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Abstract The issue of impulsive synchronization of
the coupled Newton–Leipnik system is investigated.
Based on the impulsive stability theory, nonlinear
observer-based impulsive synchronization scheme is
derived. A new and less conservative criteria for im-
pulsive synchronization via nonlinear observer is pro-
posed. The boundary of the stable regions is also es-
timated. One important advantage of the proposed
method is that it is also applicable for the systems
with more than one attractor. Numerical simulations
on Newton–Leipnik system are illustrated to verify the
theoretical results.

Keywords Impulsive synchronization · Nonlinear
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1 Introduction

Synchronization in two coupled chaotic systems has
attracted much attention for both theoretical and prac-
tical applications in secure communication [1–11].
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Recently, impulsive control has been widely used to
stabilize and synchronize chaotic systems [12–16]. In
many systems, such as frequency modulated signal
processing systems, some flying object motions and
optimal control of economic systems etc. are charac-
terized by abrupt changes in the state at certain in-
stants. The importance of such systems lies in that, in
some cases, they cannot be continuously controlled.
Moreover, impulsive control may give an efficient
method to deal with systems that cannot create con-
tinuous disturbance. Furthermore, impulsive method
can also greatly reduce the control cost. This type
of impulsive phenomenon can also be found in the
fields of automatic control systems, computer net-
works, telecommunications, robotics, electronics, etc.
Many sudden and sharp changes occur instantaneously
in these systems, in the form of impulses which can-
not be well addressed by a pure continuous time or
discrete time model.

Recently, T. Yang [17] achieved the synchroniza-
tion of two identical chaotic systems, i.e. Chua cir-
cuits, using the state variable at the fixed instant time
as the impulsive signal. C.D. Li et al. [18] discussed
the impulsive synchronization of nonlinear coupled
chaotic systems. Haeri and Dehghani [19] investigated
impulsive synchronization of Chen’s hyperchaotic
systems. G. Zhang et al. [20] studied the synchro-
nization in complex dynamical networks via impul-
sive control. The above methods can be applied for the
systems which contain only one attractor. In this letter,
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we address the question of impulsive synchronization
in chaotic system with multiple strange attractors.

Motivated by the aforementioned comments, the
main aim of this paper is to further study the impul-
sive synchronization in chaotic systems via nonlinear
observer design. Here, some new and less conserva-
tive criteria are proposed to synchronize the systems
with varying impulsive intervals. Particularly, a simple
and easily verified criteria is also derived with equiva-
lent impulsive intervals. An illustrative example is in-
cluded to show the effectiveness and feasibility of the
proposed scheme. One important result of our numer-
ical simulation is that impulsive synchronization oc-
curs also when the initial conditions lie in two differ-
ent basins of attraction.

The rest of the paper is organized as follows. In
Sect. 2, a basic theory of impulsive differential equa-
tion is provided, which is used in our work. In Sect. 3,
a new nonlinear observer-based impulsive synchro-
nization scheme is described for chaotic systems.
A new and less conservative criterion for impulsive
synchronization is derived. Numerical simulations are
discussed in Sect. 4. Finally, conclusions are given in
Sect. 5.

2 A basic theory of impulsive differential
equations

To make the present paper self-contained, we address
some basic properties of impulsive differential equa-
tion which will be used in our work. These results are
already discussed in [12, 17–19]. In the impulsive syn-
chronization, the master system is described by

ẋ = f (x, t), (1)

where f : Rn × R+ → Rn is a continuous function
with respect to its arguments and x ∈ Rn represents
the state variables. Suppose that a discrete set {tk} of
time instants satisfies

0 ≤ t0 < t1 < t2 < · · · < tk < tk+1 < · · · ,
tk → ∞ as k → ∞.

The slave system is characterized by

ẏ = f (y, t) − f (x, t), t �= tk,

�y = Bke, t = tk,

y(t+0 ) = y0,

⎫
⎪⎬

⎪⎭
(2)

where f is the same as above and e = [e1, e2,

. . . , en]T = [y1 −x1, y2 −x2, . . . , yn −xn]T . Subtract-
ing (2) from (1), one gets the following result for syn-
chronization error dynamics:

ė = f (y, t) − f (x, t), t �= tk,

�e = Bke, t = tk.

}

(3)

The goal of impulsive synchronization is to find con-
ditions of the control gains, Bk , and the impulsive dis-
tance, τk , such that the impulsive controlled slave sys-
tem (2) is globally asymptotically synchronous with
the master system (1).

3 Nonlinear observer-based impulsive
synchronization scheme

Consider the general nonlinear system described by

ẋ = Ax + Bf (x) + C, (4)

where x ∈ Rn,A ∈ Rn×n,B ∈ Rn×n,C ∈ Rn×1 and
f = (f1(x), f2(x), . . . , fn(x))T ∈ Rn×1 is a nonlinear
vector field. Given the dynamic system (4) with scalar
output z = s(x) ∈ R, the dynamics

ẏ = Ay + Bf (y) + C + g
(
z − s(y)

)
(5)

is said to be nonlinear observer of system (4) if y −
x → 0 as t → ∞, where g : R → Rn is a suitable non-
linear function. We choose g(z − s(y)) = B(s(x) −
s(y) with s(x) = f (x) + kx, where k ∈ R1×n.

In order to achieve synchronization of chaotic sys-
tem (4), the impulsive controller is designed as

ẏ = Ay + Bf (y) + C + g(z − s(y))

+ Pkδ(t − tk)(x − y), (6)

where δ(·) is the Dirac impulsive function; i.e.,

δ(t − tk) =
{

1, t = tk,

0, t �= tk.
(7)

The impulsively controlled state of (5) can then
be described by the following impulsive differential
equations:

ẏ = Ay + Bf (y) + C + g
(
z − s(y)

)
, t �= tk, (8a)

�y = Pk(x − y), t = tk. (8b)
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Then the dynamics (8) is said to be nonlinear impul-
sive observer of system (4). The error dynamics (3)
can be written as

ė = Ae − Bke, t �= tk,

�e = Pke, t = tk,

}

(9)

where tk denotes the moment when impulsive control
occurs. For convenience, define the following nota-
tions:

λ = λmax

(
A + AT

2

)

λ̄ = λmax

(
KT BT + BK

2

)

βk = λmax
[
(I + Pk)

T (I + Pk)
]

where I is the n×n identity matrix and λmax(A) is the
maximal eigenvalue of matrix A. We have the follow-
ing proposition which guarantees the impulsive con-
trol system to be global stable at origin.

Proposition 1 If there exists a constant ξ > 1 such
that

ln(ξγk) + 2(λ − λ̄)τk ≤ 0, k = 1,2,3, . . . (10)

then the slave system (8) will be globally asymptoti-
cally synchronous with the master system (4).

Proof Let the Lyapunov function be in the form

V
(
e(t)

) = 1

2
eT e.

The time derivative of V (t) along the solution of (9) is

V̇
(
e(t)

) = 1

2
(Ae − Bke)T e + 1

2
eT (Ae − Bke)

= 1

2
eT

(
AT + A

)
e − 1

2
eT

(
kT BT + Bk

)
e

≤ 2λV
(
e(t)

) − 2λ̄V
(
e(t)

)

= 2(λ − λ̄)V
(
e(t)

)
,

t ∈ (tk−1, tk] for k = 1,2,3, . . . . (11)

This implies that

V
(
e(t)

) ≤ V
(
e(t+k−1)

)
e2(λ−λ̄)(t−tk−1),

t ∈ (tk−1, tk] for k = 1,2,3, . . . . (12)

From (9), when t = tk,

V
(
e
(
t+k

)) = 1

2

[
(I + Pk)e(tk)

]T
(I + Pk)e(tk)

= 1

2
eT (tk)

[
(I + Pk)

T (I + Pk)
]
e(tk)

≤ 1

2
γke

T (tk)e(tk)

= γkV
(
e(tk)

)
for k = 1,2,3, . . . . (13)

When k = 1 in inequality (12), then for any t ∈ (t0, t1],

V
(
e(t)

) ≤ V
(
e
(
t+0

))
e2(λ−λ̄)(t−t0). (14)

This leads to

V
(
e(t1)

) ≤ V
(
e
(
t+0

))
e2(λ−λ̄)(t1−t0). (15)

Also from (13) we have

V
(
e
(
t+1

)) ≤ γ1V
(
e(t1)

)

≤ γ1V
(
e
(
t+0

))
e2(λ−λ̄)(t1−t0). (16)

In the same way for t ∈ (t1, t2], we have

V
(
e(t)

) ≤ V
(
e
(
t+1

))
e2(λ−λ̄)(t−t1)

≤ γ1V
(
e
(
t+0

))
e2(λ−λ̄)(t−t0). (17)

In general, for any t ∈ (tk, tk+1], one finds then

V
(
e(t)

) ≤ γ1γ2 . . . γkV
(
e
(
t+0

))
e2(λ−λ̄)(t−t0). (18)

From the assumption given in the theorem, we have

ξγke
2(λ−λ̄)τk ≤ 1, k = 1,2,3, . . . . (19)

Thus, for t ∈ (tk, tk+1], k = 1,2,3, . . . , we have

V
(
e(t)

) ≤ γ1γ2 . . . γkV
(
e
(
t+0

))
e2(λ−λ̄)(t−t0)

= V
(
e
(
t+0

))[
γ1e

2(λ−λ̄)τ1
][

γ2e
2(λ−λ̄)τ2

]

· · · [γke
2(λ−λ̄)τk

]
e2(λ−λ̄)(t−tk)

≤ V
(
e
(
t+0

)) 1

ξk

e2(λ−λ̄)(t−t0). (20)

This implies that the origin of system (9) is globally
asymptotically stable or the slave system is synchro-
nized with the master system asymptotically for any
initial condition. By this we conclude the proof of the
proposition. �
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Corollary For τk = τ > 0, the gain matrix Pk =
P (k = 1,2, ...), if there exists a constant ξ > 0 such
that

ln(ξγ ) + 2(λ − λ̄)τ ≤ 0. (21)

4 An illustrative example

In order to demonstrate and verify the performance of
the proposed method, some numerical simulations are
presented in this section. Meanwhile, some interesting
and surprising numerical results are also discussed.

Example Here we investigate the impulsive synchro-
nization of the Newton–Leipnik system [21]. The sys-
tem is described as follows:

ẋ1 = −ax1 + y1 + 10y1z1,

ẏ1 = −x1 − 0.4y1 + 5x1z1,

ż1 = bz1 − 5x1y1,

⎫
⎪⎬

⎪⎭
(22)

where a and b are two system parameters. The
Newton–Leipnik system originates from the Euler
rigid body equations modified with the addition of a
linear feedback. The model contains two strange at-
tractors depicting chaotic motion in rigid body dy-
namics. Stability and control of Newton–Leipnik sys-
tem was investigated by Richter [22] with a static

nonlinear feedback law based on the Lyapunov func-
tion. This system was also controlled by Wang and
Tian [23] using a simple linear controller. The sys-
tem (22) shows chaotic behavior when a = 0.4, b =
0.175 with initial conditions (0.349,0,−0.160) and
(0.349,0,−0.180); the system exhibits two different
chaotic attractors. In Fig. 1, two different chaotic at-
tractors are shown. The upper attractor is given by an
initial condition (0.349,0,−0.160) and the lower at-
tractor by (0.349,0,−0.180). First we decompose the
system dynamics into its linear and nonlinear parts.
Thus (22) is rewritten as

⎛

⎝
ẋ1

ẏ1

ż1

⎞

⎠ =
⎛

⎝
−a 1 0
−1 −0.4 0
0 0 b

⎞

⎠

⎛

⎝
x1

y1

z1

⎞

⎠

+
⎛

⎝
10 0 0
0 5 0
0 0 −5

⎞

⎠

⎛

⎝
y1z1

x1z1

x1y1

⎞

⎠ +
⎛

⎝
0
0
0

⎞

⎠ .

Then

1

2

(
A + AT

) =
⎛

⎝
−a 0 0
0 −0.4 0
0 0 b

⎞

⎠ .

The eigenvalues of this matrix are −0.4, −0.4 and
0.175. Thus λ = 0.175. We choose k = (α,α,α) ∈

Fig. 1 Chaotic attractors of
the Newton–Leipnik
system (22):
(0.349,0,−0.160) is for
upper chaotic attractor and
(0.349,0,−0.180) for
lower chaotic attractor
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Fig. 2 The boundaries of
stable region for
synchronization with
different values of ξ

Fig. 3 Impulsive
synchronization errors for
α = −0.5, ξ = 1.0 and
τ = 0.01

R1×n. Then the eigenvalues of 1
2 (KT BT + BK) are

10α, 5α and −5α. Thus λ̄ = 10α. We choose the
gain matrices Pk, k = 1,2,3, . . . , as a constant matrix

P = diag(α,α,α). It is easy to see that γ = (1 + α)2.

Thus we obtain the boundary of the stable region
as
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Fig. 4 Impulsive
synchronization errors for
α = −1.1 and τ = 0.002

Fig. 5 Impulsive
synchronization errors for
α = −1.1 and τ = 0.002.

The initial condition for
master system is
(x1(0), y1(0), z1(0)) = (0.349,

0.0,−0.160) and response
system
(x2(0), y2(0), z2(0)) = (0.349,

0.0,−0.180)
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0 ≤ τ ≤ − ln(ξ) + ln(α + 1)2

2(λ − λ̄)
. (23)

Figure 2 shows the stable regions for different
values of ξ and α. The entire region under the
curve corresponding to ξ = 1 is the predicted sta-
ble region. The stable region shrinks to a line α =
−1.0 when ξ → +∞. We choose α = −1.1 and
select ξ = 1.0, then 0 ≤ τ ≤ 4.8532. Numerical
simulation results with α = −0.5, ξ = 1.0 and the
constant impulsive distance τ = 0.01 are shown in
Fig. 3. For a larger value ξ = 5.0, the impulsive
synchronization errors are shown in Fig. 4 with
α = −1.1 and τ = 0.002. In our last simulation
we take the initial condition of drive system as
(x1(0), y1(0), z1(0)) = (0.349,0.0,−0.160) and re-
sponse system as (x2(0), y2(0), z2(0)) = (0.349,0.0,

−0.180); the impulsive synchronization is shown in
Fig. 5.

5 Conclusions

A nonlinear observer-based impulsive control proce-
dure is developed for the synchronization of nonlin-
ear systems with multiple attractors. It is interesting
to note that the synchronization remains valid even
when the two systems remain in the vicinity of two
different attractors. In this respect we can mention that
there are other nonlinear systems where one can have
more than one such attractor. One important example
is that of the system derived from chaotic Alfven wave
in plasma [24].
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