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Abstract In this paper, we propose a new H∞ syn-
chronization strategy, called a fuzzy delayed output
feedback H∞ synchronization (FDOFHS) strategy,
for chaotic systems in the presence of external distur-
bance. Based on Lyapunov–Krasovskii theory, the T–S
fuzzy model, and a delayed feedback control scheme,
the FDOFHS controller can guarantee stable synchro-
nization. Furthermore, this controller reduces the ef-
fect of external disturbance to an H∞ norm constraint.
The proposed controller can be obtained by solving the
linear matrix inequality (LMI) problem. A simulation
study is presented to demonstrate the validity of the
proposed FDOFHS approach.

Keywords H∞ synchronization · Chaotic systems ·
Linear matrix inequality (LMI) · Takagi–Sugeno
(T–S) fuzzy model · Delayed output feedback control

1 Introduction

During the last two decades, synchronization in chao-
tic dynamic systems has received a great deal of inter-
est among scientists from various research fields since
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Pecora and Carroll [1] introduced a method to syn-
chronize two identical chaotic systems with different
initial conditions. It has been widely explored in a va-
riety of fields including physical, chemical and eco-
logical systems [2]. Over the past several years, the
delayed feedback control approach, proposed by Pyra-
gas [3], has received considerable attention. The use
of time delay in the feedback loop eliminates the need
for explicitly determining any information about the
underlying dynamics other than the period of the de-
sired orbit. The papers in [4–6] used the linear part and
an assumption on the nonlinearities of Lur’e chaotic
systems to achieve synchronization. In spite of some
advances in the delayed feedback control, it is hard
in general to get the corresponding linearized models
along the system trajectory during the drive–response
procedure.

In recent years, fuzzy logic has received much
attention as a powerful tool for the nonlinear con-
trol. Among various kinds of fuzzy methods, Takagi–
Sugeno (T–S) fuzzy model provides a successful
method to describe certain complex nonlinear systems
using some local linear subsystems [7, 8]. These lin-
ear subsystems are smoothly blended together through
fuzzy membership functions. It is therefore intuitive
to believe that the T–S fuzzy model can be used to de-
velop synchronization methods via the delayed feed-
back control without the assumption as in [4–6].

In real physical systems, one is faced with model
uncertainties and a lack of statistical information on
the signals. This had led in recent years to an interest
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in mini-max control, with the belief that H∞ control is
more robust and less sensitive to disturbance variances
and model uncertainties [9]. In order to reduce the ef-
fect of the disturbance, Hou et al. [10] firstly adopted
the H∞ control concept [9] for chaotic synchroniza-
tion problem. Recently, a dynamic controller for the
H∞ synchronization was proposed in [11]. To the best
of our knowledge, however, for the T–S fuzzy model
based H∞ chaos synchronization via the delayed feed-
back control, there has appeared no result in the liter-
ature so far, which still remains challenging.

In this paper, a new H∞ synchronization method
based on the T–S fuzzy model and the delayed feed-
back control is proposed. This method is called a fuzzy
delayed output feedback H∞ synchronization (FD-
OFHS) method. By the proposed scheme, the closed-
loop error system is asymptotically synchronized and
the H∞ norm from the external disturbance to the syn-
chronization error is reduced to a disturbance attenua-
tion level. Based on the Lyapunov–Krasovskii method
[14, 15] and the linear matrix inequality (LMI) ap-
proach, an existence criterion for the proposed con-
troller is represented in terms of the LMI. The LMI
problem can be solved efficiently by using recently de-
veloped convex optimization algorithms [12].

This paper is organized as follows. In Sect. 2, we
formulate the problem. In Sect. 3, the FDOFHS con-
troller is proposed for chaotic systems with external
disturbance. In Sect. 4, an application example for a
Lorenz system is given, and finally, conclusions are
presented in Sect. 5.

2 Problem formulation

In system analysis and design, it is important to select
an appropriate model representing a real system. As an
expression model of a real plant, we use the fuzzy im-
plications and the fuzzy reasoning method suggested
by Takagi and Sugeno [7]. Let us represent the chaotic
system as follows:

Fuzzy Rule i:

IF ω1 is μi1 and . . . ωs is μis THEN

ẋ(t) = Aix(t) + ηi(t), (1)

y(t) = Cx(t), (2)

where x(t) ∈ Rn is the state vector, y(t) ∈ Rm is the
output vector, Ai ∈ Rn×n and C ∈ Rm×n are known

constant matrices, ηi(t) ∈ Rn denotes a bias term
which is generated by the fuzzy modeling procedure,
ωj (j = 1, . . . , s) is the premise variable, μij (i =
1, . . . , r, j = 1, . . . , s) is the fuzzy set that is charac-
terized by a membership function, r is the number of
the IF–THEN rules, and s is the number of the premise
variables.

Using a standard fuzzy inference method (using
a singleton fuzzifier, product fuzzy inference, and
weighted average defuzzifier), the system (1)–(2) is in-
ferred as follows:

ẋ(t) =
r∑

i=1

hi(ω)
[
Aix(t) + ηi(t)

]
, (3)

y(t) = Cx(t), (4)

where ω = [ω1, . . . ,ωs], hi(ω) = �i(ω)/∑r
i=1 �j(ω), �i : Rs → [0,1] (i = 1, . . . , r) is the

membership function of the system with respect to
the fuzzy rule i. hi can be regarded as the normalized
weight of each IF–THEN rule and it satisfies

hi(ω) ≥ 0,

r∑

i=1

hi(ω) = 1. (5)

The system (3)–(4) is considered as a drive system.
The synchronization problem of system (3)–(4) is

considered by using the drive–response configuration.
According to the drive–response concept, the con-
trolled fuzzy response system is described by the fol-
lowing rules:

Fuzzy Rule i:

IF ω1 is μi1 and . . . ωs is μis THEN

˙̂x(t) = Aix̂(t) + ηi(t) + u(t) + Gid(t), (6)

ŷ(t) = Cx̂(t), (7)

where x̂(t) ∈ Rn is the state vector of the response sys-
tem, ŷ(t) ∈ Rm is the output vector of the response
system, u(t) ∈ Rn is the control input, d(t) ∈ Rk is
the external disturbance, and Gi ∈ Rn×k is a known
constant matrix. The fuzzy response system can be in-
ferred as

˙̂x(t) =
r∑

i=1

hi(ω)
[
Aix̂(t) + ηi(t) + u(t) + Gid(t)

]
,

(8)
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ŷ(t) = Cx̂(t). (9)

Define the synchronization error e(t) = x̂(t) − x(t).
Then we obtain the synchronization error system

ė(t) =
r∑

i=1

hi(ω)
[
Aie(t) + u(t) + Gid(t)

]
. (10)

Definition 1 (Asymptotical synchronization) The er-
ror system (10) is asymptotically synchronized if the
synchronization error e(t) satisfies

lim
t→∞ e(t) = 0. (11)

Definition 2 (H∞ synchronization) The error system
(10) is H∞ synchronized if the synchronization error
e(t) satisfies
∫ ∞

0
eT(t)Se(t) dt < γ 2

∫ ∞

0
dT(t)d(t) dt, (12)

for a given level γ > 0 under zero initial condition,
where S is a positive symmetric matrix. The parame-
ter γ is called the H∞ norm bound or the disturbance
attenuation level.

Remark 1 The H∞ norm [9] is defined as

‖Ted‖∞ =
√∫ ∞

0 eT(t)Se(t) dt
√∫ ∞

0 dT(t)d(t) dt

where Ted is a transfer function matrix from d(t) to
e(t). For a given level γ > 0, ‖Ted‖∞ < γ can be re-
stated in the equivalent form (12). If we define

H(t) =
∫ t

0 eT(σ )Se(σ )dσ
∫ t

0 dT(σ )d(σ )dσ
, (13)

the relation (12) can be represented by

H(∞) < γ 2. (14)

In Sect. 4, through the plot of H(t) versus time, the
relation (14) is verified.

The purpose of this paper is to design the FDOFHS
controller u(t) guaranteeing the H∞ synchronization
if there exists the external disturbance d(t). In addi-
tion, this controller u(t) will be shown to guarantee the
asymptotical synchronization when the external dis-
turbance d(t) disappears.

3 Main results

The LMI problem for achieving the FDOFHS is pre-
sented in the following theorem.

Theorem 1 For given γ > 0, 1 > ζ > 0, and S =
ST > 0, if there exist P = P T > 0, R = RT > 0,
Z = ZT > 0, and Mj such that

⎡

⎢⎢⎢⎢⎢⎢⎣

[1,1] −ζMjC 0 PGi I I

−ζCTMT
j −R 0 0 0 0

0 0 − 1
τ
Z 0 0 0

GT
i P 0 0 −γ 2I 0 0
I 0 0 0 − 1

τ
Z 0

I 0 0 0 0 −S−1

⎤

⎥⎥⎥⎥⎥⎥⎦
< 0,

(15)

where

[1,1] = AT
i P + PAi + MjC + CTMT

j + R,

for i, j = 1,2, . . . , r , then the FDOFHS is achieved
and the controller is given by

u(t) =
r∑

j=1

hj (ω)P −1Mj

[(
ŷ(t) − y(t)

)
(16)

− ζ
(
ŷ(t − τ) − y(t − τ)

)]
, (17)

where τ > 0 is the chosen time delay or the propaga-
tion as it is in [4, 5].

Proof The FDOFHS controller can be constructed via
the parallel distributed compensation. The controller is
described by the following rules:

Fuzzy Rule j :

IF ω1 is μj1 and . . . ωs is μjs THEN

u(t) = Kj

[(
ŷ(t) − y(t)

) − ζ
(
ŷ(t − τ) − y(t − τ)

)]
,

(18)

where Kj ∈ Rn×m is the gain matrix of the controller
for the fuzzy rule j . The fuzzy controller can be in-
ferred as

u(t) =
r∑

j=1

hj (ω)Kj

[(
ŷ(t) − y(t)

) − ζ
(
ŷ(t − τ)

− y(t − τ)
)]

=
r∑

j=1

hj (ω)KjC
[
e(t) − ζe(t − τ)

]
. (19)
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The closed-loop error system with the control input
(19) can be written as

ė(t) =
r∑

i=1

r∑

j=1

hi(ω)hj (ω)
[
(Ai + KjC)e(t)

− ζKjCe(t − τ) + Gid(t)
]
. (20)

Consider the following Lyapunov–Krasovskii func-
tional:

V
(
e(t)

) = V1
(
e(t)

) + V2
(
e(t)

) + V3
(
e(t)

)
(21)

where

V1
(
e(t)

) = eT(t)P e(t), (22)

V2
(
e(t)

) =
∫ 0

−τ

∫ t

t+β

eT(α)Qe(α)dα dβ

(Q = QT > 0), (23)

V3
(
e(t)

) =
∫ t

t−τ

eT(σ )Re(σ )dσ. (24)

The time derivative of V1(e(t)) along the trajectory
of (20) is

V̇1
(
e(t)

) = ė(t)TPe(t) + eT(t)P ė(t)

=
r∑

i=1

r∑

j=1

hi(ω)hj (ω)
{
eT(t)

[
AT

i P + PAi

+ PKjC + CTKT
j P

]
e(t)

− ζeT(t)PKjCe(t − τ)

− ζeT(t − τ)CTKT
j P e(t)

+ eT(t)PGid(t) + dT(t)GT
i P e(t)

}
.

If we use the inequality XTY + Y TX ≤ XTΛX +
Y TΛ−1Y , which is valid for any matrices X ∈ Rn×m,
Y ∈ Rn×m, Λ = ΛT > 0, Λ ∈ Rn×n, we have

e(t)TPGid(t) + dT(t)GT
i P e(t)

≤ γ 2dT(t)d(t) + 1

γ 2
e(t)TPGiG

T
i P e(t). (25)

Using (25), we obtain

V̇1
(
e(t)

)

≤
r∑

i=1

r∑

j=1

hi(ω)hj (ω)

{
eT(t)

[
AT

i P + PAi

+ PKjC + CTKT
j P + 1

γ 2
PGiG

T
i P

]
e(t)

− ζeT(t)PKjCe(t − τ) − ζeT(t − τ)CTKT
j

× Pe(t) + γ 2dT(t)d(t)

}
. (26)

The time derivative of V2(e(t)) is

V̇2
(
e(t)

) = τeT(t)Qe(t) −
∫ t

t−τ

eT(σ )Qe(σ )dσ.

(27)

Using the inequality [13]

[∫ t

t−τ

e(σ ) dσ

]T

Q

[∫ t

t−τ

e(σ ) dσ

]

≤ τ

∫ t

t−τ

e(σ )TQe(σ)dσ, (28)

we have

V̇2
(
e(t)

) ≤ τeT(t)Qe(t) − 1

τ

[∫ t

t−τ

e(σ ) dσ

]T

Q

×
[∫ t

t−τ

e(σ ) dσ

]
. (29)

Since V̇3(e(t)) yields the relation

V̇3
(
e(t)

) = e(t)TRe(t) − eT(t − τ)Re(t − τ), (30)

we have the derivative of V (e(t)) as

V̇
(
e(t)

) = V̇1
(
e(t)

) + V̇2
(
e(t)

) + V̇3
(
e(t)

)

≤
r∑

i=1

r∑

j=1

hi(ω)hj (ω)

⎧
⎪⎨

⎪⎩

⎡

⎣
e(t)

e(t − τ)∫ t

t−τ
e(σ ) dσ

⎤

⎦
T

×
⎡

⎣
(1,1) −ζPKjC 0

−ζCTKT
j P −R 0

0 0 − 1
τ
Q

⎤

⎦

×
⎡

⎣
e(t)

e(t − τ)∫ t

t−τ
e(σ ) dσ

⎤

⎦ − eT(t)Se(t)

+ γ 2dT(t)d(t)

}
, (31)
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where

(1,1) = AT
i P + PAi + PKjC + CTKT

j P

+ 1

γ 2
PGiG

T
i P + τQ + R + S. (32)

If the following matrix inequality is satisfied:

⎡

⎢⎣
(1,1) −ζPKjC 0

−ζCTKT
j P −R 0

0 0 − 1
τ
Q

⎤

⎥⎦ < 0, (33)

for i, j = 1,2, . . . , r , we have

V̇
(
e(t)

)
<

r∑

i=1

r∑

j=1

hi(ω)hj (ω)
{−eT(t)Se(t)

+ γ 2dT(t)d(t)
}

= −eT(t)Se(t) + γ 2dT(t)d(t). (34)

Integrating both sides of (34) from 0 to ∞ gives

V
(
e(∞)

) − V
(
e(0)

)
< −

∫ ∞

0
eT(t)Se(t) dt

+ γ 2
∫ ∞

0
dT(t)d(t) dt.

Since V (e(∞)) ≥ 0 and V (e(0)) = 0, we have the re-
lation (12). From the Schur complement, the matrix
inequality (33) is equivalent to

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

{1,1} −ζPKj C 0 PGi I I

−ζCTKT
j P −R 0 0 0 0

0 0 − 1
τ
Q 0 0 0

GT
i P 0 0 −γ 2I 0 0

I 0 0 0 − 1
τ
Q−1 0

I 0 0 0 0 −S−1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0,

(35)

where

{1,1} = AT
i P + PAi + PKjC + CTKT

j P + R.

Pre- and post-multiplying (35) by diag(I, I,Q−1,

I, I, I ) and introducing change of variables such
as Mj = PKj , and Z = Q−1, (35) is equivalently
changed into the LMI (15). Then the gain matrix of
the control input u(t) is given by Kj = P −1Mj . This
completes the proof. �

Corollary 1 Without the external disturbance, if we
use the control input u(t) proposed in Theorem 1, the
asymptotical synchronization is obtained.

Proof When d(t) = 0, we obtain

V̇
(
e(t)

)
< −eT(t)Se(t) ≤ 0 (36)

from (34). This guarantees

lim
t→∞ e(t) = 0 (37)

from Lyapunov–Krasovskii theory. This completes the
proof. �

Based on Theorem 1, the optimal H∞ norm bound
for the H∞ synchronization is obtained.

Corollary 2 For a given S > 0, the optimal H∞ norm
bound γ is obtained by solving the following semi-
definite programming problem:

min
γ>0

γ 2 (38)

subject to the LMI (15), P > 0, R > 0, and Z > 0.

Remark 2 The LMI problem given in Theorem 1 is
to determine whether the solution exists or not. It is
called the feasibility problem. The LMI problem can
be solved efficiently by using recently developed con-
vex optimization algorithms [12]. In this paper, in or-
der to solve the LMI problem, we utilize the MATLAB
LMI Control Toolbox [16], which implements state-
of-the-art interior-point algorithms.

Remark 3 Because the LMI problem in Theorem 1 is
the feasibility problem, we may find several solutions.
However, we can find a unique optimal solution to the
LMI problem in Corollary 2 because this problem is
the convex optimization problem in terms of the LMI.

4 Numerical example

In this section, to verify and demonstrate the effec-
tiveness of the proposed method, we discuss the sim-
ulation result for synchronizing Lorenz system un-
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der different initial conditions. Consider the following
Lorenz system:

ẋ1(t) = −10x1(t) + 10x2(t),

ẋ2(t) = 28x1(t) − x2(t) − x1(t)x3(t), (39)

ẋ3(t) = x1(t)x2(t) − 8

3
x3(t).

In order to apply the proposed scheme, we need the
T–S fuzzy model representation of the Lorenz system.
By defining two fuzzy sets, we can obtain the follow-
ing fuzzy drive system that exactly represents the non-
linear equation of the Lorenz system:

ẋ(t) =
2∑

i=1

hi(ω)
[
Aix(t) + ηi

]
, (40)

where

A1 =
⎡

⎣
−10 10 0
28 −1 −d

0 d − 8
3

⎤

⎦ ,

A2 =
⎡

⎣
−10 10 0
28 −1 d

0 −d − 8
3

⎤

⎦ ,

η1 = η2 =
⎡

⎣
0
0
0

⎤

⎦ .

The membership functions are

h1(ω) = 1

2

(
1 + x1

d

)
, h2(ω) = 1

2

(
1 − x1

d

)
.

(41)

For the numerical simulation, we use the following pa-
rameters:

d = 30, τ = 0.2, ζ = 0.1,

C = [
1 0 0

]
, G1 = G2 =

⎡

⎣
1
1
1

⎤

⎦ ,

S =
⎡

⎣
0.1 0 0
0 0.1 0
0 0 0.1

⎤

⎦ .

For the design objective (12), let the H∞ performance
be specified by γ = 0.3. Applying Theorem 1 to the
fuzzy system (40) yields

P =
⎡

⎣
3.4970 −0.8802 −0.8532

−0.8802 1.3224 −0.0100
−0.8532 −0.0100 1.3149

⎤

⎦ ,

M1 = M2 =
⎡

⎣
−759.4963
−98.5322
−32.9033

⎤

⎦ .

Figure 1 shows the plot of H(t) versus time when
d(t) = sin(10t). Figure 1 verifies H(∞) < γ 2 = 0.09.
This means that the H∞ norm from the external dis-
turbance d(t) to the synchronization error e(t) is re-
duced within the H∞ norm bound γ . Phase-space tra-
jectories for drive and response systems are shown in
Figs. 2 and 3, respectively, when the initial conditions
are given by

⎡

⎣
x1(0)

x2(0)

x3(0)

⎤

⎦ =
⎡

⎣
15.8

−17.48
15.64

⎤

⎦ ,

⎡

⎣
x̂1(0)

x̂2(0)

x̂3(0)

⎤

⎦ =
⎡

⎣
13.8
−14
13

⎤

⎦ ,

(42)

and the external disturbance is given by d(t) = w(t),
where w(t) means a Gaussian noise with mean 0 and
variance 100. Figure 4 shows state trajectories for
drive and response systems when the external distur-
bance d(t) is given by

d(t) =
{

w(t), 0 ≤ t ≤ 10,

0, otherwise.

From Fig. 4, it can be seen that drive and response sys-
tems are indeed achieving chaos synchronization. Fig-
ure 5 shows the proposed method reduces the effect
of the external disturbance d(t) on the synchroniza-
tion error e(t). In addition, it is shown that the syn-
chronization error e(t) goes to zero after the external
disturbance d(t) disappears.

5 Conclusion

In this paper, we have proposed the FDOFHS con-
troller, which is a new H∞ synchronization controller,
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Fig. 1 The plot of H(t)

versus time

Fig. 2 The chaotic
behavior of the drive system

for chaotic systems with external disturbance. Based
on Lyapunov–Krasovskii theory and the LMI ap-
proach, the proposed method guarantees the asymptot-
ical synchronization and reduces the H∞ norm from
the disturbance to the synchronization error within a
disturbance attenuation level. The synchronization for

the Lorenz system is given to illustrate the effective-
ness of the proposed scheme. Finally, the proposed
FDOFHS scheme has the advantage that it can be
effectively used to H∞ control and synchronization
of other nonlinear systems described by a T–S fuzzy
model.
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Fig. 3 The chaotic
behavior of the response
system

Fig. 4 State trajectories
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Fig. 5 Synchronization
errors
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