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Abstract This paper presents a general result on ap-
proximate conservation laws of perturbed partial dif-
ferential equations. A method of constructing approx-
imate conservation laws to systems of perturbed par-
tial differential equations is given, which is based on
approximate Noether symmetries of approximate and
standard adjoint systems of the original system. The
relationship between the Noether symmetry operators
of approximate and standard adjoint system is estab-
lished. As a result, the approach is applied to the per-
turbed wave equation and the perturbed KdV equation.

Keywords Conservation law - Lagrangian - Noether
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1 Introduction

Conservation laws play an important role in the study
of nonlinear partial differential equations (PDEs). In
particular, they are useful for integrability and lin-
earization, constants of motion, analysis of solutions
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and numerical methods of nonlinear PDEs. So the con-
struction of conservation laws is a key subject of much
discussion.

The definition of conservation laws itself gives rise
to a method for finding conservation laws of nonlinear
PDEs, which is referred to as the direct method [1]. It
has been used successfully to construct conservation
laws for several well-known nonlinear PDEs. How-
ever, for some problems, certain assumptions about
conserved vector’s form are made to find conserva-
tion laws. Noether [2] introduced an algorithm to con-
struct conservation laws for systems arising from a
Lagrangian formulation. This approach reduces the
construction of conservation laws to finding varia-
tional symmetries for which there exist several well-
developed methods. Nevertheless, it can be applied
only to equations with Euler-Lagrange structure. In
order to wide the scope of Noether’s theorem, Steudel
[3] introduced the so-called characteristic method by
writing the conservation law in a characteristic form.
In this approach, one has to find the related character-
istics, which are multipliers of differential equations,
to determine a conservation law. Later, Olver [4] dis-
covered that the characteristics can be obtained by
computing the variational derivative of the determin-
ing equations. The characteristics obtained here are
given explicitly in terms of independent and dependent
variables. In [5] and [6], Anco and Bluman provided
a direct construction formulae of local conservation
laws for the PDEs expressed in a standard Cauchy—
Koralevskaya form. In [7], Kara and Mahomed pre-
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sented a partial Noether approach, which is efficient
for Euler-Lagrange-type equations, i.e., any system,
considered together with its adjoint equations, has a
Lagrangian. More recently, Ibragimov [8] provided a
formulae to construct nonlocal conservation laws with
an auxiliary variable by using the Lie symmetries,
Lie-Bécklund symmetries and nonlocal symmetries of
the above system.

Another vital aspect is that many nonlinear PDEs
in applications depend on a small parameter. The no-
tion of approximate conservation law has been intro-
duced [14]. Usually, the method of constructing ap-
proximate conservation laws for perturbed PDE:s is to
find conservation laws for unperturbed PDEs. A ques-
tion is whether there are other symmetry-related meth-
ods to obtain conservation laws for perturbed PDEs.

To this end, Kara, Mahomed, Unal, and Johnpil-
lai [9, 10, 13] developed the theory of the approx-
imate symmetry group method to construct approx-
imate conservation laws. In the sequel, Johnpillai,
Kara, and Mahomed [11] extended the ideas of partial
Lagrangian and Noether-type symmetry operator to a
given system of PDEs with a small parameter, and in-
troduced the partial Noether method to obtain approx-
imate conservation laws, which is used only for ap-
proximate Euler—Lagrange-type equations. In this pa-
per, we extend the method related to the adjoint equa-
tion to system with one or more perturbed PDEs. Then
the original system, considered together with its stan-
dard or approximate adjoint equations (I), has an ap-
proximate Lagrangian. While it, considered together
with its standard or approximate adjoint equations (II),
has a Lagrangian. Thus, we can construct approximate
conservation laws for the initial system. Furthermore,
we shall establish the relationship between the approx-
imate Noether symmetries of standard adjoint system
and approximate adjoint system. Finally, we use the
approach to obtain the approximate conservation laws
for the perturbed wave equation and the KdV equation.

2 Preliminaries and notations

Let x = (xl, x2, ..., x™) be the independent variable

with coordinate x! and u = (u!,u?,...,u™) be the
dependent variable with coordinate u“. The deriva-
tives of u® with respect to x' are u? = D;(u%), uf‘J =
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D;D;u®), ..., where

d

D,‘Zﬁ‘f‘ ?a—‘f' aja—-f-", i=1,...,n
is a total differentiation operator with respect to x, the
summation convention is adopted throughout the pa-
per. Consider an rth-order system of perturbed PDEs
of n independent variables x = (xl, x2, ..., x")and m
dependent variables u = (ul, u, ..., u™) with a small
parameter &

EP(x,u,uq, ... B=1,2,....m

@2.1)

Jupy; €) =0

where u(1y, u@, ..., u) denote the collections of all
first, second, . . ., rth-order partial derivatives.

Definition 1 [12] The Euler-Lagrange operator, for
each o, is defined by

S .
Su® 8u°‘+z( D™Dy, ---D l’rauq.._g’

a=1,2,....,m.

Definition 2 [14] The kth-order approximate Lie—
Bécklund symmetry operator is given by

x=Xo+eX|+ -+ Xy, (2.2)

where

;0 ad il
Xp=8 o5ty o+ 8igat
1

b=0,1,...,k
is a Lie-Backlund symmetry operator, the coefficients

are &', = Di(Wy) + &l u® ij» and Wy is the Lie char-

acteristic function defined as Wy = nj — Sb u% G- The
characteristic form of the approximate Lie—Bicklund
symmetry operator (2.2) is

B
=&'D; +W°‘—+ZD” - D, (W) g,
s>1 iy-is
where W = OV, W2, ..., )W™) is the characteristic
of x, and
Wi=W+eWl +-- +eWl, i=1,2,....m.
2.3)



Approximate conservation laws of perturbed partial differential equations 219

We can use the abbreviated form of (2.2)

0
3 Bu“

X =
where £/ and n* are given respectively by
E =gl ekl 4o 4ekE, i=1,...n,
and

=0 +enS+---+en¥, a=1,....m.
Definition 3 [11] The approximate Noether operator

associated with an approximate Lie-Bicklund opera-
tor x is given by

N =g e 30, )

s>1 ty-ls

i=1,2,...,n.

It was known [12] that the Euler-Lagrange, approx-
imate Lie-Bécklund and approximate Noether opera-
tors are connected by the operator identity

—we S DA 2.4)

Su®

x + Dj(&")

Definition 4 [14] A vector 7 =
as

(7Y, ..., 7™ defined

T =T, +eTj +---+&'T}

is an approximate conserved vector of (2.1) if the ap-
proximate equation

D;T' = 0(F) 2.5)

is satisfied for all approximate solutions of (2.1).
Equation (2.5) is said to be an approximate conser-
vation law for (2.1).

Definition 5 [11] The equation D;7" = QgEP is re-
ferred to as the approximate characteristic form of the
approximate conservation law (2.5), and the function
Q=(Q1, D, ..., Q) is the associated characteristic
of the approximate conservation law.

Assume that (2.1) can be written as
EP = Eg(x, Uy ULy -5 U(r))

+8E{}(x, U, U(L), -y U(p)),
B=1,2,...,m, 2.6)

where Eﬂ =F ﬂ(x W, Uy, - - -
p<r.

1
) + EPow),

Definition 6 If there exists a function L = L(x, u,
ucy,...,uq), I <r and nonzero functions ff such
that (2.6) can be written as 8L /Su® = sf)ﬁsE%/, where
=P eouuay,. . ougn), By =1,2,....mis
an invertible matrix [12], L is called a Lagrangian
of (2.6). If there exists a function

L=Lo(x,u, U(lys -5 U())
+eLly(x,u,uqy,...,uq), [=r,

and nonzero functions gf such that (2.6) can be writ-

ten as 8L /Suf = 8gﬁE 7, where gb = g (x,u, u),
Sue—1), B,y =1,2,...,m is an invertible ma-

trix [12], £ is called an approximate Lagrangian

of (2.6). We call differential equations of the form

3L

5L Iy
g —Sfy Su—ﬂ ZSgJ}fEl (27)

the approximate Euler-Lagrange-type equations.

Definition 7 An approximate Lie-Bdcklund symme-
try operator x of the form (2.2) is called an approx-
imate Noether symmetry operator corresponding to a

Lagrangian L (approximate Lagrangian £) if there ex-
ists a vector B= (B!, ..., B™) defined by

B'=B{+eBi+---+&Bl, i=1,....m,
such that

x(L(L)) + L(L)D; (&)
SL(L)

— (R k+1

=W S + D;i(B') + 0 (1),
where W = W', ..., W™) is the characteristic of x
as given by (2.3).

Definition 8 Consider a system of rth-order approx-
imate PDEs (2.6), its standard, approximate adjoint
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equations (I) and (II) are given respectively by

S(WPEP)
F“(x,u,v,u(l),v(l),~--,u(r),v(r))=Wzo,
a=1,...,m,
G§(x, u, v, 11y, V1), - - UGy, V()
S(P(EP +eEY
= W™ 0 1))=O, a=1,...,m,
du®
and
SWPEP)
G?(x,u,v,u(l),v(l),..-,u(r),v(n)=Tao=0,
a=1,...,m,
where v = (vl, ..., v™) are new dependent variables,

v = v(x). Here, we call

Ef+¢EP =0, B=1,....m,
Fe(x,u,v,ucy, vy, - -, Uy, V) =0,

a=1,...,m,
the standard adjoint system

Ef+¢EP =0, B=1,....m,
Gg(x, u, v, U1y, V(1) - - - UGy, V) =0,

a=1,...,m,
the approximate adjoint system (I), and

Ef+¢EP =0, B=1,....m,

G?(X,u, U,u(]), U(1)7 e 7u(r)a v(r)) =09

a=1,...,m,

the approximate adjoint system (II).

Lemma 1 [11] An approximate Lie—Biicklund sym-
metry operator x of the form (2.2) is an approximate
Noether symmetry operator of a partial Lagrangian
L corresponding to an approximate Euler—Lagrange
system of the form (2.7) iff the characteristic VW =
WL, ..., W™) of x is also the characteristic of the
conservation law D;T' = O (e*T1), where

T =B —N'L+0(s5), i=12,....n
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3 Main results

In this section, we present main results of deriving ap-
proximate conservation laws for perturbed nonlinear
PDEs, which are given in the following theorems.

Theorem 1 For any system of perturbed differential
equations (2.6), the standard adjoint system and the
approximate adjoint system (I) has an approximate
Lagrangian given by

L =v"E§ +ev*EY; (3.1)

while the standard adjoint system and approximate ad-
Jjoint system (II) has a Lagrangian given by

L=v"ES. (3.2)

Proof Indeed, a direct computation shows that the
variation of £ given by (3.1) yields the following re-
sults: The standard adjoint system is equivalent to

3

[

18
m:—é‘El N ﬂzl,...,m,
sL o _S(E") _
Suf — SuP . ,3—1,...,m,

and the approximate adjoint system (I) is equivalent to

sL 1

mZ—EElﬂ, ﬂ:l,...,m,
3L

(SM_/SZO’ ﬂ:l,...,m.

Also, the variation of L given by (3.2) shows that the
standard adjoint system is equivalent to

38

=~

B
m:—é‘El, ,3:1,...,1’}1,
S SWUES
T Suf ﬂ—l,...,m,

and the approximate adjoint system (II) is equivalent
to

SL B

mZ—SEl, ﬂ:l,...,m,
3L

—auﬁ=0, B=1,...,m.

Clearly, L =v*Ef + ev*E ?"‘ is the approximate La-
grangian of the standard adjoint system and approx-
imate adjoint system (I), while L = v*Ef is the La-
grangian of the standard adjoint system and approxi-
mate adjoint system (II) by Definition 6. (I
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Theorem 2 Let Xy + ¢X1 be a first-order approxi-
mate Noether symmetry operator corresponding to the
approximate Lagrangian L = Lo + €L of standard
adjoint system, and Yo + €Y1 be first-order approxi-
mate Noether symmetry operator corresponding to the
approximate Lagrangian L = Lo+ ¢ L of the approx-
imate adjoint system (I). Then Xy and Yy have the
same forms. Furthermore, if Xo = Yy, then the follow-
ing identity holds

(X1 —=Y)Lo+ LOD,-(Sf _Ei’y)

SWPEP) .

(s - B)),

(3.3)

=—(n§ — &uy)

where S{’y and Bi’y correspond to Y.

Proof Since Xg + €X is a first order approximate
Noether symmetry operator of standard adjoint system
and Yo + €Y is the first-order approximate Noether
symmetry operator of the approximate adjoint sys-
tem (I), then X + ¢X1 and Yy + ¢Y satisfy the fol-
lowing equations:

(Xo+eX1)(Lo+¢&L1) + (Lo +&L1)Di (&) + ¢&})

SWPE") | S
= —SWQT — BVaEla + Dl(B(l) + EBi)
+ 0(82),

(Yo+eY) (Lo +eL1) + (Lo +eL1) Di (£ +¢&,”)
= V%Y (=¢E|?) + Di(BY +¢B) + 0(s?),
where WL, ..., wm YL .. V™) is the character-
istic of Xo + €Xi, and WLy, ... wmy ply
..., V™) is the characteristic of Yy + ¢Y;. Separa-
tion by the zeroth and first-orders of ¢ for the above
two equations gives rise to the following equations:

XoLo + LoD (&) = D; By,
YoLo+ LoD; (&)%) = D; BL”,
XoLy+ X1Lo+ LoD;(§]) + L1 D; (&)
SWPE") ' .
=~ Wi == — Vi E{“ + DB,

Tl + Lo+ LoDi(E}") + L Di(5))

= VS E! + DB}

The above equations imply that the determining equa-
tions for X¢ and Y are the same. So X and Y, have
the similar forms. Furthermore, substituting X¢ and Y
respectively into the determining equations of X| and
Y1, i.e. the third and fourth equations, and comparing
the two equations, we arrive at the following identity

(X1 — Y1)Lo + LoD; (& —gigy)

SWPE") S iy
=—Wg—5= — +Di(B - B”),
where Wi = ng — Eéu?‘. Consequently, the identity
(3.3) holds. O

Remark The result similar to the above theorem is also
true for the standard adjoint system, approximate ad-
joint system (II) and Lagrangian L.

Theorem 3 If the approximate Lie—Bdicklund symme-
try operator x of the form (2.2) is an approximate
Noether symmetry operator of an approximate La-
grangian L corresponding to an approximate Euler—
Lagrange-type system of the form (2.7), then the con-
served vector of (2.7) is given by

T =B —N'L+0(s?), i=12,...,n.
Proof We prove the theorem along with the lines
of [7]. Utilizing identity (2.4) and acting with it on L,
we obtain

i _ 0{& Vi
xL+Di(E)L=W 8ua+D,Nc.

Since x is an approximate Noether symmetry corre-
sponding to £, we have

XL+ Di(§) L =Wg%E,” + D;(B').

From the above two identities and the notion of
conservation law, it is easy to see that 7 =B —
NiL+ 0(82), i=1,2,...,n are the conserved com-
ponents. U

Remark Considering (2.6) together with its standard,
approximate adjoint equations (I) or (II), we could ob-
tain the approximate conservation laws by Lemma 1
and Theorem 3, which involves an arbitrary function
v(x) satisfying standard approximate adjoint equa-
tions (I) or (II).
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4 Examples

For simplicity, we only consider the first-order approx-
imate Noether symmetries, and we assume that Sé, n;;
and Bl’; are functions of independent and dependent
variables.

Example 1 Consider the perturbed wave equation
ut,—uxx—}—s(umut—au—i—bup)zo. 4.1)
Its standard adjoint system is

Usg — Uyx + S(MmI/lf —au + bu[?) = O, (42)
Vit — Uyx + (=t v; — av + bpuP~1v) =0,

the approximate adjoint system (I) is

Uy — Uyy +EW™u; —au + buP) =0,

Urt — Vxx + &(—u"vy) =0,
and the approximate adjoint system (II) is

Uy — Uyy +EW™u;y —au + buP) =0,

VUit — Uxx = 0.

First, we consider the standard adjoint system (4.2).
It is easily seen that the system (4.2) has an approx-
imate Lagrangian £ = Lo + eL; = v(uy — uyy) +
& u,v) by Theorem 1. Then the approximate Euler—
Lagrange-type equations are

5L _
S =¢(a — bpu? 1)v
and

5L

S0 =s(au —bup).

It follows that the first-order approximate Noether
symmetry operator Xo + £X; corresponding to the
approximate Lagrangian £ must satisfy the following
equation

(Xo+eX1)L + LD; (&) + £€1)
=e(a —bpu?")o[(n) — & ur — EGuy)
+e(ni —&lur — Efuy)]
+ eau — buP)[(nd — Edvr — EQvy)

+e(nf —&v — &)
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+ D; (B} +eBl) + 0(?).

Separating by the zeroth and first-orders of ¢ yields the
following equations:

XoLo+ LoDi(&)) = D; By, 4.3)
X1Lo+ XoL1 + L1 D;(8) + LoD; (1)
— DiB+ (1 — & — ) (a — bpu” o
+ (77(2) — S(} v — ngx)(au — bu?). 4.4)
The determining equation (4.3) can be written as
g (Wer — txx) + 80,V — 0 xx ¥
+ (Di&y + D) vty — ury)
= D,B} + D, B}. 4.5)

Equating to zero the coefficients of the derivatives of
u, v, and the free term, we obtain the following deter-
mining equations:

£) =E£4(1, %),

o =no(t, x, u),

£2 =21, %),

1 2 1 2
Eor = 80x» Eox = 01>
2 1 1
No = —Voy» Nouu = 0,
1 1 1 1
v(2n0tu - 'i:Olt + %_Oxx) = BOu’

1 2 2 2

U(2n0xu - %_Oxx + %_Otl) = =By,
Bév =0, B(%v =0,

1 1 1 2
v(n0r — Noxx) = Boy + Boy-
The solutions of the above system are
§ =& (1. %),
np=cu+d(,x),
By = B} (1, x),

£5 = £3(t, %),
ng = —cv,
Bj = B3(t,x),
which satisfy
%.(;t = é(%x’

dlt = dxx s

1 2

Eox = &or>

Bl + B2 =0
or T By =0,

where c is an arbitrary constant. Setting B} = Bg =0,
the Lie-Béacklund symmetry operator Xy is given by

1 0 2 0
XO:E’ onav
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Next, we consider each case, respectively.
(1). Xo = d/0t. Equation (4.4) becomes
U%(un —Uyy) + §11,nv - fll,xxv
+ (DiE] + D& )v(uns — )
= D,Bl1 + D,CBI2 - ul(a - bpupfl)v
- v,(au - bup).

Solving it, one gets Bl1 = (au — bu?)v, 312 =0 and
X1 is given by

9 9
1
Xl =—, X?=—,
Jat 0x
3 la+ 9 - 9 9
=t—+x—, =U——V—.
R YT %0 T aw

Hence, we have the following approximate Noether
symmetry operators for the system (4.2):

1—3+£3 2_3+8i
=% %0 X T T

S PR
= — — X— y
AT or ' ox
4 0 b d ; a
= — Uu— —v— |.
AT ou v
Using Theorem 3, we obtain the approximate con-

served vectors corresponding to x !, %2, x3, and x*
given respectively by

’

T = ((”xxv — Urvy)
+8[(au —bup)v—i—u“v —u,v,],
(14 &) (e + tr0y) )
T = (uxxv — Usvy + 8[u,xv — U v + (au — bu/’)v],
UrVx — Upx ¥+ E(Ux Uy — unv)),
T = (uxxv —u v + 8[(au - bup)v 4ty v
— (tu; +xuy)ve + (uy +xu,x)v],

UVy — UiV + 8[—xu”v + (tu; + xuy)vy

— (tugy +ux)v]>,
Ty = (uxxv —usv; + 8[(au - bu”)v 4+ uv; — utv],
UV — UV F E(UxV — uvx)>.
(2). Xo = d/0x. In this case, (4.4) becomes

U%(“tt —uxx) + 511,;;1) - fll,xxv
+ (D& + Dx&7) oy — )
= D,Bl1 + DXBl2 - ux(a — bpup_l)v
- vx(au - bup).

Applying the same procedure, we obtain the follow-
ing approximate Noether symmetry operators for sys-
tem (4.2):

and Bl1 =0, 312 = (au — bu?)v. The corresponding
approximate conserved vectors in this case are

Ts = (u,xv — Uy + 8[14“1) —usvp + u’"uxv],
UrVy — UV + 8[(au — bup)v + Uy
—u,xv—umutv]),
Te = (u,xv — U v + a(utxv — U v; + umuxv),
UyVy — UV + 8[(au - bup)v + U vy
—Uuv —umu,v]),
T = (u,xv — Uy + a[tuxxv — (tu; + xuy)v;
+ (u, + XUy + umux)v],
Uy Vy — UV + 8[(au - bup)v — XUV
+ (tuy + xue)vy — (tuge +ux + u’”u,)v]),

Ty = (u,xv — Uy Vs —i—e(uv, — UV +umuxv),
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UxVy — UV + 8[(au — bu”)v — UV,
+ UV — umu,v]).

(3). Xo =1td/0t + x9/9x. Equation (4.4) turns to
be

n%(utt —Uyy) + zll,nv - {ll,xxv
+ (DiE] + Di&7)v(uss — uxy) + u™upv
= D,B]] + DxB12 — (tu; —i—xux)(a - bpupfl)v
— (tv; +xvx)(au — bup).
A similar computation shows that the above determin-

ing equations have solutions if and only if m =0,
au = bu?. The solution is now given by

Xl—i—ltui+—
Y79 27 0u ' 2

and Bl1 = 312 = 0. Hence, for the system,

{utt —Uxx +eu; =0,

Uy — Uxx — €0, =0,

we obtain the following approximate Noether symme-
try operators

PP
=[— X— &
= T o

lo—ti—i-xi—i-s i—lt I,ti—vi
X = T o ax 2 \"ou Vo)
9 3
X“:t—+x—
P PN 0
ar Yox  2'\"an T Van) |

12 ta + 9 +el1 1t 9 va
=t—+x— ——t{u——v—).
X ar N ox 2 ou ov

ot ax
@ Springer

The corresponding approximate conserved vectors are

Ty = (tuxxv — (tug + xux)ve + (ug + xupx)v
1
+elUv— Etu—i—ut vy
1
+§(u~|—tu,)v+xuxv ,
X(uxVx — Uy V) + 1 (U Uy — UrxV) — UxV
1
+ e Et(uvx—vux)—i—u,vx
—u;xv—xu;v]>,
Tio= (tuxxv — (tur +xux)ve + (U + XUsx)v
1
+e|— Etu—i—ux vy
+ ! + lt + +
= = v v,
2u 3 Uy Ury XUy
X(UxVx — Uy V) + (U Uy — UrxV) — UxV
—i—el:uxvx—u”v
1
—i—Et(uvx—vux)—xu,v ,
T = (tuxxv — (tur +xux)ve + (U + XUsx)v
1
+ el tuy v — Etu—l—tu,—}—xux vy
1 1
+ Eu—i—itut—i—ut—i—xum U+ xu,v |,
—xup v+ (tuy + Xty )y — (FUgy + uy)v
1
+e| —xupv+ Etu—l—tu,—l—xux Uy

1
— (?ux +tus + ux)v — xu,v]),

T = (tuxxv — (tuy + xux)v, + Uy + Xup)v
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1
+8[<1—§t)uvt
+ : —i—lt +
2u 214, ur v+ xuyv |,

—xus v+ (tuy + xutuy)vy — (FUgy + uy)v

+8|:<%[ — 1)(uvx — Uy V) —xu,v]).

(4). Xo =ud/ou — vd/dv. In this case, (4.4) be-
comes
n%(utt - uxx) + gll,nv - Cll,xxv
+ (Dtéll + Dxé%)v(utt — Uyy) +mu" usv
= D,B{ 4+ D, B} + b(1 — p)u’v.
It follows that the above determining equation has so-

lutions if and only if m = b = 0. The solution is as
follows:

9
X}:a—, X{=—,
t 0x
3 ta+ 9 4 9 9
=t—+x—, =U— =V,
R YT 7% o

and Bl1 = 312 = 0. Hence, the system

Uy — Uy + & —au) =0,

Uyt — Uxx — €Uy +av) =0,

has the following approximate Noether symmetry op-
erators:
0 d
13
=u——v—+e—,
T T e e
14 0 d 0

S PR TR
15 9 v 9 +¢ ta +
=uUu— —vVv— — x— |,
X 2 v FYRM

Thus, the corresponding approximate conserved vec-
tors are

Ti3 = (uv; — w0 + €(Uyx v — v — uv),

UxV — UV + (U Vx — Uy D)),

Tia = (uvr — urv + e (v — uxvy — uv),
UxV — UV + E(UxVx — Uy D)),
Tis = (uvy — uv + [ tuxxv — (tuy + xux)v;
+ (U 4+ xusx)v — MU],
UyV — UVy + e[—xut,v + (tus + xuy) vy
— (tugx + ux)v]),
Tie = (uvl —usv + Uy — uv — uv),
UxV — UV + e(Uyv — uvx)).
Notice that the above approximate conserved vec-
tors are nonlocal since they contain an auxiliary vari-
able v. However, instituting a special approximate so-
lution of the equation vy — vxy + e(—u™v, — av +
bpul”lv) = 0 into the above conserved vectors, we
could obtain local conserved vectors of the original
equation.
For approximate adjoint system (I), we can obtain

the approximate conservation laws by a similar man-
ner, and the conclusion of Theorem 2 can be verified.

Example 2 Consider the perturbed Korteweg—de Vries
equation

ut—uux+uxxx+£(u2ux+cu)=0. 4.6)

For simplicity, we only consider its standard adjoint
system given by

Up — Uty + Uyry + £@Pu, +cu) =0, @)
—Vr + UV — Uyyy +E(CV — uzvx) =0. .

For approximate adjoint system (I) and (II), the ap-
proach is quite similar. The Lagrangian of the system
4.7)1s

L =v(u; —uny + txyy),

and the approximate Euler-Lagrange-type equations
are

L SL

Sn = s(uzvx — cv) and S0 = —s(cu + uzux).
For the first-order approximate Noether symmetry op-
erator X + X1, we have

(Xo+eX1)L + LD; (5 + £&})

= ((nd — &gus — Equ)
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Eluy))e(u?vy — cv)
’7(% 5 Uy —égl’X)

T—&lv — &lve)) (—e(cu + uPuy))
+ Di (B} +¢eBj) + O(£?).

1
e\n — élut

(
((
+e(n

+
_l’_

It gives the following determining equations:

XoL + LD;(&}) =
XiL + LD;(g))
= (g — gur = §5ue) (uvx — ev)

— (7](2) — ’g‘év, — $§vx)(cu + uzux) + D,~B{.
4.9)

D; B, (4.8)

The determining equation (4.8) can be written as

X _C()l,xu)v
+ C()l,xxxv + (Df%'()1 + ngg)v(ut — Ully + Uyyy)

(e — it + ) + (8o, — nou

=D,B} + DB}

The same procedure as given in Example 1 yields the
following equations:

gy =), £ =Ex),  nh=nyt.x,u),
n5 + (now + €0r — 266,)v =0,
M =0 Mu = Eder-
vng + ung + vEg — V(306,00 — Edver)
+uv (&, +ng,) — By, =0,
By, =0, B, =0,

P | 2 |
o+ v(no, + &6x) = Bou»

1 1 1 _ nl 2
Vg, — UV, + Uy, = BOl + BOx'

Solutions of the above equations are
3
£ = —5citt e,

5 1
& = —Eclx — oot 4¢3,

1
(2)= —=ClV,

2
B2 = B} (1, x),

1
Ny =ciu +c2,

=

Bl =B}, x),

@ Springer

where (Bé, Bg) satisfies Bé[ + ng =0, cq, 2,3, 4
are arbitrary constants. Setting B! = Bg =0, Xp is
given by

8+ 0 I 0
X — - _
d

30
xi=—2 2 v
2 0 ou 2 dv

1
2
a

(4.10)

It is easy to verify that (4. 9) has no solutions if X¢ =

) 3,0 1 1,0
3; or Xo=— 2tﬁ_§xox+”__i ~- Next, we

consider Xg = 83 and Xo = —t+ ax + fm’ respectively.
(1). Xo = 9/0x. Equation (4.9) turns to be

XiL + L(Di&] + Dy&})
= Uy (cv — uzvx) =+ vy (cu + u2ux)
+ D;B] + D, B}.

Solving the above system implies that B]1 =0, 312 =
—cuv and X is given by

30 1 0 a 1 0

xt=_2,2__,2,,°2_ 2,2

e N TR A TR P L
9 3 3

Xf=—-t—+—, Xj=— Xi=

ox ou ax’ at’

Hence, the approximate Noether symmetry operators
are

0 39 1.9 9 1.8
X'=—+4e(-St——-x—4u——-v—

ox 2 0t 2 ox du 2 dv
xz———l-e(—ti%-i),
ax ox  ou
5 0 0
X :Eﬂax’
ad a
= ten

The corresponding approximate conserved densities
are as follows:

1 3
Ti=(uyv—e|lu+ Exux + Et(uux — Uxxx) |V,
UxVUxx — UxxVUx — UsV

1
s|:§(x + 3tuw)u;v + (u — c)uv
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3 1
—(u+§tu,+§xux>v“ UV — Uxx + 1 (U V — Uy Uxx + UxxVy)
1 L)
+§(3Mx+3l‘u[x + XUyx) Uy +e|l\ctu—u —ECI U |v
3
— | 2uxx + Etumx vl ), — QQu — ct)(Vey — uv)
1

T = (uxv—e(l + tuy)v, +§ct2(uxv” — U, V)

UxVUxx — UxxUx — UV +8[(1 — C)UV — Vyy

+ 2(ux vy — Uy U)])s
+ 1 (uv — uxvyy + ”xxvx)]>,

T3 = (uxv + cuxv, Zo= <_(1+t“x)v+8|:3f(““x —Uyxy) +Ct

UxVUxx — UxxVUx — UV +<x—t+lct2)u —1|v
2 ! ’
+e(—cuv —uv + Uy vy — Mxxvx)),

T4 = (uxv — &(Uxrx — ux)v, UV — Uxx + F(UV — Uy Uy + UxxVyx)
Uy VUxx — UxxUx — UtV + E(—CUV + Us Uy
+ el ctuv —uzv
— UUV — Usy Uy + u,xxv)).

(2). Xo = —10d/0x + 9/9u. In this case, we obtain
the following approximate Noether symmetry opera-
tors:

+ (1 —ct —3tuy)(uv — vyy)

1
9 5 —|—(x—t—l——ctz)(uxvxx—uxxvx—u,v)
S — 4 — 2
X dx  du
I ,9 > d ) 0 _(3”‘!)6+“x)vx+(3tutxx+214xx)v:|>,
—ct”— —ct)— —2v— |,
+5[2c gx TG Uau]
6 a a 3 d I 5 d T = <_(1+tux)v+‘9|:3t(”ux — Uxxx) +ct
X ax+au+8[ az+(x+2c >8x |
a 9 + (l+x+§ct2>ux:|v,
l—ct)— —v— |,
=g, ”av}
7 0 0 3 d 1 2 | UV — VUyy + E(UsV — Uy Uxy + Uyx V)
= —f— _ t— —ct
X 8x+8u+8 8t+ x+20 + p
B 9 —i—e9|:ctuv—u2v~|—(ct+3tu,)(vmC —uv)
—ct— —v— |,
ou 8vi| 1
3 ad B _ 9 1 ,\ 2 + (1 +x + 56t2> (UxVxx — UxxVUx — UsD)
= —f— JR— t J— —ct -
X ox Tau e[ +)ar+<x+2c )ax
0 0 — Btusx +ux)vy + Gty + zuxx)vj|>v
— t__ — |,
“ou ”av}

and the corresponding approximate conserved vectors: Ty = <_(1 v e |:(3t + Dy —ttexe) +ct

I, L
Ts=—-0+4tu)v+e Ect uy +ct —2u v, + x+§ct uy |v,
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(W +tu)v — (1 + tuy )y + tlyx Uy
+8|:ctuv —u?v
+ (ct + (3t + l)ut)(vxx — uv)
1 2
+{x+ ECt (UxVxx — UxxVx — UsV)
- ((3t 4+ Duyy + ux)vx

+ ((3t + Dugey + Zuxx)v])

Notice that 77,75, ..., 7g are nonlocal conservation
vectors since they contain an auxiliary variable v(¢, x),
which satisfies the equation —v; +uvy —Vyyx +€(cv —
u?v,) = 0. Obviously, the above equation has the so-
lution v = 1 + ect. Inserting it into 7; and ignoring
the terms involving the second order of ¢ results in the
approximate local conserved vector

1 3
(ux +8|:ctux —u— Exux — Et(uux — uxxx)j|,
1
—ur+¢e|(u—c)u—ctu, + E(x + 3tu)u;

3t
3 Utxx | -

Indeed, by a direct computation we have

1 3
D; (ux —i—e[ctux —u— Exux - Et(uux — uxxx)])

1 3
+ D, ((u —Co)u —u; + 8|:—ctut + (—x + —tu)u,

2 2
3
- (zuxx + Elutxx)i|>

which gives an approximate conservation laws of (4.6).

—2Uyy —

=0 (82),
(4.6)
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