
Nonlinear Dyn (2009) 57: 623–633
DOI 10.1007/s11071-009-9502-3

O R I G I NA L PA P E R

Resonant dynamics in a rotordynamic system
with nonlinear inertial coupling and shaft anisotropy

D. Dane Quinn

Received: 29 August 2008 / Accepted: 30 March 2009 / Published online: 15 April 2009
© Springer Science+Business Media B.V. 2009

Abstract The response of a nonlinear, damped Jeff-
cott rotor with anisotropic stiffness is considered in the
presence of an imbalance. For sufficiently small exter-
nal torque or large imbalance, resonance capture or ro-
tordynamic stall can occur, whereby the rotational ve-
locity of the shaft is unable to increase beyond the fun-
damental resonance between the rotational and trans-
lational motion. This phenomena provides a mecha-
nism for energy transfer from the rotational to the
translational mode. Using the method of averaging a
reduced-order model is developed, valid near the reso-
nance, that describes this resonant behavior. The equi-
librium points of these averaged equations, which cor-
respond to stationary solutions of the original equa-
tions and rotordynamic stall, are described as the ap-
plied torque, damping, and anisotropy vary. As the
anisotropy increases, assumed to arise from increasing
shaft cracks, the torque required to eliminate the pos-
sibility of stall increases. However, when the system
is started with zero initial conditions, the minimum
torque required to pass through the resonance is ap-
proximately constant as the anisotropy increases. The
predictions from the reduced-order model are verified
against numerical simulations of the original equations
of motion.
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1 Introduction

The amplified response of unbalanced rotordynamic
systems near their critical speeds can be associated
with the resonance that exists between the rotational
speed of the rotor and the oscillation frequency of the
translational dynamics. The resonance can serve to en-
hance the coupling between components and/or vibra-
tional modes, and this coupling can often lead to dra-
matic, undesirable changes in the performance of the
system at hand. One such example occurs when rotor-
dynamic systems are driven through a critical speed
[1–3]. This passage through resonance is often accom-
panied by an increase in the vibrational amplitudes of
the system and an increase in the power required to
maintain a specified acceleration rate.

For certain operational characteristics, most no-
tably for sufficiently large torques and/or damping,
this behavior does not occur. Instead, the system re-
sponds similar to that of the balanced system, which
has no coupling between translational and rotational
motions. However, if the external excitation is only ca-
pable of limited torque and/or power, the rotating sys-
tem may be unable to pass through the critical speed.
Instead, it may be captured into resonance [4–6]. That
is, because of the inertial coupling present between the
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translational and rotational dynamics due to the imbal-
ance, on average the angular velocity of the rotor re-
mains constant, near the vibrational frequency of the
shaft. The energy input to the system from the external
torque is transmitted to the translational oscillations,
which may increase to unacceptably large amplitudes.

Previous work [6–10] has focused on this effect in
system with only rotating imbalance. In the present
work the response of an unbalanced rotating shaft with
anisotropic stiffness is considered. The anisotropy is
assumed to arise from a shaft crack and induces a
fluctuating stiffness in the system. Thus we consider
equations of motion describing the displacement of the
rotor coupled to an equation governing the rotational
motion of the shaft. Using the method of averaging
these equations are reduced near the resonant behavior
and the parameter values that lead to this resonant be-
havior are delineated. Finally, it is noted that the fail-
ure of the system to pass through resonance depends
on not only the parameter values but the initial condi-
tions as well. As the system approaches the resonant
conditions, capture requires that there is sufficient en-
ergy in the translational oscillations. Finally, a recent
work by Samantaray [11] has focused on the stationary
response of a similar shaft–rotor system.

2 Model

2.1 Equations of motion

Following Gasch [12], we consider a Jeffcott rotor
model with the inclusion of mass imbalance in the
presence of a transverse crack in the shaft. The crack
is phenomenologically represented by an anisotropic
shaft stiffness whose magnitude is assumed to be re-
lated to the depth of the crack, although no attempt is
made in this paper to identify a constitutive relations
between the crack depth and change in shaft stiffness.
Rather, the stiffness anisotropy is assumed to be an
independent parameter. As shown in Fig. 1, the dis-
placement of the rotor center is u(t) = zk̂ + x ı̂ while
the rotation of the shaft is measured by the angle θ—
if the location of the mass imbalance is defined as
rGC = σ k̂2, the angle between k̂ and k̂2 is identified
as θ . Finally, the angle γ represents the angle between
the mass center (k̂2) and êξ , the direction normal to
the crack face. For the sake of brevity, the dimensional
equations are not presented.

Fig. 1 Crack cross-sectional coordinates and directions

The nondimensional equations of motion for a sim-
ple rotor with a cracked shaft can be written in a sta-
tionary frame of reference as [12, 13]

z̈ + 2(eζ )ż + z

= d + e
{
ρ
(
θ̇2 cos θ + θ̈ sin θ

) + κf (ϑ)

×
[
z + δ

(
z cos

(
2(θ + γ )

) + x sin
(
2(θ + γ )

))]}
,

(1a)

ẍ + 2(eζ )ẋ + x

= e
{
ρ
(
θ̇2 sin θ − θ̈ cos θ

) + κf (ϑ)

×
[
x + δ

(
z sin

(
2(θ + γ )

) − x cos
(
2(θ + γ )

))]}
,

(1b)

θ̈ = e
{
T (θ̇) + ρ(z̈ sin θ − ẍ cos θ) − ρd sin θ

}
. (1c)

Time has been scaled by the shaft oscillation fre-
quency while the displacements have been scaled by
the radius of gyration of the disk. In this system d rep-
resents the (nondimensional) static displacement due
to gravity. The magnitude of the imbalance is repre-
sented by eρ, while eζ is the damping ratio of the
translational oscillations. The nondimensional torque
is eT (θ̇), describing a non-ideal system with limited
power supply, so that the applied torque to the ro-
tor depends explicitly on its rotational speed. Here
the parameter e is simply a scaling parameter intro-
duced for convenience in the perturbation analysis be-
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low. The crack steering function f (ϑ) describes the
change in stiffness with shaft rotation on the stiff-
ness due to the opening and closing of the crack with
ϑ = θ + γ − arctan(x/z). Finally, κ and δ character-
ize the magnitude of the stiffness variations induced
by the presence of the crack. If kξ and kν represent the
shaft stiffness in the êξ and êν directions respectively
(see Fig. 1), then κ and δ are defined as

1 − eκf (ϑ) = kξ + kν

2
, −eκδf (ϑ) = kξ − kν

2
.

In what follows we assume that the crack is always
open, so that f (ϑ) = 1. This nonetheless leads to stiff-
ness fluctuations that are correlated with the rotation
of the shaft. A purely numerical investigation of these
equations in the presence of a breathing crack, with
f (ϑ) = (1 + cosϑ)/2, has been performed by Saw-
icki et al. [13].

Numerical simulations We numerically illustrate the
dynamical behavior of (1). Unless noted, parameters

take the following values

eρ = 0.10, eT = 0.0375, eζ = 0.10,

eκ = 0.10, δ = 0.833, γ = 0, d = 0.10.

As seen in Fig. 2a, for this set of parameter values the
system is captured into resonance. That is, the rotor
stalls and its angular velocity cannot increase through
the resonance with the translational motion. Note that
the frequency at which the system is locked is not
exactly equal to the translational natural frequency,
here nondimensionalized to be unity. In contrast, as
illustrated in Fig. 2b, as the nondimensional torque
is increased to eT = 0.050 the angular velocity of
the shaft passes through the resonance. Increasing the
shaft anisotropy to eκ = 0.20 as shown in Fig. 2c, the
system is again captured into resonance, and the am-
plitude of the translational oscillations increases com-
pared to the simulation shown in Fig. 2a. Finally, as
seen in Fig. 2d, as the damping parameter is increased
to eζ = 0.20 (from the baseline parameters) the sys-
tem passes through the resonance.

Fig. 2 Numerical
simulation of (1). Unless
noted, eρ = 0.10,
eT = 0.0375, eζ = 0.10,
eκ = 0.10, δ = 0.833,
γ = 0, and d = 0.10. Each
solution has zero initial
conditions
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Fig. 3 Numerical
simulation of (1)
(eρ = 0.10, eζ = 0.10,
eκ = 0.10, δ = 0.833,
γ = 0, d = 0.10). Each
marked initial condition
leads to a solution that is
captured into resonance

In addition to the above described dependence on
the parametric values, the behavior of this system is
also dependent on the initial conditions. In Fig. 3 the
region of initial conditions that leads to a stalled so-
lution is shown. The system was simulated with the
initial conditions

x(0) = −ż(0), ẋ(0) = z(0) − d,

θ(0) = 0, θ̇ (0) = 0.

The initial conditions on (x(0), ẋ(0)) are chosen so
that the x and z translational modes are out-of-phase
by π/2 with identical amplitudes. As shown in Fig. 3
the initial conditions on (z(0), ż(0)) are varied over
an N × N grid, here with N = 64. In each panel
marked initial conditions correspond to solutions that
fail to pass through the resonance. Notice that for
eT = 0.0375 the region of initial conditions that lead
to a captured solution is large and includes the ori-
gin (zero initial conditions, as shown in Fig. 2a). In
contrast, for eT = 0.050 the capture region does not
include the origin (cf. Fig. 2b). Nonetheless, for this
value of the nondimensional torque there remain some
initial conditions that stall and do not increase in an-
gular velocity. However, as T is further increased (not
shown), no initial conditions lead to a captured state.

3 Method of averaging

We study the dynamical behavior of (1) in the neigh-
borhood of the resonance θ̇ = 1 using the method of
averaging. In preparation for averaging, we introduce

the following polar coordinates

z(t) = d + r1(t) cosφ1(t), x(t) = r2(t) cosφ2(t),

ż(t) = r1(t) sinφ1(t), ẋ(t) = r2(t) sinφ2(t).

(2)

With these transformations, the equations of motion
can be represented as

φ̇1 = −1 + egφ1, φ̇2 = −1 + egφ2,

ṙ1 = egr1, ṙ2 = egr2,

θ̇ = ω, ω̇ = egω,

where the functions g(•) are easily obtained from (1).
Note that the quantities r1, r2, and ω all vary slowly
in time, while φ1, φ2, and θ are all angular variables.
Away from the resonance (ω ∼ 1), the angular combi-
nations ψ1 ≡ φ1 + θ and ψ2 ≡ φ2 + θ − π/2 have an
O(1) frequency

ψ̇1 = (ω − 1) + O(e),

ψ̇2 = (ω − 1) + O(e).

However, near the resonance, these terms evolve
slowly. The method of averaging introduces a set of
near-identity transformations, chosen to remove terms
that are periodic with O(1) frequency from the re-
sulting averaged equations. In addition, the rotational
speed is expressed as

ω(t) = 1 + √
ew(t),

and the nondimensional applied torque eT (ω) can be
expanded as
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eT (ω) = eT (1) + e3/2 dT

dω
(1)w(t) + O

(
e2).

For convenience we define

α0 ≡ T (1), α1 ≡ dT

dω
(1),

so that eα(w) = e(α0 + √
eα1w). Using the computer

algebraic program Maple, the method of averaging is
applied to (1), which reduce to

dp1

dt
= w + ε

4

{
ρ

[
cos(p1 + p2)

r1
+ cos(p1 − p2)

r2

]

+ κ

[
2 + δ

2

(
r2

1 + r2
2

r1r2
+ 2 cos(2p2)

)

× cos
(
2(p1 + γ )

)]}
, (3a)

dw

dt
= α0 − ρ

[
r1

2
sin(p1 + p2) + r2

2
sin(p1 − p2)

]

+ εα1w, (3b)

dr1

dt
= ε

{
−ζ r1 + ρ

sin(p1 + p2)

2

+ κδ

4

[
r1 sin

(
2(p1 + γ + p2)

)

+ r2 sin
(
2(p1 + γ )

)]}
, (3c)

dr2

dt
= ε

{
−ζ r2 + ρ

sin(p1 − p2)

2

+ κδ

4

[
r1 sin

(
2(p1 + γ )

)

+ r2 sin
(
2(p1 + γ − p2)

)]}
, (3d)

dp2

dt
= ε

4

{
ρ

[
cos(p1 + p2)

r1
− cos(p1 − p2)

r2

]

+ κδ

2

(
r2

2 − r2
1

r1r2
cos

(
2(p1 + γ )

)

− 2 sin
(
2(p1 + γ )

)
sin(2p2)

)}
, (3e)

with ε = √
e. In these equations, time has been scaled

by ε and

p1 = ψ1 + ψ2

2
, p2 = ψ1 − ψ2

2
.

While upon first observation, these equations may not
appear simpler than the original unaveraged equa-
tions, note that the evolution of three of these states,
r1, r2, and p2, is O(ε). Thus, the resulting system
can be described as a slowly-varying single-degree-of-
freedom oscillator. Specifically, when ε = 0 the state
variables (r1, r2,p2) become stationary, and the re-
maining equations on (w,p1) are equivalent to those
describing the rotation of an undamped, forced pendu-
lum.

3.1 Equilibria

Equilibrium points of the averaged equations can be
identified with stationary solutions of the original
equations of motion, that is, a solution whose vibration
amplitudes are, on average, constant in time. These
stationary solutions are identified with the failure of
the system to pass through the resonance.

Undamaged shaft (κ = 0) In the absence of a shaft
crack the equations describing the response within the
resonant region reduce to

dp1

dt
= w + ε

4

{
ρ

[
cos(p1 + p2)

r1
+ cos(p1 − p2)

r2

]}
,

(4a)

dw

dt
= α0 − ρ

[
r1

2
sin(p1 + p2) + r2

2
sin(p1 − p2)

]

+ ε{α1w}, (4b)

dr1

dt
= ε

{
−ζ r1 + ρ

sin(p1 + p2)

2

}
, (4c)

dr2

dt
= ε

{
−ζ r2 + ρ

sin(p1 − p2)

2

}
, (4d)

dp2

dt
= ε

4

{
ρ

[
cos(p1 + p2)

r1
− cos(p1 − p2)

r2

]}
. (4e)

The equilibrium points of these averaged equations
may be written in terms of α(w) ≡ α0 + εα1w as

r1,eq = r2,eq =
√

α(weq)

2ζ
,

weq = ±ε

√
2ζ

α(weq)
− 4ζ 2

ρ2
,

sin(p1,eq) =
√

2ζα(weq)

ρ2
, p2,eq = 0.
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Fig. 4 Stable equilibria of
the averaged equations for
the undamaged shaft
(ε = 0.10, ρ = 1, κ = 0,
α1 = 0)

In this, α(w) represents the nondimensional external
torque within the resonance region, so that α(weq) is
the external torque at the stationary state. Finally, the
equation for weq may be simplified to

εα1ρ
2w3

eq + (
ρ2α0

)
w2

eq + εα1(2εζ )2weq

− ε2(2ζ )
(
ρ2 − 2ζα0

) = 0. (5)

This equation generically possesses either one or three
solutions for ωeq, depending on the parameter values.
A matched asymptotic expansion for ε � 1 suggests
these solutions exist near

w ∼ − α0

εα1
, and w ∼ ±ε

√
2ζ

α0
− 4ζ 2

ρ2
.

The latter pair of equilibria, which only exist for spe-
cific parameter values, lie within the resonance re-
gion, while the former occurs for |weq| � 1, so that
the stationary solution is far from the resonance. With
α1 < 0, so that the external torque decreases with in-
creasing speed, this additional solution is well above
the resonance and corresponds to a solution that has
passed through the resonance region.

Notice that for α1 = 0, so that the torque is inde-
pendent of speed, the system predicts resonance cap-
ture occurs provided 2ζα0 < ρ2. This implies that if
either the external torque or the damping is sufficiently
small, resonance capture occurs for some initial condi-
tions. With fixed damping, as the torque increases the
amplitude of the translational vibrations increases as√

α0, while the frequency at which the rotor becomes
locked decreases with decreasing torque. As the damp-
ing decreases, stall occurs for a larger interval of exter-
nal torques—the system requires more energy to pass

through the resonance. The equilibrium that exists for
weq > 0 is unstable, while the branch for weq < 0 is
stable. In Fig. 4, these equilibria are shown as α0 and
ζ vary.

Many previous authors have focused on the speed–
torque relationship, embodied with a nonzero α1, as
a critical component of resonance capture [10, 14].
However, as shown here, the presence of nonzero α1

is not necessary for trajectories to become locked into
resonance. Rather, it is the nonlinear coupling between
the rotational and translational behavior that is respon-
sible for this phenomena, identified as the “Sommer-
field effect.” Moreover, the effect of α1 �= 0 on the be-
havior within the resonance region is small, provided
|εα1| � 1, although the speed–torque curves will ulti-
mately limit the angular speed of trajectories that be-
come locked into resonance, as evidenced by the per-
sisting equilibrium in (5). We note that Bolla et al. [15]
and El-Badawy [16] have recently considered systems
with a single translational degree-of-freedom, as in
Quinn et al. [6], finding reduced-order equations in the
resonance region similar to the present work, as well
as earlier efforts by Zniber and Quinn [17].

In the work of Bolla et al. [15] the parameter α1

was effectively assumed to be O(1/ε), implying that
the maximum allowable angular speed of the rotor
was within the resonance region. However, if the ex-
ternal torque is chosen so that the balanced system
is expected to reach angular speeds well above the
resonance, then α1 = O(1). Consequently, the speed–
torque characteristic with nonzero α1 plays in gen-
eral a small role in the near-resonant response. As
described above, this effect only becomes significant
when the expected angular speed obtained by solv-
ing for α(ω) = 0 approaches the resonant frequency at
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Fig. 5 Critical torque for
which stall occurs
(ρ = 1.00, γ = 0, δ = 5/6,
α1 = 0). In each panel the
shaded regions correspond
to parameter values for
which stall does not occur

ω = 1 [16]. Therefore, in the analytical work that fol-
lows we will assume that the applied torque α is con-
stant within the resonance region, so that unless noted
α1 = 0.

Shaft damage (κ �= 0) In the presence of damage,
with κ �= 0, equilibrium points of (3), which corre-
spond to stationary solutions of the original equations,
can be determined from the roots of the equation

ρ2 − 4α0ζ = (
ρ2 − 2α0κδ sin(2γ )

)
cos(2p1,eq)

− (
2α0κδ cos(2γ )

)
sin(2p1,eq). (6)

Once the equilibrium value of p1,eq is known, the re-
maining states can be easily determined and in partic-
ular, p2,eq = 0, and r1,eq = r2,eq = α0/(ρ sin(p1,eq)).
By considering (3c, 3d) it is possible to show that no
equilibria exist with p2,eq = 0 but r1,eq �= r2,eq. Like-
wise, no equilibrium points exist with r1,eq = r2,eq

and p2,eq �= 0. However, we note that other equilibria
may possibly exist in the system with p2,eq �= 0 and
r1,eq �= r2,eq, though none have been found.

Equation (6) has real solutions provided the follow-
ing inequality is satisfied

ρ4 − 4ρ2α0κδ sin(2γ ) + (2α0κδ)2

≥ (
ρ2 − 4α0ζ

)2
. (7)

The bifurcation set of this system is identified as those
parameter values for which the equality holds in (7).
In general the value of α0 may be solved as

α0 = 0, or α0 = ρ2 κδ sin(2γ ) − 2ζ

(κδ)2 − (2ζ )2
. (8)

In Fig. 5 the bifurcation set for this system is shown
as both κ and ζ vary. In each figure the shaded regions
of parameter space correspond to parameter values for
which no equilibrium solutions occur in the averaged
equations. In these results the equilibrium points that
exist for α0 < 0 are unstable, so that the system can-
not approach these states as time increases. As seen in
Fig. 5a, as κ increases the interval of the torque (α0)
for which rotordynamic stall occurs increases. In con-
trast, as ζ increases, this torque interval shrinks. We
note that the value of α0 on the bifurcation set is sin-
gular for 2ζ = κδ. For κδ > 2ζ equilibria exist for any
positive torque and in fact can exist for α0 < 0 as well.
Finally, in Fig. 6, these bifurcation sets are presented
as the parameters vary. In particular, as seen in Fig. 6c
for varying γ , rotordynamic stall is more prevalent
when the shaft crack lags the imbalance (γ < 0). Such
trends are generally consistent with the numerical re-
sults of Sawicki et al. [13] in the presence of a breath-
ing crack.

However, the existence of an equilibrium point of
the averaged equations does not imply that all initial
conditions are attracted to this stationary state. Instead,
as illustrated in Fig. 3 for simulations of the original
equations of motion, because of the strongly nonlin-
ear structure of the system, the response depends on
both parameter values and initial conditions. Numeri-
cally, it is found that capture into resonance occurs for
large α0 only occurs with significant initial vibration
amplitudes—zero initial conditions pass through the
resonance.
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Fig. 6 Critical torque for
which stall occurs
(ρ = 1.00, δ = 5/6, α1 = 0;
cf. Fig. 5)

4 Capture into resonance

For ε = 0, the unperturbed averaged equations reduce
to

dp1

dt
= w,

dw

dt
= α0 − ρ

[
r1

2
sin(p1 + p2) + r2

2
sin(p1 − p2)

]
,

dr1

dt
= 0,

dr2

dt
= 0,

dp2

dt
= 0,

so that r1, r2, and p2 are constant in this limit and these
equations are equivalent to a forced pendulum. In this

limit a pair of equilibrium points exists for

√
r2

1 + 2r1r2 cos(2p2) + r2
2 >

∣∣∣∣
2α0

ρ

∣∣∣∣, (9)

and the phase portrait of this reduced system is shown
in Fig. 7. In particular, the system possesses a homo-
clinic orbit connecting the unstable equilibrium point
to itself. Recall that O(1) values of the variable w cor-
respond to solutions that are within the resonance re-
gion. Therefore, trajectories that lie in the interior of
this homoclinic orbit remain within the resonance re-
gion for all time while trajectories outside of this re-
gion pass through the resonance region. If the above
inequality is not satisfied the averaged system contains
no equilibrium points and all trajectories pass through
the resonance.

For ε �= 0 the homoclinic orbit no longer exists.
Instead, the stable and unstable manifolds of the sad-
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Fig. 7 Unperturbed phase portrait (α0 = 0.25, ρ = 1.00,
r1 = r2 = 0.50, p2 = π/2)

dle point split and allow for the possibility for trajec-
tories that initially lie below the resonance region to
become captured into resonance as they approach the
resonance. Moreover, the variables r1, r2, and p2, on
which depends the existence of the homoclinic orbit,
are no longer stationary.

However, since the evolutions of r1, r2, and p2 are
O(ε), the structure of phase space depends on the in-
stantaneous values of these variables. Specifically, the
region of phase space that corresponds to resonance
capture exists provided the inequality in (9) is satisfied
for the instantaneous values of the slowly varying pa-
rameters. As the system approaches the resonance the
slowly-varying quantities r1, r2, and p2 must take on
values such that the resonance region exists, allowing
trajectories to be captured into this region [18].

Away from the resonance the response of the sys-
tem is quasi-stationary, so that amplitude of the trans-
lational oscillations in both the z and x coordinates
can be approximated by the forced single-degree-of-
freedom equations

z̈ + 2(eζ )ż + z = d + eρω2 cos(ωt),

ẍ + 2(eζ )ẋ + x = eρω2 sin(ωt).

Away from the resonance the values of r1, r2, and p2

can be approximated from the averaged equations as

r1 ∼ eρ√
(1 − ω2)2 + (2eζω)2

,

r2 ∼ eρ√
(1 − ω2)2 + (2eζω)2

,

p2 ∼ 0.

Fig. 8 Numerical simulation of (1) (eζ = 0.10, eρ = 0.10,
δ = 0.833, γ = 0, α1 = 0, d = 0.10). For each marked para-
meter set (κ,α0), the trajectory with zero initial conditions is
captured

Therefore, as the system approaches the resonance
ω → 1 and

r1 ∼ ρ

2ζ
, r2 ∼ ρ

2ζ
, p2 ∼ 0.

Evaluating (9) for these instantaneous values, as the
response approaches the resonance, the rotordynamic
stall is expected to occur only provided

α0 <
ρ2

2ζ
, (10)

which is identical to the condition for the existence
of the equilibria in the undamaged shaft, although the
above analysis also holds for κ �= 0.

Returning to the original equations of motion, in
Fig. 8 those values of α0 and κ that lead to captured
trajectories are shown when the system is integrated
with zero initial conditions. In addition, the predicted
parameter values which are expected to lead to reso-
nance capture, from (10), is shown as the dashed line.
Finally, the critical α0 for which stationary solutions
are expected to exist, corresponding to rotordynamic
stall (cf. (8), is shown with the solid curve. The ap-
proximation from (10) clearly provides a better ap-
proximation to those parameter values that lead to cap-
ture from states that are initially well below the reso-
nance, although such solutions may exist for specific
initial conditions.
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Fig. 9 Amplitude r1 as the
system passes through
resonance (ε = 0.10, ρ = 1,
κ = 0, α1 = 0); (a) r1 vs. w;
α0 = 0.00—dotted line,
α0 = 0.50—solid line,
α0 = 2.00—dashed line,
(b) r1,max vs. α0

5 Passage through resonance

For initial conditions that pass through the resonance,
the amplitude of the structural vibrations can still
reach unacceptably large values due to the coupling
between the rotational and translational motion. As
shown above, as the system approaches the resonance
from initial conditions below the resonance, we find
from the previous analysis that r1 ∼ r2 and p2 ∼ 0.
With these restrictions, the averaged equations reduce
to

dp1

dt
= w + ε

2

{
ρ

cosp1

r1
+ κ

[
1 + δ cos

(
2(p1 + γ )

)]}
,

(11a)

dw

dt
= α0 − ρr1 sinp1, (11b)

dr1

dt
= ε

{
−ζ r1 + ρ

sinp1

2
+ κδ

2

[
r1 sin

(
2(p1 + γ )

)]}
.

(11c)

The behavior of the system as it passes through the
resonance can be approximated with these equations.
As illustrated in Fig. 9a, if the system is initiated
with w(0) = −15, which corresponds to an initial con-
dition well below the resonance, as the system ap-
proaches the resonance near w = 0 the amplitude r1

of the response grows before decaying as the system
passes through the resonance. The dotted line repre-
sents the stationary amplitude obtained with α0 = 0.
Notice that, as shown in Fig. 9a, as the external torque
increase from α0 = 0.50 (solid) to α0 = 2.00 (dashed),
the rotational component passes through the resonance

more quickly and growth in the amplitude of the re-
sponse is decreased. In Fig. 9b the maximum response
amplitude as the system passes through the resonance
is shown as α0 varies. This maximum amplitude is
only shown for solutions that pass through the reso-
nance. For α0 < 0.28, the response is captured into
resonance and the response instead approaches the
amplitude described in Sect. 3.1. The dashed line in-
dicates the critical value of α0 below which station-
ary resonant solutions are expected to occur accord-
ing to (10), α0 < 0.50 for these parameters. Between
α0 = 0.28 and α0 = 0.50, such solutions occur, but the
system is not captured into resonance with the initial
conditions chosen well below the resonance.

6 Conclusions

The work has presented an analysis of capture and
passage through resonance in a rotordynamic system,
whereby a constant external torque is insufficient to
drive the system through a critical speed due to the
presence of a rotational imbalance. A generalized Jef-
fcott rotor model was presented, including stiffness
anisotropy assumed to arise from shaft cracks, to de-
scribe this phenomena and the results were shown to
be sensitive to both parametric variations and initial
conditions. Using the method of averaging this model
was reduced to a form described as a slowly-varying
single-degree-of-freedom nonlinear oscillator. Equi-
librium points of these averaged equations correspond
to stationary solutions of the original equations, which
imply the rotordynamic stall occurs. In addition, this
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analysis is able to describe the role of the initial con-
ditions and in particular the energy contained within
the translational motion as the system approaches the
resonance.

The equilibrium points of the averaged equations
can be easily determined in the absence of damage and
stall occurs for a limited range of external torque and
damping. In the absence of damage, as the system is
captured into resonance, the amplitude of the transla-
tional vibrations increases as

√
α0 while the frequency

at which the rotor stalls increases up to the resonant
frequency of the translational oscillations. From the
averaged equations, the relationship between torque,
damping, imbalance, and stiffness that leads to stalled
solutions can be determined. In the presence of shaft
cracks the interval of external torques over which stall
occurs (for some initial conditions) increases dramat-
ically. Considering the response of the system to zero
initial conditions, modeling the transient spin-up of
the unbalanced shaft, the averaged equations predict
that the translational motion must be of sufficient am-
plitude for the region of sustained resonance to exist
as the system approaches the resonance region. The
anisotropy in the stiffness, characterized by the para-
meter κ , in general increases the values of the external
torque over which a sustained resonant response can
exist. However, the probability that a system will be
captured into resonance when initiated well below the
resonance region is seen to be relatively insensitive to
the anisotropic stiffness.
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