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Abstract We suggest the method for group classifi-
cation of evolution equations admitting nonlocal sym-
metries which are associated with a given evolution
equation possessing nontrivial Lie symmetry. We ap-
ply this method to second-order evolution equations
in one spatial variable invariant under Lie algebras of
the dimension up to three. As a result, we construct
the broad families of new nonlinear evolution equa-
tions possessing nonlocal symmetries which in prin-
ciple cannot be obtained within the classical Lie ap-
proach.
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1 Introduction

Classical Lie symmetries has become an insepara-
ble part of the modern mathematical physics toolkit
for analysis of linear and nonlinear differential equa-
tions [1-6]. However, with all its power, versatility and
universality the Lie symmetry approach has its limits,
which prompted numerous researchers to look for pos-
sible generalizations of the concept of classical sym-
metry in order to be able to handle differential equa-
tions that do not possess Lie symmetries.
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One of the promising generalizations of the con-
cept of the classical symmetry is allowing for a gen-
eralized symmetry to depend on integrals of depen-
dent variables, in contrast to Lie symmetry which
can only involve independent, dependent variables
and their derivatives. In this way nonlocal symmetries
have been introduced into the modern mathematical
physics.

There was significant progress in studying nonlo-
cal symmetries of linear differential equations (see,
e.g., [7] and the references therein). Much less is
known about nonlocal symmetries of nonlinear differ-
ential equations.

A possible way to approach the problem of con-
structing nonlocal symmetries of partial differential
equations is utilization of the concept of quasi-local
symmetry introduced in [8, 9]. Quasi-local symme-
try is the one obtained from a classical Lie symmetry
through nonlocal transformation. Another approach is
based on the concept of potential symmetry [10-12].
However, as we established recently, potential symme-
tries of evolution type equations are quasi-local in a
sense that there are nonlocal transformations reducing
those to point or contact symmetries [13].

The principal motivation for this paper was a need
for a more systematic approach to classification of par-
tial differential equations admitting quasi-local sym-
metries. It is natural to expect that such an approach
should rely on Lie symmetries of equations under
study. We demonstrate in the paper that it is indeed
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possible to develop the regular and systematic classifi-
cation scheme using the results of group classification
of nonlinear second-order equations [14, 15] and the
ideas suggested in [13, 16].

We utilize the results of group classification of the
general second-order evolution equation in one spatial
variable

ur = ft,x,u, Uy, Uxy) (D

to construct nonlocal symmetries of the associated
evolution equations. In a what follows, we denote the
class of partial differential equations (1) as [E.

The paper is organized as follows. In Sect. 2 we
give the necessary definitions and present the detailed
description of our approach to classifying nonlocal
symmetries of (1). Section 3 is devoted to application
of the approach to equations from E invariant under
the Lie algebras of the dimension s < 3. The last sec-
tion contains brief discussion of the obtained results.

2 Description of the method

We begin by introducing the differential transforma-
tion which plays a key role in our subsequent consid-
erations:

P, x,u) = (,x,u) = (t, X, uy). 2)

Note that the inverse of differential transformation (2)
reads as
t=f, x=%  u=0d"ia. 3)
Hereafter 9, I'is the inverse of the differentiation op-
erator dy,i.e., 9, 8, ' =91 9, = 1.

Consider a subclass of evolution equations of the
form (1)

up = f(t,%, Uy, Uyy) 4)

admitting the group of translations by u.
Differentiating (4) with respect to x and applying

P yields
Uy =0z f(t,%, i, il5). (3)

Consequently, 3 maps a subclass of (4) from E into
another subclass of (5) from [E. Remarkably, this very
transformation is responsible for all potential symme-
tries of (1) [13].
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Indeed, suppose that (4) admits Lie transformation
group

' =T(,0), xX'=X(t,x,u,0),

/ ©)
u=U(t,x,u,b),

where 6 is the group parameter. Note that (6) is the
most general one-parameter Lie group that can be ad-
mitted by an equation from the class E (see, e.g., [17]).
Computing the first prolongation of formulas (6) we
derive the transformation rule for the first derivative of
u:

ou’ _ Uyuy + Uy
ax’ Xu.+ X,

Now the image of transformation group (5) under the
action of ‘3 takes the form

7 =T@{6), *=X({5%u),
o Uit + Us (N
X, it + Xz

with u = 8-'it and U = U(7, %, u, §). Consequently,
if the right-hand sides of (7) contain nonlocal variable
u, then (7) is nonlocal symmetry of (4). According
to [13], transformations (7) include the variable u if
and only if X, # 0 or U2, + U2, #0.

Summing up we conclude that provided symmetry
group (6) of (4) obeys one of the constraints
X,#0 or U2, +U2 #0, (8)
then ‘P maps this symmetry into nonlocal symme-
try (7) of (5). This nonlocal symmetry is called the
potential symmetry of (5).

Constraints (8) can be written in terms of the coef-
ficients of the infinitesimal operator of group (6):

S =T(0)d +E(t, x, u)dy +1(t, X, 1)dy. ©9)
If
E.#0 or 02, +n2, #0, (10)

then symmetry S is mapped by ‘B3 into nonlocal sym-
metry [13].

Despite the fact that (4) is rather particular case of
the general evolution equation (1), the scheme outlined
above provides a very general framework for group
classification of nonlocal symmetries.
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Let the symbol S stand for the infinite-dimensional
Lie algebra of differential operators (9) and the sym-
bol 7 stand for the infinite-dimensional Lie algebra
spanned by the operators of the form

Q =&, x,u)dx +n(t,x,u)dy. Y

As direct computations shows, [Z,7] C Z and
[Z, S] C Z, which means that 7 is the ideal in the Lie
algebra S.

If an equation of the form (1) possesses Lie sym-
metry from Z, then it can always be reduced to the
form (4) by a suitable local transformation of vari-
ables [2]. Consequently, the procedure for classifica-
tion of nonlocal symmetries described above is ap-
plicable to any equation from the class E admitting
at least one symmetry from Z.

In the paper [13] we suggest a generalization of
the potential symmetry approach which allows for
the use of more general differential transformations
to construct nonlocal symmetries. Our generalization
is based on the idea put forward by Sokolov [16].
He suggests that a differential transformation is to be
looked for in the form

@(t,x,l/l)z (;aivﬁ) = (taa)l(tv-x?uau)hu.XX’ -")7
@2 (f, X, U, Uy, Uxy, ))7

12)

w1 and w; being differential invariants of the symme-
try group of the evolution equation under study. For
the case when © = I3, we have w; = x and wp = uy, x
and u, being the simplest differential invariants of the
group of displacements by u generated by the infinites-
imal operator 9d,,. Evidently, evolution equation (4) ad-
mits symmetry d,. Sokolov proves in [16] that for any
contact symmetry of evolution equation of the form (1)
preserving the temporal variable ¢ the corresponding
differential transformation maps equation in question
into E.

Now we are ready to formulate the group approach
to classifying nonlocal symmetries of equations from
the class E.

Let (1) be invariant under the r-dimensional Lie al-
gebra L, = (eq, ..., e;). Next, suppose that £, con-
tains a subalgebra Z; = (ey,...,es), s <r, such that
Iy C T. Saying it another way, the basis elements of
the algebra Z; have the form (11). Let 7, w;, w> be
functionally independent differential invariants of Z;.

Making differential transformation (12) with so
chosen wi, wp we map the invariant equation (1) into
another equation from E. If the transformation group
generated by the operators es41, ..., e, obeys one of
the inequalities (12), then its image under the differ-
ential transformation ® is a nonlocal symmetry of the
transformed equation.

Direct application of the transformation of the
form (1), especially for the case when w1, w; depend
on higher derivatives, may become quite challenging
computational problem by itself. That is why we sug-
gest a modification of the approach above, which is to
represent © as a superposition of elementary differ-
ential transformations. These elementary transforma-
tions are obtained as a superposition of a local trans-
formation reducing the individual basis operators of
the Lie algebra Z; to the form 9, and of the differen-
tial transformation ‘3.

We begin with the local change of variables, ¥,
reducing the first basis operator e; to the form 9, and
after that we apply the transformation 3. Next, we re-
compute the remaining basis operators in the new vari-
ables t, x, uy.

To construct the image of infinitesimal opera-
tor (11) under the transformation ‘3, we compute the
coefficient of 9, in its first prolongation:

Clt,x,u,uy) =nx +ux(y — &) — M)zcéuu

Next, we replace u with Ly and u » with u so that the
transformed infinitesimal operator, Q, takes the form

O =&(t,x,u)dx + ¢ (1, x, 05 'u, u)dy. (13)

If there is a basis element, ¢;, which does not depend
on the nonlocal variable 0~ 1y, then we can repeat the
procedure and reduce e; to the form 9, and then apply
P8, and so on.

The above described procedure has two possible
outcomes. The first one is when we are able to perform
all s steps and get an evolution equation which is the
image of the initial Z;-invariant equation under trans-
formation (12). The resulting differential transforma-
tion takes the form

1
‘3=l_[(‘~]30$i)5‘130$v0m0:s—10"'°‘BOTI~

i=s

(14)

@ Springer



406

R. Zhdanov

Applying ¥ to (1) yields the sequence of s evolution
equations from the class E together with the sequence
of their symmetries, some of which might be nonlocal.
The second outcome is when at some step p < s
all the remaining basis operators contain the nonlocal
variable 9 "4 and we cannot proceed any further. In
this case we obtain the sequence of transformations

1
T:H(‘Bofi)zmo‘lpomofp_lo-~~o‘BoTl
i=p
(15)

that maps the initial Zs-invariant evolution equation
into equation which admits at least s — p nonlocal
symmetries of the form (13).

We summarize the above speculations in the form
of the algorithm of classification of evolution equa-
tions possessing nonlocal symmetries.

The starting point of our classification algorithm is
evolution equation (1) invariant under r-dimensional
Lie algebra £, C S. Suppose also that the algebra L,
contains a subalgebra Z; C Z of the dimension 1 <
s <r. Now, to classify evolution equations admitting
nonlocal symmetries, one needs to:

e classify Z;-inequivalent subalgebras J 1 .. gN
of the algebra 7y,

e compute the sequence of transformations (14) map-
ping the initial invariant equation into E for each
subalgebra J i i=1,...,N,and generate the cor-
responding sequence of evolution equations and
their invariance algebras,

e verify for each invariance algebra whether its ba-
sis elements satisfy one of the inequalities (10). If
this is the case, then the remaining elements of the
sequence of evolution equations possess nonlocal
symmetry.

Upon completing the three steps of the algorithm
above, ones obtains the set of evolution equations (1)
that admit nonlocal symmetries.

3 Applications

In [14, 15, 17] we obtain exhaustive description of in-
equivalent Lie algebras, which are symmetry algebras
of equations of the form (1). This fact facilitates appli-
cation of the algorithm presented in the previous sec-
tion in its full generality. However, in this paper we
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restrict our considerations to subalgebras of the sym-
metry algebra of (1) of the dimension s < 3.

The list of inequivalent realizations of one-dimen-
sional symmetry algebras of (1) consists of one repre-
sentative
Ar=(0y): ur = f(t, X, Uy, Ury).

This case has already been considered in the previous
section, the algebra A giving rise to the transforma-
tion ‘3.

According to [17] the class of operators, Z, con-
tains four inequivalent realizations of two-dimensional
symmetry algebras of (1). These realizations are listed
below together with the corresponding invariant equa-
tions:

Ay = (0. ) e = f (1w 1),

AZ = @B Bt e = f (X ),
A%:(—xax—uau,au): ur =xf(t, Uy, Xthzy),
Ad = (—udy, 3,): u,:uxf(t,x,ugluxx).

We start by analyzing differential transformations
associated with the algebra A%. Applying the transfor-
mation P to the equation u, = f(f, uy, uy,) we get

ur = fu +uxxfuxa

where f = f(¢,u,u,). Note that we dropped the bars.

The second basis operator of .Aé reads now as 9.
To reduce it to the form 9, we apply the hodograph
transformation

it x,u)=(F, %, u) = (t,u,x). (16)

The transformed equations has the form

Uxx

ur=—foy + —fau,
Uy

where f = f(¢t,z1,22) = f(t,u, —u;l). Applying the
transformation 3, yields the final form of the trans-
formed evolution equation:

a u
Ur = a<_le + ffzz)-

Here f = f(t,z21.22) = f(t,u, —u™").
Turn now to the algebra A%. Applying the transfor-
mation P to the invariant equation u; = f (¢, x, txy)
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yields

U= fx +uxxfux

with f = f (¢, x, u,). As usual, we drop the bars. The
second basis element of A% takes the form 0, and we
can directly apply the transformation 3 thus getting

U = fox +2uy fru + Mychuu + fultxx.

Consider next the algebra A%. Applying the trans-
formation ‘P to the equation u; = xf (¢, uy, Xtxx) We
have

’/ltzf‘l'xuxfm + x(ux +xuxx)fzz a7

with f = f(¢,z1,22) = f(t,u, xuy). The second ba-
sis operator of the algebra A% reads now as xdy. Ap-
plying the hodograph type local transformation

To(t, x,u) = (7, %, i) = (t,u, Inx) (18)

we reduce it to the form 9,,. Transforming (17) accord-
ingly, we get

2 -2 -1
wp = —xfo + (XU Uy +xuy —x) foy.

where f = f(t,21,22) = f(t,x,u;]). Now we can
apply the transformation ‘I3 thus getting

ad
U= ﬁ(—szl + (xzu—Zux +oxu”! — X))

with f = f(t,21.22) = f(t, x,u™).

Finally, we turn to the algebra A‘z‘. Applying
the transformation ‘P to the invariant equation u; =
wuy f(t,x,u; tuyy) yields
= ux f A ufo + (e —u”u) foo (19)

where f = f(t,z1,22) = f(t,x,u"'uy). The second
basis element of the algebra Ag is still of the form ud,,
so we need to reduce it to the form 9,,. To this end, we
perform the local transformation

T3t x,u) = (t,x,u) = (t, x,Inu). (20)
As aresult, (19) takes the form
Uy = fo + le + Mxxfzz

with f = f(t,z1,22) = f(t,x,uy). Applying the

transformation ‘3 finally yields
up=uy f+ufy +uy fy + fox +2ux fru + uifuu
+ txx fu,

where f = f(t, x,u).

Summing up, we present the four sequences of dif-
ferential transformations that map four subclasses of
the class of second-order evolution equations E into [E.

e Differential transformation 3 o T; o 3 maps equa-
tion

ur = f(t,ux, tyy)

into

d u
U = a<_le + ffzz)

with f = f(t,z1,22) = f(t,u, —1/u).

e Differential transformation 3 o 13 maps equation
up = f(£,x,Uxy)
into
= frex + 2t fru A3 fuu + futtx

with f = f(t, x,u).
e Differential transformation 3 o ¥ o 3 maps equa-
tion

=X (t, Uy, Xtyy)

into

d
Uy = a(_xfm + (xzu_2ux +xu_1 - x)fzz)

with f = f(t,21,20) = f(t,x,u™").
e Differential transformation B3 o %3 o 3 maps equa-
tion

luxx)

Uy = uxf(t,x,u;
into
= e f A ufe+us fu+ fex 25 fru + U3 fu
Fuxfu,  f= 0 x0).
In the above formulas the transformations ¥, %,, %3

are given by (16), (17) and (20), respectively.
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The class of first-order differential operators Z con-
tains twenty-two inequivalent realizations of three-
dimensional symmetry algebras of (1) [17]. These re-
alizations are listed below together with the corre-
sponding invariant equations:

Ab = (—x8y — ud,, 0y, x1,):

Uy = —xt_lux Inu, +xuxf(t,xu;luxx),
A3 = (—xBy — udy, By, Xy):

= xuy f (1, xuy  uxy),
Ag = (—x0y — udy, 0y, X0,): U :xf(taxuxx),
A= (—udy, 0. 0): = up f (6 uy ),

5 1,
A3 = (0u, Ox, X0y +10x): u; = _Eux + f(t, uxx),
Ag = (O, Ox, X0y):  ur = f(F, Uyx),
AL = (00, By 200 + xudy ) w = xf (1, ¥ ury),
AR =0y, 3y, (x + )y + udy):

up =uxexp(uy') f(t, uyuexexp(uy')),
A3 = (x8u, By x%0, + u(1+)3,):

Uy =x exp(—x*])f(t, XUy exp(xfl)),
A%O = (0x, Oy, x0x +udy): u;= u;xlf(tv Uy),
AV = (Bx, By, X8y — udy):

-3/2

Uz =uﬁlc/2f([s Ux / uxx),
AV = (xdy, 8, —2x0, — udy):

Uz :xl/zf(t»x3/2uxx)a

AR =8y, 8y, X0, + qudy,):

—1 2— —1
u,:uz/(q )f(t,u)(c CI)/(CI )uxx)’ 0<|q|<1’
AL = (x8y, By, x(q — 13 + qudy):
uy = x1@D (g xCD/1=0y Y g 40, £1,

AL = (8, 8y, udy — x3y):
wr= 1+, (1+u2) 7 Puyy),
ALE = (x8y, B (1 +x2)y + xud,):

Ft, (1+x%)

1/2 32

= (147 ),
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AL = (05, B, (qx + u)dy + (—x + qu)dy):

Uy = (1 —i—ui)l/z

exp(—q arctan )
x £ (1, (14 u2) 7" exp(—q arctanu, ),
q>0,
AR® = (%0, 9. (14 x2)0x + (x + q)udy):

u = (1 +x2)1/2 exp(arctan x)

32

x f(t, (1+x?)
q#0,

.A;g = (0, cosudy + tanx sinud,,

exp(—q arctanx)u”),

— sinudy + tanx cosud,):

U = (seczx + u%)l/z

x f(t, (ugxcosx — (2+ u? cos” x)uy sinx)

x (1+ u? coszx)73/2),

AR = (2udy, — x8y, —udy + xudy, 3, ):

5 —6 —2)’

Uz =xuxf(t,x_ u;3uxx +2xu

A2 = (2148,, — X0y, (x_4 — uz)Bu + xudy, 3u>3

Uy = x*2(4 + x6u)2()1/2

X f(t, 4+ x6u§)73/2

1
X (x4uxx + 5x3ux + Exgui>>,
AP = 2udy, — x0y, —(x7* + u?) 3y + xudy, 3):

" =x‘2(x6u§ _4)1/2

X f(t, (x6u)2C - 4)_3/2

1
X <x4u” +5x3u, — Ex%i)).

Analysis of the sequences of differential transforma-
tions associated with the above algebras is similar to
the case of two-dimensional algebras. We skip the
derivation details and give the final result, the differ-
ential transformations (14), (15).
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For the algebras A%—Ag, AéO—A§4 the sequence of
transformations ¥ reads as

T=PoTroPoT 0P Q1)

where

AL i@, x,u) = (t,u, —Inx),
To(t, x,u) = (t, xu,t " Inx),

A3 it x,u) = (t,u, —Inx),
To(t,x,u) = (t,xu,lnx),

A3 Bt x,u) = (1,x,u),
To(t, x,u) = (t,xu,lnx),

AY i, x,u) = (t, x, —Inu),
To(t,x,u)=(t,xu,lnx),

A Tt u,x) = (t,u,x),
Tot,x,u)=(t,u,x),

A i@t x,u) = (1,x,u),
To(t,x,u)=(t,u,x),

A0 F (1, x,u) = (1, u, x),
To(t,x,u) = (t,x,Inu),

.A%l: T, x,u)=(t,u,x),
To(t,x,u)= (t,x3u2, —%lnu),

.Aézz Ti(t, x,u)=(t,u,x),
To(t,x,u) = (t,x3u2, —%lnu),

AP T, xu) = (tu, x),

1
T, x,u) = (t,xq_zuq_l, lnl/t),
q—2

qF#2,
T, x,u)=(t,u,x),
ot x,u)=(,u,lnu), qg=2,

A F (1 x u) = (1, x, ),

1
To(t,x,u)= (t,xq_zuq_l, lnu),
q—2

q#2,
T, x,u)=(,x,u),

o, x,u)=(t,u,Inu), qg=2.

Now if an equation invariant under one of the alge-
bras from the list, A% -AS, AéO-A§4, admits additional
Lie symmetry satisfying (10), then every member of
the sequence of equations obtained by successive ap-
plication of transformations 3 o T o P o T; o P pos-
sesses nonlocal symmetry. Moreover, if we are able to
construct an exact solution of some equation from the
sequence, we can map this solution into solutions of
the remaining equations from the sequence.

For the algebras AJ-A3, A}-A8, and A3°-A43?
the algorithm stops after the second iteration, since the
third symmetry operator turns into a nonlocal one. Be-
low we give the corresponding sequences of transfor-
mations:

Al Pop,
A3 PoTioP,
Ay Pop,
AP PoTioP,
A Pop,
A PBoT o,
A Bop,

AR PoTro,
AL PoTro,
.A%z: Po%ro0P,
where

L1t x,u) = (t,u, x),
1
To(t, x,u) = <t,x3u, 3 lnu).

Applying the above sequences of transformations to
the corresponding invariant equations yields evolution
equations of the form (1) that admit nonlocal symme-
tries. The explicit form of those symmetries is very
cumbersome, therefore we present the nonlocal sym-
metries obtained through the action of ‘I3 only. In ad-
dition, we give the corresponding transformed equa-
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tions.

15.
AlS:

16.
AlS:

17,
A3 .

18.
AlB:

21.
A2

22,
A2

e3 =x28x + (v — xu)o,,
ad
Ur = a(xf(t,x%x)),

e3=(x +v)0y —udy,,

y =~ (wexp (™) £ (1, = exp(u ).

ax
e3 =x23x + ((1 - X)M + U)au,
ad
Uy = a—x(x exp(—xil)f(f,XCXP(xil)”x))’
e3 = vax — (M + l)auv
d

ur= o ((1=) £ (1 (L) 0y)
e3 = (1 +x2)8x + (v —xu)d,,

ur = %((1 +x2)1/2f(t, (1 +x2)3/2ux)),

e3 = (qx +v)oy — (u + 1)dy,

U, = %((1 + u2)1/2 exp(—q arctan u)

X f(t, (1 + u2)
X exp(—q arctanu)ux)),

(1+x2)dy + ((g — x)u + v)dy,

-3/2

U = ai((l +x2)1/2 exp(arctan x)
by

X f(t, (1 +x2)

x exp(—q arctan x)uy)),

3/2

e) = xvdy — (xu 4+ 3uv)d,,

Uy = %(xuf(t,x_su_3ux +2x_6u_2)),

e) = Xudy — (4)6_5 +xu + 3uv)8u,

9 <x_2 (4 + x6u2) 12

U= —
ox

Aoy

1
X (x4ux +5x%u+ §x9u3>>),

=5

er = xudy + (4x —Xxu — 3uv)8u,
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(22)

Here v = 9, 'u is the nonlocal variable.

Finally, when computing transformations associ-
ated with the algebra Aég we have to stop after the first
iteration, since the second and third basis operators are
mapped by ‘B into nonlocal symmetries

e) =CcoSsudy + (u sinv + sec? x sinv

+ ucos v tanx)d,,

(23)
e3 = —sinudy + (u COSV + cosv seczx

— usinvtanx)dy,

where v = 8, 'u. So that the sequence of differential
transformations boils down to a single transformation
% =B. And what is more, the evolution equation in-
variant under the nonlocal symmetries e, and e3 reads
as

_ 2 2 2\—1/2
u; = (sec” x tanx + uuy ) (sec® x + u”)
20/

ax

f
+ (5302 X+ uz)
with

f = f(t, (uxcosx — (2 + u? cos® x)u sinx)

x (14 u? cos? x)73/2).

Let us emphasize that symmetries (22), (23) con-
tain nonlocal variable and, consequently, cannot be ob-
tained within the framework of the traditional infini-
tesimal Lie method.

4 Concluding remarks

We develop the regular method for group classifica-
tion of evolution equations admitting nonlocal symme-
tries. The starting point of the method is an evolution
equation that possesses nontrivial Lie symmetry. The
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source of nonlocal symmetries is classical symmetries
subjected to nonlocal transformations.

One of the by-products of our approach is the se-
quences of evolution equations related to the initial in-
variant equation. So that if we succeed in construct-
ing a (general or particular) solution of the sequence
member then it is possible to map this solution into so-
lutions of the remaining equations from the sequence.

Of special interest is the case when one of the mem-
bers of the sequence is the linear evolution equation,
since this means that the remaining equations are lin-
earizable. Moreover, a direct application of the method
to linear evolution equations admitting nontrivial Lie
symmetries is also of importance, since it yields se-
quences of linearizable evolution equations.

These and related problems are under study now
and will be reported elsewhere.
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