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Abstract A nonlinear vibration analysis of a simply
supported functionally graded rectangular plate with
a through-width surface crack is presented in this pa-
per. The plate is subjected to a transverse excitation
force. Material properties are graded in the thickness
direction according to exponential distributions. The
cracked plate is treated as an assembly of two sub-
plates connected by a rotational spring at the cracked
section whose stiffness is calculated through stress in-
tensity factor. Based on Reddy’s third-order shear de-
formation plate theory, the nonlinear governing equa-
tions of motion for the FGM plate are derived by using
the Hamilton’s principle. The deflection of each sub-
plate is assumed to be a combination of the first two
mode shape functions with unknown constants to be
determined from boundary and compatibility condi-
tions. The Galerkin’s method is then utilized to convert
the governing equations to a two-degree-of-freedom
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nonlinear system including quadratic and cubic non-
linear terms under the external excitation, which is
numerically solved to obtain the nonlinear responses
of cracked FGM rectangular plates. The influences
of material property gradient, crack depth, crack lo-
cation and plate thickness ratio on the vibration fre-
quencies and transient response of the surface-racked
FGM plate are discussed in detail through a parametric
study.
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1 Introduction

Functionally graded materials (FGMs) are advanced
composites with continuously varying material com-
position and properties from one surface to another.
This eliminates the mismatch between thermal and
mechanical properties at the interface between two
distinct materials. FGMs have been receiving increas-
ing attention in both research community and indus-
try due to their excellent thermomechanical proper-
ties [1]. Nonlinear dynamic behavior of FGM struc-
tures has been a subject area of extensive research ef-
forts and quite a few investigations have been con-
ducted. Among many others, Praveen and Reddy [2]
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analyzed the nonlinear transient response of FGM
plates subjected to a steady temperature field together
with a lateral dynamic load by using the first-order
shear deformation plate theory and the finite element
method. Reddy [3] developed both theoretical and fi-
nite element formulations for thick FGM plates ac-
cording to third-order shear deformation plate theory,
and studied the nonlinear dynamic response of FGM
plates subjected to a suddenly applied uniform pres-
sure. Yang et al. [4] presented large-amplitude vibra-
tion analysis of pre-stressed FGM laminated plates
composed of an FGM layer and two surface-mounted
piezoelectric actuator layers. Huang and Shen [5] dealt
with the nonlinear vibration and dynamic response
of FGM plates undergoing one-dimensional steady
heat conduction in thickness direction and considered
temperature-dependent material properties. Chen [6]
investigated the effect of initial in-plane stresses on
the nonlinear vibration of FGM plates. More recently,
Yang and his coworkers studied the sensitivity of
nonlinear vibration and dynamic response of FGM
plates to initial geometrical imperfections of arbitrary
shape [7, 8].

It is well known that the presence of crack defects
in a structure introduces a local flexibility, reduces the
stiffness and may change the dynamic behavior of the
structure. An in-depth understanding of the dynamic
characteristics of cracked structures is of prime im-
portance in structural health monitoring and reliability
assessment because the predicted vibration data can
be used to detect, locate, and quantify the extent of
the cracks or damages in a structure [9]. Literature re-
view shows that although there are quite a few papers
concerning the crack and fracture analyses of FGM
structures [10-16], the investigations concerning the
effect of crack defects on the dynamic behavior of
FGM structures are still very limited in number. Srid-
har et al. [17] developed an effective pseudo-spectral
finite element method for wave propagation analy-
sis in anisotropic and inhomogeneous structures with
or without vertical and horizontal cracks. They also
demonstrated the effectiveness of modulated pulse in
detecting small cracks in composites and FGMs. Bir-
man and Byrd [18] examined free and forced vibration
of a functionally graded cantilever beam with dam-
ages such as a region with degraded stiffness adja-
cent to the root of the beam, a single delamination
crack, and a single crack at the root of cross section
of the beam propagating in the thickness direction.

@ Springer

Yang and Chen [19] analytically investigated the influ-
ence of open edge cracks on the vibration and buckling
of Euler-Bernoulli FGM beams with different bound-
ary conditions. They also studied the free and forced
vibration of cracked Euler—Bernoulli inhomogeneous
beams under an axial force and a transverse moving
load [20]. Ke et al. [21] obtained analytical solutions
for the natural frequencies and elastic buckling load of
cracked FGM Timoshenko beams under three differ-
ent end supports. It is noted that the above-mentioned
studies [17-21] dealt with linear vibration of cracked
FGM beams and plates only, no previous work has so
far been conducted to investigate the nonlinear vibra-
tion behavior of cracked FGM structures, which is an
important topic deserving special attention especially
when the FGM structure is subjected to large dynamic
loads.

This paper attempts to study the nonlinear vibra-
tion of a simply supported FGM rectangular plate con-
taining a through-width surface crack subjected to a
transverse excitation force. The material composition
varies exponentially in the thickness direction. Theo-
retical formulations are based on Reddy’s third-order
shear deformation plate theory [3, 22] to account for
the effect of transverse shear deformation, von Kar-
man nonlinear kinematics to include the large de-
flection and the rotational spring model to treat the
cracked plate as an assembly of two sub-plates con-
nected by a rotation spring at the cracked section. The
stiffness of the cracked section is calculated via the
stress intensity factor. The governing equations of mo-
tion, which are derived by using the Hamilton’s princi-
ple, are reduced to a two-degree-of-freedom nonlinear
system by employing the Galerkin’s method. A para-
metric study is then carried out to gain an insight into
the influences of material property gradient, crack pa-
rameters, and plate thickness ratio on the linear and
nonlinear vibration of cracked FGM plates. It should
be mentioned that the present analysis can also be ex-
tended to FGM plates with other material property dis-
tributions such as simple power law. This can easily be
done by using the associated distribution functions in
(1) and the stress intensity factor in (3) in theoretical
formulations.

2 Theoretical formulations

Consider a simply supported rectangular FGM plate
(a x b x h) containing a through-width surface crack
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Fig. 1 An FGM rectangular plate with a through-width surface
crack

parallel to the x-axis located at a distance of a; from
the edge y = 0 with crack depth /1, as shown in Fig. 1.
The plate is defined in a Cartesian coordinate Oxyz,
where (x, y) are the coordinates of a point in the mid-
plane (z = 0) of the plate and z is perpendicular to the
mid-plane and points downwards. It is assumed that
the shear modulus v, the Young’s modulus E, and the
mass density p of the plate vary in the thickness direc-
tion only, following exponential distributions:

v(2) =veP?,  E(z) = Egef?,
Bz M

p(z) = poe

where vg, Eg and pg are the shear modulus, the
Young’s modulus and the mass density at the mid-
plane of the plate; constant 8 describes material prop-
erty gradient along the thickness direction. As a spe-
cial case, B = 0 indicates an isotropic homogeneous
plate. Poisson’s ratio w is taken as a constant in the
analysis since its effect on the stress intensity factors is
negligible [11]. It is assumed that the crack is perpen-
dicular to the plate surface and always remains open.
Based on the well accepted rotational-spring model,
the cracked plate can be treated as two sub-plates con-
nected by an elastic rotational spring at the cracked
section which has no mass and no length. The bend-
ing stiffness of the cracked section k- is related to the
flexibility G by

ke = —. )

From Broek’s approximation [23], the flexibility G
due to the presence of the crack can be derived as

(1—pK} M dG

E(z) 2 da’ ©)

where M| is the bending moment at the cracked sec-
tion, K; is the stress intensity factor (SIF) under
mode I loading and is a function of the geometry, load-
ing, and material properties. For an FGM strip with an
open edge crack under bending, the expression of SIF
was given by Erdogan and Wu [11].

Suppose the plate is subjected to a transverse ex-
citation force ¢ (x, y, t) with excitation frequency £2.
Let (u, v, w) be the displacements of an arbitrary point
within the plate in the x-, y-, and z-axes, (uq, vy, wo)
be the mid-plane displacement components, ¢, and ¢y
denote the slope rotations in the x—z and y—z planes,
respectively. In accordance with Reddy’s third-order
shear deformation plate theory [3, 22], the displace-
ment field of an arbitrary point within the plate domain
is

ulx,y,z,t) =uolx,y, 1) +z2¢(x,y)

- C1Z3|:¢x(x7 y’t) + M}v
(4a)
U(X, yv Z’ t) = UO(X, y’t) +Z¢y(-xv y’t)
_C1Z3|:¢y(xvy’t)+ W}
(4b)
w(x, y,z,1) =wo(x, y,1), (4¢)

where ¢; = 4/3h2,

Within the framework of von Karman nonlinear
kinematics, the governing equations of motion for
each sub-plate can be derived by using Hamilton’s
principle and expressed in terms of displacement com-
ponents ug, Vo, Wo, @x, Py as

i i i i i YT RNIRTY BSY AY)
L (ug, vg, wo, By, ¢y) = L jr (i, g, Wo, by, @) (5)

where superscripts i = 1, 2 refer to the two sub-plates
divided by the cracked section. The nonlinear partial
differential operators L;; (j =1,...,5) and linear
partial differential operators L;r (j =1,...,5) are
given in Appendix. The stiffness elements of the FGM
plate are defined by

(Aij, Bij, Dij, Ejj, Fij, Hij)
w2
=/ Qi(1.2.2%.2%. 2%, %) dz
)
(i,j=1,2,6), (6a)
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h/2
(A,-j,Di,-,E-,-)=/h 0i;(1.2%. %) dz

i, j=4,5), (6b)

where the elastic stiffnesses are position-dependent
and are given by

E nE
Qu=0n=1—m7 Qn=0= 5
o )
Qus= 055 = Qo = ——
44 = 055 = Je6 = 20+ )
the inertia-related terms are calculated from
hj2
I =f dp@)dz (1=0,1,2.3,4,6). ®)
—h/)2

The boundary conditions for the simply supported
cracked FGM plate requires that

1 1 1 1 1 1
w0:¢y:Mxx:Pxx:ny:Nxx:O

(x =0, b) (9a)
w(‘)zqs;: P‘ —N;),—Ny‘yzo
(y=0) (9b)

for the first sub-plate, and

2 2 2 2 2 2
w0:¢y=Mxx=Pxx=ny=Nxx=O

(x=0,b) (10a)
wy =@y =M; =P} =N}, =N;, =0
y=a) (10b)

for the second sub-plate, where (Nyy, Nyy, Nyy),
(Myyx, Myy, Myy), and (Pyx, Pyy, Pyy) are stress re-
sultants, bending moments and higher-order moments
defined in [3, 22].

At the cracked section (y = aj), the compatibil-
ity condition enforces continuities in all displacement
components, force resultants and bending moments,
except for ¢, which is discontinuous and exhibits a
jump that is proportional to the bending moment trans-
mitted, i.e.

wé = w%, I/t(l) = u%, vé = v%,
1 2 1 2 1 2 (1)
¢x=¢x7 Nyv_Ny\n P —Py}’
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ke (py — 97) = M. (11b)

Following the work by Bhimaraddi [24] and Nosir
and Reddy [25] to neglect the in-plane and rotary iner-
tia terms in (5) since their influences are small com-
pared to the transverse inertia term, one can obtain
from the 1st, 2nd, 4th and 5th equations in (5) the ex-
pressions of uf), vé, d))’; and ¢; in terms of wé. These
expressions are then substituted into the 3rd equation
in (5) to convert it into a partial differential equation
in wf) only. The present study focuses on the nonlinear
transverse oscillations of surface-cracked FGM plates
in the first two modes. It is then reasonable to construct
deflection functions as a combination of the first two
vibration mode shapes as below:

w(l) = w sin(n—x> |:sin<3n—y) +1 sin(h—y>}
b a a
. (3mx
+w2s1n(7>
Ty
X |:Sln< >+513 sin (a—>] (12a)
(5)[=(5)
wo = w;y sin
+ 821 Sln( il —y)) —i—wzsm( )
a—daj
X |:Sln<n—y> —|—823 sin<m>i|’ (12b)
a a—aj

where w; and w are the time-varying vibration am-
plitudes of the first two modes. The constants 811, §13,
821 and 73 are to be determined from boundary condi-
tions in (9) and (10) and the compatibility condition at
the cracked section in (11) by using the Least Squares
technique.

The transverse excitation force can be represented
by

TX 3y
q(x,y,t)=Fi1(t) sm7s1n—
a

3
+ F> (1) smﬂsmH (13)
b a

where F] and F, are the amplitudes of the transverse
forcing functions.

Finally, substituting (12) and (13) into the 3rd equa-
tion in (5) expressed in terms of u)6 only and applying
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the Galerkin procedure yields the following governing
differential equations including both quadratic and cu-
bic nonlinear terms for the cracked FGM rectangular
plate:
P1ow1 + growr + griwiwa + gwi + g13w3

+ g14wfw2 + g15w1 w% + 816w13 + gl7wg

= f1cos £2t, (14a)

P20t2 + g20w2 + ga1wiwy + gnwi + gr3w3

+ guwiws + gaswiw3 + grew] + go7w3

= frcos 21, (14b)

where f1, f» are the magnitudes of the forcing func-
tions, and

I()ab2 . <a1n> <a17r>
plo = sin| — ) cos| —
4 a a
Ioba2 Tap . Ta
+ 821 cOS sin , (15a)
2mway a—ap a—a
e[ raems (57 0]
p20 = lopby — | ma; + acos| — ) sin[f —
47 a a
2
. Ta waj
+ 823 s1n( )cos(—)}. (15b)
a—aj ala —ay)

The lengthy expressions of constants g;; (i =1,2;
j =0,...,7) that are nonlinearly dependent on 811,
813, 821 and 823 are not given here for brevity.

3 Solution methods

Equation (14) can be used to study the linear and non-
linear free vibration and nonlinear transient response
of the cracked FGM plate under a transverse excitation
force. If the nonlinear terms and the forcing excitation
terms are neglected, (14) reduces to a classical linear
free-vibration equation system:

piow; + growy =0, (16a)
P20W2 + gaow2 =0, (16b)

from which the first two linear natural frequencies can
be obtained through a standard solution procedure.

0

5 8f :
§ N
=
5 .
5 -16 |-
=
3
ig’ 241 L
2 —: Present
E = :Reddy [3]
A 32+t

-40 1 1 1 1 !

0 2 4 6 8 10

Dimensionless time

Fig. 2 Temporal evolution curve of center deflection of a sim-
ply supported FGM square plate under a suddenly applied uni-
form load: Comparison with the finite element results [3]

For nonlinear free vibration, our attention is fo-
cused on the nonlinear fundamental frequency due to
its great importance in determining the dynamic re-
sponse of the plate. Hence, the terms related to the
second-order vibration mode w; can be neglected and
(14) becomes

P10t + growr + grawi + giew; =0. a7

Introducing scale transformation

1
w) —> —X] (18)
810

and substituting it into (17), yields
812 o  &l16 3_0. (19)

P1oX1 + grox1 + =—xi + =5-xj

This is a nonlinear free-vibration equation with a
small perturbation parameter 1/g1¢9. The nonlinear fre-
quency of the plate with a surface crack can be ex-
pressed as [5]

9 —10g3
Nt = @<1+—g1681°2 812A2), 20)
P10 12g7,

where A = wmax/h and wpax 1s the deflection ampli-
tude at plate center (x =b/2,y =a/2).

The nonlinear transient response of the surface-
cracked FGM plate can be solved from (14) by using
Runge—Kutta method.
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Table 1 First two
dimensionless linear E2/E a/h=10 a/h=5
frequencies of intact FGM o)) @ o] 2}
plates
0.2 0.3591 0.6971 0.3987 0.9316
2.0 0.3680 0.7287 0.4089 0.9564
5.0 0.3578 0.7350 0.4142 0.9880

4 Numerical results and discussions

Before proceeding to the nonlinear vibration analy-
sis of simply supported surface-cracked FGM plates,
a comparison example is first solved to validate the
present analysis. The transient response results are
compared in Fig. 2 with the finite element solutions
provided by Reddy [3], where the temporal evolution
curves of center deflection are presented for a sim-
ply supported intact aluminum-zirconia FGM square
plate (@ =b =02 m, h =0.01 m, n = 2.0) un-
der a suddenly applied uniform load of intensity of
go = 1 MPa. The material composition is assumed
to follow a simple power-law distribution through the
thickness direction such that the plate is 100% zir-
conia (E; = 151 GPa, p;, = 3000 kg/m3) at the top
surface and 100% aluminum (E, = 70 GPa, pp =
2707 kg/m?) at the bottom surface. Poisson’s ratio is
taken as v = 0.3. The dimensionless center deflection
and dimensionless time are defined as w.Eph/ (qoaz)
and 1/ Ep, / (ppa?), respectively. Our results agree well
with the finite element results.

Unless stated otherwise, it is assumed in the fol-
lowing computations that the geometric and material
parameters of the rectangular FGM plates are a/b =
3, a=0.18 m and 4 = 0.018 m, the Young’s modu-
lus ratio E7/E; = 0.2,2.0 and 5.0 where E; and E»
denote the Young’s modulus at the top and bottom sur-
faces of the plate respectively. The top surface of the
plate is pure aluminum with material properties: E; =
70 x 10°, p1 = 2707 kg/m3, v = 0.3. The natural fre-
quency is normalized to be &; = w;/abpi/E} /7>

Table 1 lists the first two dimensionless linear
natural frequencies of simply supported FGM plates
(E>/E1 = 0.2,2.0,5.0; a/h = 5,10) without any
crack defects. These results can be used to calculate
the linear fundamental frequencies of cracked FGM
plates from the data given in Fig. 3 where linear fun-
damental frequency ratios w/wq are given for FGM
plates containing a surface crack of depth hy/h =
0.1, 0.2 at different locations. Here, wq refers to the
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fundamental frequency of an intact FGM plate. The
frequency ratio versus crack location curves are seen
to be symmetric due to the geometrically symmetric
structure of the plate. The presence of the crack results
in a reduced fundamental frequency, i.e. w/wg < 1.0.
The frequency ratio reaches its minimum value when
the crack is located at centerline (a;/a = 0.5). It also
tends to be lower as the Young’s modulus ratio E5/E|
decreases from 5.0 to 0.2.

The nonlinear free vibration results, in the form of
nonlinear fundamental frequency ratio wyz /@y, versus
dimensionless center deflection A curves, of various
cracked FGM plates are presented in Figs. 4-7, with
an intention to investigate the effects of vibration am-
plitude, crack depth, crack location, the Young’s mod-
ulus ratio and plate thickness ratio on the nonlinear
fundamental frequency of the cracked FGM plate. In
these figures, wy and wyy, are the linear and the non-
linear fundamental frequency of cracked plates. As
can be seen, all cracked FGM plates exhibit typical
“hard spring” behavior regardless of the crack depth
and crack location.

Figure 4 shows the effect of material property gra-
dient on the nonlinear free vibration behavior of FGM
plates with a through-width surface crack (aj/a =
0.5; hy/h =0.1). The plate with a higher Young’s
modulus ratio has a higher nonlinear fundamental fre-
quency ratio as dimensionless center deflection A in-
creases up to A = (.7. Beyond this point, the wyz/wf,
ratio of the plate with E>/E| = 2.0 exceeds that of
the plate with E,/E; = 5.0, indicating that the vi-
bration response of cracked FGM plates does not
necessarily change with material property gradient in
a monotonic way. This is quite similar to the so-
called “non-intermediate” behavior of a nonlinear in-
tact FGM plate that has been reported in [2, 26].

Figure 5 shows the effect of crack depth on the
nonlinear free vibration behavior of an FGM plate
(E>/E; = 2.0) with a through-width surface crack at
the centerline of the plate (a;/a = 0.5). It is evident
from the results that a deeper surface crack would lead
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to a lower nonlinear fundamental frequency ratio. This
is due to the fact that the plate with a deeper surface
crack has a weaker cracked section; thus its stiffness is
lower.

The effect of crack location is shown in Fig. 6
where the results for an FGM plate (E;/E| = 2.0)
with a through-width surface crack (h1/h = 0.2) at
different locations are compared. The nonlinear fun-
damental frequency ratio becomes slightly higher as
the crack deviates away from the centerline. This find-

crack location, a]/a

(b) hi/h=0.2

ing is consistent with the results reported previously
for cracked FGM beams [19-21].

Apart from material property gradient and crack pa-
rameters that have been discussed above, the nonlinear
free vibration behavior of cracked FGM plates is found
to be influenced by plate thickness ratio as well. This
can be clearly observed from Fig. 7 which displays the
results for plates with a/h =5 and 10. The nonlin-
ear fundamental frequency ratio of a thinner cracked
FGM plate (a/h = 10) increases steadily as dimen-
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Fig. 4 Nonlinear vibration amplitude—frequency ratio
curves of FGM plates with a through-width surface crack
(a1/a=0.5; h1/h =0.1): Effect of the Young’s modulus ratio

1.020 - L

=
W

1.010

1.005 -

Fundamental frquency ratio, o, /o,

1.000

Fig. 5 Nonlinear vibration amplitude—frequency ratio curves
of an FGM plate (E,/E; = 2.0) with a through-width surface
crack (a;/a =0.5): Effect of crack depth

sionless center deflection increases, whereas that of a
thicker plate (a/h = 5) only increases slightly.

We further consider the nonlinear transient re-
sponse of cracked FGM plates subjected to a sud-
denly applied uniform lateral load. The temporal evo-
lution curves of dimensionless dynamic center de-
flection w = wEh/ (qoaz) versus dimensionless time
tv/ E1/(p1a?) of plates with various parameters are
provided in Figs. 8-11. The load intensity is assumed
to be go = 1 MPa, except in Fig. 11.

Presented in Fig. 8 are the temporal evolution
curves of cracked FGM plates with different Young’s
modulus (E»>/E| =0.2,2.0,5.0) containing a through-
width surface crack (aj/a =0.5; hi/h =0.1). The
dynamic deflection becomes remarkably higher as the
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Fig. 6 Nonlinear vibration amplitude—frequency ratio curves
of an FGM plate (E,/E| = 2.0) with a through-width surface
crack (hy/h = 0.2): Effect of crack location
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Fig. 7 Nonlinear vibration amplitude—frequency ratio curves
of an FGM plate (E»/E| = 2.0) with a through-width surface
crack (a1/a =0.5; hy/h =0.2): Effect of thickness ratio

Young’s modulus decreases from 5.0 to 0.2. This is
because the plate with E,/E; = 0.2 has the lowest
stiffness among the three considered.

Figure 9 compares the nonlinear transient responses
of both intact and cracked FGM plates (E2/E| =
2.0, aj/a = 0.5) with different crack depths. As ex-
pected, the dynamic deflection is the minimal for the
intact plate and increases with an increase in the crack
depth which also affects the shape of the nonlinear
response curve.

Figure 10 gives the nonlinear transient responses
of cracked FGM plates with thickness ratio a/h =5
and 10. The results of their intact counterparts are
also provided for direct comparison. The thicker plate
(a/h = 5) produces much smaller deflection than the
thinner one (a/h = 10). Also, the intact plate is stiffer
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Dimensionless time
Fig. 8 Temporal evolution curves of center deflec-

tion of FGM plates with a through-width surface crack
(a1/a =0.5; h1/h =0.1): Effect of the Young’s modulus ratio

12

* intact

Dimensionless center deflection

Dimensionless time

Fig. 9 Temporal evolution curves of center deflection of an
FGM plate (E;/E; = 2.0) with a through-width surface crack
(ay/a =0.5): Effect of crack depth

and stronger than the cracked plate and hence has
lower deflections. This effect tends to be more obvi-
ous and pronounced for thinner plates. It should be
noted that the presence of surface crack not only in-
creases the deflection but also changes the shape of
the response curve.

The nonlinear transient responses of a cracked
FGM plate (E,/E; = 2.0) with a centrally located
through-width surface crack (aj/a = 0.5, hi/h =
0.2) under different load intensities are considered in
Fig. 11. As can be expected, higher load intensity leads
to larger bending deformation of the plate. The nonlin-
earity can be clearly observed from the results showing

fffff : cracked l:a/h=10
9L * intact 2:ah=5 “

Dimensionless center deflection

Dimensionless time

Fig. 10 Temporal evolution curves of center deflection of an
FGM plate (E,/E| = 2.0) with a through-width surface crack
(a1/a =0.5,hy1/h =0.2): Effect of thickness ratio

rrrrrr +F=0.05 MPa
—— F=0.10MPa R
————— :F=1.00 MPa . .

Dimensionless center deflection

Dimensionless time

Fig. 11 Temporal evolution curves of center deflection of an
FGM plate (E,/E| = 2.0) with a through-width surface crack
(ay/a =0.5,h1/h =0.2): Effect of load intensity

that the deflection increase is not linearly proportional
to the load increase. Moreover, the shape of transient
response curve is seen to be different at different load
intensities.

5 Conclusions

The nonlinear vibration behavior of a simply sup-
ported, transversely excited functionally graded rec-
tangular plate containing a through-width surface
crack has been investigated based on Reddy’s third-
order shear deformation plate theory, von Karman
nonlinear kinematics and rotational spring model.
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The material properties vary exponentially along plate
thickness direction. The cracked plate is modeled as
two sub-plates connected by the rotational spring at
the cracked section. The nonlinear governing equa-
tions are transformed into a two-degree-of-freedom
nonlinear system by using the assumed displacement
functions and the Galerkin’s method. Linear and non-
linear free vibrations and nonlinear transient response
of cracked FGM plates have been discussed in de-
tail. Numerical results show that compared with their
intact counterparts, cracked FGM plates have lower
natural frequencies and larger deflections. The nat-

modulus decreases. The effect of crack location is rel-
atively smaller but does reduce both linear and non-
linear fundamental frequency ratios and increase the
dynamic deflection as the crack location moves closer
to the centerline of the plate. Furthermore, the “non-
intermediate” behavior is also observed in cracked
FGM plates at large vibration amplitudes.

Appendix

In governing equation (5), the nonlinear and linear par-

ural frequency and nonlinear fundamental frequency tial differential operators L, and Ljg (j =1,...,5)
ratio become lower whereas dynamic deflection in- take the form of
creases as the crack depth increases and the Young’s
a2ui 82ui 2vi 2 i 2 4i
L=Al Y+ Ass 52 +(A12+A66) 3 +(Bu +erE) -5 + (Beo + c1E66)
B o Eeo) 2 ;+A dwh 82w} dwh 82w}, D 4 4yt A )awoa2w0
12— C1£12 66 — C1E66) 3y 15 ax2 6675 3y? 12 66 3y dxdy
3 i 3 i
- E —ci(Epn+2E s A.l
1En—3 1(En2 66) 0y % (A.D)
» i GIA
Lig = Ioiig + (Iy — c113)¢, —c113 ax (A.2)
Lot = As 20 1 4 2% 4 () 44 )82”i ! 2¢
2L = A66 55 22 3y? 21 66) 5~
2 i i 92,0 i a2,
+ (B21 — c1E21 + Bes — c1Eeo) x + A668w0 i) 28w0 G
dx Ay dy 0x?2 dy 0y?
Bwo Py g P (E1» +2Eqg) wh (A3)
— —c —, .
Y oxgy  ER 1(E12 ) 552 ay
» i 3y,
Lag = Iovg + (I —c113)¢, —c1l3 oy’ (A4)
duf) 9% w} dul) 9w} dul) 92w} 3%ul) dw 3%ul) dw}
L = A 0 0 0 0 + + 0 0 0
3L 2 ox dy? H79x 9x2 dy dxdy (A2t 66)8 dy dy x2 dx
A 3%ul) dw! oE ¥3ul) 0 4 (g +2Egg) 10 Sul o4 vl 9w} vl 32wy
66 3y2 crin o ek 66) 5 3y? 65 Ix dy 2 By 9y?
A vl 9% w)) 3%vl) dw}) 3%v)) dw A+ A 82 bdw) eE RV
>3y ox2 29y oy %0 352 8y 1277466 ax e 8y3
v ) 9w} 9w}
+c1(E1p +2E¢6) oy ) + (A55 +c5Fs55 — 202D55) %) + (A44 +c5 F44 — 2C2D44) 2
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aZwi aZwi azwi aZwi azwi 2
+2c1(Ees — E12) 3 > ayzo +2C1E668x 3; 3y 2 +2¢1(Ey — 2E66)<8 3 )
dw)) 9w dw) 3 (2w w) 32w0+ L A dwh\? 9% w)
ax axay ay 27\ ay ) Tay2 T \27H T\ ax ) y2
1 8w6 zazwé 3 dw 82w0 2 84w0
A —A —A —cyHy
+(66+221>(8y> o2 2 “(ax> ax2 TN
84wi 4 i (pi
2 2 X
—ciH —2c7(Hy1 — 2H, —2cD F A
i3 ci(Hy 66)8 28 5 4 (—2c2Ds5 + ¢5 Fs5 + Ass) x
¢>x ¢>x 0%¢} Jwy
By —cE —c E —
+(B21 — ¢ 21) ay Y ox 8 € 66)8 oy By
2 i i 2 i
¢> ¢ ¢> dwj
+ (B —c1E
(Bi1 —c1 11) x 912 o
) a3¢i 3 i
X X
+ (c1F11 — c{Hi1) o3 T 12 +2Fee — ci o —2¢1 He) 5=
2¢oD A F. a¢i B E 8¢i 82wi 2(B E ¢l 9w
+ (—2c2D4s + Ass + 3 44)8—+( 2 —cC] 22)_T+ (Bos — c1 66)8—8x8y
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+(366—C1E66) y 0+ (Bia—c1En)—>——> + (B2 0
ay dy 9x2 ay
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dx dy
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+ (B —c1E O 4 (Bia+ Bsg — c1E1» — | E
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Bwi 2 i dw 2 8w0 82w0
+ (Be6 — CIE66)—— + (B — ClEzz)—— + (B21 + Bes — c1E21 — ¢y E66)—
dx2 dy 9dy? dx dxdy
s P ol
+ (—c1Fp +ciHy)——= +c1(—F> —2F¢s + c1 Hy1 + 2¢1 H,
(—=c1Fan + c1Ha) oy 1(—=F21 66 + 1 Ha1 1Hee) 20y
dw ¢,
— (A44 —2¢2Das + 5 F44) W + (Des — 2¢1 Fo + cj H66) ox2
) 2 i 2¢l
+ (D22 —2c1 Fy + ¢ Hp) —5- 5 2+ (D21 — 2¢1 Fa1 — 21 Fes + Des + ¢ Hay + ¢ Hes) 5% 3y
— (A4s —2c2Dag + C§F44)¢;, (A.9)
) 5\ di,
Lsg = (It — c113)io + (L — 2¢c11s + c116) by, — c1(Is — cllﬁ)g, (A.10)

where ¢y = 3c¢;.
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