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Abstract Kinematics and dynamics of a mobile ro-
bot, consisting of a platform, two conventional wheels
and a crank that controls the motion of a free rolling
caster wheel, are analyzed in the paper. Based on sev-
eral matrix relations of connectivity, the characteristic
velocities and accelerations of this non-holonomic me-
chanical system are derived. Using the principle of vir-
tual work, expressions and graphs for the torques and
the powers of the two driving wheels are established.
It has been verified the results in the framework of
the second-order Lagrange equations with their mul-
tipliers. The study of the dynamics problems of the
wheeled mobile robots is done mainly to solve suc-
cessfully the control of the motion of such systems.
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Nomenclature
Ox0y0z0 inertial reference frame with origin

in the ground surface
ak,k−1 orthogonal transformation matrix
�u1, �u2, �u3 three right-handed orthogonal unit

vectors
θ1, θ2 rotation angles of two driving

wheels
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θ3 rotation angle of the caster wheel
ψ rotation angle of the crank PO3

l distance between the wheel centers
a + b height of the triangular platform
r radius of each driving wheel
r0 radius of the caster wheel
�rA
21, �rB

21, �rC
32 relative position vectors of wheel

centers
θ, x10, y10,H orientation angle and center

coordinates of the moving platform
�ωk,k−1 relative angular velocity of Tk rigid

body
�ωk0 absolute angular velocity of Tk

ω̃k,k−1 skew-symmetric matrix associated
with the angular velocity �ωk,k−1

�εk,k−1 relative angular acceleration of Tk

�εk0 absolute angular acceleration of Tk

ε̃k,k−1 skew-symmetric matrix associated
with the angular acceleration �εk,k−1

�rC
k position vector of the mass center

of Tk

mA
2 ,mB

2 , Ĵ A
2 , Ĵ B

2 mass and symmetric matrix of
tensor of inertia of each driving
wheel

mC
2 , Ĵ C

2 mass and tensor of inertia of the
crank

mC
3 , Ĵ C

3 mass and tensor of inertia of the
caster wheel

M1,M2 torques applied by two electric
motors to the wheels jointed at
A2,B2
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1 Introduction

The wheeled mobile robots are pre-programmable
multi-functional systems with autonomous control de-
signed to transport materials, parts, tools or special-
ized devices through variable programmed motions
for performance in a variety of tasks. They consist of
a mobile platform and a number of cylindrical wheels
on a fixed or mobile surface, with rolling frictional
motion. Such vehicles are used mainly in automated
industrial processes.

The mobile robot is capable of autonomous motion
because it is equipped with motors that are driven by
an embarked computer. The concept of autonomy is
understood as the ability to independently make intel-
ligent decisions as the situation changes.

These machines are used in inaccessible environ-
ments that are often cluttered with unknown, moving
or fixed obstacles, in agricultural works or in special-
ized medical procedures. This is why the study of the
mobile robot dynamics acquires an increasing impor-
tance [1–3].

Wheeled mobile robots are a class of mechani-
cal systems characterized by non-integrable kinemati-
cal constraints. The condition of rolling motion with-
out slipping and side-slipping between the wheel and
the contact surface demands the presence of non-
holonomic constraints, which are the kinematic par-
ticularity of this kind of robot.

On the other hand, mobile robots are more complex
to control than serial and parallel robots, because of
non-holonomic constraints. But, at the level of instan-
taneous velocities, mobile robots can be treated math-
ematically as a special type of parallel robot, having
different connections to the ground in parallel.

In his paper, Angeles [4] studied some interesting
aspects of the mobile robot dynamics using the formal-
ism of Lagrange equations. Other authors (e.g. Col-
baugh et al. [5]) gave a characterization of the me-
chanical non-holonomic systems. Volterra, Appel and
Ceaplighin used also the Lagrange equations and for-
malism of multipliers in the dynamics of motion with
non-holonomic links. Recently, neural networks ap-
peared as powerful tools for learning dynamic highly
nonlinear systems (Kim et al. [6]).

The analysis of the problems of two-wheeled mo-
bile robot dynamics is being done mainly to solve suc-
cessfully the control of the motion of such systems.
Simple models are very often accepted for a system

description, even though they do not take into account
the masses of the many mobile elements. Authors de-
scribing the dynamics of such systems use classical
equations taken from Newtonian mechanics and, most
often, they approach the motion of these systems using
second-order Lagrange equations [7–10].

An equivalent parallel robot, consisting of three
legs, can model a differentially driven mobile robot
with two moving actuators [11, 12]. Pathak et al. [13]
analyze the dynamic modeling and the position con-
trol of a series of wheeled inverted pendulums (Seg-
way, Quasimoro, JOE) by partial feedback lineariza-
tion and from a controllability point of view. Us-
ing recursive formulation, the kinematics model with
a global singularity analysis is carefully discussed
in [14]. Chakraborty and Ghosal have presented in
their works [15, 16] the kinematics and a set of differ-
ential equations for the dynamics modeling and simu-
lation of a wheeled mobile robot.

The Quasimoro prototype of the mobile wheeled-
pendulum by Salerno and Angeles [17] is a special
quasi-holonomic mechanical system which comprises
two driving wheels and an intermediate central body
carrying the payload. Salerno, Ostrovskaya and Ange-
les studied in the paper [18] the dynamics of a rolling
robot, using the second-order Lagrange equations with
multipliers.

In the present paper we establish an inverse dy-
namic model for the motion of a rolling robot provided
with a caster wheel, using a matrix method based on
the principle of virtual work. We will also determine
the time-history evolution of the torques and the pow-
ers of the two active wheels.

2 Kinematics model of the robot

Let us consider a mobile robot with three conventional
wheels that can roll without slipping on a horizon-
tal surface (Fig. 1). This kind of differentially driven
robots needs three non-collinear support points in or-
der not to fall over. In practice, the robot can turn on
the spot by giving opposite speeds to both actuated
wheels.

The mobile robots are made up of a rigid frame with
non-deformable wheels and sometimes they are mov-
ing on a fixed horizontal ground.

To simplify the graphical image of the kinematical
scheme of the robot, in what follows we will repre-
sent the intermediate reference systems by only two
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Fig. 1 General layout of wheeled mobile robot

axes, as is being presented in many robotics papers [4,
12, 25]. The zk axis is represented for each component
element Tk . It is noted that the relative rotation with
the angle θi must be always about the direction of the
zk axis.

The moving platform of the robot, linked to a cen-
tral reference frame Gx1y1z1, is an isosceles triangle
with the dimension lfor the base and a + b for its
height. It has the mass m1 and the tensor of inertia Ĵ1.
Two cylindrical coaxial driving wheels of the same ra-
dius r are fixed to the frames A2x

A
2 yA

2 zA
2 ,B2x

B
2 yB

2 zB
2

and connect to chassis by means of revolute joints
at the points A2 = O1 and B2 = O2. They have the
masses mA

2 = mB
2 and the tensors of inertia Ĵ A

2 = Ĵ B
2 .

A crank C2C3 = PO3 is jointed to the moving plat-
form at the point C2 = P of the triangle. Its mass and
tensor of inertia with respect C2are respectively mC

2
and Ĵ C

2 . This rigid element can orientate permanently
the motion of a passive rolling caster wheel of small a
radius r0, mass mC

3 and tensor of inertia Ĵ C
3 (Fig. 2).

The caster wheel has no kinematical function; its only
purpose is to keep the robot in balance.

Let us analyze now the motion of the robot on a
curved trajectory in the turning period between two
permanent rectilinear motions. The non-holonomic
constraints reduce the mobile robot’s velocity degrees
of freedom and hence the robot has only two actuated
joints.

In the forward velocity kinematics (FVK), we will
consider that the input rotation angles θ1, θ2 of the
driven wheels can determine completely the instanta-
neous position and orientation of the robot. Thus, since
the platform has a planar motion, its position with re-
spect to a fixed reference frame Ox0y0z0 with origin

Fig. 2 Kinematical scheme of the mobile robot

O on the horizontal ground, is given by the coordi-
nates x10, y10, H and by the angle of rotation θ , which
form the following matrices:

�r10 =
⎡
⎣

x10

y10

H

⎤
⎦ , a10 =

⎡
⎣

cos θ sin θ 0
− sin θ cos θ 0

0 0 1

⎤
⎦ . (1)

Let us denote by θi (i = 1,2,3) the rotation angles
of the three wheels and by θ4 = ψ the relative angle of
rotation of the crank about the apex C2 of the platform.

In what follows, we apply the method of succes-
sive displacements to geometric analysis of closed-
loop chains and we note that a joint variable is the dis-
placement required to move a link from the initial lo-
cation to the actual position. If every link is connected
to at least two other links, the chain forms one or more
independent closed loops. We call the matrix a

ϕ
k,k−1,

for example, the orthogonal transformation 3 × 3 ma-
trix of relative rotation with the angle ϕA

k,k−1 of link

T A
k around zA

k axis.
In the study of the kinematics of mobile robots, we

are interested to derive a matrix equation relating the
location of an arbitrary Tk body to the joint variables.
When the change of coordinates is successively con-
sidered, the corresponding matrices are multiplied. We
obtain the following orthogonal transformation matri-
ces in the reference frames [19]:

aA
21 = a

θ1
z a1, aB

21 = a
θ2
z a1,

aC
21 = a

θ4
z a2, aC

32 = a
θ3
z a1,

(2)
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where

a1 =
⎡
⎣

0 0 −1
−1 0 0
0 1 0

⎤
⎦ , a2 =

⎡
⎣

−1 0 0
0 1 0
0 0 −1

⎤
⎦ ,

a
θ1
z =

⎡
⎣

cos θi sin θi 0
− sin θi cos θi 0

0 0 1

⎤
⎦ (i = 1,2,3,4).

(3)

If the distance A2B2 = l between both actuated
wheels is known, as well as the characteristic di-
mensions d , h of the crank PO3, the following vec-
tors give the invariable positions of the revolute joints
A2,B2,C2:

�rA
21 =

⎡
⎣

a

−l/2
−h0

⎤
⎦ , �rB

21 =
⎡
⎣

a

l/2
−h0

⎤
⎦ ,

�rC
21 =

⎡
⎣

−b

0
0

⎤
⎦ , �rC

32 =
⎡
⎣

d

0
h

⎤
⎦ .

(4)

So, the kinematics of the robot’s elements is com-
pletely characterized by five relative angular velocities

�ω10 = θ̇ �u3, �ωA
21 = θ̇1�u3,

�ωB
21 = θ̇2�u3, �ωC

21 = θ̇4 �u3,

�ωC
32 = θ̇3�u3, �u3 = [0 0 1]T

(5)

which are associated with the following skew-symm-
etric matrices:

ω̃10 = θ̇ ũ3, ω̃A
21 = θ̇1ũ3, ω̃B

21 = θ̇2ũ3,

ω̃C
21 = θ̇4ũ3, ω̃C

32 = θ̇3ũ3,

ũ3 =
⎡
⎣

0 −1 0
1 0 0
0 0 0

⎤
⎦ .

(6)

Since the analyzed system of three rolling wheels is
characterized by non-holonomic constraints, the ma-
trix conditions of connectivity (7) will establish five
analytical relations between the characteristic veloci-
ties of a two-degrees-of-freedom mobile robot:

�v10 + ω̃10�rA
21 = [rθ̇1 0 0]T

�v10 + ω̃10�rB
21 = [rθ̇2 0 0]T

aC
21

(�v10 + ω̃10�rC
21

) + (
aC

21ω̃10a
C
21

T + ω̃C
21

)�rC
32

= [−r0θ̇3 0 0]T .

(7)

These constraint conditions are satisfied if all wheels
do not slip transversally and do not slip longitudinally,
so that the distance over which the outer wheel surface
rotates equals the distance traveled by the point on the
rigid body to which the wheel axle is attached.

Indeed, we assume in FVK problem that the posi-
tion and orientation of the mechanism at a given in-
stant will be completely determined by the input rota-
tion angles of the two actuated wheels, namely:

θ1 = θ∗
1

[
1 − cos

(
π

3
t

)]
,

(8)

θ2 = θ∗
2

[
1 − cos

(
π

3
t

)]
.

Therefore, the relations (7) can provide first the Ja-
cobian matrix and then the expressions of the charac-
teristic velocities of the moving platform:

ω10 = θ̇ = r

l
(θ̇1 − θ̇2),

vx
10 = rθ̇1 − 1

2
lθ̇ , v

y

10 = −aθ̇, (9)

[ẋ10 ẏ10 0]T = aT
10[vx

10 v
y

10 0]T .

Concerning the kinematics of the crank PO3 and
the passive caster wheel jointed at the point O3 = C3,
from the matrix conditions (7) we will derive a signifi-
cant differential equation and a relation containing the
angular velocities ωC

21 = θ̇4 = ψ̇ , ωC
32 = θ̇3 as follows:

dψ̇ + rθ̇1 sinψ − [
d + 0.5l sinψ + (a + b) cosψ

]
θ̇

= 0,

r0θ̇3 = [
(a + b) sinψ − 0.5l cosψ

]
θ̇ + rθ̇1 cosψ.

(10)

In the forward position kinematics, the estimation
of the relative angle of rotation ψ and the absolute
pose of the moving platform must be performed by
integration of the velocity equations (9), (10).

In order to determine new conditions of connectiv-
ity of the accelerations, we could derive the matrix re-
lations (7). Thus, the characteristic accelerations of the
moving platform are immediately obtained:

ε10 = ω̇10 = θ̈ = r

l
(θ̈1 − θ̈2),

γ x
10 = rθ̈1 + aθ̇2 − 1

2
lθ̈ ,

γ
y

10 = rθ̇ θ̇1 − aθ̈ − 1

2
lθ̇2,

[ẍ10 ÿ10 0]T = aT
10[γ x

10 γ
y

10 0]T .

(11)
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Note that the absolute velocities �vC
k0, �ωC

k0, the ac-
celerations �γ C

k0, �εC
k0 and the useful square matrices

ω̃C
k0ω̃

C
k0 + ε̃C

k0 of the third leg OC2C3 of the robot, for
example, can be calculated with some recursive matrix
formulae [20–22]:

�vC
20 = aC

21

{�v10 + ω̃10�rC
21

}
,

�vC
30 = aC

32

{�vC
20 + ω̃C

20�rC
32

}
,

�ωC
20 = aC

21 �ω10 + �ωC
21, �ωC

30 = aC
32 �ωC

20 + �ωC
32,

�γ C
20 = aC

21

{ �γ10 + (ω̃10ω̃10 + ε̃10)�rC
21

}
,

γ C
30 = aC

32

{ �γ C
20 + (ω̃C

20ω̃
C
20 + ε̃C

20)�rC
32

}
,

�εC
20 = aC

21�ε10 + �εC
21 + aC

21ω̃10a
CT
21 �ωC

21,

�εC
30 = aC

32�εC
20 + �εC

32 + aC
32ω̃

C
20a

CT
32 �ωC

32,

ω̃C
20ω̃

C
20 + ε̃C

20 = aC
21{ω̃10ω̃10 + ε̃10}aCT

21

+ ω̃C
21ω̃

C
21 + ε̃C

21 + 2aC
21ω̃10a

CT
21 ω̃C

21,

ω̃C
30ω̃

C
30 + ε̃C

30 = aC
32

{
ω̃C

20ω̃
C
20 + �εC

20

}
aCT

32

+ ω̃C
32ω̃

C
32 + ε̃C

32 + 2aC
32ω̃

C
20a

CT
32 ω̃C

32.

(12)

3 Equations of motion

3.1 Principle of virtual work

Two electric motors that generate the torques �M1 =
M1 �u3 and �M2 = M2 �u3, which have the direction of the
common axis A2B2 = O1O2, control the evolution of
the driving wheels A2, B2 and transmit the motion at
the passive caster wheel C2.

We will study the inverse dynamic problem, in
order to establish the variation of the torques M1,
M2 and the powers P1, P2 developed by the two active
wheels, during the evolution of the robot between the
initial position and the other one, which corresponds to
the stationary motion. Thus, we will use an approach
based on the principle of virtual work.

In every analysis, the system is considered initially
at rest. It is noteworthy that the simulation runs do not
account for either external dissipation, such as rolling
friction between the wheels and ground, or internal
dissipation, such as friction in the bearings.

The fundamental principle of virtual work states
that a mechanical system is under dynamic equilib-
rium if and only if the virtual work developed by all
external, internal and inertia forces vanishes during

any general virtual displacement, which is compatible
with the kinematical constraints [4, 23, 25].

A first set of virtual characteristic velocities of the
robot bodies results easily from the constraint condi-
tions (7), namely:

ωv
1a = 1, ωv

2a = 0, ωv
10a = r

l
,

vxv
10a = r

2
, v

yv

10a = −a
r

l
,

ωv
3a = r

r0

(
1

2
cosψ + a + b

l
sinψ

)
,

ωv
4a = r

d

(
−1

2
sinψ + a + b

l
cosψ

)
+ r

l
,

ωv
ϕa = ωv

4a − ωv
10a.

(13)

Assuming that the frictional forces at the joints are
negligible, the virtual work produced by the forces of
constraint at the joints is zero. Hence, the following
compact expression of the torque applied to the right
driving wheel A2 (Staicu [24]) is:

M1 = �vvT
10a

�F10 + �ωvT
10a

�M10

+ �vAvT
20a

�FA
20 + �ωAvT

20a
�MA

20 + �vBvT
20a

�FB
20

+ �ωBvT
20a

�MB
20 + �vCvT

20a
�FC

20

+ �ωCvT
20a

�MC
20 + �vCvT

30a
�FC

30 + �ωCvT
30a

�MC
30 (14)

with its analytical form

M1 = m1ω
v
10a

(
1

4
l2θ̈ − 1

2
lrθ̈1 − arθ̇ θ̇1 + a2θ̈

)

+ m1ω
v
1a

(
r2θ̈1 − 1

2
lrθ̈ + arθ̇2

)
+ J z

1 θ̈ωv
10a

+ 1

2
mA

2 r2
(

3ωv
1aθ̈1 + 1

2
ωv

10aθ̈

)

+ 1

2
mB

2 r2
(

3ωv
2aθ̈2 + 1

2
ωv

10aθ̈

)

+ mC
2 ωv

3ar0
[
r0θ̈3 − (

d − xC
2

)
ω2

ϕ

]

+ mC
2 ωv

ϕa

[
r0

(
d + xC

2

)
θ̇3ωϕ + d3(3h + d)

3(h + d)
εϕ

]

+ 1

2
mC

3 r2
0

(
3ωv

3aθ̈3 + 1

2
ωv

ϕaεϕ

)
, (15)

where ωϕ = ψ̇ − θ̇ , εϕ = ψ̈ − θ̈ .
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The force of inertia and the resultant moment of
the forces of inertia have, for example, the following
general form:

− �F inC
k0 = −mC

k

{ �γ C
k0 + (

ω̃C
k0ω̃

C
k0 + ε̃C

k0

)�rC
k

}

− �MinC
k0 = −{

mC
k r̃C

k �γ C
k0 + Ĵ C

k �εC
k0 + ω̃C

k0Ĵ
C
k �ωC

k0

}
,

(16)

where the accelerations �γ C
k0, �εC

k0 and the square matri-
ces ω̃C

k0ω̃
C
k0 + ε̃C

k0 can be calculated by relations (12).
For the torque M2 of the couple applied to the left

driving wheel B2, an expression analogous to (15) re-
sults in

M2 = m1ω
v
10b

(
1

4
l2θ̈ + 1

2
lrθ̈2 − arθ̇ θ̇2 + a2θ̈

)

+ m1ω
v
2b

(
r2θ̈2 + 1

2
lrθ̈ + arθ̇2

)
+ J z

1 θ̈ωv
10b

+ 1

2
mB

2 r2
(

3ωv
2bθ̈2 + 1

2
ωv

10bθ̈

)

+ 1

2
mA

2 r2
(

3ωv
1bθ̈1 + 1

2
ωv

10bθ̈

)

+ mC
2 ωv

3br0
[
r0θ̈3 − (

d − xC
2

)
ω2

ϕ

]

+ mC
2 ωv

ϕb

[
r0

(
d + xC

2

)
θ̇3ωϕ + d3(3h + d)

3(h + d)
εϕ

]

+ 1

2
mC

3 r2
0

(
3ωv

3bθ̈3 + 1

2
ωv

ϕaεϕ

)
, (17)

where the following virtual velocities must be intro-
duced:

ωv
1b = 0, ωv

2b = 1, ωv
10b = − r

l
,

vxv
10b = r

2
, v

yv

10b = a
r

l
,

ωv
3b = r

r0

(
1

2
cosψ − a + b

l
sinψ

)
,

ωv
4b = − r

d

(
1

2
sinψ + a + b

l
cosψ

)
− r

l
,

ωv
ϕb = ωv

4b − ωv
10b.

(18)

The matrix relation (14) constitutes the inverse dy-
namic model of the mobile robot provided with caster
wheel.

The various dynamical effects, including the Cori-
olis, coupling centrifugal forces and the gravitational
actions, are considered in this explicit equation.

3.2 The Lagrange Equations

A solution of the dynamics problem of the mobile ro-
bots can be developed based on the Lagrange equa-
tions of second kind. Considering the non-holonomic
constraints, the moving mechanism is a mechanical
system of two degrees of freedom. The generalized
coordinates of the robot are represented by seven para-
meters: q1 = x10, q2 = y10, q3 = θ , q4 = θ1, q5 = θ2,
q6 = θ3, q7 = ψ .

The Lagrange equations with their multipliers
λ1, λ2, . . . , λ5 will be expressed by seven differential
relations:

d

dt

{
∂E

∂q̇k

}
− ∂E

∂qk

= Qk +
5∑

s=1

λscsk

(k = 1,2, . . . ,7). (19)

Five kinematical conditions of constraint given
by (7):

7∑
k=1

cskq̇k = 0 (s = 1,2, . . . ,5) (20)

can be concentered in a matrix form, as follows:

C �̇q = 0, (21)

where

C =

⎡
⎢⎢⎢⎣

cos θ sin θ l/2 −r 0 0 0
cos θ sin θ −l/2 0 −r 0 0

− sin θ cos θ a 0 0 0 0
− cosϕ sinϕ −b sinψ 0 0 r0 0

sinϕ cosϕ −(d + b cosψ) 0 0 0 d

⎤
⎥⎥⎥⎦ ,

�̇q = [ẋ10 ẏ10 θ̇ θ̇1 θ̇2 θ̇3 ψ̇]T , (22)

ϕ = ψ − θ.

The components of the general expression of ki-
netic energy E = ∑5

j=1 Ej are expressed as analytical
functions of the generalized coordinates and their first
derivatives with respect to time:

E1 = 1

2
m1

(
ẋ2

10 + ẏ2
10

) + 1

2
J z

1 θ̇2,

E2 = 1

2
mA

2

[(
ẋ10 cos θ + ẏ10 sin θ + l

2
θ̇

)2

+ (−ẋ10 sin θ + ẏ10 cos θ + aθ̇)2
]
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+ 1

8
mA

2 r2(θ̇2 + 2θ̇2
1

)
,

E3 = 1

2
mB

2

[(
ẋ10 cos θ + ẏ10 sin θ − l

2
θ̇

)2

+ (−ẋ10 sin θ + ẏ10 cos θ + aθ̇)2
]

(23)

+ 1

8
mB

2 r2(θ̇2 + 2θ̇2
2

)
,

E4 = 1

2
mC

2

[
(ẋ10 cos θ + ẏ10 sin θ)2

+ (−ẋ10 sin θ + ẏ10 cos θ − bθ̇)2]

+ mC
2 (ẋ10 sinϕ + ẏ10 cosϕ − bθ̇ cosψ)xC

2 ϕ̇

+ 1

6
mC

2
d3

h + d
ϕ̇2,

E5 = 1

2
mC

3

[
(−ẋ10 cosϕ + ẏ10 sinϕ − bθ̇ sinψ)2

+ (ẋ10 sinϕ + ẏ10 cosϕ − bθ̇ cosψ + dϕ̇)2]

+ 1

8
mC

3 r2
0

(
ϕ̇2 + 2θ̇2

3

)
.

A long and tedious calculus of the partial deriva-
tives of the above functions leads to an algebraic sys-
tem of seven relations. In the inverse dynamics prob-
lem, after elimination of the five multipliers, finally we
can obtain the same expressions as (15), (17) for the
torques M1, M2 required by the two driving wheels.

If the above complete equations (15), (17) do not
take into account the small masses of the caster wheel
C3 and the crank C2C3, the expression of the torques
M1, M2 for a symmetrical mobile robot can be written
in the simplified form:

M1 = m1r
2
[

1

4
(θ̈1 + θ̈2) + a2

l2
(θ̈1 − θ̈2)

− ar

l2
θ̇2(θ̇1 − θ̇2)

]

+ 1

2
mA

2 r2
[

3θ̈1 + r2

l2
(θ̈1 − θ̈2)

]

+ J z
1
r2

l2
(θ̈1 − θ̈2),

M2 = m1r
2
[

1

4
(θ̈1 + θ̈2) + a2

l2
(θ̈2 − θ̈1)

− ar

l2
θ̇1(θ̇2 − θ̇1)

]

+ 1

2
mA

2 r2
[

3θ̈2 + r2

l2
(θ̈2 − θ̈1)

]

+ J z
1
r2

l2
(θ̈2 − θ̈1).

(24)

After the comparison with the simplified results
(24), we note that the dynamical equations of motion
based on Maggie’s approach or Lagrange’s formal-
ism obtained by J. Giergiel, W. Zylski ([7]; pp. 513
and 517) and Z. Hendzel ([8]; p. 852) are all unfortu-
nately erroneous.

4 Dynamic simulations

As application, one will analyze the motion of a robot
which has the following characteristics:

xC
2 = 1

2

d2

(h + d)
, J z

1 = 1

3
m1l

2,

m1 = 10 kg, mA
2 = mB

2 = 2 kg,

mC
2 = 1 kg, mC

3 = 0.25 kg,

l = 0.5 m, a = l

√
3

6
, b = 2a,

d = 0.025 m, r = 0.1 m, r0 = 0.025 m,

h0 = 0.2 m, H = h0 + r, h = H − r0.

(25)

Three important manoeuvres can be implemented.
1. Rectilinear translation. Considering two equal kine-
matics inputs,

θ∗
1 = θ∗

2 = π

2
, x10 = rθ1, y10 = 0,

θ = 0, ψ = 0, θ3 = r

r0
θ1,

(26)

the center G of the platform moves along the direction
of the fixed axis x0 with a variable acceleration. The
first and second derivatives of input angles are equal,
since the load conditions have a symmetrical represen-
tation. Also, the other positional parameters are held
equal to zero.

The two driving wheels are actuated by equal
torques:

M1 = M2 = 1

2
r2θ̈1

(
m1 + 3mA

2 + mC
2 + 3

2
mC

3

)
. (27)
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Fig. 3 Rectilinear
translation: torques of
driving wheels

Fig. 4 Rectilinear
translation: powers of
driving wheels

As can be seen from Figs. 3 and 4, it is proved to be
true that the torques and powers of the driving wheels
are permanently equal one to another.

If the masses of the ensemble crank–caster wheel
are supposed negligible, we obtain the known expres-
sion

M1 = M2 = 1

2
r2θ̈1

(
m1 + 3mA

2

)
. (28)

2. Rotation motion about the vertical axis passing
through the midpoint of the actuated wheel axle A2B2,

with

θ∗
1 = −θ∗

2 = π

2
,

vx
10 = 0, v

y

10 = −2a
r

l
θ̇1,

θ̇ = 2
r

l
θ̇1.

(29)

Starting from initial position, the crank and the

caster wheel first have a transition motion. Angular ve-
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Fig. 5 Rotation angle ψ in
transition period

Fig. 6 Rotation motion:
torques of driving wheels

locities ψ̇ , θ̇3 follow two functions:

ψ̇ =
(

1 + a + b

d
cosψ

)
θ̇ , θ̇3 = a + b

r0
θ̇ sinψ.

(30)

We remark a quick increase of the relative angle ψ

(Fig. 5) and vanishing of the velocity ψ̇ to a character-
istic angle ψ0, as follows:

cosψ0 = − d

a + b
. (31)

In a stabilized rotation, the center C3 describes a circle
of radius R = (a + b) sinψ0 with an angular velocity

θ̇3 = R

r0
θ̇ . (32)

Introducing in (15) and (17) a new set of virtual
velocities

ωv
1a = 1, ωv

2a = 0, ωv
10a = r

l
,

ωv
3a = R

r0
ωv

10a, ωv
ϕa = −ωv

10a

(33)
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Fig. 7 Rotation motion:
powers of driving wheels

Fig. 8 Curvilinear motion:
trajectory of the center G

or

ωv
1b = 0, ωv

2b = 1, ωv
10b = − r

l
,

ωv
3b = R

r0
ωv

10b, ωv
ϕb = −ωv

10b,
(34)

two plots for the torques of equal magnitudes and op-
posite signs (Fig. 6) and the powers (Fig. 7) of the
right and left driving wheels for pure rotation about
the centerline of the wheel axle, are displayed versus
time during �t = 3 s. The irregularities in the graphs
of torques during the first 0.85 s correspond just to the
period of transition to the stabilized rotation motion.

Considering the masses of the caster wheel and the
crank negligible, the torque applied at the axle of each
driving wheel is given by following relation:

M1 = |M2|

=
[

2
r2

l2

(
J z

1 + m1a
2) + mA

2 r2
(

3

2
+ r2

l2

)]
θ̈1. (35)

3. Curvilinear motion: θ∗
2 = 2θ∗

1 = π
2 . If the platform’s

center Gmoves along a curvilinear trajectory (Fig. 8),
the time-history of the torques (Fig. 9) and powers
(Fig. 10) exerted by the actuators A2, B2 can be calcu-
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Fig. 9 Curvilinear motion:
torques of driving wheels

Fig. 10 Curvilinear
motion: powers of driving
wheels

lated with the computer program, using the MATLAB
software.

5 Conclusions

1. The paper analyzed the direct kinematics and in-
verse dynamics of a mobile robot provided with
caster wheel.

2. The numbers of relations given by the Lagrange
equations is equal to the total number of the po-
sition variables and Lagrange multipliers inclusive.

Also, the analytical calculations involved in these
equations present an elevated risk of errors. So,
applying the Lagrange formalism we obtain 12
equations, while the Newton–Euler classic method
brings to a system of 36 equations.

3. Within the forward kinematics analysis, some exact
relations that give in real time the velocity and ac-
celeration of each element of the wheeled mobile
robot have been established in the present paper.
The dynamics model takes into consideration the
mass, the tensor of inertia and the action of weight
and inertia forces introduced by each element of the
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robot. Some modeling methods for robot dynamics
neglect the influence of these factors.

4. The dynamics of this mechanical system is for-
mulated using the fundamental principle of virtual
work, but the results in the framework of the La-
grange equations with their multipliers have been
verified.

5. Neglecting the friction forces and considering the
gravitational effects, the new approach can elim-
inate all forces of internal joints and give a di-
rect determination of the time-history evolution of
torques and powers required by the two driving
wheels. The simulation through the software MAT-
LAB program certifies that one of the major ad-
vantages of the current matrix recursive formula-
tion is a reduced number of additions or multiplica-
tions and consequently a smaller processing time of
numerical computation in comparison with the ap-
proach based on the Lagrange equations. Relations
(15), (17) represent two complete explicit equa-
tions of the dynamic simulation and, in a context
of automatic command, can easily be transformed
into a robust model for computerized control of the
mobile robot provided with caster wheels.
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