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Abstract The current work presents a different meth-
odology for modeling the impact between elasto-
plastic spheres. Recent finite element results modeling
the static deformation of an elasto-plastic sphere are
used in conjunction with equations for the variation
of kinetic energy to obtain predictions for the coeffi-
cient of restitution. A model is also needed to predict
the residual deformation of the sphere during rebound,
or unloading, of which several are available and com-
pared in this work. The model predicts that a signifi-
cant amount of energy will be dissipated in the form of
plastic deformation such that as the speed at initial im-
pact increases, the coefficient of restitution decreases.
This work also derives a new equation for the initial
critical speed which causes initial plastic deformation
in the sphere that is different than that shown in pre-
viously derived equations and is strongly dependant
on Poisson’s Ratio. For impacts occurring above this
speed, the coefficient of restitution will be less than a
value of one. This work also compares the predictions
between several models that make significantly differ-
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ent predictions. The results of the current model also
compare well with some existing experimental data.
Empirical fits to the results are provided for use as a
tool to predict the coefficient of restitution.

Keywords Nonlinear force · Contact force · Impact ·
Elasto-plastic deformation · Coefficient of restitution

Nomenclature
A area of contact
B contact area material property coefficient
C critical yield stress coefficient
E elastic modulus
HG hardness geometric limit
K hardness factor
m mass
P contact force
Uc strain energy to cause initial plastic

deformation
R radius of hemispherical asperity
Sy yield strength
V velocities at initiation and end of contact
W work
a contact radius
e coefficient of restitution
t time
v instantaneous velocities during contact
z dummy variable having a direction normal to the

impact surface
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εy yield strength to elastic modulus ratio, Sy/E

η Poisson’s ratio
ρ density
ω interference between hemisphere and surface

Subscripts
1 initial value just before impact
2 value just after impact
c critical value at onset of plastic deformation
e elastic regime
ep elasto-plastic regime
m maximum
res residual (after unloading from plastic

deformation)

Superscripts
‘ equivalent
∗ normalized by critical value

1 Introduction

The impact of spheres has many applications to ob-
jects of similar geometries, such as in shot peening
[1, 2], impacts in sports [3, 4], projectile impacts [5,
6], and many others. It also has application in the con-
tact of rough surfaces which is often modeled by a
collection of spherical surface asperities [7, 8]. Some
cases which may make use of a rough surface elasto-
plastic impact model are electro-magnetic read-write
heads [9–11], mechanical seals [12], rolling element
bearings [13], and in electronics reliability [14, 15]. In
read-write heads and mechanical seals, the hydrody-
namic lubricating film which normally separates the
surfaces may be intermittently broken when impulse
loads cause surface contact to occur.

In these applications, the spherical contact model
can be incorporated into frameworks for rough surface
contact (statistical, fractal, and multiscale methods).
Then the single impact model can be used to predict
the impact between many small asperities or bumps on
a surface, which are often idealized as spheres. This is
especially useful for mechanical components that un-
dergo periodic starts and stops that result in surfaces
impacting. For instance, in read-write heads the nano-
scale lubricating film will be compromised when the
sliding motion of the head is stopped, and the film will
also be compromised by the intermittent contacting of
asperities that are taller than the lubricating film.

Several past works have used a simplified approach
to modeling the plastic deformation of impacting
spheres [16], such as the Chang, Etsion, and Bogy
(CEB) model [7, 17]. The current work builds on these
models by employing the recent results of an extensive
finite element model of elasto-plastic spherical contact
[18]. The results will allow for the prediction of the co-
efficient of restitution between two impacting elasto-
plastic spheres (neglecting friction and other sources
of energy dissipation).

The effect of elastic waves propagating away from
the contact is neglected in the current work, how-
ever, Yang and Komvopolous [19] have investigated
the elastic waves propagating from contact between
a rigid sphere and an elastic half space. From their
analysis, it appears that this effect is most important
during the initial contact of the spheres (when defor-
mations are small). In contrast, the current work ana-
lyzes the case of significantly larger deformations that
involve plasticity. However, both of these mechanisms
will probably simultaneously influence the coefficient
of restitution of impacting spheres.

Chang and Ling [7] derived an equation for the co-
efficient of restitution using the CEB model [17]:

e2 =
{
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15
E′√R

[
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(
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)]3/2}

/{
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Thornton [20] derived a closed form equation to model
the coefficient of restitution by dividing the problem
into a perfectly elastic portion and perfectly plastic
portion. The resulting equation is

e = 1.442

(
1 − 1

6

(
Vc

V1

)2)1/2

×
(

Vc
V1

Vc
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+ 2[ 6−(Vc/V1)
2
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)1/4

(2)

Using the finite element method, Wu et al. [21] also
investigated the impact of spherical objects, but pro-
vided equations only for “finite plastic deformation.”
An accompanying work by Li et al. [22] provides a
theoretical model for lower velocities, but does not
provide a closed form model. Finally, Weir and Tallon
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[23] also derive an equation to predict the coefficient
of restitution:

e = 3.1

(
Sy

E′

)5/8(
R1

R

)3/8
(√

E′
ρ

1

V1

)1/4

(3)

In addition, when R1 = R (as is the current case), (3)
reduces to the simplified impact model given by John-
son [24].

Vu-Quoc and Zhang [25] also analyze the elasto-
plastic contact of spheres. They use finite element re-
sults to find the force displacement curves to evalu-
ate the coefficient of restitution. However, final closed-
form equations are not provided and comparison with
the current work results is not readily feasible. Nev-
ertheless, they compare their results to Thornton [20].
Their results suggest that (2) under predicts the coef-
ficients of restitution. This is consistent with the find-
ings of the current work.

The current study employs the Hertz solution [26]
to model elastic contact and the recent model of Jack-
son and Green [18] to model elasto-plastic contact
(JG). This work assumes the material to behave as
elastic-perfectly plastic and so is focused on the im-
pact of ductile metallic materials.

2 Methodology

2.1 Elastic contact model

First, the static contact models employed in this work
are summarized. The Hertzian solution [26] pro-
vides closed-form expressions to the deformations and
stresses of two spheres in a purely elastic contact. For
this case, no energy is lost to plastic deformation. If
Hertz contact is used solely in predicting the coeffi-
cient of restitution, then the value of one unit should

result. The two spheres may have different radii and
different elastic properties. However, the closed-form
solution renders an equivalent case where a single
elastic sphere, having an equivalent elastic modulus,
E′, and an equivalent radius, R, is in contact with
a rigid flat (see Fig. 1). The interference, ω, can be
described as the distance the sphere is displaced nor-
mally into the rigid flat. The equations for elastic Hertz
contact are well known and readily available in the lit-
erature.

2.2 Spherical elastic-perfectly plastic contact model

As the load or interference increases, the stresses
within the hemisphere also increase. These stresses
eventually cause the material within the sphere to
yield. The interference at this initial point of yielding
is known as the critical interference, ωc. The recent
work by Jackson and Green [18] derives this critical
interference analytically using the von Mises yield cri-
terion. Although previous works have derived the crit-
ical values as a function of hardness [17, 27], Jackson
and Green [18] provide them as a function of yield
strength since the relationship between hardness and
yield strength has proven not to be constant. The re-
sulting equation is

ωc =
(

π · CSy

2E′

)2

R (4)

where C is

C = 1.295 exp(0.736η) (5)

The values of Poisson’s ratio, η, and yield strength, Sy,
to be used in (5) are those of the material that yields
first. To determine which material yields, one has to
use the combination of CSy, such that
CSy = min(C(η1)Sy1,C(η2)Sy2), accounts for the

Fig. 1 Spherical contact model before contact (a), during mostly elastic deformation (b), and during mostly plastic deformation (c)
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possibility of two different material properties
(see [28]).

The critical force or load, Pc, is then calculated
from the critical interference, ωc, by substituting it into
Hertz theory. The resulting critical contact force at ini-
tial yielding is

Pc = 4

3

(
R

E′

)2(
π

2
CSy

)3

(6)

Similarly, the critical contact area is given by

Ac = π3
(

CSyR

2E′

)2

(7)

The JG model predicts the contact force and area be-
tween an elastic perfectly plastic hemisphere and a flat.
At 0 ≤ ω/ωc ≤ 1.9 the JG single asperity model effec-
tively coincides with the Hertzian solution (the Hertz
solution for elastic contact is then used), even though
the onset of plastic deformation occurs at ω/ωc = 1.
At interferences (ω/ωc) larger than 1.9, the formula-
tion below is used as the current point contact model
for modeling elasto-plastic impact:

For ω ≥ 1.9 · ωc

Aep = πRω
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, (8)
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where

B = 0.14 exp(23 · εy), (10)

εy = Sy

E′ , (11)

HG

Sy
= 2.84 − 0.92

(
1 − cos

(
π

a

R

))
(12)

Quicksall et al. [29] confirmed these results for
a wider range of materials by varying E,Sy and η.
Equation (12) is a more concise version of a sim-
ilar expression given in [18] that is valid for 0 <

a/R < 1. The predictions of the above equations also
compare well with the few experimental results avail-
able [30, 31].

In order to further generalize the results of the cur-
rent work, the critical values defined in (4–7) are used
to normalize the results of all the models. This normal-
ization scheme has been employed in many previous
works [8, 17, 18, 27, 32]. The normalized parameters
are

ω∗ = ω/ωc, (13)

P ∗
e = Pe/Pc = (ω∗)3/2, (14)

A∗
e = Ae/Ac = ω∗ (15)

The elasto-plastic relationships (8–12) can also be nor-
malized in the same way.

2.3 Coefficient of restitution

The traditional coefficient of restitution for normal
contact of a ball against a rigid flat is defined as the
ratio of the magnitudes of the relative velocities just
after to just before impact:

e =
∣∣∣∣V2

V1

∣∣∣∣ (16)

where V1 is the magnitude of the relative velocity
before impact and V2 is the magnitude of the rela-
tive velocity after impact. Please note that uppercase
V denotes initial and final velocities at the center of
the sphere, while the lowercase v symbols that follow
shall denote instantaneous or intermediate velocities
also at the center of the sphere.

For a perfectly elastic impact, when no energy
is transferred to plasticity, friction, or elastic waves,
e = 1. Therefore, this case is trivial. Once the load in-
creases enough to cause yielding of the material, the
problem is no longer trivial. This is the elasto-plastic
case considered in the current work. The motion of
the center of the sphere during the collision can then
be specified by one of the following three phases: The
first phase is elastic, meaning the loads are not great
enough to cause plastic deformation. Once the load
and resulting stresses are large enough to cause plas-
tic deformation, the elasto-plastic phase is researched
until the maximum load is reached. Finally, once the
sphere begins to unload, the final phase of restitu-
tion begins until the surfaces are no longer in contact.
These phases will be described in more detail in the
following sections.
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2.4 Phase I. Elastic compression phase

This phase starts with the contact instant (P = 0) and
ends when the contact force reaches the known value
of the critical force (P = Pc). For the critical force
the deformation is the critical deformation (ω = ωc).
During this phase, there are only elastic deformations
(ω < ωc) and the Hertz model is applied.

Then the variation of the kinetic energy is

1

2
m(v)2 − 1

2
m(V1)

2 = −
∫ ω

0
(Pe) dz (17)

where z is a dummy variable representing the inter-
mediate interference (ω in (8, 9, 13–15)) when ω is
the interference at the instant when the instantaneous
velocity is v. The right-hand side of (17) is negative
because the velocity and force are in opposite direc-
tions (this same convention is used in the remainder of
this work). Then substituting in the contact force from
the Hertz model results in

1

2
m(v)2 − 1

2
m(V1)

2 = −4

3
E′√R

∫ ω

0
(z3/2) dz (18)

and then integrating

1
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2
m(V1)

2 = − 8

15
E′√Rω5/2 (19)

Then rearranging

v =
√

V 2
1 − 16

15

E′
m

√
Rω5/2 (20)

This phase will end when plastic deformation begins,
at ω = ωc. Substituting ω = ωc into (20) provides a
prediction for the critical velocity at which the sphere
will begin to yield plastically according to the von
Mises yield criteria:

vc =
√

V 2
1 − 16

15

E′
m

√
Rω

5/2
c (21)

This critical velocity, vc, is the instantaneous velocity
during impact at which the sphere begins to deform
plastically (which is also the end of Phase I).

2.5 Phase II. Elasto-plastic compression phase

The plastic deformations will appear in the second
stage when the contact force is greater than the critical
force, Pc. In this range, the current work will explore

the use of several different elasto-plastic contact mod-
els. First, the elasto-plastic spherical contact JG model
will be used (see (8–12)). The model by Chang and
Ling [7], which is based on the popular CEB model
[17] are also compared to the current results.

Using the JG Model, the equations do not simplify
in a closed-form and, therefore, are solved numeri-
cally. For this phase, a normalized version of the vari-
ation in kinetic energy is used:

(Wep)
∗ = Wep

Uc
= 1

Uc

[
−

∫ ω

ωc

Pep dz

]
(22)

where Wep = 1
2m(v)2 − 1

2m(vc)
2 and Uc is the maxi-

mum strain energy that the sphere can accumulate be-
fore deforming plastically. From Green [28], it is given
as

Uc = (π · CSy)
5R3

60E′4 (23)

and if (23) is written in terms of (4) and (6), then

Uc = 2

5
Pcωc (24)

Then (22) can be nondimensionalized as

(Wep)
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= 5

2Pcωc

[
−
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2

∫ ω∗

1
P ∗

ep dz∗ (25)

Substituting in (8–12) and numerically integrating
(25) results in the relations shown in Fig. 2. These
results use the properties shown in Table 1. All results
shown in this work will use the properties in Table 1
unless noted otherwise. The total variation in kinetic
energy is then

1

2
m(v)2 − 1

2
m(V1)

2 = Wep − 8

15
E′√Rω

5/2
c (26)

Vc is now defined as the critical initial velocity. When
the V1 < Vc the impact is elastic, but when V1 ≥ Vc

then impact is considered elasto-plastic. Vc can be de-
rived from

1

2
m(Vc)

2 =
∫ ωc

0
(Pe) dω = Uc (27)
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Fig. 2 Normalized
elasto-plastic energy as a
function of the normalized
maximum interference

Table 1 Material properties and input parameters used as the
benchmark case in the current analysis

E 200 GPa

Sy 1.12 GPa

η 0.33

R 0.01 m

c 1.651

εy 0.005

ωc 1.335 µm

Pc 51.8 N

m 0.0327 kg

Substituting in the Hertz model for elastic contact into
(27), integrating and solving for Vc results in

Vc =
√

4ωcPc

5m
=

√
2Uc

m
(28)

Vc provides the initial velocity before impact that will
result in an impact that deforms the sphere plastically.
This is to not be confused with vc given in (21) for
the instantaneous velocity at which the sphere starts
deforming plastically during impact. Relating these
equations, when V1 = Vc then by definition vc = 0.
Also, when V1 < Vc the impact is elastic and e = 1.
Alternatives for (28) are given by Johnson [24], Thorn-
ton [20], and Wu et al. [33], however, these previous
equations neglect the effect that Poisson’s ratio has
on the initiation of yielding (taken into account in the
current work by the value C as defined by (5)). Alge-
braically the ratios between the previous equations and

(28) can easily be derived where

Vc/(Vy)Johnson =
√

(π · C)5

3180
,

Vc/(Vy)Thornton =
√

C5,

and

Vc/(Vy)Wu_et_al. =
√(

C

1.6

)5

.

For a typical range of Poisson’s ratios, η, these ra-
tios are calculated and compared in Table 2. Clearly
the prediction by Thornton [20] differs significantly
from all the others. Evaluating the differences between
the remaining equations, for η = 0.3, these equations
show differences of 3% or less, while substituting in
other typical values for Poisson’s ratio results in dif-
ferences as large as nearly 50%. Even for η = 0.4 the
difference is 23.6% when comparing (28) to Johnson’s
version and 23.0% when it is compared to Wu et al.
version. Therefore, the Poisson’s ratio has an impor-
tant effect in the calculation of the critical velocity, as
incorporated in (28).

Then the maximum deflection, ωm, can be found as
a function of V1, by setting v = 0 in (26) such that

1

2
m(V1)

2 = −
∫ ωm

ωc

Pep dz − 8

15
E′√Rω

5/2
c (29)

which is solved to provide ωm as a function of V1,
shown in Fig. 3, where V1 is normalized by

(V1)
∗ = V1

Vc
(30)
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Table 2 Comparison between (28) and previous critical velocity predictions as a function of Poisson’s ratio η

η 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

C 1.394 1.446 1.500 1.557 1.615 1.675 1.738 1.803 1.871

Vc/(Vy)Johnson 0.712 0.780 0.855 0.938 1.028 1.127 1.236 1.355 1.486

Vc/(Vy)Wu_et_al. 0.708 0.777 0.852 0.934 1.024 1.122 1.230 1.349 1.479

Vc/(Vy)Thornton 2.294 2.515 2.757 3.023 3.314 3.634 3.984 4.368 4.789

Fig. 3 Normalized
maximum interference as a
function of the normalized
initial velocity

and ωm is normalized such that

(ωm)∗ = ωm

ωc
(31)

As expected, (ωm)∗ increases with (V1)
∗ (see

Fig. 3). It should be noted that the relationship be-
tween (ωm)∗ and (V1)

∗ varies only slightly with εy.

2.6 Phase III. Restitution phase

The last phase is the restitution phase. The contact
force decreases from the maximum value, Pm, to zero.
Since (ωm)∗ is now known as a function of (V1)

∗, it
is possible to calculate the restitution phase or elastic
rebound of the sphere using the JG model. It is as-
sumed that the sphere recovers in a completely elastic
manner then the Hertz solution can be used to model
the contact force as the sphere rebounds. The sphere
will not fully recover to its original shape so the radius
of curvature will change to Rres and the surface will
be compressed permanently by a residual interference,
ωres. Then this elastic force of restitution will start by
equaling the elasto-plastic force at ω = ωm such that

(Pep)m = 4

3
E′√Rres(ωm − ωres)

3/2 (32)

There are two ways by which Rres and ωres can be ob-
tained. First, from Etsion et al. [34],

ωres

ωm
= 1 − 3(Pep)m

4E′amωm
, (33)

Rres = 4E′(am)3

3(Pep)m
(34)

where am is the contact radius at the maximum inter-
ference, ωm. The second way is by fitting an equation
to the finite element results of Jackson, Chusoipin, and
Green [35].

ωres

ωm
= 1.02

(
1 −

(
(ω∗)m + 5.9

6.9

)−0.54
)

(35)

This fit is shown in Fig. 4 alongside the numerical data
of [35]. Also, since (32) must always be satisfied, Rres

is solved for as

Rres = 1

(ωm − ωres)3

(
3

4

(Pep)m

E′

)2

(36)
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Fig. 4 Plot of new fit of the
residual interference data
provided by [35]

Fig. 5 Comparison of
coefficient of restitution for
different εy values as a
function of normalized
velocity for the current
model and the CL model
(based on CEB model)

Then the final velocity of the sphere as it comes out of
contact with the flat is solved from

1

2
m(V2)

2 =
∫ 0

ωm−ωres

(
4

3
E′√Rres(z)

3/2
)

dz (37)

giving

V2 =
√

16E′
15m

(Rres)
1/4(ωm − ωres)

5/4 (38)

Here, either (33) or (35) can be used to solve for ωres.

3 Results

To solve for the coefficient of restitution, (29) is first
numerically integrated. Then the result of the integra-
tion and (33) or (35) is substituted into (38). Finally,
the prediction for V2 is substituted into (16). The coef-
ficient of restitution, e, can then be obtained as a func-
tion of the (V1)

∗, and is plotted in Figs. 5 and 6. The

effect of varying material and geometrical properties
such as the yield strength, elastic modulus, Poisson’s
ratio, and sphere radius are also explored. Again, each
parameter is varied from the benchmark case given
by Table 1. By varying the elastic modulus and yield
strength independently, it is found that the effect of
each variable is the exact inverse of the other. In Fig. 5,
the effects of these two variables can be quantified by
observing the effect of the single combined variable,
εy = Sy/E

′. As expected, the normalization of V1 by
Vc succeeds in shifting the location of each curve to
coincide at e = 1 for all material properties. Another
trend that emerges from this is that as εy is increased,
the magnitude of the slope decreases. It was also found
that the radius does not affect the trends in this nor-
malized form. The current analysis also considers the
effect of Poisson’s ratio over the range 0.2 < η < 0.45.
Although not shown the results show that Poisson’s ra-
tio, η, alone only has a minor effect on the predicted
normalized results.
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Fig. 6 The effect of the
residual interference model
on the predicted coefficient
of restitution

3.1 Effect of residual interference equation

As discussed previously, the residual interference can
be calculated by either (33) or (35). Figure 6 shows
how these two equations affect the calculation of e as
a function of (V1)

∗. It is observed that while the qual-
itative trends of e when using of (33) and (35) to cal-
culate the residual interference are very similar, they
noticeably differ quantitatively where (33) results in a
higher prediction of e. The results shown are also com-
pared to the model by Wu et al. [33] which is discussed
in the following section.

3.2 Comparison to previous models and experimental
results

In this section, the model outlined above is compared
to the Chang and Ling (CL) model [7] which is based
on the well-known CEB elasto-plastic spherical con-
tact model [17]. See Fig. 5 for a comparison of these
two models. Clearly, the two different models give
very different predictions. The CL model also changes
fairly little from variations in yield strength, εy, and
it predicts a lower e than the current model. Interest-
ingly, the current model and the CL model appear to
approach each other at higher values of (V1)

∗. This
agrees with intuition because the CL model predicts
the contact to become fully plastic immediately af-
ter initial yielding (thus predicting low e values), in
contrast to the current model which includes smoother
transitions from elastic to elasto-plastic and eventually
fully plastic deformation. Eventually, the CL model
approaches the current model as plastic deformation
increases. However, there are still other differences

since the current model predicts that hardness will de-
crease with deformation.

Wu et al. [33] also provide a prediction of the coef-
ficient of restitution based on finite element modeling.
Wu et al. define a critical velocity, Vfp, above which
the contact is considered to be undergoing “finite-
plastic-deformation.” According to Wu et al. [33],

Vfp = 0.008 · Vc ·
(

E′

Sy

)2

(39)

For V1 < Vfp, the coefficient of restitution is predicted
by

e = 2.08 ·
(

V1

Vc

)−1/4

(40)

while for V1 > Vfp another equation is suggested

e = 0.62 ·
(

V1

Vc

Sy

E′

)−1/2

(41)

For the material properties considered herein, the
threshold defined by Vfp is calculated and is shown by
the vertical line in Fig. 6. It is seen that for V1 < Vfp

the equations provided by Wu at al. [33] over-predict
the coefficient of restitution in comparison to the cur-
rent results. Moreover, (40 and 41) both forecast un-
realistic values (e > 1, or e � 1, respectively) as V1

approaches Vc. In the vicinity of V1 = Vfp, (40) tends
to agree with the current results when (33) is used to
predict the force-displacement relationship during re-
covery but diverges outside of this region, while for
V1 � Vfp (41) tends to approach the current results
when (35) is used.
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Table 3 Material properties used for modeling aluminum and
aluminum oxide impact

E (aluminum) 68 GPaa

E (aluminum oxide) 370 GPaa

η (aluminum) 0.33a

η (aluminum oxide) 0.22a

Sy (aluminum) 0.38 GPab

R 0.0025 m

c 1.651

εy 0.006

ωc 0.474 µm

Pc 1.56 N

ρ (aluminum) 2700 kg/m3a

aFrom Matweb.com
bFrom hardness given in [36]

Table 4 Material properties used for modeling steel and alu-
minum oxide impact

E (steel) 200 GPaa

E (aluminum oxide) 370 GPaa

η (steel) 0.29a

η (aluminum oxide) 0.22a

Sy (steel) 1.03 GPab

R 0.0025 m

c 1.603

εy 0.0074

ωc 0.721 µm

Pc 6.24 N

ρ (steel) 7800 kg/m3a

aFrom Matweb.com
bFrom hardness given in [36]

The current model is now compared not only to the
closed form models provided by Thornton [20], Wu et
al. [33] and Weir and Tallon [23] but also to experi-
mental results (see Figs. 7 and 8). It should be noted
that now the velocities are not normalized by the crit-
ical velocity in these graphs as is done for previous
graphs. Because the graphs are not normalized, the
curves for the predicted coefficient of restitutions do
not approach a value of unity at the same location. In
addition, it is apparent that the critical velocity pre-
dicted by the Weir and Tallon [23] is much different
than that predicted by the current methodology.

A comparison is done against the experimental re-
sults provided by Kharaz and Gorham [36]. For alu-
minum oxide spheres impacting an aluminum flat,
the data is shown in Fig. 7, while for aluminum ox-
ide spheres impacting a steel flat the data is shown
in Fig. 8. In these experiments, the aluminum oxide
spheres were believed to only deform elastically, such
that the plastic deformation only occurred in the alu-
minum and steel flats. To compare these experimen-
tal results with the current model, the material proper-
ties in Tables 3 and 4 are used. The predictions of the
current model, while using (35) to predict the resid-
ual interference in the sequence to calculate e, com-
pares very well with the aluminum experimental re-
sults as shown in Fig. 7. Likewise, the results of us-
ing (35) to predict the residual interference also com-
pare very well for the steel experiments (see Fig. 8)
for V < 0.5 m/s, but do not compare as well past
that range. Here, the incorporation of (33) in the cur-
rent model compares better with the steel experimen-
tal results. Since it is suggested that strain hardening
does occur in Kharaz and Gorham [36], these differ-
ences could be attributed to the fact that steel typi-
cally has a considerable strain hardening ratio (ulti-
mate strength/yield strength) compared to aluminum.
Since strain hardening is not considered in the current
analysis, then aluminum experimental results are in-
deed projected to match better with the current model.
Of course, the amount of strain hardening will be af-
fected by the specific alloy of interest. For instance, the
hardening tangent modulus of aluminum ranges from
roughly 0.01 to 0.1 of the elastic modulus. At a value
of 0.1, the hardening might be important, while at 0.01
it probably is not [37]. However, other recent studies
[27, 37] find that strain hardening is not always a sig-
nificant effect in spherical contact, especially at low
impact velocities or load. The reason is that in typi-
cal spherical contact and impact the volume of plastic
deformation and strain is relatively small, however, as
the load is increased to induce more plastic deforma-
tion this might not be the case.

Other factors that could impact the results include
strain rate dependant strength, elastic wave propaga-
tion, surface roughness, and the flat not being a true
half space, and rotation of the sphere before and af-
ter impact; in addition to affecting the results, these
factors could cause disagreement between the models
and the experimental data. Regardless, the qualitative
comparisons between the current models and the ex-
perimental results are by and large satisfactory and the



Predicting the coefficient of restitution of impacting elastic-perfectly plastic spheres 227

Fig. 7 Comparison of
several models to
experimental results
aluminum oxide spheres
impacting an aluminum flat

Fig. 8 Comparison of
several models to
experimental results
aluminum oxide spheres
impacting a steel flat

quantitative differences are also relatively minor. Like-
wise, it appears that the current model compares better
with the experimental results than other recent models
by Thornton [20] and Weir and Tallon [23]. As noted
in Wu et al. [33], (40) is only valid for initial veloci-
ties that are 100 times greater than the initial critical
velocity to cause yielding. This also means that this
equation is not expected to compare well with the ex-
perimental results of [35] because they are for much
lower velocities (see Figs. 7 and 8).

Another possible reason for the differences be-
tween the numerical and experimental results is the
well-documented existence of strain rate dependant
strength [38]. The strain rate effect usually increases
the yield strength for metallic materials which should
also result in higher predictions for the coefficient of
restitution [39]. Since the local strain rate at any in-
stant in the sphere is dependant on position and time, it
is prohibitively difficult to accurately incorporate these

results into the current methodology. A full finite ele-
ment simulation which includes the strain gradient ef-
fects is probably needed for this purpose. However, it
has been shown that aluminum is relatively unaffected
by strain rates in comparison to steel [38]. This rein-
forces the agreement with the current comparison be-
tween the numerical and experimental results where
the results for aluminum agree better than the results
for steel. It is possible that by accurately including the
strain rate effects in the current methodology the nu-
merical and experimental results for steel will also be
in closer agreement since the strain rate effect should
increase the coefficient of restitution.

It is concluded that the current model predicts the
coefficient of restitution reasonably well for both ma-
terials, but it still requires a numerical solution. Hence,
empirical formulae may offer useful tools for engi-
neering purposes.
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3.3 Empirical equations

Two sets of empirical equations are fit to the results
presented in this paper (one set for results using (33) to
predict the residual interference and one set for (35)).
When (35) is used to predict the residual interference
in the sequence to predict e, a good fit resulted from
the following set of equations:

For 0 < (V1)
∗ < 1

e = 1 (42)

For 1 < (V1)
∗ ≤ 60

e = 1 − 0.1 ln(V ∗
1 )

(
V ∗

1 − 1

59

)0.156

(43)

For 60 ≤ (V1)
∗ ≤ 1000

e = 1 − 0.1 ln(60)− 0.11 ln

(
V ∗

1

60

)
(V ∗

1 − 60)2.36εy (44)

These equations combine to create a continuous pre-
diction of e in the range of 0 < (V1)

∗ < 1000. Equa-
tions (42–44) differ from the current results shown in
Fig. 5 by an average of 1.5% and by a maximum of
4.5%. When (33) is used to predict the residual inter-
ference in the sequence to predict e, a good fit results
from the following equation:

For 1 < (V1)
∗

e = 1 − 0.0361(εy)
−0.114 ln(V ∗

1 )(V ∗
1 − 1)9.5εy (45)

Equation (45) differs from the current results using
(33) by an average of 5.3% and by a maximum of
8.4%. Equations (42–45) may not be valid outside the
range specified in this work being 0.0005 < εy < 0.01
and 0.2 < η < 0.45.

The finite element model results used in the cur-
rent work account for large deformations. The current
calculations were limited to deformations up to about
(ωm)∗ = 425, which is within the range considered by
the previous FEM investigation. Therefore, above that
the model might not be as valid.

4 Conclusions

The current work sets forth a methodology for pre-
dicting the effect of elasto-plastic contact mechan-
ics on the coefficient of restitution for an impacting

sphere. The current work is successful at finding ex-
pressions for a critical velocity which causes the im-
pacting sphere to deform plastically. These are differ-
ent from those given by previous works that either ne-
glect the effect of Poisson’s ratio or are dependant on
the hardness that is known to vary with other mate-
rial properties and with the deformation itself. This
work uses recent findings that depend solely upon in-
disputable material properties (E,Sy, and η). The said
critical velocity is useful in normalizing the results
for different materials. The current work also shows
that the ratio of the yield strength to the elastic mod-
ulus, εy is the most influential variable in predicting
the coefficient of restitution, once the initial velocity
is normalized by the critical initial velocity. Different
elasto-plastic contact models for loading [17, 18] and
unloading [34, 35] are considered. Each of these dif-
ferent models appears to have a noteworthy effect on
the predicted values for the coefficient of restitution.

The results are also compared to several existing
theoretical models and experimental results. The cur-
rent results compare well with the experimental re-
sults. Since other existing theoretical models do not
compare as well, empirical equations are fitted to the
current results to provide tools to predict the coeffi-
cient of restitution between impacting metallic spheres
and surfaces. It should be noted that other researchers
have suggested that strain hardening is the reason their
models predict different results than what is seen in ex-
periment. While the current results appear to partially
agree with a recent analysis by Kogut and Etsion [27],
which suggests that strain hardening actually plays a
minor role, this and other works find that the strain
rate (time) effect does appear to be meaningful.
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