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Abstract In this paper, saturated control design meth-
od is presented for robust stabilization of linear dif-
ferential inclusions subject to disturbance. Convex
hull quadratic Lyapunov functions are used to con-
struct nonlinear state feedback laws. By the state feed-
backs, stabilization, disturbance rejection with mini-
mal reachable set and least L2 gain are achieved simul-
taneously. Finally, the effectiveness of the proposed
scheme is illustrated by a simulative example.
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1 Introduction

Because of the engineering significance and the the-
oretical challenges, the linear differential inclusion
(LDI) has attracted tremendous attention in recent
years. The reason is that the system described by an
LDI can possess strong nonlinearity and time-varying
uncertainty [1, 2]. Then it is natural that the control
of LDIs has become a hot topic in the studies of con-
trol theory. Many authors have investigated LDIs and
established numerous meaningful results, for instance
[3–5]. For systems with time-varying uncertainties and
those described by LDIs, it is now accepted that non-
linear control can work better than linear control [6].
In such an investigation, the convex hull quadratic
Lyapunov function firstly presented in [7] is a pow-
erful tool in the analysis of LDIs and saturated linear
systems. A nonlinear control design method for LDIs
via the convex hull quadratic Lyapunov function was
presented in [8]. A pair of conjugate convex hull Lya-
punov functions have demonstrated great potential in
stability and performance analysis of LDIs [9]. Stabil-
ity and performance for saturated systems via the con-
vex hull quadratic Lyapunov function were researched
in [10, 11]. In this paper, a saturated control design
method is presented for robust stabilization of LDIs
subject to disturbance.

This paper is organized as follows. Section 2 gives
the preliminaries of the paper, which includes the de-
scription of the problem and several necessary lem-
mas. In Sect. 3, the convex hull quadratic Lyapunov
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functions are used for the construction of nonlinear
state feedback laws. By the state feedbacks, stabiliza-
tion, disturbance rejection with minimal reachable set
and least L2 gain are achieved simultaneously. Finally,
the effectiveness of the proposed method is illustrated
by a simulative example.

2 The system description and preliminaries

Consider the following linear differential inclusion
(LDI):

[
ẋ

y

]
∈ co

{[
Aix + Biσ (u) + Tiω

Cix + Diω

]
,

i = 1,2, . . . ,N

}
(1)

where x ∈ Rn, u ∈ Rm are the state and the input,
respectively, and σ(.) is a standard saturation func-
tion with the saturation levels given by a vector ū ∈
Rm, ūl > 0, l = 1,2, . . . ,m. In particular,

σ(ul) =
⎧⎨
⎩

ūl , ul ≥ ūl ,

ul, ul ∈ [−ūl , ūl],
−ūl , ul ≤ −ūl ,

σ (u) =
⎡
⎢⎣

σ(u1)
...

σ (um)

⎤
⎥⎦ .

Here we have slightly abused the notation by using σ

to denote both the scalar valued and the vector valued
saturation functions. ω ∈ Rr is the disturbance and y ∈
Rq is the output. Ai,Bi, Ti,Ci and Di are the given
real matrices of compatible dimensions.

For a positive-definite (semidefinite) matrix P , it
is denoted as P > 0 (P ≥ 0). When we say positive-
definite (semidefinite), it is implied that the matrix is
symmetric. Let P ∈ Rn×n, P > 0, and a ρ ∈ (0,∞).
Then denote a subset of Rn as follows:

ε(P,ρ) = {
x ∈ Rn : xT Px ≤ ρ

}
.

If V (x) = xT Px, a level set of V (.), denoted LV (ρ),

is defined as

LV (ρ) = {
x ∈ Rn : V (x) ≤ ρ

}= ε(P,ρ).

Let H ∈ Rm×n, denote the lth row of H by hT
l . Define

L(H) = {
x ∈ Rn : |Hx|∞ ≤ 1

}
where |Hx|∞ = maxl |hT

l x|.
Let G be the set of m×m diagonal matrices whose

diagonal elements are either 1 or 0. There are 2m ele-
ments in G. Suppose that each element of G is labeled
as Gη , i.e., G = {Gη,η = 1,2, . . . ,2m}. If Gη belongs
to G, then denote G−

η = I −Gη. Obviously, G−
η is also

an element of G.
The convex hull quadratic function is constructed

from a family of positive-definite matrices. Let Qj ∈
Rn×n,Qj = QT

j > 0, j = 1,2, . . . , J, and

SJ = {
s = [s1, s2, . . . , sJ ] :
s1 + s2 + · · · + sJ = 1, sj ≥ 0

}
.

Then the convex hull quadratic function is defined as

Vc(x) = min
s∈SJ

xT

(
J∑

j=1

sjQj

)−1

x. (2)

It is obvious that Vc(x) is a positive-definite function.
From the definition of Vc(x), we have

Vc(x) = min

{
α : α ≥ xT

(
J∑

j=1

sjQj

)−1

x, sj ∈ SJ

}
.

By the Schur complement, Vc(x) and the optimal
value of s can be computed by solving a linear matrix
inequality constraint

Vc(x) = min
s1,...,sj

α

s.t.

[
α xT

x
∑N

j=1 sjQj

]
≥ 0,

N∑
j=1

sj = 1, sj ≥ 0

which is an optimization problem and can be easily
solved with the techniques presented in [1].

Define a function s∗(x) as follows:

s∗(x) = arg min
s∈SJ

xT

(
J∑

j=1

sjQj

)−1

x. (3)

We see that for a given x the optimal value of s is s∗(x)

such that Vc(x) = xT (
∑J

j=1 s∗
j Qj )

−1x. Generally,
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s∗ is uniquely determined by x and is a continuous
function of x except for some degenerated cases. For
example, this may happen if some Qj can be ex-
pressed as the convex combination of other matrices
in the set.

For a compact convex set L, a point x on the bound-
ary of L (denoted as ∂L) is called an extreme point if it
cannot be represented as a convex combination of any
other points in L. A compact convex set is completely
determined by its extreme points.

The following applies the definitions established in
[7]. We begin with characterizing the set of extreme
points of LVc(ρ). It holds that

LVc(ρ) = co
{
ε
(
Q−1

j , ρ
)
, j = 1,2, . . . , J

}
,

an extreme point must be on the boundaries of both
LVc(ρ) and ε(Q−1

j , ρ) for some j = 1,2, . . . , J . De-
note

√
ρEk = ∂LVc(ρ) ∩ ∂ε

(
Q−1

k , ρ
)

= {
x : Vc(x) = xT Q−1

k x = ρ
}
.

Then
⋃J

k=1
√

ρEk contains all the extreme points of
LVc(ρ).

The following lemmas are verified in [7, 8].

Lemma 1 For each ρ > 0, k = 1,2, . . . , J , then

√
ρEk = {

x ∈ ∂LVc(ρ) : xT Q−1
k (Qj − Qk)Q

−1
k x ≤ 0,

j = 1,2, . . . , J
}

holds.

Lemma 2 Let x ∈ Rn. For simplicity and without loss
generality, assume that s∗

k (x) > 0 for k = 1,2, . . . , J0

and s∗
k (x) = 0 for k = J0 + 1, . . . , J . Denote

Q(s∗) =
J0∑

k=1

s∗
k Qk,

xk = QkQ
(
s∗)−1

x, k = 1,2, . . . , J0.

Then

Vc(xk) = Vc(x) = xT
k Q−1

k xk

and

xk ∈ (Vc(x)
)1/2

Ek,

for k = 1,2, . . . , J0. Moreover, x = ∑J0
k=1 s∗

k xk, and
for k = 1,2, . . . , J0,

∇Vc(x) = ∇Vc(xk) = 2Q−1
k xk = 2Q

(
s∗)−1

x (4)

where ∇Vc(x) denotes the gradient of Vc at x.

Lemma 3 For a matrix H ∈ Rm×n, and a matrix P >

0, and ρ > 0, then ε(P,ρ) ⊂ L(H), if and only if

[
1 ρzT

l

ρzl ρP −1

]
≥ 0

where zT
l is the lth row of HP −1.

3 Main results

This section begins with the problem of stabilization.
For this objective, we only consider the state inclusion
without disturbance, i.e.,

ẋ ∈ co
{
Aix + Biσ (u), i = 1,2, . . . ,N

}
. (5)

Let

Ū = diag{ū1, . . . , ūm}

where ūl > 0 for every l = 1,2, . . . ,m is the saturation
level for the lth component of σ(·).

Theorem 1 Let Qk ∈ Rn×n, k = 1,2, . . . , J be J

positive-definite matrices, and Vc(x) be the func-
tion defined in (2). Denote Pk = Q−1

k . For every
ρ > 0, there is an ellipsoid ε(Pk,ρ). Let there ex-
ist 2J matrices Fk,Hk ∈ Rm×n, k = 1,2, . . . , J , and
N × J 2 nonnegative real numbers λijk ≥ 0, i =
1,2, . . . ,N; j, k = 1,2, . . . , J , such that ε(Pk,ρ) ⊂
L(Ū−1Hk) and

QkA
T
i + AiQk + (

GηFk + G−
η HkQk

)T
BT

i

+ Bi

(
GηFk + G−

η HkQk

)

≤
J∑

j=1

λijk(Qj − Qk), η = 1,2, . . . ,2m. (6)
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Denote

F
(
s∗)=

J∑
k=1

s∗
k Fk, Q

(
s∗)=

J∑
k=1

s∗
k Qk,

H
(
s∗)=

J∑
k=1

s∗
k HkQkQ

(
s∗)−1

(7)

where s∗(x) is the function defined in (3). Then for
each x ∈ LVc(ρ),

max
{∇Vc(x)T

(
Aix + Biσ

(
F
(
s∗)Q(s∗)−1

x
)) :

i = 1,2, . . . ,N
}≤ 0. (8)

It implies that for x ∈ LVc(ρ), the saturation control

σ(u) = σ
(
F
(
s∗)Q(s∗)−1

x
)

(9)

stabilizes the system (5). Moreover, if s∗(x) is contin-
uous then the function defined in (9) is continuous too.

Proof We first prove that (8) is satisfied for all extreme
points of LVc(ρ), in particular, for all x ∈ √

ρEk, k =
1,2, . . . , J.

Let x ∈ √
ρEk. Then Vc(x) = xT Q−1

k x = ρ and
s∗(x) is a vector whose kth elements is 1 and the
rest are zeros. Hence F(s∗)Q(s∗)−1x = FkQ

−1
k x,

H(s∗) =∑J
k=1 s∗

k HkQkQ(s∗)−1 = Hk and ∇Vc(x) =
2Q−1

k x.

For each i = 1,2, . . . ,N , x ∈ √
ρEk , then

∇Vc(x)T (Aix + Biu)

= 2xT PkAix + 2xT PkBiσ
(
F
(
s∗)Q(s∗)−1

x
)

= 2xT PkAix + 2xT PkBiσ
(
FkQ

−1
k x

)
. (10)

Denote the lth column of Bi by bil and the lth row of
FkQ

−1
k by f T

lk , respectively. From (10), we have

∇Vc(x)T (Aix + Biu)

= 2xT PkAix +
m∑

l=1

2xT Pkbilσ
(
f T

lk x
)
. (11)

Let hT
lk be the lth row of Hk . For each x ∈ ε(Pk,ρ),

consider 2xT Pkbilσ (f T
lk x) by the following four

cases:

(1) If xT Pkbil ≥ 0 and f T
lk x ≤ −ūl , then

2xT Pkbilσ
(
f T

lk x
) = −2xT Pkbil ūl

≤ 2xT Pkbilh
T
lkx.

Here we note that −ul ≤ hT
lkx, for ∀x ∈ ε(Pk,ρ) ⊂

L(Ū−1Hk).

(2) If xT Pkbil ≥ 0 and f T
lk x ≥ −ūl , let us consider it

in two cases. If xT Pkbil ≥ 0 and −ūl ≤ f T
lk x ≤ ūl ,

then

2xT Pkbilσ
(
f T

lk x
)= 2xT Pkbilf

T
lk x;

and if xT Pkbil ≥ 0 and f T
lk x ≥ ūl , then

2xT Pkbilσ
(
f T

lk x
) = 2xT Pkbilul

≤ 2xT Pkbilf
T
lk x.

So, if xT Pkbil ≥ 0 and f T
lk x ≥ −ūl , then

2xT Pkbilσ
(
f T

lk x
)≤ 2xT Pkbilf

T
lk x.

(3) If xT Pkbil ≤ 0 and f T
lk x ≥ ūl , then

2xT Pkbilσ
(
f T

lk x
) = 2xT Pkbil ūl

≤ 2xT Pkbilh
T
lkx.

Here we note that hT
lkx ≤ ul , for ∀x ∈ ε(Pk,ρ) ⊂

L(Ū−1Hk).

(4) If xT Pkbil ≤ 0 and f T
lk x ≤ ūl , then

2xT Pkbilσ
(
f T

lk x
)= 2xT Pkbilf

T
lk x.

Summing up the above discussion, we have

2xT Pkbilσ
(
f T

lk x
)

≤ max
{
2xT Pkbilh

T
lkx,2xT Pkbilf

T
lk x
}

(12)

for every x ∈ ε(Pk,ρ). Now we associate every
x ∈ ε(Pk,ρ) with a vector v(x) ∈ Rm as follows: if
2xT Pkbilh

T
lkx < 2xT Pkbilf

T
lk x, then vlη = 1; other-

wise vlη = 0, η = 1,2, . . . ,2m. Then

xT Pkbilσ
(
f T

lk x
)

≤ vlηx
T Pkbilf

T
lk x + (1 − vlη)x

T Pkbilh
T
lkx. (13)

If x ∈ √
ρEk , then we have x ∈ ε(Pk,ρ). In view

of (11) and (13), it follows that for every x ∈ √
ρEk ,

∇Vc(x)T (Aix + Biu)
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≤ 2xT PkAix + 2
m∑

l=1

(
vlηx

T Pkbilf
T
lk x

+ (1 − vlη)x
T Pkbilh

T
lkx
)

= 2xT PkAix + 2xT Pk

m∑
l=1

bil

(
vlηf

T
lk

+ (1 − vlη)h
T
lk

)
x

= 2xT PkAix + 2xT PkBi

(
GηFkQ

−1
k + G−

η Hk

)
x.

(14)

Multiplying (6) from left and right sides by Q−1
k re-

spectively, we have

[
Ai + Bi

(
GηFkQ

−1
k + G−

η Hk

)]T
Q−1

k

+ Q−1
k

[
Ai + Bi

(
GηFkQ

−1
k + G−

η Hk

)]

≤
J∑

j=1

λijkQ
−1
k (Qj − Qk)Q

−1
k ,

i = 1,2, . . . ,N,η = 1,2, . . . ,2m.

By Lemma 1, for every x ∈ √
ρEk , we obtain

xT
[
Ai + Bi

(
GηFkQ

−1
k + G−

η Hk

)]T
Q−1

k

+ Q−1
k

[
Ai + Bi

(
GηFkQ

−1
k + G−

η Hk

)]
x

= 2xT PkAix + 2xT PkBi

(
GηFkQ

−1
k + G−

η Hk

)
x

≤
J∑

j=1

λijkx
T Q−1

k (Qj − Qk)Q
−1
k x

≤ 0, i = 1,2, . . . ,N,η = 1,2, . . . ,2m. (15)

By (14) and (15), it can be deduced for any x ∈ √
ρEk ,

∇Vc(x)T (Aix + Biu) ≤ 0. (16)

This implies that (8) is satisfied for all x ∈ √
ρEk .

Next, let x0 ∈ ∂LVc(ρ) be an arbitrary point.
Then Vc(x0) = ρ. By Lemma 2, x0 is a convex
combination of a set of x′

ks, each of which be-
longs to a certain

√
ρEk . For simplicity, assume that

s∗
k (x0) > 0 for k = 1,2, . . . , J0 and s∗

k (x0) = 0 for

k > J0. Then x0 = ∑J0
k=1 s∗

k xk. Recalling Lemma 2,
we have ∇Vc(x0) = 2Q(s∗)−1x0 and Q(s∗)−1x0 =

Q−1
k xk, k = 1,2, . . . , J0; furthermore,

F
(
s∗)Q(s∗)−1

x0 =
J0∑

k=1

s∗
k FkQ

−1
k xk,

(17)

H
(
s∗)x0 =

J0∑
k=1

s∗
k HkQkQ

(
s∗)−1

x0 =
J0∑

k=1

s∗
k Hkxk.

Note that LVc(ρ) = ε(Q(s∗)−1, ρ). Applying con-
vex combination to the ε(Pk,ρ) ⊂ L(Ū−1Hk), now
we prove ε(Q(s∗)−1, ρ) ⊂ L(H(s∗)). Let Zk =
HkQk, k = 1,2, . . . , J0. By the condition ε(Pk,ρ) ⊂
L(Ū−1Hk), and Lemma 3, we have

[
1 ρū−1

l zT
lk

ρū−1
l zlk ρQk

]
≥ 0,

k = 1,2, . . . , J0, l = 1,2, . . . ,m

where zT
lk is the lth row of the matrix Zk .

Let Z = s∗
1Z1 + s∗

2Z2 +· · ·+ s∗
J0

ZJ0 , and zT
l be the

lth row of Z. Then by the convexity of Q(s∗), we have

[
1 ρū−1

l zT
l

ρū−1
l zl ρQ(s∗)

]
≥ 0, l = 1,2, . . . ,m. (18)

In view of H(s∗) = ∑J0
k=1 s∗

k HkQkQ(s∗)−1 =
ZQ(s∗)−1, denote the lth row of H(s∗) by (h∗

l )
T ,

then (18) can be rewritten as

[
1 ρū−1

l (h∗
l )

T Q(s∗)
ρū−1

l Q(s∗)h∗
l ρQ(s∗)

]
≥ 0,

l = 1,2, . . . ,m. (19)

Thus ε(Q(s∗)−1, ρ) ⊂ L(Ū−1H(s∗)).
Using Lemma 2 and the arguments as in (14), it can

be deduced that for any x0 ∈ ∂LVc(ρ),

∇Vc(x0)
T
(
Aix0 + Biσ

(
F
(
s∗)Q(s∗)−1

x0
))

= 2xT
0 Q

(
s∗)−1(

Aix0 + Biσ
(
F
(
s∗)Q(s∗)−1

x0
))

≤ 2xT
0 Q

(
s∗)−1(

Ai + Bi

(
GηF

(
s∗)Q(s∗)−1

+ G−
η H

(
s∗))x0. (20)

In view of (17) and (20), we have

Vc(x0)
T
(
Aix0 + Biσ

(
F
(
s∗)Q(s∗)−1

x0
))

≤ 2xT
0 Q

(
s∗)−1(

Ai + Bi

(
GηF

(
s∗)Q(s∗)−1
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+ G−
η H

(
s∗)))x0

= 2xT
0 Q

(
s∗)−1

J0∑
k=1

s∗
k

(
Ai + Bi

(
GηFkQ

−1
k

+ G−
η Hk

))
xk

= 2
J0∑

k=1

s∗
k xT

k Q−1
k

(
Ai + Bi

(
GηFkQ

−1
k

+ G−
η Hk

))
xk. (21)

Since xk ∈ √
ρEk , by (15) and (21), we have

∇Vc(x0)
T
(
Aix0 + Biσ

(
F
(
s∗)Q(s∗)−1

x0
))≤ 0.

Note that x0 is an arbitrary point in ∂LVc(ρ), thus
(8) is proved. Since F(s∗) and Q(s∗) are continu-
ous in s∗, and Q(s∗) > 0, in addition, the saturated
function σ(·) is continuous, the continuity of u =
σ(F (s∗)Q(s∗)−1x) follows from that of s∗(x). �

Let us consider the LDI (1) with the disturbances

ẋ ∈ co{Aix + Biσ (u) + Tiω, i = 1,2, . . . ,N} (22)

where the norm of ω is defined by

‖ω‖2 =
(∫ ∞

0
ωT (t)ω(t) dt

)1/2

.

Let σ(u) = σ(F (s∗)Q(s∗)−1x). The control design
objective is disturbance rejection, i.e., to keep the state
close to the origin. The disturbance rejection perfor-
mance can be characterized by reachable set which
can be estimated with a level set of a certain Lyapunov
function.

Theorem 2 Let Qk ∈ Rn×n, k = 1,2, . . . , J be J

positive-definite matrices, and Vc(x) be the function
defined in (2). Denote Pk = Q−1

k . For every ρ > 0,
there is an ellipsoid ε(Pk,ρ). If there exist 2J matrices
Fk,Hk ∈ Rm×n, k = 1,2, . . . , J , and N × J 2 nonneg-
ative real numbers λijk ≥ 0, i = 1,2, . . . ,N; j, k =
1,2, . . . , J , such that ε(Pk,ρ) ⊂ L(Ū−1Hk) and
[
Mik Ti

T T
i −I

]
≤ 0, ∀i, k, (23)

where

Mik = QkA
T
i + AiQk + (

GηFk + G−
η HkQk

)T
BT

i

+ Bi

(
GηFk + G−

η HkQk

)

−
J∑

j=1

λijk(Qj − Qk),

η = 1,2, . . . ,2m, (24)

then for all ω bounded by ‖ω‖2 ≤ √
ρ and with

x(0) = 0, the solutions of system (22) under the
saturated control σ(u) = σ(F (s∗)Q(s∗)−1x) satisfy
x(t) ∈ LVc(ρ) for all t > 0.

Proof Multiplying (23) on the left and the right sides
by diag{Pk, I }, respectively, we have

[
PkMikPk PkTi

T T
i Pk −I

]
≤ 0, ∀i, k. (25)

This implies that for all i = 1,2, . . . ,N; k = 1,2, . . . , J ;
η = 1,2, . . . ,2m,

2xT Pk

[
Aix + Bi

(
GηFkPk + G−

η Hk

)
x + Tiω

]− ωT ω

≤
J∑

j=1

λijkx
T Pk(Qj − Qk)Pkx,

∀x ∈ Rn,ω ∈ Rr. (26)

Being similar to the proof of Theorem 1, we first verify

∇Vc(x)T
(
Aix + Biσ

(
F
(
s∗)Q(s∗)−1

x
)+ Tiω

)
≤ ωT ω (27)

for every x ∈ √
ρEk by using (26). Then we extend

the results to all other x ∈ ∂LVc(ρ) by expressing it as
a convex combination of xk ∈ √

ρEk , k = 1,2 . . . , J0.
Since

V̇c(x,ω)

≤ max
{(∇Vc(x)

)T (
Aix + Biσ

(
F
(
s∗)Q(s∗)−1

x
)

+ Tiω
) : i = 1,2, . . . ,N

}
, (28)

where V̇c(x,ω) is the time derivative of Vc along with
the trajectories of the closed-loop system, note that it
depends on x and ω. By (27) and (28), we have

V̇c(x,ω) ≤ ωT ω (29)

for all x ∈ LVc(ρ) and ω ∈ Rr . Now, suppose x(0) =
0 and ‖ω‖ ≤ √

ρ. Then for any t0 > 0, as long as
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x(t) ∈ LVc(ρ) for all t ∈ (0, t0), we have Vc(x(t0)) ≤∫ t0
0 ωT ωdt ≤ ρ, i.e. x(t0) ∈ LVc(ρ). On the other

hand, if there exists t0 > 0 such that Vc(x(t)) ≤ ρ for
all t ∈ (0, t0) and Vc(x(t0)) = ρ then we must have∫∞
t0

ωT ωdt = 0 and V̇c(x(t),ω(t)) ≤ 0 for almost all
t ≥ t0. Therefore, we conclude that x(t) ∈ LVc(ρ) for
all t ≥ 0. �

We next address estimation of the L2 gain.

Theorem 3 Let Qk ∈ Rn×n, k = 1,2, . . . , J , be J

positive-definite matrices, and Vc(x) be the function
defined in (2). Denote Pk = Q−1

k . For every ρ > 0,
there is an ellipsoid ε(Pk,ρ). If there exist 2J matrices
Fk,Hk ∈ Rm×n, k = 1,2, . . . , J , and N × J 2 nonneg-
ative real numbers λijk ≥ 0, i = 1,2, . . . ,N; j, k =
1,2, . . . , J , such that ε(Pk,ρ) ⊂ L(Ū−1Hk) and

⎡
⎣ Mik Ti QkC

T
i

T T
i −I DT

i

CiQk Di −δ2I

⎤
⎦≤ 0, ∀i, k, (30)

where Mik is given by (24), then for all ω bounded
by ‖ω‖2 ≤ √

ρ and with x(0) = 0, the output of
system (1) under the saturated control σ(u) = σ(F (s∗)
Q(s∗)−1x), satisfies ‖y‖2 ≤ δ‖ω‖2.

Proof We will prove the theorem by showing that for
all x ∈ LVc(ρ), and ω ∈ Rr , V̇c(x,ω) + (1/δ2)yT y ≤
ωT ω. Since (30) implies (23), by Theorem 2, we have
x(t) ∈ LVc(ρ) for all t and all ‖ω‖2 ≤ √

ρ, and x(0) =
0. All the relationships established in the proof of The-
orem 2 are true under the conditions of the current the-
orem. Multiplying (30) on the left and the right sides
by diag{Pk, I, I }, respectively, we have

⎡
⎣PkMikPk PkTi CT

i

T T
i Pk −I DT

i

Ci Di −δ2I

⎤
⎦≤ 0, ∀i, k. (31)

By Schur complements, (31) is equivalent to

[
PkMikPk PkTi

T T
i Pk −I

]
+ 1

δ2

[
CT

i

DT
i

][
Ci Di

]≤ 0. (32)

Then (32) implies that for all x ∈ Rn,ω ∈ Rr ,

2xT Pk

[
Aix + Bi

(
GηFkPk + G−

η Hk

)
x + Tiω

]

− ωT ω + 1

δ2
(Cix + Diω)T (Cix + Diω)

≤
J∑

j=1

λijkx
T Pk(Qj − Qk)Pkx,

η = 1,2, . . . ,2m. (33)

Being similar to the proof of Theorem 1, we first verify

∇Vc(x)T
(
Aix + Biσ

(
F
(
s∗)Q(s∗)−1

x
)+ Tiω

)

+ 1

δ2
yT y ≤ ωT ω (34)

for every x ∈ √
ρEk by using (33). Then we extend

the results to all other x ∈ ∂LVc(ρ) by expressing it as
a convex combination of xk ∈ √

ρEk , k = 1,2, . . . , J0.
Thus

V̇c(x,ω) + 1

δ2
yT y − ωT ω

≤ max

{(∇Vc(x)
)T (

Aix + Biσ
(
F
(
s∗)Q(s∗)−1

x
)

+ Tiω
)+ 1

δ2
yT y − ωT ω : i = 1,2, . . . ,N

}
.

(35)

By (34) and (35),

V̇c(x,ω) + 1

δ2
yT y − ωT ω ≤ 0. (36)

Since x(0) = 0, x(t) ∈ LVc(ρ) for all t and all ‖ω‖2 ≤√
ρ, integrating both sides of (36), we have ‖y‖2 ≤

δ‖ω‖2. �

4 Example

Consider a second-order LDI

ẋ ∈ co{A1x + B1u,A2x + B2u} (37)

where

A1 =
[

0.1 −0.8
1 1.5

]
, B1 =

[
0.1
−1

]
,

A2 =
[

0 −0.5
1 1.5

]
, B2 =

[
0

−1

]
.

Vc is composed from

Q1 =
[

0.3194 0.0978
0.0978 0.1597

]
,
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Fig. 1 State trajectories
x(t) of the two subsystems
in (37) under state feedback
control law (40) (the initial
states are
[0.5,0.4]T , [−0.4,−0.5]T
respectively)

Q2 =
[

0.2097 0.0825
0.0825 0.1650

]
.

Let

P1 = Q−1
1 =

[
3.8535 −2.3598

−2.3598 7.7069

]
,

P2 = Q−1
2 =

[
5.9365 −2.9682

−2.9682 7.5447

]
.

For ρ = 1, it yields ellipsoids ε(P1,1) and ε(P2,1).
There exist F1 = [−0.14866.3489], F2 =
[−0.29549.5012], H1 = [0.61671.8657], H2 =
[−0.05372.3324] such that ε(Pk,1) ⊂ L(Hk), k =
1,2, and

Q1A
T
1 + A1Q1 + FT

1 BT
1 + B1F1

≤ 0.2123(Q2 − Q1),

Q1A
T
2 + A2Q1 + FT

1 BT
2 + B2F1

≤ 0.0148(Q2 − Q1),

Q2A
T
1 + A1Q2 + FT

2 BT
1 + B1F2

≤ 9.0349(Q1 − Q2),

Q2A
T
2 + A2Q2 + FT

2 BT
2 + B2F2

≤ 9.2147(Q1 − Q2),

Q1A
T
1 + A1Q1 + (H1Q1)

T BT
1 + B1(H1Q1)

≤ 0.2123(Q2 − Q1),

Q1A
T
2 + A2Q1 + (H1Q1)

T BT
2 + B2(H1Q1)

≤ 0.0148(Q2 − Q1),

Q2A
T
1 + A1Q2 + (H2Q2)

T BT
1 + B1(H2Q2)

≤ 9.0349(Q1 − Q2),

Q2A
T
2 + A2Q2 + (H2Q2)

T BT
2 + B2(H2Q2)

≤ 9.2147(Q1 − Q2).

(38)

So the condition (6) in Theorem 1 holds. For each x ∈
LVc(1), let

F
(
s∗) = s∗

1F1 + (
1 − s∗

1

)
F2,Q

(
s∗)

= s∗
1Q1 + (

1 − s∗
1

)
Q2 (39)

where s∗
1 is defined as

s∗(x) = arg min
s1≥0

xT
(
s1Q1 + (1 − s1)Q2

)−1
x.

Then the closed-loop system under

σ(u) = σ
(
F
(
s∗)Q(s∗)−1

x
)

(40)

is stable when x ∈ LVc(1).
Figures 1–3 show the time response of the state tra-

jectories x(t) under state feedback control law (40)
and the control law u(t), and the Lyapunov function
Vc(x(t)) respectively. Figure 4 shows the time re-
sponse of s∗

1 (x(t)). For any x(0) ∈ LVc(1), it has a
similar simulative result.

5 Conclusions

In this paper, we present a saturated control design
for robust stabilization of LDIs subject to disturbance.
Convex hull quadratic Lyapunov functions are used
to design the state feedback laws. We achieve the de-
sign objectives including stabilization, disturbance re-
jection with minimal reachable set and least L2 gain
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Fig. 2 Control law u(t) of
the two subsystems in (37)

Fig. 3 Lyapunov function
Vc(x(t)) of the two
subsystems in (37)

Fig. 4 s∗
1 (x(t)) of the two

subsystems in (37)

simultaneously. Finally, the simulation shows the ef-
fectiveness of the method.

Acknowledgements The authors would like to thank the As-
sociate Editor and the anonymous reviewers for their many
helpful suggestions. The authors are grateful for the support of
the National Natural Science Foundation of China (Grant No.
60774011).

References

1. Boyd, S., EI Ghaoui, L., Feron, E., Balakrishnan, V.: Lin-
ear Matrix Inequalities in Systems and Control Theory.
SIAM Studies in Applied Mathematics. SIAM, Philadel-
phia (1994)

2. Smirnov, G.V.: Introduction to the Theory of Differen-
tial Inclusions. Graduate Studies in Mathematics. SIAM,
Philadelphia (2002)

3. Sun, Y.: Stability criteria for a class of differential inclusion
systems with discrete and distributed time delays. Chaos
Solitons Fractals (2007). doi:10.1016/j.chaos.2007.07.002

4. Chen, J.: Asymptotic stability for tracking control of non-
linear uncertain dynamical systems described by differen-
tial inclusions. J. Math. Anal. Appl. 261, 369–389 (2001)

5. Zevin, A., Pinsky, M.: General solution of stability prob-
lem for plane linear switched systems and differential inclu-
sions. IEEE Trans. Autom. Control 53, 2149–2153 (2008)

6. Blanchini, F., Megretski, A.: Robust state feedback con-
trol of LTV systems: Nonlinear is better than linear. IEEE
Trans. Autom. Control 44, 802–807 (1999)

7. Hu, T., Lin, Z.: Composite quadratic Lyapunov functions
for constrained control systems. IEEE Trans. Autom. Con-
trol 48, 440–450 (2003)

http://dx.doi.org/10.1016/j.chaos.2007.07.002


496 X. Cai et al.

8. Hu, T.: Nonlinear control design for linear differential in-
clusions via convex hull of quadratics. Automatica 43, 685–
692 (2007)

9. Goebel, R., Teel, A., Hu, T., Lin, Z.: Conjugate convex Lya-
punov functions for dual linear differential equations. IEEE
Trans. Autom. Control 51, 661–666 (2006)

10. Hu, T., Teel, A., Zaccarian, L.: Stability and performance
for saturated systems via quadratic and nonquadratic Lya-

punov functions. IEEE Trans. Autom. Control 51, 1770–
1786 (2006)

11. Hu, T., Lin, Z., Chen, B.: An analysis and design method
for linear systems subject to actuator saturation and distur-
bance. Automatica 38, 351–359 (2002)


	Saturated control design for linear differential inclusions subject to disturbance
	Abstract
	Introduction
	The system description and preliminaries
	Main results
	Example
	 Conclusions
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


