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Abstract This paper presents the effect of preload, as
one of the design parameters, on nonlinear dynamic
behavior of a rigid rotor supported by gas-lubricated
noncircular journal bearings. A finite element method
has been employed to solve the Reynolds equation in
static and dynamical states and the dynamical equa-
tions are solved using the Runge–Kutta method. To
analyze the behavior of the rotor center in horizontal
and vertical directions under different operating con-
ditions, dynamic trajectory, power spectra, Poincare
maps, and bifurcation diagrams are used. Results of
this study reveal how the complex dynamic behav-
ior of two types of noncircular bearing systems com-
prising periodic, KT-periodic, and quasi-periodic re-
sponses of the rotor center varies with changes in pre-
load value.
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Nomenclature

C̄ Conventional radial clearance (m)
C̄m Minor clearance when rotor and bearing

geometric centers are coincident (m)
D̄ Rotor diameter (m)

F̄X0, F̄Y0 Components of the fluid film force on the
rotor in the steady state (N)

F̄X, F̄Y Components of the fluid film force on the
rotor in the dynamical state (N)

W̄0 Static load (N)
h̄ Film thickness (m)
L̄ Bearing length (m)

m̄r Rotor mass (Kg)
Ni Shape function
ne Number of nodes in an element
nf Number of nodes in fluid domain
P̄ ∗ Absolute gas pressure (N/m2)
P̄ Partial gas pressure (N/m2)
P̄a Ambient pressure (N/m2)
R̄ Rotor radius (m)
t̄ Time (s)

Ū Peripheral speed of the rotor in dynamical
state (m/s)

X̄, Ȳ Cartesian axes with origin at the bearing
geometric center (m)

X̄j0, Ȳj0 Coordinates of the rotor center in steady
state (m)

X̄j , Ȳj Coordinates of the rotor center in dynamical
state (m)
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x̄, ȳ Perturbation coordinates of the rotor center
measured from its static equilibrium posi-
tion (m)

Vx,Vy Dimensionless velocity of the rotor center in
horizontal and vertical directions

Ax,Ay Dimensionless acceleration of the rotor cen-
ter in horizontal and vertical directions

δ Preload in the bearing (C̄m/C̄)
λ Bearing aspect ratio (L̄/D̄)
Λ Bearing number
μ̄ Ambient dynamic viscosity of the lubricant

(N s/m2)
θ Angular coordinate measured from X-axis

θk
0 Angle of lobe line of centers

θk
1 , θk

2 Angles at the leading and trailing edge of the
lobe

ω̄ Rotational speed of the rotor (rad/s)
ρ̄ Mass eccentricity of the rotor (m)
τ Dimensionless time
ξ̄ Coordinate along bearing axis measured

from mid span (m)

superscripts

e Element numbers
k Lobe designation

subscript

0 Static equilibrium position of the rotor bear-
ing at τ = 0

1 Introduction

During the past few decades, gas-lubricated bearings
have received great attention of practical and analyti-
cal tribologists. The rapid growth of gas bearing tech-
nology is mainly due to its wide range of engineer-
ing application such as precision machine tools, high
speed aircraft, nuclear reactors, textile spindles, den-
tal drills, etc. Gas-lubricated journal bearings have the
advantage of negligible friction, cleanliness and easy
availability of air as the lubricant; however, poor dy-
namic stability due to low viscosity is a major prob-
lem. Therefore, investigation of dynamical behavior is
necessary to avoid settling of the system in a region
that its control is severe.

In 1961, Castelli and Elrod [1] made a significant
contribution toward a better understanding of the com-
plex fluid dynamic phenomenon in gas lubrication.

These authors presented their assessment of the valid-
ity of the assumptions made in the analysis of earlier
investigators. They neglected the pressure time deriv-
ative term in the Reynolds equation and obtained the
rotor center orbits for a specified set of operating and
initial conditions by numerical integration of the equa-
tions of motion of the rotor.

Ausman [2] solved the linearized Reynolds equa-
tion of self-acting bearings to investigate the stability
of the static equilibrium position of the rotor. In 1978,
Holmes et al. [3] discussed aperiodic behavior in short
journal bearings. They noted that a moderate level of
unbalance and a high eccentricity ratio led to an ape-
riodic response of the shaft at speeds above a criti-
cal threshold value. Chandra et al. [4] studied static
and dynamic characteristics of four gas lubricated non-
circular journal bearing configurations. In their work,
the linearized Reynolds equation was solved by the fi-
nite element method and a comparative stability analy-
sis was done. In 1994, Zhao et al. [5] investigated
nonlinear dynamic behavior of an eccentric squeeze
film damper-mounted rigid rotor system. The authors
showed that for large values of unbalance and sta-
tic misalignment, the subharmonic and quasi-periodic
motions generated at speeds of more than twice the
system critical speed were bifurcated from the unbal-
ance harmonic solution.

Nonlinear dynamic behavior such as subharmonic,
quasi-periodic, and chaotic motions for suitable val-
ues of system parameters in a rigid rotor supported by
short bearings were reported by Adiletta et al. through
the theoretical and experimental investigations [6–8].
Czolczynski and Kapitaniak [9] described a method
which allows controlling the Hopf bifurcation of a
rotor system supported by two gas bearings. They
showed the damage caused by the growing amplitude
of self-excited vibrations, can be avoided by a proper
selection of stiffness and damping coefficients of the
air ring.

Nonlinear dynamic and bifurcation analysis of a
rigid rotor [10] and flexible rotor [11] supported by
self-acting gas journal bearing were studied by Wang
et al. In both works, by considering rotor mass and
rotational speed as the parameters of system, periodic
and subharmonic motions of the rotor center were re-
ported. In 2005, Wang Jiun-Shen and Wang Cheng-
Chi [12] presented bifurcation of a rigid rotor by rel-
ative short aerodynamic journal bearings. They dis-
cussed how the existence of a complex dynamic be-
havior comprises periodic and subharmonic responses
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of the rotor center. Also, Wang [13] provided a further
understanding of a rigid rotor supported by a relatively
short externally pressurized porous gas journal bearing
and showed the dynamic behavior of the system with
respect to rotor mass and bearing number.

In 2007, Wang et al. studied the behavior of a
rigid rotor [14] and a flexible rotor [15] supported
by a herringbone-grooved gas journal bearing system.
Their analysis revealed a complex dynamic behav-
ior comprising periodic and quasi-periodic responses
of the system. Rahmatabadi and Rashidi investigated
static and dynamic characteristics of noncircular gas-
lubricated journal bearings by considering the effect of
mount angle [16] and preload [17]. They showed non-
circular bearings have better dynamic characteristics
than circular bearings. Also, by using suitable value of
mount angle stability margin can be increased.

Although previous works provide insight into the
behavior of the system, but the bifurcation and non-
linear dynamic behavior of the gas film in a gas-
lubricated noncircular journal bearing has been not
examined. Therefore, this paper presents the effect
of preload on nonlinear dynamic behavior of a rigid
rotor supported by three-lobe and four-lobe bearings
(Fig. 1).

The amount of preload of a noncircular bearing
determines its noncircularity or ellipticity relative to
a plane journal bearing. For zero preload, the rotor
touches the lobes at their line of centers while with unit
preload a lobed bearing reduces into an axial groove
plane journal bearing.

Due to the nonlinearity of the gas film pressure, it
is very difficult to solve the Reynolds equation ana-
lytically. Therefore, finite element methods have been
employed to obtain the solution and then the Runge–
Kutta method has been used to solve this equation and
equations of motion simultaneously to obtain position,
velocity, and acceleration of rotor center.

2 Mathematical analysis

2.1 Governing equations

The geometric details of two types of noncircular bear-
ing configurations are shown in Fig. 1.

Analysis of gas-lubricated noncircular bearing in-
volves solution of the governing equations separately
for an individual lobe of the bearing, treating each lobe

as an independent partial bearing. To generalize the
analysis for all noncircular geometries, the film geom-
etry of each lobe is described with reference to bearing
fixed Cartesian axes (Fig. 1). Thus, the film thickness
in the clearance space of the kth lobe, with the rotor in
a dynamical state is expressed by

h̄ = C̄ − (X̄j ) cos θ − (Ȳj ) sin θ

+ (C̄ − C̄m) cos
(
θ − θk

0

)
, (1)

where (X̄j , Ȳj ) is the rotor center coordinate in the dy-
namical state and θk

0 is angle of lobe line of centers. C̄

and C̄m are conventional radial clearance and minor
clearance, when journal and bearing geometric cen-
ters are coincident. The pressure governing equation
of isothermal flow field in a bearing lobe is modeled
by the Reynolds equation:

∂

∂X̄

{
h̄3P̄ ∗ ∂P̄ ∗

∂X̄

}
+ ∂

∂Ȳ

{
h̄3P̄ ∗ ∂P̄ ∗

∂Ȳ

}

= 6μ̄

[
Ū

∂

∂X̄
+ 2

∂

∂t̄

]
(P̄ ∗h̄) (2)

in which P̄ ∗ is the absolute gas pressure, μ̄ is the gas
viscosity, Ū is the peripheral speed of the rotor and t̄

is the time.
It will be more convenient to express P̄ ∗ as

P̄ ∗ = P̄a + P̄ , (3)

where P̄a and P̄ are the ambient and partial pressure,
respectively.

In order to nondimensionalize (1) and (2), let

C̄m = C̄δ, (X̄j , Ȳj ) = C̄m(Xj ,Yj ), X̄ = R̄θ,

Ȳ = R̄ξ, h̄ = C̄mh, P̄ = P̄aP,

Ū = Ū0U = R̄ω̄0U, t̄ = τ

ω̄0

which ω̄0 is the rotational speed in the steady state
and R̄ is the rotor radius. Substituting these variables
in (1), the nondimensional film thickness can be ob-
tained as

h = 1

δ
−(Xj ) cos θ −(Yj ) sin θ +

(
1

δ
−1

)
cos

(
θ −θk

0

)

(4)
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Fig. 1 (a) Model of a rigid
rotor supported by two
gas-lubricated noncircular
journal bearings, (b) cross
section of a three-lobe
bearing, and (c) cross
section of a four-lobe
bearing

and by substituting (3) in (2) and simplifying, the
Reynolds equation in nondimensional form can be ex-
pressed by

∂

∂θ

{
h3(P + 1)

∂P

∂θ

}
+ ∂

∂ξ

{
h3(P + 1)

∂P

∂ξ

}

= Λ

[
U

∂

∂θ
+ 2

∂

∂τ

]
{
(P + 1)h

}
, (5)

where θ and ξ are the coordinates in the circumferen-
tial and axial directions, respectively, and

Λ = 6μ̄ω̄0R̄
2

P̄aC̄2
m

is the dimensionless parameter called the compress-
ibility number or bearing number.

The Reynolds equation is a nonlinear partial dif-
ferential equation, therefore, can be solved using finite
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element method. For this purpose, let the function vari-
able

Ψ = Ψ (τ) = Ph

be introduced into (5) which then becomes

∂

∂θ

{
h(Ψ + h)

∂Ψ

∂θ
− (Ψ + h)Ψ

∂h

∂θ

}

+ ∂

∂ξ

{
h(Ψ + h)

∂Ψ

∂ξ

}

= Λ

(
U

∂

∂θ
+ 2

∂

∂τ

)
(Ψ + h). (6)

For the finite element formulation, the Galerkin’s
weighted residual of (6) for an element of the dis-
cretized space domain of Ψ field is written as

∫∫

Ae

[
∂Ψ e

∂t
− 1

2Λ

∂

∂θ

×
{
h
(
Ψ e + h

)∂Ψ e

∂θ
− (

Ψ e + h
)
Ψ e ∂h

∂θ

}

− 1

2Λ

∂

∂ξ

{
h
(
Ψ e + h

)∂Ψ e

∂ξ

}

+ 1

2
U

∂

∂θ

(
Ψ e + h

) + ∂h

∂τ

]
Ne

i dθ dξ = 0, (7)

where Ne
i is an approximation function and Ae is the

area of the element. By considering the discretized do-
main of Ψ variable and let, in an element “e,” the Ψ

function be approximated by

Ψ e =
ne∑

j=1

Ne
j Ψj (τ ) (8)

in which “e” refers to an element, ne is the number of
nodes in the element, Ne

j ’s are the shape functions and
Ψj ’s are the nodal values of Ψ at time τ . Using (8) in
(7) and with some integral simplification, the finite el-
ement equations for an element of the discretized flow
filed domain can be obtained as

[F ]e{Ψ̇ }e = {V }e + {Q}e (9)

in which the components of the element matrices are

Fe
ij =

∫∫

Ae

Ne
i Ne

j dθdξ, (10a)

V e
i = − 1

2Λ

∫∫

Ae

(
Ψ e + h

)

×
{
h

(
∂Ψ e

∂θ

∂Ne
i

∂θ
+ ∂Ψ e

∂ξ

∂Ne
i

∂ξ

)

−
(

Ψ e ∂h

∂θ
+ ΛU

)
∂Ne

i

∂θ

}
dθ dξ

−
∫∫

Ae

∂h

∂τ
Ne

i dθ dξ, (10b)

Qe
i =

∫

se

(
Ψ e + h

){
h

∂Ψ e

∂θ
− Ψ e ∂h

∂θ
− ΛU

}

× Ne
i dξ +

∫

se

(
Ψ e + h

)
h

∂Ψ e

∂ξ
Ne

i dθ, (10c)

where Se is the boundary of the element.
The assembly of (8) for all elements of Ψ domain

yields the global equations.

[F ]nf ×nf
{Ψ̇ }nf ×1 = {V }nf ×1 + {Q}nf ×1, (11)

where nf is the total number of nodes.
The boundary conditions of the variables for the so-

lution of (11) are

Ψ
(
θk

1 , ζ, τ
) = Ψ

(
θk

2 , ζ, τ
) = 0,

Ψ̇
(
θk

1 , ζ, τ
) = Ψ̇

(
θk

2 , ζ, τ
) = 0,

Ψ (θ,±λ, τ) = 0,

Ψ̇ (θ,±λ, τ) = 0.

(12)

At any instant when the kinematic state of the rotor
center is known, (11) comprises two variables, Ψi and
Qi to be determined. However, at the internal nodes of
the discretized space domain, the flux Qi is zero and
Ψi is unknown. At the nodes on the boundaries ξ =
±λ, and edges of the lobes (θk

1 and θk
2 ), Ψi is known

while Qi is not known. Thus, (11) really involves as
many unknowns as the number of equations and may
be solved by invoking the boundary conditions. The
solution of these equations yields

{Ψ̇ }nf ×1 = {g}nf ×1, (13)

where gi = gi(P, τ ); i = 1,2, . . . , nf .
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2.2 Rotor dynamic equations and computation
procedure

In the dynamical state, the equations of motion of the
rotor can be written as

m̄r

d2x̄

dt̄2
= (F̄X − F̄X0) + m̄r ρ̄ω̄2 cos ω̄t̄ , (14)

m̄r

d2ȳ

dt̄2
= (F̄Y − F̄Y0) + m̄r ρ̄ω̄2 sin ω̄t̄ , (15)

m̄r is the mass of rotor, ρ̄ is the mass eccentricity of
the rotor and ω̄ is the rotational speed. (x̄, ȳ) is the
perturbed position of the rotor center that defined as

x̄ = X̄j − X̄j0,ȳ = Ȳj − Ȳj0 (16)

also, (F̄X, F̄Y ) and (F̄X0, F̄Y0) are the components of
fluid film force on the rotor in the dynamical and
steady states, respectively.

The components of fluid film force on the rotor are
given by

{
F̄X − F̄X0

F̄Y − F̄Y0

}
= −P̄aR̄

2
∫∫

A

(P − P0)

{
cos θ

sin θ

}
dθ dξ,

(17)

where, A is the pressure area on the rotor, P0 =
P0(Xj0, Yj0) and P = P(Xj ,Yj ,Vx,Vy, τ ) are the
film pressure in the steady state and dynamical state,
respectively.

The following transformation is introduced

x = x̄/C̄m, y = ȳ/C̄m

and defining nondimensional groups

FX = F̄X

P̄aR̄2
, FX0 = F̄X0

P̄aR̄2
, FY = F̄Y

P̄aR̄2
,

FY0 = F̄Y0

P̄aR̄2
, mr = m̄r C̄mω̄2

P̄aR̄2
, ρ = m̄r ρ̄ω̄2

P̄aR̄2

substituting these nondimensional groups into (14)–
(15) yields

Ax = d2x

dτ 2
= FX − FX0

mr

+ ρ

mr

cos τ, (18)

Ay = d2y

dτ 2
= FY − FY0

mr

+ ρ

mr

sin τ. (19)

By defining the state variable,

S1 = x, S2 = y, S3 = Vx, S4 = Vy (20)

Table 1 Comparison of rotor center orbit data calculated by finite difference method (FDM) and finite element method (FEM)

Type δ Method x y

τ = 10 τ = 100 τ = 1000 τ = 10 τ = 100 τ = 1000

Three-lobe 0.4 FEM – – 0.049960 0.029917 – –

0.035925 0.021680 0.041373 0.012965

FDM – – 0.049605 0.029209 – –

0.035884 0.021023 0.041057 0.012494

0.5 FEM 0.053011 – – 0.025801 – –

0.082651 0.011911 0.037887 0.070015

FDM 0.052214 – – 0.026623 – –

0.082480 0.011132 0.038472 0.069683

Four-lobe 0.4 FEM – – 0.034625 0.015963 – 0.001221

0.029450 0.007134 0.032084

FDM – – 0.034124 0.015174 – 0.001588

0.029190 0.006686 0.031490

0.5 FEM 0.035754 – 0.020073 0.064393 – –

0.068212 0.058021 0.047436

FDM 0.033392 – 0.021221 0.063349 – –

0.067159 0.058758 0.045936
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Fig. 2 Trajectory of the rotor center at δ = 0.48, 0.542, 0.544,
0.55, 0.554, 0.56, 0.576 and 0.584 (2.1(a)–2.8(a)); phase por-
traits of rotor center (2.1(b)–2.8(b)) and power spectra of rotor

displacement in horizontal (2.1(c)–2.8(c)) and vertical (2.1(d)–
2.8(d)) directions for three-lobe
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Fig. 2 (Continued)
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Fig. 2 (Continued)
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Fig. 2 (Continued)
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Fig. 2 (Continued)
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Fig. 2 (Continued)

the equations of motion are transformed to the follow-
ing state space equations as

dS1

dτ
= S3, (21)

dS2

dτ
= S4, (22)

dS3

dτ
= FX − FX0

mr

+ ρ

mr

cos τ, (23)

dS4

dτ
= FY − FY0

mr

+ ρ

mr

sin τ. (24)

Equations (13) and (21)–(24) describe a nonlinear
dynamic system. The equations are restated for conve-
nience

dSi

dτ
= fi(P,S1, S2S3, S4, τ ), i = 1,2,3,4,

dΨi

dτ
= gi(P,S1, S2S3, S4, τ ), i = 1,2, . . . , nf .

(25)

The procedure starts with the journal at the equilib-
rium position. Therefore, at the beginning, Reynolds
equation should be solved in the steady state to obtain
Ψ0 and (Xj0, Yj0). Meanwhile, the initial velocity of
the rotor is assumed to be zero. The numerical integra-
tion of (25) is carried out by the fourth-order Runge–
Kutta method. By this method, acceleration, velocity,
and displacement of the rotor are estimated at each
time step and are utilized to initial conditions for the

next time step. Then the displacement of the rotor cen-
ter obtained from each step is used to update the film
thickness and the new pressure distribution can be ob-
tained to yield the new dynamical force by integrating
it.

3 Numerical studies

Due to the high nonlinearity of gas film forces, the sys-
tem behavior is studied numerically using the finite el-
ement method. In this study, the time step for the cal-
culation is π/300 and the error tolerance is less than
10−6. The time series data of the first 600,000 time
steps are excluded from dynamic behavior investiga-
tion to ensure that the data used represent steady state
conditions. The resulting data include the orbital paths
of the rotor center. These data are then used to gener-
ate the power spectra, Poincare maps, and bifurcation
diagrams.

Fast Fourier transformation is used to obtained
power spectra of the rotor center in horizontal and ver-
tical directions.

To generate Poincare map, a Poincare section that
is transverse to the flow of a given dynamic system is
considered. A point on this section is a return point of
the time series at the constant time interval of T , that
T is the driven period of the exciting force in nonau-
tonomous systems. The projection of a Poincare sec-
tion on the x–y plane is related to the Poincare map
of the dynamic system. The points obtained in the
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Fig. 3 Bifurcation
diagrams: (a) x(nT )and (b)
y(nT )versus preload for
three-lobe bearing

Poincare map are used to draw bifurcation diagrams
with varying preload as a parameter of system by a
constant step.

4 Results and discussion

In this section, by considering preload as the bifurca-
tion parameter of system, two different types of non-

circular bearings are studied. The detailed data are as

follows:

C̄ = 3 × 10−5 m, R̄ = 0.05 m, λ = 1,

ρ̄ = 0.001 mm, μ̄ = 1.8 × 10−5 Kg/m s,

P̄a = 1.013 × 105 N/m2.
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Fig. 4 Local bifurcation
diagrams of (a) x(nT ) and
(b) y(nT ) versus preload
for three-lobe bearing

For validation of results in dynamical state, fi-
nite difference method has been applied to solve
Reynolds equation and instead of using the Runge–
Kutta method, direct method mentioned in Refs.
[10–15] has been considered to obtain acceleration,
velocity, and displacement of the rotor center. Ta-
ble 1 compares the results obtained for the orbits of
the rotor center by two methods under conditions that
a static load and mass of the rotor are chosen to be
W̄0 = 506.5 N and m̄r = 25.82 Kg. Also, the bearing
number is taken to be Λ = 25. It is observed that a
good agreement exists between two methods.

4.1 Type 1

Three-lobe noncircular gas bearing is loaded by a sta-
tic load of W̄0 = 506.5 N, mass of the rotor is chosen
to be m̄r = 25.82 Kg, and the bearing number is taken
to be Λ = 25.

4.1.1 Dynamic orbit

Figures 2.1(a) through 2.8(a) show the rotor center or-
bits for different values of the preload. Regular mo-
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Fig. 5 Poincare maps of the rotor center trajectory at (a) δ = 0.52, (b) 0.54, (c) 0.544, (d) 0.55, (e) 0.554, (f) 0.56, (g) 0.576, (h) 0.584
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Fig. 5 (Continued)

tion is shown at δ = 0.48. But, regular motion loses
its stability and becomes irregular when the preload
is increased to δ = 0.542. The rotor center orbit be-
comes two closed circles at δ = 0.544 and by increas-
ing preload value to δ = 0.55 irregular motion can be
observed again. The rotor center orbit loses irregular-
ity at δ = 0.554 while at δ = 0.56 irregular motion
appears again. Regularity in the rotor center orbit in-
creases at δ = 0.576, but irregular motion can be seen
at δ = 0.584.

From Figs. 2.1(b) through 2.8(b), it is observed
that the phase portrait of the rotor center is regular at
δ = 0.48 then becomes irregular atδ = 0.542. It can
also be seen that the phase portrait of the rotor cen-
ter becomes two closed circles at δ = 0.544 and by
increasing preload value to δ = 0.55 irregular motion
appears again. But the phase portrait of the rotor center
loses irregularity at δ = 0.554 while irregular motion
can be seen at δ = 0.56 again. Regularity in the phase
portrait increases at δ = 0.576, but irregular motion
appears at δ = 0.584.

4.1.2 Power spectrum

Figures 2.1(c, d) through 2.8(c, d) show the dynamic
responses of the rotor center in horizontal and verti-
cal directions. It is found that the frequency responses
of the rotor center demonstrate harmonic motion for
the preload value of δ = 0.48 in the both directions.

The frequency responses of the rotor center become
quasi-periodic motion at δ = 0.542. But they become
KT-periodic motion at δ = 0.544. By increasing the
preload value to δ = 0.55, the frequency responses of
the rotor center become quasi-periodic motion and this
behavior can be substituted by KT-periodic motion at
δ = 0.554. At δ = 0.56, the frequency responses of
the rotor center become quasi-periodic motion again.
By increasing the preload value to δ = 0.576, the
frequency responses of the rotor center become KT-
periodic motion and this behavior can be substituted
by quasi-periodic motion at δ = 0.584.

4.1.3 Bifurcation diagram and Poincare map

The bifurcation diagram is a useful means to observe
nonlinear dynamic behavior. By considering preload
value as a parameter of system, qualitatively differ-
ent behavior can be observed in Fig. 3 at the range
0.4 ≤ δ ≤ 0.588. Local bifurcation of the rotor cen-
ter in the preload range 0.532 ≤ δ ≤ 0.588 is shown
in Fig. 4. Results show that, before δ = 0.54, the
system has periodic motion in horizontal and verti-
cal directions. Figure 5(a) shows the Poincare maps at
δ = 0.52. One point in this map confirms T -periodic
motion of the rotor in the both directions. It can be ob-
served that quasi-periodic motion occurs in the inter-
val 0.54 ≤ δ ≺ 0.544. The Poincare map at δ = 0.54 is
shown in Fig. 5(b) and closed curve formed in this map
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Fig. 6 Trajectory of the rotor center at δ = 0.46, 0.58, 0.608 and 0.62 (6.1(a)–6.4(a)); phase portraits of rotor center (6.1(b)–6.4(b))
and power spectra of rotor displacement in horizontal (6.1(c)–6.4(c)) and vertical (6.1(d)–6.4(d)) directions for four-lobe bearing
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Fig. 6 (Continued)
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Fig. 6 (Continued)

demonstrates quasi-periodic motion of the rotor center
at this value of preload. 5T -periodic motion occurs in
the interval 0.544 ≤ δ ≺ 0.546 and five discrete points
in Fig. 5(c) confirms this behavior at δ = 0.544. The
system is irregular in the range 0.546 ≤ δ ≤ 0.552 and
closed curved is shown in Fig. 5(d) demonstrate quasi-
periodic motion at δ = 0.55. In the range 0.552 ≺ δ ≺
0.556, 7T -periodic motion occurs and Fig. 5(e) con-
firms this behavior at δ = 0.554. Quasi-periodic mo-
tion can be seen in the range 0.556 ≤ δ ≤ 0.574 and
Fig. 5(f) demonstrates this motion at δ = 0.56. 7T -
periodic motion occurs in the interval 0.574 ≺ δ ≺
0.58 and seven discrete points in Fig. 5(g) confirms
this behavior at δ = 0.576. But in the range 0.58 ≤ δ ≤

0.588, quasi-periodic motion can be seen and Fig. 5(h)
demonstrates this motion at δ = 0.584.

4.2 Type 2

In the second case, four-lobe noncircular gas bearing
is loaded by a static load of W̄0 = 506.5 N, the mass
of the rotor is chosen to be m̄r = 25.82 Kg and the
bearing number is taken to be Λ = 25.

4.2.1 Dynamic orbit

Figures 6.1(a) through 6.4(a) show the rotor center or-
bits at different values of the preload. Regular mo-
tion is shown at δ = 0.46 and 0.58. But regular mo-
tion loses its stability and becomes irregular when
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Fig. 7 Bifurcation
diagrams: (a) x(nT ) and
(b) y(nT ) versus preload
for four-lobe bearing

the preload is increased to δ = 0.608 and 0.62. This
condition persists for all preload values in the range
0.588 ≤ δ ≤ 0.628.

From Figs. 6.1(b) through 6.4(b), it is observed that
the phase portraits of the rotor center are regular at
δ = 0.46 and 0.58 then become irregular at δ = 0.608
and 0.62.

4.2.2 Power spectrum

Figures 6.1(c, d) through 6.4(c, d) show the dynamic
responses of the rotor center in horizontal and verti-

cal directions. It is found that the frequency responses
of the rotor center demonstrate harmonic motion for
the preload values δ = 0.46 and 0.58 in the both di-
rections. But they become quasi-periodic motion at
δ = 0.608 and 0.62.

4.2.3 Bifurcation diagram and Poincare map

By considering preload value as a parameter of sys-
tem, qualitatively different behavior can be observed
in Fig. 7 at the range 0.4 ≤ δ ≤ 0.628. Local bifur-
cation of the rotor center in the preload range 0.58 ≤
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Fig. 8 Local bifurcation
diagrams of (a) x(nT ) and
(b) y(nT ) versus preload
for four-lobe bearing

δ ≤ 0.628 is shown in Fig. 8. Results show that be-
fore δ = 0.588, the system has periodic motion in the
horizontal and vertical directions. Figures 9(a) and (b)
show the Poincare maps at δ = 0.46 and 0.58, respec-
tively. One point in these maps confirms T -periodic
motion of the rotor in the both directions. It can be
seen that quasi-periodic motion occurs in the interval
0.588 ≤ δ ≤ 0.628. The Poincare maps at δ = 0.608
and 0.62 are shown in Figs. 5(c) and (d), respectively.
Closed curve formed in these maps demonstrate quasi-
periodic motion of the rotor center at these values of
preload.

5 Conclusions

In this study, the effect of preload on nonlinear dy-
namic behavior of a rigid rotor supported by noncircu-
lar gas-lubricated journal bearings has been studied.
Two types of noncircular bearing such as three and
four-lobe bearings have been considered. Due to non-
linearity of the gas film force, computational methods
have been employed to study the dynamical behav-
ior of the system. Dynamical orbits, power spectra,
Poincare maps, and bifurcation diagrams are used to
identify the dynamic behavior of these systems.
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Fig. 9 Poincare maps of the rotor center trajectory at (a) δ = 0.46, (b) 0.58, (c) 0.608, (d) 0.62

From this study, it is shown that by considering the
preload value as a parameter of the system, periodic,
KT-periodic, and quasi-periodic motions occur in both
three and four-lobe bearings. By comparing two types
of bearings, it can be seen that at preload values that ir-
regular motion occurs in three-lobe bearing; four-lobe
bearing has regular motion.

The variation of this parameter plays a major role
in noncircular bearing systems and its influence varies
with the number of lobes of the noncircular journal
bearings. Thus, by selecting proper type of bearing and
changing the system parameter to suitable values, ro-

tor center can be avoided from the undesirable behav-
ior.
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