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Abstract An investigation is carried out on the sys-
tematic analysis of the dynamic behavior of the hy-
brid squeeze-film damper (HSFD) mounted a gear-
bearing system with strongly non-linear oil-film force
and gear meshing force in the present study. The
dynamic orbits of the system are observed using bifur-
cation diagrams plotted using the dimensionless un-
balance coefficient, damping coefficient and the di-
mensionless rotating speed ratio as control parameters.
The non-dimensional equations of the gear-bearing
system are solved using the fourth order Runge-Kutta
method. The onset of chaotic motion is identified
from the phase diagrams, power spectra, Poincaré
maps, bifurcation diagrams, maximum Lyapunov ex-
ponents and fractal dimension of the gear-bearing sys-
tem. The results presented in this study provide some
useful insights into the design and development of a
gear-bearing system for rotating machinery that op-
erates in highly rotating speed and highly non-linear
regimes.
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Nomenclature
B bearing parameter = 6μR2L2

mδ3ωn

c radial clearance, c = R − r

C damping coefficient of the gear mesh
d viscous damping of disk
D d

mωn

e static transmission error and varies as a
function of time

fx,fy components of the fluid film force in
horizontal and vertical coordinates

Fr,Ft components of the fluid film force in radial
and tangential directions

h oil-film thickness, h = δ(1 + ε cos θ)

k stiffness of the retaining springs
K stiffness coefficient of the gear mesh
kd proportional gain of PD controller
kp derivative gain of PD controller
L bearing length
m masses lumped at the mid-point
mp mass of the pinion
mg mass of the gear
Og center of gravity of the gear
Op center of gravity of the pinion
Ob,Oj geometric center of the bearing and journal
p(θ) pressure distribution in the fluid film
ps pressure of supplying oil
pc,i pressure in the static pressure chamber
Qin,i the volumetric flow rate into oil chamber i

(i = 1–4) from the controllable orifice
R inner radius of the bearing housing
r radius of the journal
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r, t radial and tangent coordinates

s speed parameter = ω
ωn

; ωn =
√

k
m

U
ρ
δ

x, y, z horizontal, vertical and axial coordinates
x0, y0 damper static displacements
xj , yj Xj/c, Yj/c, j = p,g

ρ mass eccentricity
φ rotational angle (φ = ωt)
ω rotating speed of the shaft
ϕb angle displacement of line ObOj from the

x-coordinate (see Fig. 1)
Ω ϕ̇b

δ radial clearance = R − r ,
θ the angular position along the oil film from

line ObOj (see Fig. 1)
θ1 the rotating angle of gear
θ2 the rotating angle of pinion
μ oil dynamic viscosity

ε0

√
X2

0 + Y 2
0

β distribution angle of static pressure region
(·), (′) derivatives with respect to t and φ

1 Introduction

HSFD (Hybrid Squeeze-Film Damper) has been well
developed and applied in many fields. Squeeze-film
damper bearings are actually a special type of journal
bearing with its journal mechanically prevented from
rotating but free to vibrate within the clearance space.
The squeezing action produces hydrodynamic forces
in the fluid film. A squeeze-film damper bearing can
be designed such that the journal can statically find
its own position with in the clearance or be held cen-
trally within the clearance by retaining springs. If the
retaining springs are not used, the influence of con-
tact and wear at zero speed will occur and it will add
to the complexity of analysis of squeeze-film damper
bearing. In a squeeze-film damper bearing-rotor sys-
tem, the fluid support pressure is generated entirely
by the motion of the journal and depends on the vis-
cosity of the lubricating fluid. However, the hydrody-
namic pressure around the bearing is non-linear. It may
cause fairly large vibrations of the rotor complicating
the analysis of this system.

Holmes et al. [1] published a paper dealing with
aperiodic behavior in journal bearings and what may
very well have been the first paper about aperiodic

behavior in journal bearing systems. Nikolajsent and
Holmes [2] reported their observation of nonsynchro-
nous vibrations in a test rig of a flexible, symmet-
ric rotor on two identical plain journal bearings sup-
ported by centralized squeeze-film dampers. Sykes
and Holmes [3] showed experimental observations
of subharmonic motion in squeeze-film bearings and
linked this to possible precursors of chaotic motion.
At the same time, Kim and Noah [4] analyzed the
bifurcation of a modified Jeffcott rotor with bear-
ing clearance. Ehrich [5] used a simple numerical
model of a Jeffcott rotor mounted on a non-linear
spring. It was found that the vibratory response in
the transition zone midway between adjacent zones
of subharmonic response has all the characteristics of
chaotic behavior. Zhao et al. [6] discussed the sub-
harmonic and quasi-periodic motions of an eccen-
tric squeeze-film damper mounted rigid rotor sys-
tem. Brown [7] studied a simple model of a rigid
and hydrodynamically supported journal bearing, us-
ing a short bearing theory. Theoretical and experimen-
tal investigations were reported by Adiletta et al. [8–
10] in which a rigid rotor in short bearings would
have subharmonic, quasi-periodic and chaotic motion
for suitable values of the system parameters. Sun-
dararajan and Noah [11] proposed a simple shooting
scheme along with an arc-length continuation algo-
rithm with applications to periodically forced rotor
systems. The occurrence of periodic, quasi-periodic
and chaotic motions was predicted for various ranges
of rotor speeds. Chang-Jian and Chen [12–16] pre-
sented a series of papers discussing about flexible rotor
supported by journal bearings under non-linear sus-
pension and also combined with rub-impact effect,
turbulent effect and micropolar lubricant into consid-
eration. They found very bountiful non-periodic re-
sponses occurring in rotor-bearing systems and the
studies would help engineers or scientists escape un-
desired motions in either designing or operating rotor-
bearing systems.

Although virtually all physical phenomena in the
real world can be regarded as non-linear, most of
these phenomena can be simplified to a linear form
given a sufficiently precise linearization technique.
However, this simplification is inappropriate for high-
power, high rotating speed gear systems, and its appli-
cation during the design and analysis stage may result
in a flawed or potentially dangerous operation. As a
result, non-linear analysis methods are generally pre-
ferred within engineering and academic circles. The
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Fig. 1 Schematic illustration of hybrid squeeze-film damper mounted gear-bearing system

Fig. 2 Cross section of
HSFD

current study performs a non-linear analysis of the dy-
namic behavior of a gear pair system equipped with
hybrid squeeze-film damper bearing under gear mesh-
ing force effect. The non-dimensional equation of the
gear-bearing system is then solved using the fourth or-
der Runge-Kutta method. The non-periodic behavior
of this system is characterized using phase diagrams,
power spectra, Poincaré maps, bifurcation diagrams,
Lyapunov exponents and the fractal dimension of the
system.

2 Mathematical modeling

Figure 1 shows a rigid gear pair supported on a hy-
brid squeeze-film damper (HSFD) in parallel with re-
taining springs. The bearing consists of four hydrosta-
tic chambers and four hydrodynamic regions. The oil-
film supporting force is dependent on the integrated
action of hydrodynamic pressure and hydrostatic pres-
sure of HSFD. Figure 2 represents the cross section
of HSFD. The structure of this kind bearing should be
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Fig. 3 Model of force diagram for pinion and gear

popularized to consist of 2N (N = 2,3,4, . . .) hydro-
static chambers and 2N hydrodynamic regions. In this
study, oil pressure distribution model in the HSFD is
proposed to integrate the pressure distribution of dy-
namic pressure region and static pressure region as
described in Sect. 2.1. Figure 3 presents a schematic
illustration of the dynamic model considered between
gear and pinion. Og and Op are the center of gravity
of the gear and pinion, respectively; mp is the mass
of the pinion and mg is the mass of the gear; Kp1 and
Kp2 are the stiffness coefficients of the shafts; K is the
stiffness coefficient of the gear mesh, C is the damping
coefficient of the gear mesh, e is the static transmission
error and varies as a function of time.

2.1 The instant oil-film supporting force for HSFD

To analyze the pressure distribution, the Reynolds
equation for constant lubricant properties and non-
compressibility should be assumed, then the Reynolds
equation is as follows [17]

1

R2

∂

∂θ

(
h3 ∂p

∂θ

)
+ 1

R2

∂

∂z

(
h3 ∂p

∂z

)

= −12μΩ
∂h

∂θ
+ 12μ

∂h

∂t
. (1)

The supporting region of HSFD should be divided
into three regions: static pressure region, rotating di-
rection dynamic pressure region and axial direction
dynamic pressure region, as shown in Fig. 2. In the

part of HSFD with −a ≤ z ≤ a, the long bearing the-
ory (see Appendix) is assumed and Reynolds equa-
tion is solved with the boundary condition of static
pressure region pc,i acquiring the pressure distribu-
tion p0(θ). In the part of HSFD with a ≤ |z| ≤ L

2 , the
short bearing theory (see Appendix) is assumed and
solves the Reynolds equation with the boundary condi-
tion of p(z, θ)|z=±a = p0(θ) and p(z, θ)|z=±L/2 = 0,
yielding the pressure distribution in axis direction dy-
namic pressure region p(z, θ). Finally, a formula of
pressure distribution in whole supporting region is ob-
tained.

According to the above conditions, the instant oil-
film pressure distribution is as follows. The instant
pressure in rotating direction within the range of
−a ≤ z ≤ a is

p0(θ) =

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

pc,i; π
2 (i − 1) − β

2 − ϕb

≤ θ ≤ π
2 (i − 1) + β

2 − ϕb,

pi(θ); π
2 (i − 1) + β

2 − ϕb

≤ θ ≤ π
2 i − β

2 − ϕb,

i = 1,2,3,4.

(2)

Here

pi(θ) = pc,i + 6μR2

δ2

ε̇

ε

[
1

(1 + ε cos θ)2

− 1

(1 + ε cos θi1)2

]

+ c1

∫ θ

θi1

1

δ3(1 + ε cos θ)3
dθ

−
∫ θ

θi1

12ϕ̇bμδεR2 cos θ

δ3(1 + ε cos θ)3
dθ, (3)

i = 1,2,3,4,

c1 =
(

pc,i+1 − pc,i

− 6μR2

δ2

ε̇

ε

[
1

(1 + ε cos θi2)2
− 1

(1 + ε cos θi1)2

]

+
∫ θi2

θi1

12ϕ̇bμδεR2 cos θ

δ(1 + ε cos θ)3
dθ

)/

∫ θi2

θi1

1

δ3(1 + ε cos θ)3
dθ,
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θi1 = (i − 1)
π

2
+ β

2
− ϕb,

θi2 = i
π

2
− β

2
− ϕb, i = 1,2,3,4.

The instant pressure in the axis direction within the
range of a ≤ |z| ≤ L

2 is

p(θ, z) =
(

L

2
− |z|

){[
A1(θ)ϕ̇bε + A2(θ)ε̇

](
a − |z|)

+ p0(θ)
1

L/2 − a

}
, (4)

where

A1(θ) = 6μδ sin θ

δ3(1 + ε cos θ)3
;

A2(θ) = 6μδ cos θ

δ3(1 + ε cos θ)3
.

The instant oil-film forces of the different elements
are determined by integrating (2) and (4) over the area
of the journal sleeve. In the static pressure region, the
forces are

Frs =
4∑

i=1

pci2aR

[
sin

(
π

2
(i − 1) + β

2
− ϕb

)

− sin

(
π

2
(i − 1) − β

2
− ϕb

)]
, (5)

Fτs =
4∑

i=1

pci2aR

[
cos

(
π

2
(i − 1) − β

2
− ϕb

)

− cos

(
π

2
(i − 1) + β

2
− ϕb

)]
. (6)

In the rotating direction dynamics pressure region, the
forces are

Frc =
4∑

i=1

∫ θi2

θi1

pi(θ)R2a cos θ dθ, (7)

Fτc =
4∑

i=1

∫ θi2

θi1

pi(θ)R2a sin θ dθ. (8)

In the axial direction dynamic pressure region, the
forces are

Fra =
∫ −a

−L/2
dz

∫ 2π

0
p(θ, z)R cos θ dθ

+
∫ a

L/2
dz

∫ 2π

0
p(θ, z)R cos θ dθ, (9)

Fτa =
∫ −a

−L/2
dz

∫ 2π

0
p(θ, z)R sin θ dθ

+
∫ a

L/2
dz

∫ 2π

0
p(θ, z)R sin θ dθ. (10)

The resulting damper forces in the radial and tangen-
tial directions are determined by summing the above
supporting forces. It is as follows:

Fr = Frs + Frc + Fra, (11)

Fτ = Fτs + Fτc + Fτa. (12)

2.2 The gear meshing force

Lpy and Lgy are the centrifugal forces in the verti-
cal gear mesh direction for pinion and gear, Gpy and
Ggy are the inertia forces in the vertical gear mesh di-
rection for pinion and gear, Wcx is the dynamic gear
mesh force in the horizontal direction, and Wcy is
the dynamic gear mesh force in the vertical direction.
Lpy,Lgy,Gpy,Ggy,Wcx and Wcy can be performed
as

Lpy = mpepω2
p sin θ1, (13)

Lgy = mgegω
2
g sin θ2, (14)

Gpy = mpepθ̈1 cos θ1, (15)

Ggy = mgegθ̈2 cos θ2, (16)

Wcx = Cm

(
Ẋp − Ẋg − epΩ sin(Ωt)

)

+ Km

(
Xp − Xg − ep cos(Ωt)

)
, (17)

Wcy = Cm

(
Ẏp − Ẏg − epΩ cos(Ωt)

)

+ Km

(
Yp − Yg − ep sin(Ωt)

)
. (18)
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2.3 Dynamics equation

The equations of motion in the Cartesian coordinates
can be written as

mpẌp + CẊp + KXp

= Cm

(
Ẋp − Ẋg − epΩ sin(Ωt)

)

+ Km

(
Xp − Xg − ep cos(Ωt)

)

+ Fx1 + KXp0, (19)

mpŸp + CẎp + KYp

= mpepω2
p sin θ1 − Cm

(
Ẏp − Ẏg − epΩ cos(Ωt)

)

− Km

(
Yp − Yg − ep sin(Ωt)

)

− mpg + Fy1 + KYp0, (20)

mgẌg + CẊg + KXg

= −Cm

(
Ẋp − Ẋg − epΩ sin(Ωt)

)

− Km

(
Xp − Xg − ep cos(Ωt)

)

+ Fx2 + KXg0, (21)

mgŸg + CẎg + KYg

= mgegω
2
g sin θ2 − Cm

(
Ẏp − Ẏg − epΩ cos(Ωt)

)

+ Km

(
Yp − Yg − ep sin(Ωt)

)

− mgg + Fy2 + KYg0. (22)

The origin of the o–xyz-coordinate system is taken
to be the bearing center Ob . Dividing these two equa-
tions by mcω2 and defining a non-dimensional time
φ = ωt and a speed parameter s = ω

ωn
, one obtains the

following non-dimensionalized equations of motion:

x′′
p = −2ξ2

s
x′
p − 1

s2
(xp − x1 − ε1 cosϕ1)

+ β cos(φ/4) − 2ξ3

s

(
x′
p − x′

g − Ep sinφ
)

− Λ

s2
(xp − xg − Ep cosφ)

+ B

s

(
xpFr − ypFτ

ε

)
+ xp0

s2
, (23)

y′′
p = −2ξ2

s
y′
p − 1

s2
(yp − y1 − ε1 sinϕ1)

+ β sin(φ/4) − 2ξ3

s

(
y′
p − y′

g − Ep cosφ
)

− Λ

s2
(yp − yg − Ep sinφ)

− f

s2
+ B

s

(
ypFr + xpFτ

ε

)
+ yp0

s2
, (24)

x′′
g = −2ξ4

s
x′
g − 1

s2
(xg − x2 − ε2 cosϕ2)

+ βg cos(φ/8) + 2ξ5

s

(
x′
p − x′

g − Ep sinφ
)

− Λg

s2
(xp − xg − Ep cosφ)

+ B

s

(
xgFr − ygFτ

ε

)
+ xg0

s2
, (25)

y′′
g = −2ξ4

s
y′
g − 1

s2
(yg − y2 − ε2 sinϕ2)

+ βg sin(φ/8) + 2ξ5

s

(
y′
p − y′

g − Ep cosφ
)

+ Λg

s2
(yp − yg − Ep sinφ)

− fg

s2
+ B

s

(
ygFr + xgFτ

ε

)
+ yg0

s2
. (26)

Fig. 4 Bifurcation diagrams of gear-bearing system using di-
mensionless rotating speed ratio, s, as bifurcation parameter
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Fig. 5 Simulation results obtained for gear-bearing system with s = 1.2 (xp)
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Fig. 6 Simulation results obtained for gear-bearing system with s = 2.0 (xp)
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Fig. 7 Bifurcation diagrams of gear-bearing system using di-
mensionless damping coefficient, D, as bifurcation parameter

Equations (23)–(26) describe a non-linear dynamic
system. In the current study, the approximate solutions
of these coupled non-linear differential equations are
obtained using the fourth order Runge-Kutta numeri-
cal scheme.

3 Numerical results and discussions

In the simulations, the system parameters are assigned
the following values: B = 0.3, β = 0.35, βg = 0.35,
f = 0.2, fg = 0.2, ξ1 = 0.01, ξ2 = 0.02, ξ3 = 0.015,
ξ4 = 0.02, ξ5 = 0.015, C1p = 2.0, Λ = 0.04, Λg =
0.04, ε1 = 0.3, ε2 = 0.3 [18].

The non-linear dynamic equations presented in (23)
to (26) for the gear-bearing system with strongly non-
linear oil-film force and gear meshing force were
solved using the fourth order Runge-Kutta method.
The time step in the iterative solution procedure was
assigned a value of π/300 and the termination crite-
rion was specified as an error tolerance of less than
0.0001. The time series data corresponding to the first
800 revolutions of the two gears were deliberately ex-
cluded from the dynamic analysis to ensure that the
analyzed data related to steady-state conditions. The
sampled data were used to generate the dynamic tra-
jectories, Poincaré maps and bifurcation diagrams of
the spur gear system in order to obtain a basic un-
derstanding of its dynamic behavior. The maximum
Lyapunov exponent and the fractal dimension measure

were then used to identify the onset of chaotic motion.
For convenience, only the data of the displacements
in the horizontal direction were used to generate dia-
grams.

The rotating speed ratio s is one of the most sig-
nificant and commonly used as a control parameter in
analyzing dynamic characteristics of bearing systems.
Accordingly, the dynamic behavior of the current gear-
bearing system was examined using the dimension-
less rotating speed ratio s as a bifurcation control pa-
rameter. Figure 4 shows the bifurcation diagrams for
the gear-bearing system displacement against the di-
mensionless rotating speed ratio. The bifurcation di-
agrams show that the geometric center of gear in
the horizontal direction performs synchronous 1T -
periodic motion at low values of the rotating speed
ratio, i.e. s < 1.10 and then the non-periodic motion
or the so-called chaotic motion can be found as the
dimensionless rotating speed ratio is increased over
s = 1.10 for pinion center. It can be seen that vi-
bration amplitude is larger for higher rotating speed
than low rotating speed. With the increase of rotat-
ing speed, dynamic characteristics are disorder and
behave non-periodic or even chaotic responses. To il-
lustrate the non-periodic motions more clearly, phase
diagrams, power spectra, Poincaré maps, Lyapunov
exponents and the fractal dimension are applied to
identify the onset of chaotic motions. Figures 5 and
6 represent phase diagrams, power spectra, Poincaré
maps, Lyapunov exponents and the fractal dimen-
sions of pinion center with s = 1.2 and s = 2.0 re-
spectively. The simulation results show that phase di-
agrams show disordered dynamic behaviors; power
spectra reveal numerous excitation frequencies; the
return points in the Poincaré maps form geometri-
cally fractal structures; the maximum Lyapunov ex-
ponent is positive; the fractal dimensions are found
to be 1.16 for xp at s = 1.2 and 1.41 for xp at
s = 2.0.

The damping coefficient is also an important con-
trol parameter in measuring dynamic responses of vi-
brating systems. In physical viewpoint, the existence
of damping coefficient in vibrating systems make
them getting into dissipation systems. Figure 7 is
the bifurcation diagram of gear-bearing system us-
ing dimensionless damping coefficient, D, as bifur-
cation parameter at s = 1.50. Comparing with the
above section, we know that the dynamic response
is non-periodic and chaotic at s = 1.50. The dy-
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Fig. 8 Simulation results obtained for gear-bearing system with D = 0.01 (xp)
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Fig. 9 Simulation results obtained for gear-bearing system with D = 0.08 (xp)
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namic characteristics persist disorder and chaotic un-
der all damping coefficients at this rotating speed, i.e.
s = 1.50. The phase diagrams are shown in Figs. 8
and 9 and they are fully disorder. Besides, power spec-
tra also reveal numerous excitation frequencies and
some geometrically fractal structures are also shown
in the Poincaré maps. Meanwhile, Lyapunov expo-
nent is positive and the fractal dimensions are found
to be 1.43 for xp at D = 0.01 and 1.32 for xp at
D = 0.08. The vibration amplitude becomes smaller
with the increase of damping coefficient and we can
find that damping may not suppress non-periodic
motions or disorder motions any more at s = 1.50.
Therefore, the existence of damping coefficient has
some effects in dynamic characteristics of the sys-
tem.

The unbalance coefficient also plays an impor-
tant role in controlling dynamic responses in many
rotating machineries. Therefore, it is valuable to in-
vestigate various dynamic characteristics of the sys-
tems for diagnosing some dynamic characteristics
and faults by using unbalance parameter as a con-
trol parameter. Figure 10 represents the bifurcation
diagram of gear center using dimensionless unbal-
ance coefficient, β , as bifurcation parameter. It can
be found that system responses exhibit periodic mo-
tions at the interval of 0.001 ≤ β ≤ 0.0239, but display
strongly non-periodic motions when β > 0.0239. Un-
like the usual ways into chaos (1T ⇒ 2T ⇒ 4T ⇒
8T ⇒ 16T ⇒ 32T ⇒ ·· · ⇒ chaos or periodic ⇒

Fig. 10 Bifurcation diagrams of gear-bearing system using di-
mensionless unbalance coefficient, β , as bifurcation parameter

quasi-periodic ⇒ chaotic), it suddenly gets in chaos
from the periodic motion without any transition. In
Figs. 11 and 12, the irregular and disorder dynamic
orbits have shown in phase diagrams and this also re-
veals that periodic motions do not exist in those sit-
uations. Nevertheless, the irregular orbits cannot af-
ford us enough information about what kinds of dy-
namic response it will be. Therefore, we must use
other distinguishing methods to identify dynamic be-
haviors of the systems under individual situation.
The power spectra show numerous excitation fre-
quencies and tell us they are composed of many dif-
ferent frequencies. The Poincaré maps display some
geometrically fractal structures (not a single point
or a closed curve). The maximum Lyapunov expo-
nent is positive and the fractal dimensions are found
to be 1.39 for xp at β = 0.54 and 1.36 for xp at
β = 0.55.

4 Conclusions

A Hybrid Squeeze-Film Damper Mounted Gear-bear-
ing System with non-linear oil-film force and gear
meshing force has been presented and studied by a nu-
merical analysis of the non-linear dynamic response in
this study. The dynamics of the system have been ana-
lyzed by reference to its dynamic trajectories, power
spectra, Poincaré maps, bifurcation diagrams, maxi-
mum Lyapunov exponents and fractal dimensions. The
effects of the change in the rotating speed ratios, un-
balance parameters and damping coefficients on the
dynamic characteristics of the gear-bearing system
are studied theoretically in detail. It can be observed
that very rich non-periodic and chaotic motions ex-
hibit in this system. The formal usual ways into chaos
(1T ⇒ 2T ⇒ 4T ⇒ 8T ⇒ 16T ⇒ 32T ⇒ ·· · ⇒
chaos or periodic ⇒ quasi-periodic ⇒ chaotic) are
no more found in this study. Overall, the results pre-
sented in this study provide a detailed understanding
of the non-linear dynamic response of a gear-bearing
system under typical unbalance approximations, ro-
tating speed conditions and damping effects. The re-
sults will enable suitable values of the unbalance coef-
ficient, damping coefficient and rotating speed ratio to
be specified such that chaotic behavior can be avoided,
thus reducing the amplitude of the vibration within the
system and extending the system life.
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Fig. 11 Simulation results obtained for gear-bearing system with β = 0.54 (xp)
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Fig. 12 Simulation results obtained for gear-bearing system with β = 0.55 (xp)
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Appendix

(1) In the part of HSFD with −a ≤ z ≤ a, the long
bearing theory (

∂p
∂z

= 0) is assumed and the traditional
Reynolds equation can be modified with h = c(1 +
ε cos(γ − ϕb(t))) = c(1 + ε cos θ), ∂h

∂x
= − cε

R
sin θ ,

∂h
∂t

= cε̇ cos θ + cεϕ̇b sin θ , x = Rθ,U = Rω, ε = e
c
,

and then become

1

R

∂

∂θ

(
h3

μ

∂p

R∂θ

)
= 12(cε̇ cos θ + cεϕ̇b sin θ). (A.1)

(2) In the part of HSFD with a ≤ |z| ≤ L
2 , the short

bearing theory (
∂p
∂θ

= 0) is assumed and the traditional
Reynolds equation can be modified with h = c(1 +
ε cos(γ − ϕb(t))) = c(1 + ε cos θ), ∂h

∂x
= − cε

R
sin θ ,

∂h
∂t

= cε̇ cos θ + cεϕ̇b sin θ , x = Rθ , U = Rω, ε = e
c
,

and then become

∂

∂z

(
h3

μ

∂p

∂z

)
= 12(cε̇ cos θ + cεϕ̇b sin θ). (A.2)
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