particular choice for f1(x1) and f2(x2),
the integration in (11) can be easily evaluated in closed
forms by the following equation due to the formulation
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of Gaussian PDF:
∫ +∞

−∞
xn · 1√

2πσ
exp

{
− (x − μ)2

2σ 2

}
dx

=
	n/2
∑

k=0

(
n

2k

)
(2k − 1)!!μn−2kσ 2k, (15)

where x is a variable; μ is mean value; σ is standard
deviation; the binomial coefficient is given below

(
n

k

)
= n!

(n − k)!k! , (16)

where n and k are nonnegative integers; 	n
 is the floor
function.

3 Analysis on nonlinear oscillators

The zero mean response of different nonlinear oscilla-
tors has been widely investigated with the EPC method
[17, 18]. In this paper, The PDF of the nonzero mean
response is examined using different types of oscilla-
tors under external Gaussian white noise. Either ex-
act available solution or Monte Carlo simulations are
also presented to evaluate the effectiveness of the EPC
method in this case.

3.1 Example 1

A Duffing oscillator with nonzero mean response is
considered first in the following:

Ẍ + 2ζω0Ẋ + ω2
0

(
X + εX3) + m = W(t). (17)

In this case, h(X, Ẋ) = 2ζω0Ẋ + ω2
0(X + εX3) + m;

W(t) is Gaussian white noise with zero mean; and m

is a constant. The autocorrelation of W(t) is defined
by (2). The exact stationary PDF solution is obtainable
to be

p = C exp

{
−ζω0

πK

(
ẋ2 + ω2

0x
2 + 1

2
εω2

0x
4 + 2mx

)}
,

(18)

where x = X and ẋ = Ẋ. Equation (18) presents
a nonzero mean PDF solution of displacement in
this case. The values of the system parameters are:
ζ = 0.05, ω0 = 1.0, 2πK = 1.0, ε = 0.1, and m = 1.

The PDFs of displacement are obtained with the
EPC method (n = 2 and n = 4) are shown in Fig. 1(a)
and the exact PDF solution of displacement is also
presented. The numerical results show that the EPC
method (n = 2) is equivalent to the EQL method. This
observation is also found in the following two cases. It
is seen that the result given by the EQL method differs
significantly from the exact solution. This difference
is more pronounced in the tail region of the PDF solu-
tion as shown in Fig. 1(b) about the logarithmic PDFs
of displacement. When n increases to 4, the result ob-
tained with the EPC method coincides with the exact
solution, particularly in the tail region of the PDF so-
lutions.

As expected, the PDF solution of displacement has
nonzero mean and the PDF distribution is not symmet-
ric with respect to its mean. Comparatively, the PDF
solutions of velocity given by each method is repre-
sented in Figs. 1(c) and (d). The results obtained with
both EPC (n = 2) and EPC (n = 4) coincide with the
exact PDF solution of velocity. The PDF solution of
velocity has zero mean and the PDF distribution is
symmetric about its zero mean. According to (18), the
PDF solution of velocity is Gaussian PDF. The sym-
metry and zero-mean property of the PDF of velocity
are not influenced by the addition of the constant m.

3.2 Example 2

Consider the following system with nonlinear terms in
both displacement and velocity:

Ẍ + 2ζω0
(
Ẋ + ε1Ẋ

3) + ω2
0

(
X + ε2X

3) + m = W(t).

(19)

The system parameters are set as ζ = 0.05, ω0 = 1.0,
2πK = 1.0, ε1 = 0.1, ε2 = 1.0, and m = −1. In this
case, the exact solution is unknown and Monte Carlo
simulation is conducted to verify the results obtained
with the EPC method in this case. A sample size of
2 × 107 is adopted to get the simulated PDF values.
The PDFs and logarithmic PDFs of displacement and
velocity are shown and compared in Figs. 2(a)–(d),
respectively. The results from the EPC method with
n = 6 agree well with the simulated results for both
displacement and velocity. The PDFs of displacement
given by the EQL method (i.e., EPC n = 2) deviate
much from the simulated results (MCS). The nonsym-
metric distribution and nonzero mean of displacement
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Fig. 1 Comparison of PDFs in Example 1: (a) PDFs of displacement; (b) Logarithmic PDFs of displacement; (c) PDFs of velocity;
(d) Logarithmic PDFs of velocity

are also observed in this case. The PDF of velocity
is not Gaussian but it is still symmetric about its zero
mean. In this case, the solution procedure converges
when σ2 is replaced by 0.85σx2 in formulating the non-
linear algebraic equations and searching the solution.

3.3 Example 3

Consider the following system with complex nonlin-
earity

Ẍ + 2ζω0Ẋ + εX2Ẋ + ω2
0X + m = W(t). (20)

The values of the system parameters are: ζ = 0.05,
ω0 = 2.0, 2πK = 1.0, ε = 0.2, m = −6.

Monte Carlo simulation is also conducted in this
case because no exact solution is obtainable. The PDFs
and logarithmic PDFs of displacement and velocity
obtained with the EPC method (n = 2 and n = 4) and
the simulated solutions are shown in Figs. 3(a)–(b),
respectively. In this case, the results from the EPC
method with n = 4 agree well with the simulated re-
sults for both displacement and velocity. Although
the PDFs of displacement and velocity is close to
Gaussian as shown in Figs. 3(a) and (c), the non-
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Fig. 2 Comparison of PDFs in Example 2: (a) PDFs of displacement; (b) Logarithmic PDFs of displacement; (c) PDFs of velocity;
(d) Logarithmic PDFs of velocity

Gaussian behavior is obvious in the tail regions of the
PDF solutions as shown in Figs. 3(b) and (d). The PDF
solutions of both displacement and velocity have non-
symmetric behavior for this type of nonlinear oscilla-
tor.

4 Conclusions

The EPC method is employed to solve the FPK equa-
tion in the case of the nonzero mean response of non-
linear oscillators under external Gaussian white noise.

Different types of oscillators is investigated in the case
of nonzero mean response to show the effectiveness
of the EPC method. Both weak and strong nonlinear-
ities are considered to show the effectiveness of the
EPC method. When the polynomial order equals 2,
the results of the EPC method are same as those
given by equivalent linearization (EQL) method. The
results obtained with the EQL method differ signifi-
cantly from exact solution or simulated results. When
the polynomial order equals 4 or 6, the PDFs obtained
with the EPC method agree well with the exact so-
lution or simulated results, especially in the tail re-
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Fig. 3 Comparison of PDFs in Example 3: (a) PDFs of displacement; (b) Logarithmic PDFs of displacement; (c) PDFs of velocity;
(d) Logarithmic PDFs of velocity

gions of the PDFs. For the oscillators with nonlinear
terms in displacement, the PDF solutions of nonzero
mean displacement are non-symmetric about its mean.
Whereas, the PDF of velocity is still Gaussian and
symmetric about its zero mean. In the cases that there
is nonlinear term in velocity, the PDF of velocity is not
Gaussian any more and the PDFs of both displacement
and velocity may not be symmetrical.
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