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Abstract The Hopf bifurcation and chaotic motions
of a tubular cantilever impacting on loose support
is studied using an analytic model that involves de-
lay differential equations. By using the damping-
controlled mechanism, a single flexible cantilever in
an otherwise rigid square array of cylinders is ana-
lyzed. The analytical model, after Galerkin discretiza-
tion to five d.o.f., exhibits interesting dynamical be-
havior. Numerical solutions show that, with increas-
ing flow beyond the critical, the amplitude of motion
grows until impacting with the loose support placed at
the tip end of the cylinder occurs; more complex mo-
tions then arise, leading to chaos and quasi-periodic
motions for a sufficiently high flow velocity. The ef-
fect of location of the loose support on the global dy-
namics of the system is also investigated.

Keywords Hopf bifurcation · Chaotic motion ·
Cantilever · Cross flow · Loose support

1 Introduction

The instabilities and vibrations of loosely supported
cylinders (or tubes) subjected to cross flow have
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been one interesting subject of investigations by re-
searchers in the power generating industry (including,
e.g., steam generators, boilers, condensers, etc.) for
several decades. Arrays (or bundles) of cylinders sub-
ject to cross flow are known to be possibly subject to
fluid elastic instabilities at sufficiently high flow ve-
locities. Some of these instabilities have been linked
to a negative damping mechanism arising from the
fluid dynamic forces acting on the cylinders. Since
this damping may be negative, work is done by the
fluid on the cylinders. The fluid elastic instabilities
can cause severe damage to the tubular cylinders: the
resultant high-amplitude and high-frequency vibration
may sometimes cause cylinder impact onto loose sup-
ports and always wear with loose supports [1], even-
tually leading to breakdowns.

Tubular cylinders within steam generators are al-
ways positively supported (usually clamped) at both
ends. In heat exchangers, sometimes the tubular cylin-
ders are threaded through the baffle plates (i.e., loose
supports) through holes. The clearances between the
cylinder and the loose supports permit easy threading
and allow for thermal expansion. The main function
of the baffle plates is to direct the flow and to support
the cylinders. One type of loose supports is the tube
support plate (TSP) which comprises a flat plate with
circular holes for the cylinders to pass through; see
Fig. 1(a). A second type of loose supports consists of
two parallel bars, known as antivibration bars (AVBs);
see Fig. 1(b). Therefore, it seems that the AVBs limit
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Fig. 1 Three types of loose
supports

cylinder motion to one direction; however, as there are
clearances between the cylinder and the two parallel
bars, the cylinder may also vibrate in the cross-stream
direction. A third type of loose supports consists of
a number of massless bars arranged around the tube;
typically, a square flat-bar (SFB) support is shown in
Fig. 1(c).

After some use, crud may be deposited in the
clearance, rendering some, but not all, loose-fitting
holes into positive supports; also, the fact that the
cylinders are not perfectly straight originally and the
clamped supports may sometimes be destroyed by
flow-induced force or thermal expansion help explain
how in a real heat exchanger some clamped supports
would be rendered into loose supports after some use.

There are several analytic or semiempirical mod-
els for predicting oscillatory fluid-elastic instability
(see, e.g., [2–6]). These models are mostly linearized,
both in terms of the fluid-dynamic forces acting on the
cylinders and in terms of structural motions. The inter-
ested reader is referred to Paidoussis’ [7] and Chen’s
[8] discussions of reasonable classifications of these
models, as well as to Price’s [9] discussion of the pos-
sible mechanisms giving rise to the instability.

The nonlinear vibrations of heat exchanger cylin-
ders in cross flow arise from a fluid-induced dy-
namic instability [10, 11]. In the studies of [10, 11],
a clamped-clamped cylinder was supported at mid-
span by AVBs. It should be noted that the analytic
model used in these two papers is that of Price and
Paidoussis [3]. Paidoussis and Li [11] demonstrated
that chaotic oscillations for a single flexible cylin-
der with two-span are in fact possible for sufficiently
high fluid flow velocities. This two-span cylinder is
clamped at both ends and is loosely supported at the
middle (Fig. 2). The nonlinearities considered in that
paper are those associated with impacting on the loose
supports. In 1999, a robust feed back controller design

Fig. 2 The analytic model developed in [10–12]: (a) top view,
(b) side view

to suppress flutter-type chaotic vibrations in baffled
heat exchanger cylinders was reported by de Bedout et
al. [12]. The analytic model developed by Paidoussis
and Li [11] was utilized. The feedback controller was
realized using a frequency domain loop shaping ap-
proach which is well suited for systems with transcen-
dental transfer functions. Cai and Chen [13] analyzed
the response of a pinned tube with a loose AVB sup-
port. Periodic, quasi-periodic, and chaotic responses
were obtained as the flow velocity was varied.

More recently, Hassan and Hayder [14] attempted
to formulate a new time-domain model for fluide-
lastic instability forces of tubes with loose-supports
(SFB) to predict the flow-induced vibrations and asso-
ciated wear in heat exchangers and steam generators.
The mathematical modeling of the tube/support im-
pact used therein was described in detail and verified
by Hassan et al. [15]. The loose supports were mod-
eled by a number of massless bars arranged around



Hopf bifurcation and chaotic motions of a tubular cantilever subject to cross flow and loose support 331

Fig. 3 The analytic model in the current work, showing a single
flexible cantilever in an otherwise rigid square array of cylin-
ders: (a) top view, (b) side view

the tube. Numerical investigations of the response of a
single one-span cylinder subjected to cross flow were
carried out by FEM. The predicted critical flow veloci-
ties were in reasonable agreement with the experimen-
tal results.

Under operating conditions, the tubular cylinder is
always subjected to high velocity coolant cross-flow.
As mentioned in the foregoing, some of the clamped
supports may be rendered into loose supports after
some use. When the fluid flow velocity is higher than
a critical one, the cylinder would impact onto these
loose supports, thus introducing strong nonlinearities
in the system. Therefore, the present paper is con-
cerned with the dynamics of a one-span cylinder in
cross-flow, with the extremes of the cylinder being
positively clamped at one end and loosely supported
at the other end or close to it; see Fig. 3.

Therefore, it can be seen that the current model is
different from that shown in Fig. 2. It will here be as-
sumed for simplicity that motions will be planar and in
the direction of the single degree of freedom consid-
ered. While the inflow motion of the cylinder does oc-
cur in real systems, the tube response is usually dom-
inant in the cross-flow direction. This means that the
in-flow-direction motion of the cylinder is not consid-
ered in the current work.

The main motivation for this work is to investigate
the bifurcations and possible chaotic motions in such
a cantilevered system. The dynamics of the system
are studied through theoretical analysis and numer-
ical simulation, obtaining bifurcation diagrams and
phase portraits and showing some essential results. All

the results obtained for a cantilevered system will be
compared with that for a supported system analyzed
in [11].

2 Analytic model

2.1 The equation of motion

Consider the one-span heat exchanger cylinder in
cross-flow in Fig. 3. The single flexible cylinder is sur-
rounded by otherwise rigid cylinders. The system cho-
sen was a square in-line array. One end of the cylinder
is rigidly supported and the other one is free. More-
over, there is a loose support close to or at the tip end
of the cylinder. The position of the loose support is
denoted by xb . It is assumed that the heat exchanger
cylinder moves perpendicular to the flow direction
only, as mentioned in the foregoing. The following
derivation of the equation of motion for the flexible
cylinder subjected to cross flow has been developed
in Paidoussis and Li [11] and will be reviewed briefly
here.

The equation of motion of the tubular cantilever
subject to cross flow may be written in the form

EI
∂4w

∂x4
+ c

∂w

∂t
+ m

∂2w

∂t2
+ δ(x − xb)f (w)

= F(w, ẇ, ẅ) (1)

where w is the lateral displacement of the cylinder
perpendicular to the flow direction, EI is the flexural
rigidity of the cylinder, c is the damping coefficient,
m is the cylinder mass per unit length, x is the posi-
tion along the tube, δ is the Dirac delta function, f (w)

is the force exerted by the loose support on the cylin-
der, and F(w, ẇ, ẅ) is the flow-induced force associ-
ated with the cross flow. The flow-induced force F is
a function of the cylinder motion and can be generally
expressed by [11, 12]

F(w, ẇ, ẅ) = M
∂2w(x, t)

∂t2
+ B

∂w(x, t)

∂t

+ Cw(x, t − �t) (2)

where

M = −π

4
ρD2Cma, B = −1

2
ρUDCD,

C = 1

2
ρU2D

∂CL

∂w
, �t = μ

D

U
,
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and D is the diameter of the cylinder, ρ and U are
defined as the fluid density and velocity, respectively,
CD and CL are the drag and lift coefficients, respec-
tively, based on the flow velocity in the gap between
the cylinders, Cma is the virtual (or added) mass coef-
ficient of the fluid around the cylinder, and �t is the
time delay between cylinder motions and the fluid dy-
namic forces generated thereby. For more details on
the mechanism of such a time delay, the interested
reader is referred to [3].

By introducing the following nondimensional quan-
tities, where L describes the length of the cantilever
and λ1 is the dimensionless eigenvalue of the first
mode for a cantilever beam:

η = w

D
, ξ = x

L
, τ = λ2

1

√
EI

mL4
t = �1t,

ζ = c

�1m
,

m̃ = m

ρD2
, Ũ = 2πU

D�1
, f̃ = f

m�2
1

,

β = 1

1 + 4m̃/πCma
(3)

and then substituting the dimensionless variables (3)
and the flow-induced force (2) into (1), the dimension-
less equation of motion can be written as

1

1 − β

∂2η

∂τ 2
(ξ, τ ) +

(
ζ + ŨCD

4πm̃

)
∂η

∂τ
(ξ, τ )

+ 1

λ4
1

∂4η

∂ξ4
(ξ, τ ) − Ũ2

8π2m̃

∂CL

∂η
η(ξ, τ − T )

+ δ(ξ − ξb)f̃ (η) = 0 (4)

It should be noted that T is the dimensionless delay
time given by

T = 2π

Ũ

for μ = 1.

2.2 Discretization

The infinite dimensional model is discretized by
Galerkin’s technique, with the cantilever beam eigen-
functions φi(ξ) being used as a suitable set of base

functions and qi(τ ) being the corresponding general-
ized coordinates; thus,

η(ξ, τ ) =
N∑

i=1

ϕi(ξ)qi(τ ) (5)

and applying Galerkin’s method one obtains

1

1 − β
q̈i(τ ) +

(
δivi

π
+ ŨCD

4πm̃

)
q̇i (τ ) + v2

i qi(τ )

− Ũ2

8π2m̃

∂CL

∂η
qi(τ − T ) + f̃ (ηb)ϕi(ξb) = 0 (6)

where vi = (λi/λ1)
2 are the ratios of the nondimen-

sional natural frequencies to the first one, ηb is the dis-
placement at ξ = ξb. In the above equation, the viscous
damping term has been replaced by the modal damp-
ing δivi/π , in which it has been assumed that damping
coefficients are small. Thus, the only coupling term in
the current modeling is the force f̃ (ηb) due to the re-
straint at the loose supports. If there were no such re-
straints, then the resulting equations would be decou-
pled.

For a cantilever system, of course, the derivation of
the equation of motion reviewed in the foregoing is
quite similar to that for the supported system analyzed
by Price and Paidoussis [3]. However, in (6), the values
of ϕi(ξ) and λi(and hence vi) are quite different be-
tween these two models. Therefore, it is expected that
the cantilever system may display some essential dy-
namical behavior different from that of the supported
system. The main variable parameters in this work are
the dimensionless flow velocity Ũ and the location of
the loose support, ξb. The fixed values for the other pa-
rameters were chosen in accordance to those used in
reference [11], calculated by using experiment data:

β = 0.24, δi = 0.06, CD = 0.26, m̃ = 3,

∂CL

∂η
= −8.1

These values correspond to a square heat exchanger
tube array (in-line array) with center-to-center pitch-
to-diameter ratio p/D = 1.5.

Various mathematical models may be used to rep-
resent properly the impact forces. The first approxi-
mation used by Paidoussis et al. [16] was to model the
restraining forces by a cubic spring. Another two rep-
resentations were that utilized by Paidoussis et al. [17]
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involving a smoothened spring model and a trilinear-
spring model. In the current work, the restraining force
f̃ (ηb) is modeled as a cubic spring [12, 16–18],

f̃ (ηb) = κη3
b (7)

where κ is the stiffness of the cubic spring. In this
work, κ = 1000 in accordance with reference [12].

In what follows, all quantities are understood to be
dimensionless, so the tildes on Ũ , f̃ , and m̃ are hence-
forth dropped.

3 Bifurcation analysis

In the bifurcation analysis, a similar treatment given
in [11] will be utilized. To find the critical flow veloc-
ity for the onset of instability, all system parameters
are fixed as defined in the foregoing. The main para-
meter to be gradually increased is the dimensionless
flow velocity, U . Eventually, the stable equilibrium
(i.e., at the undeformed position) of the cylinder will
be lost at a critical value of U . We denote this critical
flow velocity as UH. Obviously, for any U > UH, the
motion of the cylinder is amplified. However, the non-
linear elements (e.g., the impacting force associated
with loose supports) of the system would counterbal-
ance the growth, bringing the cylinder to an oscillatory
state with limited amplitudes. A Hopf bifurcation is
defined as the loss of the stable equilibrium and onset
of amplified oscillation.

According to the bifurcation theory, the critical
value, UH, may be calculated by solving the linearized
system of (6) by letting f (ηb) = 0. Upon substituting
the physical parameter values given in Sect. 2, one ob-
tains

q̈i (τ ) + (α1 + α2U)q̇i(τ ) + α3qi(τ ) + α4qi(τ − T )

= 0 (8)

in which α1 = 0.0145vi, α2 = 0.00524, α3 = 0.76v2
i ,

α4 = 0.026; and vi and thus αi are known for each
mode of the cylinder. It can be seen that the above
equations are decoupled, and thus can be treated in-
dependently. For the ith mode, it is assumed that a so-
lution can be written in the form

qi = qi0e
jωiτ (9)

Table 1 Critical flow velocities UH and non-dimensional nat-
ural frequencies ωi

Mode UH ωi

1 1.785 0.824

2 11.186 5.166

3 31.320 14.465

4 61.374 28.346

5 101.456 46.858

Fig. 4 The bifurcation diagram for the system with loose sup-
port at the tip end of the cylinder, showing the tip displacement
amplitude in terms of the dimensionless flow velocity, U

where j is the imaginary unit and ωi is the ith dimen-
sionless eigenfrequency. Substituting (9) into (8) leads
to

−ω2
i + (α1 + α2U)jωi + (α3 + α4U

2e−jωiT ) = 0

(10)

At the threshold of the Hopf bifurcation (U =
UH),ωi are required to be purely real, thus

−ω2
i + α3 + α4U

2
H cosωiT = 0,

(11)
(α1 + α2UH)ωi − α4U

2
H sinωiT = 0

Solutions of the above equations can be easily ob-
tained; the values of UH and ωi are listed in Ta-
ble 1.

From Table 1, it can be seen that the critical flow
velocity in the first mode is UH1 = 1.785. This critical
value is the most important, since thereafter an oscil-
latory state prevails for the cylinder system. Once U
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Fig. 5 Phase portraits associated with the bifurcation diagram of Fig. 4, for various values of U

exceeds UH, amplified motions lead to impact with the
loose support, whereupon the modes do become cou-
pled. Thus, for U > UH, the higher modes that are still
stable provide damping. A balance between the neg-

atively damped unstable modes, dumping energy into

the system, and the positively damped stable ones, dis-

sipating it, leads to an oscillation with limited ampli-

tudes.
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Fig. 6 Time trace diagrams associated with the bifurcation diagram of Fig. 4, for various values of U

Another information shown in Table 1 is that the
nondimensional critical flow velocity in the first mode
is UH1 = 1.785, which is actually the same as that
predicted for a clamped-clamped system (see [11]).
This, however, dose not mean that the cantilever sys-

tem and the supported system would lose stability at
a same practical (not nondimensional) flow velocity,
since λ1(and hence �1) for the cantilever system is
much lower than that for the supported system (see the
nondimensional parameters defined in (3)).
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Fig. 7 Power spectrum diagrams associated with the bifurcation diagram of Fig. 4, for two values of U

4 Numerical results

Solutions of (6) were obtained by using a fourth order
Runge–Kutta integration algorithm, with a step size of
0.025. As pointed out in [3], simulation results from
models with five modes and higher are qualitatively
the same both in magnitude and in shape when the in-
tegration step size is sufficiently small, and thus five-
mode model (N = 5) will be used in all the simula-
tions to follow. In the calculations, the initial condi-
tions employed were qi = 0.000001, q̇i = 0.

The bifurcation diagram for ξb = 1 is displayed in
Fig. 4. In this figure, the displacement plotted in the
ordinate is the amplitude of the five-mode approxi-
mation of the free-end displacement of the cylinder.
It is clearly seen that the Hopf bifurcation occurs at
UH ≈ 1.79, as predicted earlier by using (11), and
thereupon stability is lost, leading to the birth of a limit
cycle. Thus, for U < UH, all oscillations will gravi-
tate toward a stable fixed point as time becomes large.
It can be also seen that another bifurcation occurs at
U2 ≈ 3.64, and thereupon a period-3 motion occurs.
At U3 ≈ 4.84, the period-3 motion disappears and
evolves to chaotic motion. Interestingly, there are sub-
regions of quasi-periodic motions embedded within
the chaotic region. It is recalled that such subregions of
quasi-periodic motions have not been detected in the
supported system developed in [11]. In order to have a
clear picture of the system dynamics, phase flows were
computed for some specially chosen U , and are shown
in Fig. 5.

Fig. 8 The bifurcation diagram for the system with loose sup-
port at ξb = 0.9, showing the tip displacement amplitude in
terms of the dimensionless flow velocity, U

For U < UH, it is seen in Fig. 5(a) that the origin
is a stable fixed point and that the trajectory gravitates
towards it. In Fig. 5(b), which is for U > UH, the tra-
jectory is toward the stable limit cycle. Figures 5(c)
and (d) show period-3 motions; Figs. 5(e) and (f) show
quasi-periodic and chaotic motions, respectively. Sam-
pling results of time traces and power spectrums are
shown in Figs. 6 and 7, respectively.

Similar bifurcation diagrams were constructed for
ξb = 0.9 and ξb = 0.8. First, it is interesting to note
that for ξb = 0.9, a Hopf bifurcation similar to the one
shown in Fig. 4 is found, as can be seen in Fig. 8. How-
ever, for sufficiently high flow velocities U , no chaotic
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Fig. 9 Phase portrait and power spectrum diagrams associated with the bifurcation diagram of Fig. 8, for U = 5.55

motion has been detected. At Uq ≈ 5.52, a quasi-
periodic motion occurs. This type of motion is fur-
ther demonstrated in the form of power spectrum; see
Fig. 9(b). Finally, the quasi-periodic motion evolves
to a limit cycle with increasing flow velocities. Sec-
ond, it is instructive to look at the bifurcation diagram
for the case ξb = 0.8. The result is shown in Fig. 10.
In this case, both chaotic and quasi-periodic motions
have not been detected, even for sufficiently high flow
velocities. Indeed, when U > UH ≈ 1.79, a limit cycle
motion occurs.

Thus, in the present paper, it has been found that
the global dynamics of the cantilever cylinder is sen-
sitive to the location of the loose supports: when the
loose support is at the tip end, the cylinder may display
quasi-periodic and chaotic motions; when the loose
support is far from the tip end, quasi-periodic and
chaotic motions may disappear.

5 Conclusions

A simple analytic model of a cantilevered cylinder
subjected to cross flow and tip loose support, modeled
by a cubic spring, has been analyzed and its dynamics
studied. By using the damping-controlled mechanism,
a single flexible cantilever in an otherwise rigid array
of cylinders is considered.

The derivation of the equation of motion has been
reviewed briefly first. Based on this equation, the study
involves computation of Hopf bifurcation and various

Fig. 10 The bifurcation diagram for the system with loose sup-
port at ξb = 0.8, showing the tip displacement amplitude in
terms of the dimensionless flow velocity, U

post-Hopf nonlinear dynamics of the one-span cylin-
der. The nondimensional critical flow velocity for the
local instability of the flexible cylinder near the static
equilibrium position is obtained by assuming a har-
monic solution in the discretized linearized model and
solving the resulting algebraic equations. It is found
that the practical (not nondimensional) critical flow
velocity for a cantilever system predicted in the cur-
rent work is much lower than that for a supported sys-
tem developed in [11]. Numerical calculations show
that, when the loose support is placed at the tip end of
the cylinder, with increasing flow beyond the critical,
the amplitude of motion grows until impacting with
the loose support occurs; more complex motions then
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arise, leading to chaotic and quasi-periodic motions
for sufficiently high flow velocities. However, when
the loose support is placed far from the tip end of the
cylinder, quasi-periodic and chaotic motions may dis-
appear.

Thus, compared with the cylinder system with both
ends supported, the practical critical flow velocity pre-
dicted for the cantilevered system is much lower. This
implies that the cantilever system is more unstable in
practice. This result is of practical importance also,
since the clamped-clamped cylinder may be rendered
into a clamped-free system if one of the boundary ends
becomes loose after some use. Moreover, it is shown
that the effect of loose-support location on the nonlin-
ear dynamics of the cylinder is significant.
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