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Abstract The integro-partial differential equations
governing the dynamic behavior of viscoelastic plates
taking account of higher-order shear effects and finite
deformations are presented. From the matrix formulas
of differential quadrature, the special matrix product
and the domain decoupled technique presented in this
work, the nonlinear governing equations are converted
into an explicit matrix form in the spatial domain. The
dynamic behaviors of viscoelastic plates are numer-
ically analyzed by introducing new variables in the
time domain. The methods in nonlinear dynamics are
synthetically applied to reveal plenty and complex dy-
namical phenomena of viscoelastic plates. The numer-
ical convergence and comparison studies are carried
out to validate the present solutions. At the same time,
the influences of load and material parameters on dy-
namic behaviors are investigated. One can see that the

Sponsored by: the Major Research Plan of the National Natural
Science Foundation of China (No. 90816001), the National
Science Foundation for Post-doctoral Scientists of China
(No. 20080440613); the Shanghai Postdoctoral Sustentation
Fund, China (No. 09R21412700), the Shanghai Leading
Academic Discipline Project (No. S30106).

J.-J. Li · C.-J. Cheng (�)
Department of Mechanics, Shanghai Institute of Applied
Mathematics and Mechanics, Shanghai University,
Shanghai 200072, P.R. China
e-mail: chjcheng@mail.shu.edu.cn

J.-J. Li
e-mail: jjli@staff.shu.edu.cn

system will enter into the chaotic state with a parox-
ysm form or quasi-periodic bifurcation with changing
of parameters.

Keywords Viscoelastic plate · Finite deformation ·
Higher-order shear effect · Nonlinear dynamic
analysis · Differential quadrature method

1 Introduction

Viscoelastic materials are widely applied in many
fields of science and technology. The theory of visco-
elasticity and its applications have become one of im-
portant branches in solid mechanics. But it is diffi-
cult to compute and analyze the nonlinear mechanical
behavior of a viscoelastic structure due to the com-
plexity of constitutive relation of material. There are
papers for the analyses of dynamic behaviors of vis-
coelastic structures. Cederbaum et al. [1–3] used the
phase diagram, Poincare section, power spectrum and
the largest Lyapunov exponent to numerically study
the chaos motion of viscoelastic plates. Cheng et al.
[4–7] revealed the nonlinear dynamic properties of
viscoelastic plates by using the Galerkin technique.

The differential quadrature method (DQM) is one
kind of the high efficiency methods for solving com-
plex boundary valued problems [8–23]. In order to
expediently apply and to improve the efficiency and
accuracy of the DQM, Wang and Bert [10, 11] pre-
sented an approach to deal with boundary conditions.
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Chen [12, 13] introduced the special matrix product to
express nonlinear a partial differential operator as an
explicit matrix form. A method coupled with a geo-
metrical transformation technique and domain decom-
position method, is applied to solve two major lim-
itations in application of the DQM [15–20]. Based
on the first-order shear deformation theory (FSDT),
Liew et al. [21] studied the bending and buckling of
laminated plates by the moving least-squares DQM.
Liew et al. [22, 23] applied a semi-analytical Galerkin-
differential quadrature to analyze the post-buckling
and the dynamic stability of FGM plates based on the
higher-order shear deformation theory (HSDT). Li and
Cheng [24] used the DQM to analyze the nonlinear
vibration of orthotropic rectangular plates. More re-
cently, based on FSDT, Malekzadeh et al. [25–28] an-
alyzed the large deformation of thin composite plates
and moderately thick composite plates by the DQM.
Wang et al. [29] analyzed to the buckling of thin rec-
tangular plates with the cosine-distributed compres-
sive load on two opposite sides. But there is no report
for the nonlinear analyses of viscoelastic plates taking
account of both the higher-order shear effect and finite
deformation by the DQM.

Based on the Reddy’s theory of plates with the
higher-order shear deformations and the Boltzmann
superposition principle, a set of integro-partial dif-
ferential equations governing the dynamic behaviors
of viscoelastic plates with the geometric nonlinearity
are firstly presented in the present paper. In order to
solve the problem, the differential quadrature method
is applied to discretize the governing equations on
the spatial domain, and a set of integro-differential
equations with regard to the time are yielded. A tech-
nique similar to the method in [12, 24] is further ex-
tended to realize the nonlinear computation. Then, the
dynamic behaviors of viscoelastic plates are numeri-
cally computed and analyzed by introducing new vari-
ables on the time domain. The numerical convergence
and comparison studies are carried out to validate the
present solutions, and the influences of the load and
material parameters on the nonlinear dynamic behav-
iors of viscoelastic plates are considered.

2 Mathematical formulation of the problem

Consider the transverse motion of a viscoelastic rec-
tangular plate taking account of the transverse shear

effect and finite deformation. Assume that a is the
length, b the width and h the thickness, and that
the plate is subjected to a transverse harmonic load
q(x, y, t). Let u,v and w be the displacements in the
x, y, z directions, ϕ and ψ the mid-plane rotations
about the x and y axes, respectively; then the spatial
domain occupied by the rectangular plate may be ex-
pressed as � = {(x, y) : 0 ≤ x ≤ a,0 ≤ y ≤ b}.

For linear, isotropic, viscoelastic materials, the
stress–strain relation may be given by the Boltzmann
superposition principle, namely

σij = C1 ⊕ εij + δijC2 ⊕ εkk (i, j = 1,2,3) (1)

in which, C1 = L−1[1/(s2J 1)], C2 = L−1{(J 1 −
J 2)/[s2J 1(J 1 + 2J 2)]}, J1 and J2 are the creep func-
tions of material, (·) and L−1 express the Laplace
transformation and its inverse transformation, s is a
transformation parameter. The symbol ⊕ is the Boltz-
mann operator defined by

ψ1(t) ⊕ ψ2(t) = ψ1(0)ψ2(t) + ψ̇1(t) ∗ ψ2(t)

= ψ1(0)ψ2(t)+
∫ t

0
ψ̇1(t − τ)ψ2(τ ) dτ

(2)

If Poisson ratio of material is independent of time,
namely, μ(t) = const, we get

J2(t)/J1(t) = (1 − 2μ)/(1 + μ),

C2(t)/C1(t) = μ/(1 − μ) = μ1

Following the Reddy’s theory of plates [30] and ig-
noring the in-plane inertia, the Karman-type equations
of viscoelastic plates with finite deformations can be
written as

L1(U) + L2(V ) + L1(W) − η−2Ü = 0,

L2(U) + L3(V ) + L3(W) − η−2V̈ = 0,

L4(W) + L5(
) + L6(�) + L(W,U)

+ L(W,V ) + L(W,W)

+ Q − Ẅ − e1η
−2 ∂2Ẅ

∂X2
− e1ξ

−2η2 ∂2Ẅ

∂Y 2

− e2η
−1 ∂
̈

∂X
− e2ξη−1 ∂�̈

∂Y
= 0,

L5(W) + e5η
2L1(
) + e6η

4c1 ⊕ 
 + e5η
2L2(�)

− e3
̈ − e4η
−1 ∂Ẅ

∂X
= 0,
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L6(W) + e5η
2L3(�) + e6η

4c1 ⊕ � + e5η
2L2(
)

− e3�̈ − e4ξη−1 ∂Ẅ

∂Y
= 0

(x, y, t) ∈ � × (0, t0) (3)

where, the dimensionless parameters and the variables
have been introduced by

X = x/a, Y = y/b, U = u(x, y)/h,

V = v(x, y, t)/h, W = w(x,y, t)/h,


 = ϕ(x, y, t), � = ψ(x, y, t),

ξ = a/b, η = a/h,

c1(t) = C1(t)/C1(0), c2(t) = C2(t)/C1(0),

Q = qa4

(1 + μ)C1(0)h4
, τ = t/s0, τ0 = t0

s0
,

s0 = (a2/h)

√
ρ

(1 + μ)C1(0)

in which, t is the time, ρ is the density. The coeffi-
cients ei , the linear and nonlinear integro- differential
operators Li , Li and L in (3) may be all found in Ap-
pendix A.

For convenience, we assume that the edge of plate
is simply-supported. So the boundary conditions may
be given as

U = V = W = � = ∂


∂X
= ∂2W

∂X2
= 0, X = 0,1

U = V = W = 
 = ∂�

∂Y
= ∂2W

∂Y 2
= 0, Y = 0,1

t ∈ (0, t0) (4)

It is pointed out that the original form of the bound-
ary condition (4) is also an integro-differential type,
and here it has been treated with the help of Titch-
marsh theorem [4].

Let the initial conditions be

U |t=0 = U0, V |t=0 = V0, W |t=0 = W0,


|t=0 = 
0, �|t=0 = �0,

U̇ |t=0 = U1, V̇ |t=0 = V1, Ẇ |t=0 = W1,


̇|t=0 = 
1, �̇|t=0 = �1 (x, y) ∈ � (5)

Equations (3), the boundary conditions (4) and the
initial conditions (5) form a mathematical model gov-

erning dynamic analyses of viscoelastic plates ac-
counting the effect of transverse shear deformations
and finite deformations. It can be seen that they are a
set of nonlinear integro-partial differential equations.
Obviously, it is difficult to obtain the analytical solu-
tion of the problem. Next, the differential quadrature
method will be used to discretize the governing equa-
tions and boundary conditions of the problem on the
spatial domain.

3 Solution methods

Assume that Nx × Ny grid points are collocated re-
spectively along x- and y-axes on the two-dimensional
domain �. From [24],the DQ formulation in matrix
form for the partial derivative of a function F(X,Y )

(representing U , V and W ) in two-dimensional do-
main may be given as

∂F
∂X

= AxF,
∂2F
∂X2

= BxF,

∂3F
∂X3

= CxF,
∂4F
∂X4

= DxF,

∂F
∂Y

= FA
T

y ,
∂2F
∂Y 2

= FB
T

y ,

∂3F
∂Y 3

= FC
T

y ,
∂4F
∂Y 4

= FD
T

y ,

∂2F
∂X∂Y

= AxFA
T

y ,
∂3F

∂X∂Y 2
= AxFB

T

y ,

∂3F
∂X2∂Y

= BxFA
T

y ,
∂4F

∂X2∂Y 2
= BxFB

T

y (6)

The DQ formulations in matrix form for the par-
tial derivative of functions 
(X,Y ) and �(X,Y ) are
similar, and we have

∂�

∂Y
= �A

T

y ,
∂2�

∂Y 2
= �B

T

y ,

∂3�

∂X∂Y 2
= Ax�B

T

y ,

∂�

∂X
= Ax�,

∂2�

∂X2
= Bx�,

∂3�

∂X3
= Cx�,

∂2�

∂X∂Y
= Ax�A

T

y ,
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∂�

∂X
= Ax�,

∂2�

∂X2
= Bx�,

∂3�

∂X2∂Y
= Bx�A

T

y ,

∂�

∂Y
= �A

T

y ,
∂2�

∂Y 2
= �B

T

y ,

∂3�

∂Y 3
= �C

T

y ,
∂2�

∂X∂Y
= Ax�A

T

y (7)

where, the unknown variables F, � and � in (6) and
(7) are unknown matrixes with the (Nx −2)×(Ny −2)

order. A, B, C, D and A, B,C with the subscripts x and
y stand for the DQ weighting coefficient and modi-
fied weighting coefficient matrices for the first- and the
second-order partial derivatives with regard to x and y,
respectively. The superscript T means the transpose of
matrix.

Applying the DQ matrix formulas (6) and (7), (3)
can be discretized at each grid point inside the two-
dimensional domain �. Further using the Hadamard
and Kronecker products of matrices [12, 13, 24], the
coupled nonlinear formulas can be converted into the
explicit matrix forms as follows:

H1 ⊕ U + H2 ⊕ V + c1 ⊕
[(

H7W
) ◦

(�

H1W
)

+ (
H8W

) ◦
(�

H2W
)]

= 0, (8a)

H2 ⊕ U + H3 ⊕ V + c1 ⊕
[(

H8W
) ◦

(�

H3W
)

+ (
H7W

) ◦
(�

H2W
)]

= 0, (8b)

H4 ⊕ W + H15 ⊕ � + H16 ⊕ �

+
(�

H5W
)

◦
{
c1 ⊕

[
H7U + 1

2

(
H7W

) ◦ (
H7W

)]}

×
(�

H6W
)

◦
{
c1 ⊕

[
H8V + 1

2

(
H8W

) ◦ (
H8W

)]}

+ 2η2

2μ1 + 1

(�

H2W
)

◦ {
c1 ⊕ [

H8U + H7V

+ (
H7W

) ◦ (
H8W

)]} + �

Q

− Ẅ − e1η
−2BxẄ − e1ξ

−2η2Ẅ B
T

y

− e2η
−1Ax�̈ − e2ξη−1�̈ A

T

y = 0, (8c)

H9 ⊕ W + H10 ⊕ � + H11 ⊕ � − e3η
−1�̈

− e4η
−2AxẄ = 0, (8d)

H12 ⊕ W + H13 ⊕ � + H14 ⊕ � − e3η
−1�̈

− e4η
−2ξẄA

T

y = 0 (8e)

in which,
�

Hi = Hi/c1, the expressions of Hi are listed
in Appendix B, and U, V, W,� and � are vectors
generated by stacking the rows of the corresponding
(Nx − 2) × (Ny − 2) rectangular matrixes U,V,W,�

and � into one-column vectors.
�

Q is the load col-
umn vector. The symbol ◦ expresses the Hadamard
product of matrices defined as A ◦ B = [aij bij ] ∈
CN×M , where, A = [aij ] and B = [bij ] ∈ CN×M ,
CN×Mdenotes the set of N × Mreal matrices.

It has to be explained that the boundary conditions
(4) have been considered when the coefficients in (8)
are calculated [13, 24]. Thus, it is not necessary to con-
sider the boundary conditions (4) for solving (8).

From [24], the coupling equations (8a–8e) can be
decoupled and W,�,� are now the basic unknown
vectors, so that the computation effort is significantly
alleviated. In the temporal domain, the set of dis-
cretization equations (8) will be further reduced to a
set of ordinary differential equations by introducing
new variables.

For standard linear solid materials, the relaxation
function c1 = c1(t) satisfies the following conditions:

c1(t) = c0 + c1 exp(−αt), c1(0) = c0 + c1 = 1,

ċ1(t − τ) = −S1(t) · S2(τ )

= −[c1 exp(−αt)] · [α exp(ατ)] (9)

in which, c1 is the material parameter and α is the
reciprocal of the relaxation time.

Introduce the following new variables:

y1(t) = {δ(t)}, y2(t) = {
δ̇(t)

}
,

y3(t) =
∫ t

0
ċ1(t − τ)

{
δ(τ )

}
dτ,

y4(t) =
∫ t

0
ċ1(t − τ)

{
δ1(τ )

}
dτ,

y5(t) =
∫ t

0
ċ1(t − τ)

{
δ2(τ )

}
dτ,
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y6(t) =
∫ t

0
ċ1(t − τ)

{
δ3(τ )

}
dτ (10)

where

{δ(t)} = {
W,�,�

}T
,

δ1 = H7U + 1

2

(
H7W

) ◦ (
H7W

)
,

δ2 = H8V + 1

2

(
H8W

) ◦ (
H8W

)
,

δ3 = H8U + H7V + (
H7W

) ◦ (
H8W

)

Then the ordinary differential equations (8) may be de-
rived, which read

Ẏ = F(Y) (11)

in which,

Y = {
y0,y1, . . . ,y6

}T
, F = {

F0,F1, . . . ,F25
}T

,

F0 = 1,

F1 = y2,

F2 = N−1
{

M0(y1 + y3) +
(

H5y1

)
◦ [{

δ1
} + y4

]

+
(

H6y1

)
◦ [{

δ2
} + y5

]

+ 2η2

2μ1 + 1

(
H2y1

)
◦ [{

δ3
} + y6

] + �

Q0

}
,

F3 = −α
(
c1y1 + y3

)
,

F4 = −α
(
c1

{
δ1

} + y4
)
,

F5 = −α
(
c1

{
δ2

} + y5
)
,

F6 = −α
(
c1

{
δ3

} + y6
)

where

M0 =
⎡
⎢⎣

H4 H15 H16

H9 H10 H11

H12 H13 H14

⎤
⎥⎦

Hi ,
�

Q0 and {δi} are matrixes with the 3(Nx −2)(Ny −
2) × 3(Nx − 2)(Ny − 2) order, the load column vector
and the displacement column vector generated by re-

spectively extending Hi ,
�

Q and δi . N is the matrix of
material parameters.

It is clear that, from (5), the initial values for the
nonlinear system (11) are given as

(
y1(0),y2(0),y3(0),y4(0),y5(0),y6(0)

)T

=
(

W0, �0, �0, Ẇ0, �̇0, �̇0, {0}, {0}, {0}, {0}
)T

(12)

Thus the problem is farther reduced to solving the
initial value problems (11) and (12) for a given the re-
laxation function (9).

The grid spacing pattern in this paper is given as
follows [9]:

Xi = 1

2

[
1 − cos

(i − 1)π

Nx − 1

]
, i = 1,2, . . . ,Nx,

Yi = 1

2

[
1 − cos

(i − 1)π

Ny − 1

]
, i = 1,2, . . . ,Ny (13)

in which, Xi and Yi are the coordinates of grid points
collocated respectively in the x- and y-directions on
the solution field �.

4 Numerical results and discussions

Applying the Runge–Kutta–Fehlberg method to (11),
the time history curve, phase-trajectory diagram and
Poincare section can all be obtained by the numeri-
cal methods in nonlinear dynamics and by software of
Matlab.

To examine the reliability and accuracy of the DQ
solutions in the present paper, the numerical conver-
gence and comparison studies are carried out firstly. To
compare the present DQ solutions with the other solu-
tions in existing literature, we consider the numerical
results of viscoelastic thin plates ignoring the effect
of the shear deformation. For the quasi-static response
of viscoelastic thin plates subjected to the step loads
Q(x,y, t) = q0H(t), the DQ solutions of the center
deflections W with different grid points are shown in



62 J.-J. Li, C.-J. Cheng

Table 1 The center
deflections of viscoelastic
thin plate for the step load
(c1 = 0.5, α = 0.06,
q0 = 0.09) × 10−3

t W (5 × 5) W (7 × 7) W (9 × 9) W (11 × 11) W (13 × 13) Levy [4]

10 5.0813 5.1155 5.1153 5.1152 5.1152 5.1123

20 5.8561 5.8955 5.8953 5.8952 5.8952 5.8918

30 6.4301 6.4734 6.4731 6.4731 6.4731 6.4693

40 6.8554 6.9015 6.9012 6.9011 6.9011 6.8971

50 7.1704 7.2186 7.2183 7.2183 7.2183 7.2141

60 7.4038 7.4536 7.4533 7.4532 7.4532 7.4489

70 7.5766 7.6276 7.6273 7.6272 7.6271 7.6228

80 7.7047 7.7566 7.7562 7.7562 7.7562 7.7517

90 7.7996 7.8521 7.8518 7.8517 7.8517 7.8471

100 7.8699 7.9228 7.9225 7.9225 7.9224 7.9179

Fig. 1 Response for quasi-static motion

Table 1 and Fig. 1, respectively, together with the Levy
analytical solutions W ∗ [4]. For the linear free vibra-
tions of a viscoelastic square plate, the numerical so-
lutions of the center deflections are obtained from the
DQ method with respectively different grid points. Re-
sults are shown in Table 2 and Fig. 2, together with the
other analytical solutions for the plate obtained by us-
ing Galerkin approach and Laplace transformation [4].
From Tables 1, 2 and Figs. 1, 2, one can see that the
DQ solutions converge rapidly to the analytical results
with the grid refinement. From Fig. 1 and Fig. 2, it
can be also seen that the time history curves are ob-
tained from the DQ solutions with 7 × 7 to 13 × 13
grid points, respectively, and they are the same as the
analytical solutions [4]. Also, Table 1 and Fig. 1 show

Fig. 2 Response for free vibrations

that it is sufficient to only employ 5 × 5 grid points
and obtain very satisfactory results, with the relative
error (W ∗ − W5×5)/W ∗ ≤ 0.6%. At the same time,
Fig. 2 and Table 2 show that there is a small differ-
ence between the results of the vibration systems with
the 5 × 5 and 7 × 7 grid points quantitatively, but the
whole variation trends of the systems are qualitatively
the same. Hence, the present method has good conver-
gence and accuracy.

Next, letting λ = 1, μ = 0.23, c1 = 0.5, Q =
q0 sin(ωt), we consider the influences of the load am-
plitude q0 and the material parameter α on the dy-
namic behavior of the viscoelastic plate with shear ef-
fects under the case of periodic excitations.

When q0 = 1, α = 2, the dynamic figures of the
center deflection of plate are shown in Fig. 3. Also,
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Table 2 The center
deflections of viscoelastic
thin plate for free vibrations
(c1 = 0.1,
α = 0.01)(×10−2)

t DQ 5 × 5 DQ 7 × 7 DQ 9 × 9 DQ 11 × 11 DQ 13 × 13 Solutions [4]

10 4.8300 2.4422 2.4472 2.4489 2.4442 2.4453

20 −1.2017 −4.0266 −4.0319 −4.0338 −4.0287 −4.0299

30 −4.1135 4.4283 4.4280 4.4279 4.4281 4.4281

40 2.1242 −3.6280 −3.6174 −3.6138 −3.6235 −3.6213

50 3.2299 1.9545 1.9332 1.9258 1.9456 1.9411

60 −2.7459 0.0946 0.1224 0.1319 0.1061 0.1120

70 −2.2649 −1.9348 −1.9611 −1.9701 −1.9457 −1.9512

80 3.0785 3.1177 3.1334 3.1389 3.1242 3.1275

90 1.3086 −3.3748 −3.3732 −3.3726 −3.3741 −3.3738

100 −3.1317 2.7336 2.7127 2.7055 2.7249 2.7205

Fig. 3 Dynamic figures of the center deflection for different grid points

Fig. 3 shows the qualitative results obtained from the
DQ solutions with the 5 × 5 and 7 × 7 grid points, and
one can see that they are the same: the system has a
stable period-1 attractor. Thus, in following computa-
tion, we will apply the 5 × 5 unequally grid points.

For given parameters, the dynamic figures of the
center deflection are respectively shown in Figs. 4, 5,
6, 7.

When β = 10, the time history curves of the non-
linear free vibrations of plate for different α are shown
in Fig. 4. It can be seen that attenuation velocity of
nonlinear free vibrations is markedly increasing with
increase of parameter α.

Figure 5 shows the phase-trajectory diagrams and
the Poincare sections for different q0 when Q =

q0 sin(ωt), ω = 3, β = 10. It is observed that with the
increase of q0 the system will translate from stability
to un-stability and that will lead to chaotic motion for
given material parameters α.

Figure 6 shows the phase-trajectory diagrams and
the Poincare sections for different α when Q =
q0 sin(ωt), ω = 3, β = 10. From Fig. 5(d) and Fig. 6,
it can be seen that they correspond to periodic, quasi-
periodic motions and unstable chaotic motions of
plate. At the same time, it is observed that the motion
states transfer into stable periodic motions from un-
stable chaotic or quasi-periodic motions with increase
of parameter α. This indicates that the increase of α

helps to stabilize the viscoelastic plates. The system
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Fig. 4 Time history curves of the central deflection for q0 = 0

will enter into the chaotic state with quasi-periodic bi-
furcation when the parameters change.

When α = 0 or c1 = 0, the system (12) degenerates
into the nonlinear dynamic system of an elastic plate
taking account of the transverse shear effect. The au-
thors have not found reports on the dynamic analysis
of elastic plates with the transverse shear deformation
by DQM.

Figure 7 shows the phase-trajectory diagram and
the Poincare section for different q0 when the initial
value W0 = 0. It could be seen that the system trans-
lates from quasi-periodic motion to the chaotic mo-
tion when the load parameter q0 increases. The cor-
responding Poincare section translates from a closed
curve to infinitude points gathering out of a closed
curve. Hence, the system also enters into the chaotic
state with quasi-periodic bifurcation.

5 Conclusions

With the help of the differential quadrature method,
the special matrix product and the domain decoupled
technique in the spatial domain, as well as the intro-
duction of new variables in the temporal domain, the
dynamic behaviors of viscoelastic plates taking ac-
count of higher-order shear effects and finite deforma-
tions are studied. The methods in nonlinear dynamics
are synthetically applied to reveal plenty and complex
dynamical phenomena of viscoelastic plates, such as
fixed point, limit cycle, quasi-periodicity, chaos, and
so on. The numerical convergence and comparison
studies show that the presented differential quadrature
method is reliable and valid even when only a small
grid scale is adopted. Furthermore, it can be seen that
with the change of parameters the system enters into
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(a) q0 = 1

(b) q0 = 120

Fig. 5 Dynamic figures of the center deflection for α = 0.1

chaotic state with a paroxysm form or quasi-periodic
bifurcation.

Appendix A

The coefficients ei , operators Li(•),Li(•) and L(•) in
(3) are defined by

e1 = −1/252, e3 = 17/315, e2 = −e4 = 4/315,

e5 = −17/315, e6 = 4/15

L1(•) = (1 + μ1)c1 ⊕ ∂2

∂X2
+ ξ2

2
c1 ⊕ ∂2

∂Y 2
,

L2(•) =
(

1

2
+ μ1

)
ξc1 ⊕ ∂2

∂X∂Y
,

L3(•) = 1

2
c1 ⊕ ∂2

∂X2
+ (1 + μ1)ξ

2c1 ⊕ ∂2

∂Y 2
,

L4(•) =
(

1

2
+ μ1

)
ξc1 ⊕ ∂2

∂X∂Y

= − 1

252
(1 + μ1)c1 ⊕

(
∂4

∂X4
+ ξ4 ∂4

∂Y 4

+ 2ξ2 ∂4

∂X2∂Y 2

)

− 4

15
η2c1 ⊕

(
∂2

∂X2
+ ξ2 ∂2

∂Y 2

)
,
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(c) q0 = 200

(d) q0 = 400
Fig. 5 (Continued)

L5(•) =
(

1

2
+ μ1

)
ξc1 ⊕ ∂2

∂X∂Y

= 4

315
(1 + μ1)ηc1 ⊕

(
∂3

∂X3
+ ξ2 ∂3

∂X∂Y 2

)

− 4

15
η2c1 ⊕ ∂

∂X
,

L6(•) = 4

315
(1 + μ1)ηξc1 ⊕

(
ξ2 ∂3

∂Y 3
+ ∂3

∂X2∂Y

)

− 4

15
ξη2c1 ⊕ ∂

∂Y
,

L1(•) = η−1L1(•)
∂

∂X

+
(

1

2
+ μ1

)
η−1ξ2c1 ⊕

(
∂2

∂X∂Y

∂

∂Y

)
,

L3(•) = ξη−1L3(•)
∂

∂Y

+
(

1

2
+ μ1

)
ξη−1c1 ⊕

(
∂2

∂X∂Y

∂

∂X

)
,

L(W,U) = η

[
(1 + μ1)

∂2W

∂X2
+ ξ2μ1

∂2W

∂Y 2

]
c1 ⊕ ∂U

∂X

+ ηξ2 ∂2W

∂X∂Y
c1 ⊕ ∂U

∂Y
,
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(a) α = 1

(b) α = 1.2

Fig. 6 Dynamic figures of the central deflection for q0 = 400

L(W,V ) = ηξ

[
μ1

∂2W

∂X2
+ ξ2(1 + μ1)

∂2W

∂Y 2

]
c1 ⊕ ∂V

∂Y

+ ηξ
∂2W

∂X∂Y
c1 ⊕ ∂V

∂X
,

L(W,W) = 1

2

[
(1 + μ1)

∂2W

∂X2
+ ξ2μ1

∂2W

∂Y 2

]
c1

⊕
(

∂W

∂X

)2

+ ξ2

2

[
μ1

∂2W

∂X2

+ ξ2(1 + μ1)
∂2W

∂Y 2

]
c1 ⊕

(
∂W

∂Y

)2

+ ξ2 ∂2W

∂X∂Y
c1 ⊕

(
∂W

∂X

∂W

∂Y

)

Appendix B

Hi in (9) are given as

H1 = a1
(
Iy ⊗ Bx

) + a4ξ
2(By ⊗ Ix

)
,

H2 = (a3 + a4)ξ
(

Ay ⊗ Ax

)
,

H3 = a2ξ
2(By ⊗ Ix

) + a4
(
Iy ⊗ Bx

)
,

H4 = g1
(
Iy ⊗ Dx

) + g2ξ
4(Dy ⊗ Ix

)

+ g3ξ
2(By ⊗ Bx

) − g7η
2(Iy ⊗ Bx

)

− g8ξ
2η2(By ⊗ Ix

)
,
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(c) α = 1.5

(d) α = 2

Fig. 6 (Continued)

H5 = ξ2η2a3
(

By ⊗ Ix

) + η2a1
(
Iy ⊗ Bx

)
,

H6 = ξ2η2a2
(

By ⊗ Ix

) + η2a3
(
Iy ⊗ Bx

)
,

H7 = η−1(Iy ⊗ Ax

)
, H8 = ξη−1(Ay ⊗ Ix

)
,

H9 = −g4
(
Iy ⊗ Cx

) − g6ξ
2(By ⊗ Ax

)

+ g7η
2(Iy ⊗ Ax

)
,

H10 = g10η
(
Iy ⊗ Bx

) + g11μξ
(

By ⊗ Ix

)

+ g7η
3(Iy ⊗ Ix),

H11 = g9ηξ
(

Ay ⊗ Ax

)
, H12 = g9ηξ

(
Ay ⊗ Ax

)
,

H13 = −g5ξ
3(Cy ⊗ Ix

) − g6ξ
(

Ay ⊗ Bx

)

+ g8ξη2(Ay ⊗ Ix

)
,

H14 = g12ηξ2(By ⊗ Ix

) + g11η
(
Iy ⊗ Bx

)

+ g8η
3(Iy ⊗ Ix),

H15 = g4η
(
Iy ⊗ Cx

) + g6ηξ2(By ⊗ Ax

)

− g7η
3(Iy ⊗ Ax

)
,

H16 = g5ηξ3(Cy ⊗ Ix
) + g6ξη

(
Ay ⊗ Bx

)

− g8ξη3(Ay ⊗ Ix
)
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Fig. 7 Poincare sections of the central deflection for different q0

in which, ⊗ expresses the Kronecker matrix product,
Ix and Iy are the identity matrixes, ai and gi are given
by

a1 = a2 = c1 + c2, a3 = c2, a4 = c1/2,

g1 = g2 = −(c1 + c2)/252, g3 = −(c1 + c2)/126,

g4 = g5 = 4(c1 + c2)/315, g6 = 4(c1 + c2)/315,

g7 = g8 = −4c1/15, g9 = 17(c1 + 2c2)/630,

g10 = g12 = 17(c1 + c2)/315, g11 = 17c1/630
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