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Abstract This paper presents a general result on ap-
proximate conservation laws of perturbed partial dif-
ferential equations. A method of constructing approx-
imate conservation laws to systems of perturbed par-
tial differential equations is given, which is based on
approximate Noether symmetries of approximate and
standard adjoint systems of the original system. The
relationship between the Noether symmetry operators
of approximate and standard adjoint system is estab-
lished. As a result, the approach is applied to the per-
turbed wave equation and the perturbed KdV equation.

Keywords Conservation law · Lagrangian · Noether
symmetry · Adjoint system

1 Introduction

Conservation laws play an important role in the study
of nonlinear partial differential equations (PDEs). In
particular, they are useful for integrability and lin-
earization, constants of motion, analysis of solutions
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and numerical methods of nonlinear PDEs. So the con-
struction of conservation laws is a key subject of much
discussion.

The definition of conservation laws itself gives rise
to a method for finding conservation laws of nonlinear
PDEs, which is referred to as the direct method [1]. It
has been used successfully to construct conservation
laws for several well-known nonlinear PDEs. How-
ever, for some problems, certain assumptions about
conserved vector’s form are made to find conserva-
tion laws. Noether [2] introduced an algorithm to con-
struct conservation laws for systems arising from a
Lagrangian formulation. This approach reduces the
construction of conservation laws to finding varia-
tional symmetries for which there exist several well-
developed methods. Nevertheless, it can be applied
only to equations with Euler–Lagrange structure. In
order to wide the scope of Noether’s theorem, Steudel
[3] introduced the so-called characteristic method by
writing the conservation law in a characteristic form.
In this approach, one has to find the related character-
istics, which are multipliers of differential equations,
to determine a conservation law. Later, Olver [4] dis-
covered that the characteristics can be obtained by
computing the variational derivative of the determin-
ing equations. The characteristics obtained here are
given explicitly in terms of independent and dependent
variables. In [5] and [6], Anco and Bluman provided
a direct construction formulae of local conservation
laws for the PDEs expressed in a standard Cauchy–
Koralevskaya form. In [7], Kara and Mahomed pre-
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sented a partial Noether approach, which is efficient
for Euler–Lagrange-type equations, i.e., any system,
considered together with its adjoint equations, has a
Lagrangian. More recently, Ibragimov [8] provided a
formulae to construct nonlocal conservation laws with
an auxiliary variable by using the Lie symmetries,
Lie–Bäcklund symmetries and nonlocal symmetries of
the above system.

Another vital aspect is that many nonlinear PDEs
in applications depend on a small parameter. The no-
tion of approximate conservation law has been intro-
duced [14]. Usually, the method of constructing ap-
proximate conservation laws for perturbed PDEs is to
find conservation laws for unperturbed PDEs. A ques-
tion is whether there are other symmetry-related meth-
ods to obtain conservation laws for perturbed PDEs.

To this end, Kara, Mahomed, Ünal, and Johnpil-
lai [9, 10, 13] developed the theory of the approx-
imate symmetry group method to construct approx-
imate conservation laws. In the sequel, Johnpillai,
Kara, and Mahomed [11] extended the ideas of partial
Lagrangian and Noether-type symmetry operator to a
given system of PDEs with a small parameter, and in-
troduced the partial Noether method to obtain approx-
imate conservation laws, which is used only for ap-
proximate Euler–Lagrange-type equations. In this pa-
per, we extend the method related to the adjoint equa-
tion to system with one or more perturbed PDEs. Then
the original system, considered together with its stan-
dard or approximate adjoint equations (I), has an ap-
proximate Lagrangian. While it, considered together
with its standard or approximate adjoint equations (II),
has a Lagrangian. Thus, we can construct approximate
conservation laws for the initial system. Furthermore,
we shall establish the relationship between the approx-
imate Noether symmetries of standard adjoint system
and approximate adjoint system. Finally, we use the
approach to obtain the approximate conservation laws
for the perturbed wave equation and the KdV equation.

2 Preliminaries and notations

Let x = (x1, x2, . . . , xn) be the independent variable
with coordinate xi and u = (u1, u2, . . . , um) be the
dependent variable with coordinate uα . The deriva-
tives of uα with respect to xi are uα

i = Di(u
α), uα

ij =

DjDi(u
α), . . . , where

Di = ∂

∂xi
+ uα

i

∂

∂uα
+ uα

ij

∂

∂uα
j

+ · · · , i = 1, . . . , n

is a total differentiation operator with respect to xi , the
summation convention is adopted throughout the pa-
per. Consider an r th-order system of perturbed PDEs
of n independent variables x = (x1, x2, . . . , xn) and m

dependent variables u = (u1, u2, . . . , um) with a small
parameter ε

Eβ(x,u,u(1), . . . , u(r); ε) = 0, β = 1,2, . . . ,m,

(2.1)

where u(1), u(2), . . . , u(r) denote the collections of all
first, second, . . ., r th-order partial derivatives.

Definition 1 [12] The Euler–Lagrange operator, for
each α, is defined by

δ

δuα
= ∂

∂uα
+

∑

s≥1

(−1)sDi1 · · ·Dis

∂

∂uα
i1···is

,

α = 1,2, . . . ,m.

Definition 2 [14] The kth-order approximate Lie–
Bäcklund symmetry operator is given by

χ = X0 + εX1 + · · · + εkXk, (2.2)

where

Xb = ξ i
b

∂

∂xi
+ ηα

b

∂

∂uα
+ ζ α

b,i

∂

∂uα
i

+ · · · ,

b = 0,1, . . . , k

is a Lie–Bäcklund symmetry operator, the coefficients
are ζ α

b,i = Di(W
α
b ) + ξ

j
b uα

ij , and Wα
b is the Lie char-

acteristic function defined as Wα
b = ηα

b − ξ
j
b uα

j . The
characteristic form of the approximate Lie–Bäcklund
symmetry operator (2.2) is

χ = ξ iDi + W α ∂

∂uα
+

∑

s≥1

Di1 · · ·Dis

(
W α

) ∂

∂uα
i1···is

,

where W = (W 1, W 2, . . . , W m) is the characteristic
of χ , and

W i = Wi
0 + εWi

1 + · · · + εkWi
k, i = 1,2, . . . ,m.

(2.3)
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We can use the abbreviated form of (2.2)

χ = ξ i ∂

∂xi
+ ηα ∂

∂uα
,

where ξ i and ηα are given respectively by

ξ i = ξ i
0 + εξ i

1 + · · · + εkξ i
k, i = 1, . . . , n,

and

ηα = ηα
0 + εηα

1 + · · · + εkηα
k , α = 1, . . . ,m.

Definition 3 [11] The approximate Noether operator
associated with an approximate Lie–Bäcklund opera-
tor χ is given by

N i = ξ i + W α δ

δuα
i

+
∑

s≥1

Di1 · · ·Dis

(
W α

) δ

δuα
ii1···is

,

i = 1,2, . . . , n.

It was known [12] that the Euler–Lagrange, approx-
imate Lie–Bäcklund and approximate Noether opera-
tors are connected by the operator identity

χ + Di

(
ξ i

) = W α δ

δuα
+ Di N i . (2.4)

Definition 4 [14] A vector T = (T 1, . . . , T n) defined
as

T i = T i
0 + εT i

1 + · · · + εkT i
k

is an approximate conserved vector of (2.1) if the ap-
proximate equation

Di T i = O
(
εk+1) (2.5)

is satisfied for all approximate solutions of (2.1).
Equation (2.5) is said to be an approximate conser-
vation law for (2.1).

Definition 5 [11] The equation Di T i = QβEβ is re-
ferred to as the approximate characteristic form of the
approximate conservation law (2.5), and the function
Q = (Q1, Q2, . . . , Qm) is the associated characteristic
of the approximate conservation law.

Assume that (2.1) can be written as

Eβ = E
β

0 (x,u,u(1), . . . , u(r))

+ εE
β

1 (x,u,u(1), . . . , u(p)),

β = 1,2, . . . ,m, (2.6)

where E
β

1 = E
0β

1 (x,u,u(1), . . . , u(p)) + E
1β

1 (x,u),
p < r .

Definition 6 If there exists a function L = L(x,u,

u(1), . . . , u(l)), l ≤ r and nonzero functions f
β
γ such

that (2.6) can be written as δL/δuβ = εf
β
γ E

γ

1 , where

f
β
γ = f

β
γ (x,u,u(1), . . . , u(r−1)), β,γ = 1,2, . . . ,m is

an invertible matrix [12], L is called a Lagrangian
of (2.6). If there exists a function

L = L0(x,u,u(1), . . . , u(l))

+ εL1(x,u,u(1), . . . , u(l)), l ≤ r,

and nonzero functions g
β
γ such that (2.6) can be writ-

ten as δL/δuβ = εg
β
γ E

1γ

1 , where g
β
γ = g

β
γ (x,u,u(1),

. . . , u(r−1)), β,γ = 1,2, . . . ,m is an invertible ma-
trix [12], L is called an approximate Lagrangian
of (2.6). We call differential equations of the form

δL

δuβ
= εf β

γ E
γ

1 ,
δL
δuβ

= εgβ
γ E

1γ

1 (2.7)

the approximate Euler–Lagrange-type equations.

Definition 7 An approximate Lie–Bäcklund symme-
try operator χ of the form (2.2) is called an approx-
imate Noether symmetry operator corresponding to a
Lagrangian L (approximate Lagrangian L) if there ex-
ists a vector B = (B1, . . . , Bm) defined by

Bi = Bi
0 + εBi

1 + · · · + εkBi
k, i = 1, . . . ,m,

such that

χ
(
L(L)

) + L(L)Di

(
ξ i

)

= W α δL(L)

δuα
+ Di

(
Bi

) + O
(
εk+1),

where W = (W 1, . . . , W m) is the characteristic of χ

as given by (2.3).

Definition 8 Consider a system of r th-order approx-
imate PDEs (2.6), its standard, approximate adjoint
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equations (I) and (II) are given respectively by

Fα(x,u, v,u(1), v(1), . . . , u(r), v(r)) = δ(vβEβ)

δuα
= 0,

α = 1, . . . ,m,

Gα
0 (x,u, v,u(1), v(1), . . . , u(r), v(r))

= δ(vβ(E
β

0 + εE
0β

1 ))

δuα
= 0, α = 1, . . . ,m,

and

Gα
1 (x,u, v,u(1), v(1), . . . , u(r), v(r)) = δ(vβE

β

0 )

δuα
= 0,

α = 1, . . . ,m,

where v = (v1, . . . , vm) are new dependent variables,
v = v(x). Here, we call

⎧
⎪⎨

⎪⎩

E
β

0 + εE
β

1 = 0, β = 1, . . . ,m,

Fα(x,u, v,u(1), v(1), . . . , u(r), v(r)) = 0,

α = 1, . . . ,m,

the standard adjoint system

⎧
⎪⎨

⎪⎩

E
β

0 + εE
β

1 = 0, β = 1, . . . ,m,

Gα
0 (x,u, v,u(1), v(1), . . . , u(r), v(r)) = 0,

α = 1, . . . ,m,

the approximate adjoint system (I), and

⎧
⎪⎨

⎪⎩

E
β

0 + εE
β

1 = 0, β = 1, . . . ,m,

Gα
1 (x,u, v,u(1), v(1), . . . , u(r), v(r)) = 0,

α = 1, . . . ,m,

the approximate adjoint system (II).

Lemma 1 [11] An approximate Lie–Bäcklund sym-
metry operator χ of the form (2.2) is an approximate
Noether symmetry operator of a partial Lagrangian
L corresponding to an approximate Euler–Lagrange
system of the form (2.7) iff the characteristic W =
(W 1, . . . , W m) of χ is also the characteristic of the
conservation law Di T i = O(εk+1), where

T i = Bi − N iL + O
(
εk+1), i = 1,2, . . . , n.

3 Main results

In this section, we present main results of deriving ap-
proximate conservation laws for perturbed nonlinear
PDEs, which are given in the following theorems.

Theorem 1 For any system of perturbed differential
equations (2.6), the standard adjoint system and the
approximate adjoint system (I) has an approximate
Lagrangian given by

L = vαEα
0 + εvαE0α

1 ; (3.1)

while the standard adjoint system and approximate ad-
joint system (II) has a Lagrangian given by

L = vαEα
0 . (3.2)

Proof Indeed, a direct computation shows that the
variation of L given by (3.1) yields the following re-
sults: The standard adjoint system is equivalent to

⎧
⎨

⎩

δL
δvβ = −εE

1β

1 , β = 1, . . . ,m,

δL
δuβ = −ε

δ(vαE1α
1 )

δuβ , β = 1, . . . ,m,

and the approximate adjoint system (I) is equivalent to

⎧
⎨

⎩

δL
δvβ = −εE

1β

1 , β = 1, . . . ,m,

δL
δuβ = 0, β = 1, . . . ,m.

Also, the variation of L given by (3.2) shows that the
standard adjoint system is equivalent to

⎧
⎨

⎩

δL
δvβ = −εE

β

1 , β = 1, . . . ,m,

δL
δuβ = −ε

δ(vαEα
1 )

δuβ , β = 1, . . . ,m,

and the approximate adjoint system (II) is equivalent
to
⎧
⎨

⎩

δL
δvβ = −εE

β

1 , β = 1, . . . ,m,

δL
δuβ = 0, β = 1, . . . ,m.

Clearly, L = vαEα
0 + εvαE0α

1 is the approximate La-
grangian of the standard adjoint system and approx-
imate adjoint system (I), while L = vαEα

0 is the La-
grangian of the standard adjoint system and approxi-
mate adjoint system (II) by Definition 6. �
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Theorem 2 Let X0 + εX1 be a first-order approxi-
mate Noether symmetry operator corresponding to the
approximate Lagrangian L = L0 + εL1 of standard
adjoint system, and Y0 + εY1 be first-order approxi-
mate Noether symmetry operator corresponding to the
approximate Lagrangian L = L0 + εL1 of the approx-
imate adjoint system (I). Then X0 and Y0 have the
same forms. Furthermore, if X0 = Y0, then the follow-
ing identity holds

(X1 − Y1)L0 + L0Di

(
ξ i

1 − ξ
i,y

1

)

= −(
ηα

0 − ξ i
0u

α
i

)δ(vβE
1β

1 )

δuα
+ Di

(
Bi

1 − B
i,y

1

)
,

(3.3)

where ξ
i,y

1 and B
i,y

1 correspond to Y1.

Proof Since X0 + εX1 is a first order approximate
Noether symmetry operator of standard adjoint system
and Y0 + εY1 is the first-order approximate Noether
symmetry operator of the approximate adjoint sys-
tem (I), then X0 + εX1 and Y0 + εY1 satisfy the fol-
lowing equations:

(X0 + εX1)(L0 + εL1) + (L0 + εL1)Di

(
ξ i

0 + εξ i
1

)

= −εW α δ(vβE
1β

1 )

δuα
− εV αE1α

1 + Di

(
Bi

0 + εBi
1

)

+ O
(
ε2),

(Y0 + εY1)(L0 + εL1) + (L0 + εL1)Di

(
ξ

i,y

0 + εξ
i,y

1

)

= V α,y
(−εE1α

1

) + Di

(
B

i,y

0 + εB
i,y

1

) + O
(
ε2),

where (W 1, . . . , W m, V 1, . . . , V m) is the character-
istic of X0 + εX1, and (W 1,y , . . . , W m,y, V 1,y ,

. . . , V m,y) is the characteristic of Y0 + εY1. Separa-
tion by the zeroth and first-orders of ε for the above
two equations gives rise to the following equations:

X0L0 + L0Di

(
ξ i

0

) = DiB
i
0,

Y0L0 + L0Di

(
ξ

i,y

0

) = DiB
i,y

0 ,

X0L1 + X1L0 + L0Di

(
ξ i

1

) + L1Di

(
ξ i

0

)

= −Wα
0

δ(vβE
1β

1 )

δuα
− V α

0 E1α
1 + DiB

i
1,

Y0L1 + Y1L0 + L0Di

(
ξ

i,y

1

) + L1Di

(
ξ

i,y

0

)

= −V
α,y

0 E1α
1 + DiB

i,y

1 .

The above equations imply that the determining equa-
tions for X0 and Y0 are the same. So X0 and Y0 have
the similar forms. Furthermore, substituting X0 and Y0

respectively into the determining equations of X1 and
Y1, i.e. the third and fourth equations, and comparing
the two equations, we arrive at the following identity

(X1 − Y1)L0 + L0Di

(
ξ i

1 − ξ
i,y

1

)

= −Wα
0

δ(vβE
1β

1 )

δuα
+ Di

(
Bi

1 − B
i,y

1

)
,

where Wα
0 = ηα

0 − ξ i
0u

α
i . Consequently, the identity

(3.3) holds. �

Remark The result similar to the above theorem is also
true for the standard adjoint system, approximate ad-
joint system (II) and Lagrangian L.

Theorem 3 If the approximate Lie–Bäcklund symme-
try operator χ of the form (2.2) is an approximate
Noether symmetry operator of an approximate La-
grangian L corresponding to an approximate Euler–
Lagrange-type system of the form (2.7), then the con-
served vector of (2.7) is given by

T i = Bi − N i L + O
(
ε2), i = 1,2, . . . , n.

Proof We prove the theorem along with the lines
of [7]. Utilizing identity (2.4) and acting with it on L,
we obtain

χ L + Di

(
ξ i

)
L = W α δL

δuα
+ Di N i L.

Since χ is an approximate Noether symmetry corre-
sponding to L, we have

χ L + Di

(
ξ i

)
L = W αgα

γ E
1γ

1 + Di

(
Bi

)
.

From the above two identities and the notion of
conservation law, it is easy to see that T i = Bi −
N i L + O(ε2), i = 1,2, . . . , n are the conserved com-
ponents. �

Remark Considering (2.6) together with its standard,
approximate adjoint equations (I) or (II), we could ob-
tain the approximate conservation laws by Lemma 1
and Theorem 3, which involves an arbitrary function
v(x) satisfying standard approximate adjoint equa-
tions (I) or (II).
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4 Examples

For simplicity, we only consider the first-order approx-
imate Noether symmetries, and we assume that ξ i

b , ηi
b

and Bi
b are functions of independent and dependent

variables.

Example 1 Consider the perturbed wave equation

utt − uxx + ε
(
umut − au + bup

) = 0. (4.1)

Its standard adjoint system is
{

utt − uxx + ε(umut − au + bup) = 0,

vtt − vxx + ε(−umvt − av + bpup−1v) = 0,
(4.2)

the approximate adjoint system (I) is
{

utt − uxx + ε(umut − au + bup) = 0,

vtt − vxx + ε(−umvt ) = 0,

and the approximate adjoint system (II) is
{

utt − uxx + ε(umut − au + bup) = 0,

vtt − vxx = 0.

First, we consider the standard adjoint system (4.2).
It is easily seen that the system (4.2) has an approx-
imate Lagrangian L = L0 + εL1 = v(utt − uxx) +
ε(umutv) by Theorem 1. Then the approximate Euler–
Lagrange-type equations are

δL
δu

= ε
(
a − bpup−1)v

and

δL
δv

= ε
(
au − bup

)
.

It follows that the first-order approximate Noether
symmetry operator X0 + εX1 corresponding to the
approximate Lagrangian L must satisfy the following
equation

(X0 + εX1)L + LDi

(
ξ i

0 + εξ i
1

)

= ε
(
a − bpup−1)v

[(
η1

0 − ξ1
0 ut − ξ2

0 ux

)

+ ε
(
η1

1 − ξ1
1 ut − ξ2

1 ux

)]

+ ε
(
au − bup

)[(
η2

0 − ξ1
0 vt − ξ2

0 vx

)

+ ε
(
η2

1 − ξ1
1 vt − ξ2

1 vx

)]

+ Di

(
Bi

0 + εBi
1

) + O
(
ε2).

Separating by the zeroth and first-orders of ε yields the
following equations:

X0L0 + L0Di

(
ξ i

0

) = DiB
i
0, (4.3)

X1L0 + X0L1 + L1Di

(
ξ i

0

) + L0Di

(
ξ i

1

)

= DiB
i
1 + (

η1
0 − ξ1

0 ut − ξ2
0 ux

)(
a − bpup−1)v

+ (
η2

0 − ξ1
0 vt − ξ2

0 vx

)(
au − bup

)
. (4.4)

The determining equation (4.3) can be written as

η2
0(utt − uxx) + ζ 1

0,t t v − ζ 1
0,xxv

+ (
Dtξ

1
0 + Dxξ

2
0

)
v(utt − uxx)

= DtB
1
0 + DxB

2
0 . (4.5)

Equating to zero the coefficients of the derivatives of
u, v, and the free term, we obtain the following deter-
mining equations:

ξ1
0 = ξ1

0 (t, x), ξ2
0 = ξ2

0 (t, x),

η1
0 = η1

0(t, x,u),

ξ1
0t = ξ2

0x, ξ1
0x = ξ2

0t ,

η2
0 = −vη1

0u, η1
0uu = 0,

v
(
2η1

0tu − ξ1
0t t + ξ1

0xx

) = B1
0u,

v
(
2η1

0xu − ξ2
0xx + ξ2

0t t

) = −B2
0u,

B1
0v = 0, B2

0v = 0,

v
(
η1

0t t − η1
0xx

) = B1
0t + B2

0x.

The solutions of the above system are

ξ1
0 = ξ1

0 (t, x), ξ2
0 = ξ2

0 (t, x),

η1
0 = cu + d(t, x), η2

0 = −cv,

B1
0 = B1

0 (t, x), B2
0 = B2

0 (t, x),

which satisfy

ξ1
0t = ξ2

0x, ξ1
0x = ξ2

0t ,

dtt = dxx, B1
0t + B2

0x = 0,

where c is an arbitrary constant. Setting B1
0 = B2

0 = 0,
the Lie-Bäcklund symmetry operator X0 is given by

X1
0 = ∂

∂t
, X2

0 = ∂

∂x
,
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X3
0 = t

∂

∂t
+ x

∂

∂x
, X4

0 = u
∂

∂u
− v

∂

∂v
.

Next, we consider each case, respectively.
(1). X0 = ∂/∂t . Equation (4.4) becomes

η2
1(utt − uxx) + ζ 1

1,t t v − ζ 1
1,xxv

+ (
Dtξ

1
1 + Dxξ

2
1

)
v(utt − uxx)

= DtB
1
1 + DxB

2
1 − ut

(
a − bpup−1)v

− vt

(
au − bup

)
.

Solving it, one gets B1
1 = (au − bup)v, B2

1 = 0 and
X1 is given by

X1
1 = ∂

∂t
, X2

1 = ∂

∂x
,

X3
1 = t

∂

∂t
+ x

∂

∂x
, X4

1 = u
∂

∂u
− v

∂

∂v
.

Hence, we have the following approximate Noether
symmetry operators for the system (4.2):

χ1 = ∂

∂t
+ ε

∂

∂t
, χ2 = ∂

∂t
+ ε

∂

∂x
,

χ3 = ∂

∂t
+ ε

(
t

∂

∂t
+ x

∂

∂x

)
,

χ4 = ∂

∂t
+ ε

(
u

∂

∂u
− v

∂

∂v

)
.

Using Theorem 3, we obtain the approximate con-
served vectors corresponding to χ1, χ2, χ3, and χ4

given respectively by

T1 =
(
(uxxv − utvt )

+ ε
[(

au − bup
)
v + uxxv − utvt

]
,

(1 + ε)(−utxv + utvx)
)
,

T2 =
(
uxxv − utvt + ε

[
utxv − uxvt + (

au − bup
)
v
]
,

utvx − utxv + ε(uxvx − uttv)
)
,

T3 =
(
uxxv − utvt + ε

[(
au − bup

)
v + tuxxv

− (tut + xux)vt + (ut + xutx)v
]
,

utvx − utxv + ε
[−xutt v + (tut + xux)vx

− (tutx + ux)v
])

,

T4 =
(
uxxv − utvt + ε

[(
au − bup

)
v + uvt − utv

]
,

utvx − utxv + ε(uxv − uvx)
)
.

(2). X0 = ∂/∂x. In this case, (4.4) becomes

η2
1(utt − uxx) + ζ 1

1,t t v − ζ 1
1,xxv

+ (
Dtξ

1
1 + Dxξ

2
1

)
v(utt − uxx)

= DtB
1
1 + DxB

2
1 − ux

(
a − bpup−1)v

− vx

(
au − bup

)
.

Applying the same procedure, we obtain the follow-
ing approximate Noether symmetry operators for sys-
tem (4.2):

χ5 = ∂

∂x
+ ε

∂

∂t
, χ6 = ∂

∂x
+ ε

∂

∂x
,

χ7 = ∂

∂x
+ ε

(
t

∂

∂t
+ x

∂

∂x

)
,

χ8 = ∂

∂x
+ ε

(
u

∂

∂u
− v

∂

∂v

)
,

and B1
1 = 0, B2

1 = (au − bup)v. The corresponding
approximate conserved vectors in this case are

T5 =
(
utxv − uxvt + ε

[
uxxv − utvt + umuxv

]
,

uxvx − uttv + ε
[(

au − bup
)
v + utvx

− utxv − umutv
])

,

T6 =
(
utxv − uxvt + ε

(
utxv − uxvt + umuxv

)
,

uxvx − uttv + ε
[(

au − bup
)
v + uxvx

− uttv − umutv
])

,

T7 =
(
utxv − uxvt + ε

[
tuxxv − (tut + xux)vt

+ (
ut + xutx + umux

)
v
]
,

uxvx − uttv + ε
[(

au − bup
)
v − xutt v

+ (tut + xux)vx − (
tutx + ux + umut

)
v
])

,

T8 =
(
utxv − uxvt + ε

(
uvt − utv + umuxv

)
,
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uxvx − utt v + ε
[(

au − bup
)
v − uvx

+ uxv − umutv
])

.

(3). X0 = t∂/∂t + x∂/∂x. Equation (4.4) turns to
be

η2
1(utt − uxx) + ζ 1

1,t t v − ζ 1
1,xxv

+ (
Dtξ

1
1 + Dxξ

2
1

)
v(utt − uxx) + umutv

= DtB
1
1 + DxB

2
1 − (tut + xux)

(
a − bpup−1)v

− (tvt + xvx)
(
au − bup

)
.

A similar computation shows that the above determin-
ing equations have solutions if and only if m = 0,
au = bup . The solution is now given by

X1
1 = ∂

∂t
− 1

2
tu

∂

∂u
+ 1

2
tv

∂

∂v
,

X2
1 = ∂

∂x
− 1

2
t

(
u

∂

∂u
− v

∂

∂v

)
,

X3
1 = t

∂

∂t
+ x

∂

∂x
− 1

2
t

(
u

∂

∂u
− v

∂

∂v

)
,

X4
1 =

(
1 − 1

2
t

)(
u

∂

∂u
− v

∂

∂v

)
,

and B1
1 = B2

1 = 0. Hence, for the system,

{
utt − uxx + εut = 0,

vtt − vxx − εvt = 0,

we obtain the following approximate Noether symme-
try operators

χ9 = t
∂

∂t
+ x

∂

∂x
+ ε

[
∂

∂t
− 1

2
t

(
u

∂

∂u
− v

∂

∂v

)]
,

χ10 = t
∂

∂t
+ x

∂

∂x
+ ε

[
∂

∂x
− 1

2
t

(
u

∂

∂u
− v

∂

∂v

)]
,

χ11 = t
∂

∂t
+ x

∂

∂x

+ ε

[
t

∂

∂t
+ x

∂

∂x
− 1

2
t

(
u

∂

∂u
− v

∂

∂v

)]
,

χ12 = t
∂

∂t
+ x

∂

∂x
+ ε

(
1 − 1

2
t

)(
u

∂

∂u
− v

∂

∂v

)
.

The corresponding approximate conserved vectors are

T9 =
(

tuxxv − (tut + xux)vt + (ut + xutx)v

+ ε

[
uxxv −

(
1

2
tu + ut

)
vt

+ 1

2
(u + tut )v + xuxv

]
,

x(uxvx − uttv) + t (utvx − utxv) − uxv

+ ε

[
1

2
t (uvx − vux) + utvx

− utxv − xutv

])
,

T10 =
(

tuxxv − (tut + xux)vt + (ut + xutx)v

+ ε

[
−

(
1

2
tu + ux

)
vt

+
(

1

2
u + 1

2
tut + utx

)
v + xuxv

]
,

x(uxvx − utt v) + t (utvx − utxv) − uxv

+ ε

[
uxvx − uttv

+ 1

2
t (uvx − vux) − xutv

])
,

T11 =
(

tuxxv − (tut + xux)vt + (ut + xutx)v

+ ε

[
tuxxv −

(
1

2
tu + tut + xux

)
vt

+
(

1

2
u + 1

2
tut + ut + xutx

)
v + xuxv

]
,

−xutt v + (tut + xux)vx − (tutx + ux)v

+ ε

[
−xutt v +

(
1

2
tu + tut + xux

)
vx

−
(

1

2
tux + tutx + ux

)
v − xutv

])
,

T12 =
(

tuxxv − (tut + xux)vt + (ut + xutx)v
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+ ε

[(
1 − 1

2
t

)
uvt

+
(

1

2
u + 1

2
tut − ut

)
v + xuxv

]
,

−xutt v + (tut + xux)vx − (tutx + ux)v

+ ε

[(
1

2
t − 1

)
(uvx − uxv) − xutv

])
.

(4). X0 = u∂/∂u − v∂/∂v. In this case, (4.4) be-
comes

η2
1(utt − uxx) + ζ 1

1,t t v − ζ 1
1,xxv

+ (
Dtξ

1
1 + Dxξ

2
1

)
v(utt − uxx) + mumutv

= DtB
1
1 + DxB

2
1 + b(1 − p)upv.

It follows that the above determining equation has so-
lutions if and only if m = b = 0. The solution is as
follows:

X1
1 = ∂

∂t
, X2

1 = ∂

∂x
,

X3
1 = t

∂

∂t
+ x

∂

∂x
, X4

1 = u
∂

∂u
− v

∂

∂v
,

and B1
1 = B2

1 = 0. Hence, the system

{
utt − uxx + ε(ut − au) = 0,

vtt − vxx − ε(vt + av) = 0,

has the following approximate Noether symmetry op-
erators:

χ13 = u
∂

∂u
− v

∂

∂v
+ ε

∂

∂t
,

χ14 = u
∂

∂u
− v

∂

∂v
+ ε

∂

∂x
,

χ15 = u
∂

∂u
− v

∂

∂v
+ ε

(
t

∂

∂t
+ x

∂

∂x

)
,

χ16 = u
∂

∂u
− v

∂

∂v
+ ε

(
u

∂

∂u
− v

∂

∂v

)
.

Thus, the corresponding approximate conserved vec-
tors are

T13 = (
uvt − utv + ε(uxxv − utvt − uv),

uxv − uvx + ε(utvx − utxv)
)
,

T14 = (
uvt − utv + ε(utxv − uxvt − uv),

uxv − uvx + ε(uxvx − utt v)
)
,

T15 = (
uvt − utv + ε

[
tuxxv − (tut + xux)vt

+ (ut + xutx)v − uv
]
,

uxv − uvx + ε
[−xutt v + (tut + xux)vx

− (tutx + ux)v
])

,

T16 = (
uvt − utv + ε(uvt − utv − uv),

uxv − uvx + ε(uxv − uvx)
)
.

Notice that the above approximate conserved vec-
tors are nonlocal since they contain an auxiliary vari-
able v. However, instituting a special approximate so-
lution of the equation vtt − vxx + ε(−umvt − av +
bpup−1v) = 0 into the above conserved vectors, we
could obtain local conserved vectors of the original
equation.

For approximate adjoint system (I), we can obtain
the approximate conservation laws by a similar man-
ner, and the conclusion of Theorem 2 can be verified.

Example 2 Consider the perturbed Korteweg–de Vries
equation

ut − uux + uxxx + ε
(
u2ux + cu

) = 0. (4.6)

For simplicity, we only consider its standard adjoint
system given by
{

ut − uux + uxxx + ε(u2ux + cu) = 0,

−vt + uvx − vxxx + ε(cv − u2vx) = 0.
(4.7)

For approximate adjoint system (I) and (II), the ap-
proach is quite similar. The Lagrangian of the system
(4.7) is

L = v(ut − uux + uxxx),

and the approximate Euler–Lagrange-type equations
are

δL

δu
= ε

(
u2vx − cv

)
and

δL

δv
= −ε

(
cu + u2ux

)
.

For the first-order approximate Noether symmetry op-
erator X0 + εX1, we have

(X0 + εX1)L + LDi

(
ξ i

0 + εξ i
1

)

= ((
η1

0 − ξ1
0 ut − ξ2

0 ux

)
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+ ε
(
η1

1 − ξ1
1 ut − ξ2

1 ux

))
ε
(
u2vx − cv

)

+ ((
η2

0 − ξ1
0 vt − ξ2

0 vx

)

+ ε
(
η2

1 − ξ1
1 vt − ξ2

1 vx

))(−ε
(
cu + u2ux

))

+ Di

(
Bi

0 + εBi
1

) + O
(
ε2).

It gives the following determining equations:

X0L + LDi

(
ξ i

0

) = DiB
i
0, (4.8)

X1L + LDi

(
ξ i

1

)

= (
η1

0 − ξ1
0 ut − ξ2

0 ux

)(
u2vx − cv

)

− (
η2

0 − ξ1
0 vt − ξ2

0 vx

)(
cu + u2ux

) + DiB
i
1.

(4.9)

The determining equation (4.8) can be written as

η2
0(ut − uux + uxxx) + (

ζ 1
0,t − η1

0ux − ζ 1
0,xu

)
v

+ ζ 1
0,xxxv + (

Dtξ
1
0 + Dxξ

2
0

)
v(ut − uux + uxxx)

= DtB
1
0 + DxB

2
0 .

The same procedure as given in Example 1 yields the
following equations:

ξ1
0 = ξ1

0 (t), ξ2
0 = ξ2

0 (t, x), η1
0 = η1

0(t, x,u),

η2
0 + (

η1
0u + ξ1

0t − 2ξ2
0x

)
v = 0,

η1
0uu = 0, η1

0xu = ξ2
0xx,

vη1
0 + uη2

0 + vξ2
0t − v

(
3η1

0xxu − ξ2
0xxx

)

+ uv
(
ξ1

0t + η1
0u

) − B2
0u = 0,

B1
0v = 0, B2

0v = 0,

η2
0 + v

(
η1

0u + ξ2
0x

) = B1
0u,

vη1
0t − uvη1

0x + vη1
0xxx = B1

0t + B2
0x.

Solutions of the above equations are

ξ1
0 = −3

2
c1t + c4,

ξ2
0 = −1

2
c1x − c2t + c3,

η1
0 = c1u + c2, η2

0 = −1

2
c1v,

B1
0 = B1

0 (t, x), B2
0 = B2

0 (t, x),

where (B1
0 ,B2

0 ) satisfies B1
0t + B2

0x = 0, c1, c2, c3, c4

are arbitrary constants. Setting B1
0 = B2

0 = 0, X0 is
given by

X1
0 = −3

2
t

∂

∂t
− 1

2
x

∂

∂x
+ u

∂

∂u
− 1

2
v

∂

∂v
,

X2
0 = −t

∂

∂x
+ ∂

∂u
, X3

0 = ∂

∂x
, X4

0 = ∂

∂t
.

(4.10)

It is easy to verify that (4.9) has no solutions if X0 =
∂
∂t

or X0 = − 3
2 t ∂

∂t
− 1

2x ∂
∂x

+ u ∂
∂u

− 1
2v ∂

∂v
. Next, we

consider X0 = ∂
∂x

and X0 = −t ∂
∂x

+ ∂
∂u

, respectively.
(1). X0 = ∂/∂x. Equation (4.9) turns to be

X1L + L
(
Dtξ

1
1 + Dxξ

2
1

)

= ux

(
cv − u2vx

) + vx

(
cu + u2ux

)

+ DtB
1
1 + DxB

2
1 .

Solving the above system implies that B1
1 = 0, B2

1 =
−cuv and X1 is given by

X1
1 = −3

2
t

∂

∂t
− 1

2
x

∂

∂x
+ u

∂

∂u
− 1

2
v

∂

∂v
,

X2
1 = −t

∂

∂x
+ ∂

∂u
, X3

1 = ∂

∂x
, X4

1 = ∂

∂t
.

Hence, the approximate Noether symmetry operators
are

χ1 = ∂

∂x
+ ε

(
−3

2
t

∂

∂t
− 1

2
x

∂

∂x
+ u

∂

∂u
− 1

2
v

∂

∂v

)
,

χ2 = ∂

∂x
+ ε

(
−t

∂

∂x
+ ∂

∂u

)
,

χ3 = ∂

∂x
+ ε

∂

∂x
,

χ4 = ∂

∂x
+ ε

∂

∂t
.

The corresponding approximate conserved densities
are as follows:

T1 =
(

uxv − ε

[
u + 1

2
xux + 3

2
t (uux − uxxx)

]
v,

uxvxx − uxxvx − utv

+ ε

[
1

2
(x + 3tu)utv + (u − c)uv
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−
(

u + 3

2
tut + 1

2
xux

)
vxx

+ 1

2
(3ux + 3tutx + xuxx)vx

−
(

2uxx + 3

2
tutxx

)
v

])
,

T2 =
(
uxv − ε(1 + tux)v,

uxvxx − uxxvx − utv + ε
[
(1 − c)uv − vxx

+ t (utv − uxvxx + uxxvx)
])

,

T3 = (
uxv + εuxv,

uxvxx − uxxvx − utv

+ ε(−cuv − utv + uxvxx − uxxvx)
)
,

T4 = (
uxv − ε(uxxx − uux)v,

uxvxx − uxxvx − utv + ε(−cuv + utvxx

− uutv − utxvx + utxxv)
)
.

(2). X0 = −t∂/∂x + ∂/∂u. In this case, we obtain
the following approximate Noether symmetry opera-
tors:

χ5 = −t
∂

∂x
+ ∂

∂u

+ ε

[
1

2
ct2 ∂

∂x
+ (2u − ct)

∂

∂u
− 2v

∂

∂v

]
,

χ6 = −t
∂

∂x
+ ∂

∂u
+ ε

[
3t

∂

∂t
+

(
x + 1

2
ct2 − t

)
∂

∂x

+ (1 − ct)
∂

∂u
− v

∂

∂v

]
,

χ7 = −t
∂

∂x
+ ∂

∂u
+ ε

[
3t

∂

∂t
+

(
x + 1

2
ct2 + 1

)
∂

∂x

− ct
∂

∂u
− v

∂

∂v

]
,

χ8 = −t
∂

∂x
+ ∂

∂u
+ ε

[
(3t + 1)

∂

∂t
+

(
x + 1

2
ct2

)
∂

∂x

− ct
∂

∂u
− v

∂

∂v

]
,

and the corresponding approximate conserved vectors:

T5 =
(

−(1 + tux)v + ε

(
1

2
ct2ux + ct − 2u

)
v,

uv − vxx + t (utv − uxvxx + uxxvx)

+ ε

[(
ctu − u2 − 1

2
ct2ut

)
v

− (2u − ct)(vxx − uv)

+ 1

2
ct2(uxvxx − uxxvx)

+ 2(uxvx − uxxv)

])
,

T6 =
(

−(1 + tux)v + ε

[
3t (uux − uxxx) + ct

+
(

x − t + 1

2
ct2

)
ux − 1

]
v,

uv − vxx + t (utv − uxvxx + uxxvx)

+ ε

[
ctuv − u2v

+ (1 − ct − 3tut )(uv − vxx)

+
(

x − t + 1

2
ct2

)
(uxvxx − uxxvx − utv)

− (3tutx + ux)vx + (3tutxx + 2uxx)v

])
,

T7 =
(

−(1 + tux)v + ε

[
3t (uux − uxxx) + ct

+
(

1 + x + 1

2
ct2

)
ux

]
v,

uv − vxx + t (utv − uxvxx + uxxvx)

+ ε

[
ctuv − u2v + (ct + 3tut )(vxx − uv)

+
(

1 + x + 1

2
ct2

)
(uxvxx − uxxvx − utv)

− (3tutx + ux)vx + (3tutxx + 2uxx)v

])
,

T8 =
(

−(1 + tux)v + ε

[
(3t + 1)(uux − uxxx) + ct

+
(

x + 1

2
ct2

)
ux

]
v,
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(u + tut )v − (1 + tux)vxx + tuxxvx

+ ε

[
ctuv − u2v

+ (
ct + (3t + 1)ut

)
(vxx − uv)

+
(

x + 1

2
ct2

)
(uxvxx − uxxvx − utv)

− (
(3t + 1)utx + ux

)
vx

+ (
(3t + 1)utxx + 2uxx

)
v

])
.

Notice that T1, T2, . . . , T8 are nonlocal conservation
vectors since they contain an auxiliary variable v(t, x),
which satisfies the equation −vt +uvx −vxxx +ε(cv−
u2vx) = 0. Obviously, the above equation has the so-
lution v = 1 + εct . Inserting it into T1 and ignoring
the terms involving the second order of ε results in the
approximate local conserved vector

(
ux + ε

[
ctux − u − 1

2
xux − 3

2
t (uux − uxxx)

]
,

− ut + ε

[
(u − c)u − ctut + 1

2
(x + 3tu)ut

− 2uxx − 3

2
tutxx

])
.

Indeed, by a direct computation we have

Dt

(
ux + ε

[
ctux − u − 1

2
xux − 3

2
t (uux − uxxx)

])

+ Dx

(
(u − c)u − ut + ε

[
−ctut +

(
1

2
x + 3

2
tu

)
ut

−
(

2uxx + 3

2
tutxx

)]) ∣∣∣∣
(4.6)

= O
(
ε2),

which gives an approximate conservation laws of (4.6).
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