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Abstract This work is concerned with anti-synchro-
nization of Liu system and Lorenz system. Based
on Lyapunov stability theory, different controllers are
designed to anti-synchronize the two non-identical
chaotic systems, active control is used when parame-
ters are known, while the adaptive control law and the
parameter update rule are derived via adaptive control
when parameters are uncertain. Moreover, the conver-
gence speeds of the scheme can be adjusted by chang-
ing the control coefficients. Finally, numerical simula-
tions are also shown to verify the results.

Keywords Anti-synchronization · Liu system ·
Lorenz system · Lyapunov function

1 Introduction

Inspired by the pioneering work of Pecora and Car-
roll [1], the synchronization of chaotic systems has
been a subject of active research field due to its poten-
tial applications for secure communications and con-
trol [2–4]. Up to now, many types of synchroniza-
tion have been proposed in dynamical systems, such
as complete synchronization [5], generalized synchro-
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nization [6], lag synchronization [7], phase synchro-
nization [8], anti-phase synchronization [9], etc.

As a prevailing phenomenon in symmetrical oscil-
lators, anti-synchronization implies that the state vec-
tors of synchronized systems have the same absolute
values but opposite signs. Namely, it is said that anti-
synchronization of two systems, S1 and S2, is achieved
if the following equation holds:

lim
t→∞‖x2 + x1‖ = 0, (1)

where x1(t) and x2(t) are state vectors of the systems
S1 and S2.

Some progress has been made in the research of
anti-synchronization, and most of the works involved
mainly with identical chaotic systems [10, 11]. In fact,
in engineering, it is hardly the case that every compo-
nent can be assumed to be identical. Therefore, how
to realize anti-synchronization of two non-identical
chaotic systems is an interesting and attractive ques-
tion, while the anti-synchronization between two dif-
ferent chaotic systems is seldom reported in litera-
tures.

In this paper, we investigate the anti-synchroniza-
tion problem of Liu system and Lorenz system by two
different methods. Active control is applied when sys-
tem parameters are known and adaptive control is used
when parameters are unknown. In both cases, suffi-
cient conditions for the anti-synchronization are ob-
tained analytically, based on Lyapunov stability the-
ory. Finally, numerical simulations are employed to
verify the effectiveness of the proposed scheme.
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2 Systems description

The Liu system [12] considered in this paper is given
as follows:

ẋ1 = a1(y1 − x1),

ẏ1 = b1x1 − x1z1, (2)

ż1 = −c1z1 + 4x2
1 ,

where x1, y1, z1 are state variables, and a1, b1, c1 are
real constants. When a1 = 10.0, b1 = 40.0, c1 = 2.5,
system (2) is chaotic. The chaotic attractors are shown
in Fig. 1.

The Lorenz system is described by

ẋ2 = a2(y2 − x2),

ẏ2 = b2x2 − y2 − x2z2, (3)

ż2 = −c2z2 + x2y2,

where x2, y2, z2 are state variables, and a2, b2, c2 are
real constants. When a2 = 10.0, b2 = 28.0, c2 = 8/3,
system (3) is chaotic [13].

In the next sections, we will study anti-synchroni-
zation between Liu system and Lorenz system with
known or unknown parameters by two different meth-
ods.

3 Anti-synchronization between Liu system
and Lorenz system with known parameters

In order to observe anti-synchronization behavior be-
tween Liu system and Lorenz system via active con-
trol, Liu system (2) is assumed as the drive system and
Lorenz system is taken as the response system with
controllers in the form

ẋ2 = a2(y2 − x2) + u1,

ẏ2 = b2x2 − y2 − x2z2 + u2, (4)

ż2 = −c2z2 + x2y2 + u3.

The error dynamical system between the drive sys-
tem (2) and the response system (4) is described

Fig. 1 Chaotic attractors of Liu system: (a) (x1, y1); (b) (x1, z1); (c) (y1, z1)

Fig. 2 Chaotic attractors of Lorenz system: (a) (x2, y2); (b) (x2, z2); (c) (y2, z2)
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Fig. 3 Time evolutions of system (2) (solid line) and system (4) (dash-dot line): (a) x1, x2; (b) y1, y2; (c) z1, z2

by

ė1 = a2(e2 − e1) + (a1 − a2)(y1 − x1) + u1,

ė2 = b2e1 − e2 − b2x1 + b1x1 + y1
(5)

− x2z2 − x1z1 + u2,

ė3 = −c2e3 + c2z1 − c1z1 + 4x2
1 + x2y2 + u3.

The controllers are chosen as follows:

u1 = −(a1 − a2)(y1 − x1) − b2e2,

u2 = (b2 − b1)x1 − y1 + x2z2 + x1z1 − a2e1, (6)

u3 = (c1 − c2)z1 − 4x2
1 − x2y2.

Lyapunov function is chosen as

V = 1

2

(
e2

1 + e2
2 + e2

3

)
. (7)

With the choice of (6), the time derivative of Lyapunov
function along the trajectories (5) is

V̇ = e1ė1 + e2ė2 + e3ė3

= e1
[
a2(e2 − e1) − b2e2

]

+ e2(b2e1 − e2 − a2e1) − c2e
2
3

= −(
a2e

2
1 + e2

2 + c2e
2
3

)
< 0. (8)

In light of Lyapunov stability theory, the error dynam-
ical system can converge to the origin asymptotically.
Consequently, the drive system (2) is anti-synchronous
asymptotically with the response system (4) with the
controllers (6).

Numerical simulations show the effectiveness of
the above methods. In the simulations, the parame-
ters are assumed as a1 = 10.0, b1 = 40.0, c1 = 2.5,

Fig. 4 Dynamics of synchronization errors states for sys-
tems (2) and (4) with time t

a2 = 10.0, b2 = 28.0 and c2 = 8.0/3.0. The initial
conditions of the drive system and the response system
are taken as (x1(0), y1(0), z1(0)) = (10.0,10.0,90.0)

and (x2(0), y2(0), z2(0)) = (10.0,20.0,30.0), respec-
tively. Figure 3 shows the time evolutions of the drive
system (2) and the response system (4) with the con-
trollers (6). The time evolutions of the dynamics errors
are plotted in Fig. 4.

4 Anti-synchronization between Liu system
and Lorenz system with unknown parameters

In this section, we also assume Liu system with
three unknown parameters as a drive system, and the
controlled Lorenz system with three unknown para-
meters as a response system, which can be written
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as

ẋ2 = a2(y2 − x2) + u1,

ẏ2 = b2x2 − y2 − x2z2 + u2, (9)

ż2 = −c2z2 + x2y2 + u3,

where ui = ui(xi, yi, ei) (ei = yi + xi, i = 1,2,3) are
control functions. a1, b1, c1 and a2, b2, c2 are un-
known parameters, respectively, which need to be es-
timated. In order to determine the control functions
and to realize the anti-synchronization between drive
system (2) and response system (9), the error dynam-
ical system can be derived as following by adding (2)
to (9):

ė1 = a2(e2 − e1) + (a1 − a2)(y1 − x1) + u1,

ė2 = b2e1 − e2 − b2x1 + b1x1 + y1 − x2z2
(10)

− x1z1 + u2,

ė3 = −c2e3 + c2z1 − c1z1 + 4x2
1 + x2y2 + u3.

We choose Lyapunov function as

V = 1

2

(
e2

1 + e2
2 + e2

3 + ã2
1 + b̃2

1 + c̃2
1 + ã2

2 + b̃2
2 + c̃2

2

)
,

(11)

in which the variables ã1 = a1 − ā1, b̃1 = b1 − b̄1,
c̃1 = c1 − c̄1, ã2 = a2 − ā2, b̃2 = b2 − b̄2, and
c̃2 = c2 − c̄2. ā1, b̄1, c̄1, ā2, b̄2 and c̄2 are the es-
timate values of these unknown parameters, respec-
tively.

The time derivative of Lyapunov function along the
trajectories (10) is

V̇ = e1ė1 + e2ė2 + e3ė3 + ã1 ˙̃a1 + b̃1
˙̃
b1

+ c̃1 ˙̃c1 + ã2 ˙̃a2 + b̃2
˙̃
b2 + c̃2 ˙̃c2

= e1
[
a2(e2 − e1) + (a1 − a2)(y1 − x1) + u1

]

+ e2(b2e1 − e2 − b2x1 + b1x1 + y1

− x2z2 − x1z1 + u2)

+ e3
(−c2e3 + c2z1 − c1z1 + 4x2

1 + x2y2 + u3
)

+ ã1
(−˙̄a1

) + b̃1
(−˙̄b1

) + c̃1
(−˙̄c1

)

+ ã2
(−˙̄a2

) + b̃2
(−˙̄b2

) + c̃2
(−˙̄c2

)
. (12)

Let controllers are as follows:

u1 = ā2(e1 − e2) + (
ā2 − ā1

)
(y1 − x1) − k1e1,

u2 = −(
b̄2e1 − e2 − b̄2x1 + b̄1x1

(13)
+ y1 − x2z2 − x1z1

) − k2e2,

u3 = −(−c̄2e3 + c̄2z1 − c̄1z1 + 4x2
1 + x2y2

) − k3e3,

and the parameter estimation update law as fol-
lows:

˙̄a1 = (y1 − x1)e1 + ã1,

˙̄b1 = x1e2 + b̃1,

˙̄c1 = z1e3 + c̃1,
(14)˙̄a2 = e1(e2 − e1) − e1(y1 − x1) + ã2,

˙̄b2 = e2(e1 − x1) + b̃2,

˙̄c2 = e3(e3 − z1) + c̃2,

where k1, k2 and k3 are three positive control coef-
ficients, with which we can control the convergence
speed of the scheme.

Then V̇ becomes

V̇ = −(
k1e

2
1 + k2e

2
2 + k3e

2
3 + ã2

1 + b̃2
1

+ c̃2
1 + ã2

2 + b̃2
2 + c̃2

2

)
< 0. (15)

According to Lyapunov stability theory, the error
dynamical system can converge to the origin as-
ymptotically. Consequently, the drive system (2) is
anti-synchronous asymptotically with the response
system (9) with the controllers (13) and the parame-
ter estimation update law (14).

In what follows we would like to use numerical
simulations to verify the effectiveness of the con-
trollers (13) and the parameter estimation update
law (14). In the simulations, the parameters are cho-
sen as a1 = 10.0, b1 = 40.0, c1 = 2.5, a2 = 10.0,
b2 = 28.0 and c2 = 8.0/3.0 enabling systems (2)
and (9) to be chaotic without controls. The control co-
efficients for simplicity are chosen k = k1 = k2 = k3 =
1.0. The initial conditions are (x1(0), y1(0), z1(0)) =
(10.0,10.0,90.0) and (x2(0), y2(0), z2(0)) =
(10.0,20.0,30.0), respectively. In addition, the initial
condition of the parameter update law is (10.0,10.0,

10.0,10.0,10.0,10.0). Figure 5 displays the time evo-
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Fig. 5 Time evolutions of system (2) (solid line) and system (9) (dash-dot line): (a) x1, x2; (b) y1, y2; (c) z1, z2

Fig. 6 (a) Changing
parameters a1, b1, c1, a2,
b2 and c2 with time t ;
(b) Partial enlargement
of c1 and c2 in (a)

Fig. 7 Dynamics of synchronization error states for systems (2)
and (9) with time t

lutions of the drive system (2) and the response sys-
tem (4) with the controllers (13) and the parameter es-
timation update law (14). Figure 6 depicts the dynam-
ics of the parameter estimation. The time evolutions of
the dynamics errors are shown in Fig. 7.

We take e1 and a1 as an example, to show the fact
that the convergence speed of the errors and the para-
meter estimate can be controlled by choosing differ-
ent positive control coefficients k1, k2 and k3 of the
scheme. For simplicity, let k = k1 = k2 = k3, too. The
numerical results are plotted in Fig. 8 for k = 1.0, 10.0,
30.0, respectively. From that it is easy to see that the
convergence speed becomes faster and faster with the
increase of k.

5 Conclusion

This letter is concerned with anti-synchronization of
two non-identical chaotic systems. Based on Lya-
punov stability theory, anti-synchronizations between
Liu system and Lorenz system with known or un-
known parameters are realized. Moreover, via adap-
tive approaches, the parameters estimation rule is pre-
sented and the convergence speeds of the scheme can
be adjusted. Numerical simulations are given to verify
the results.
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Fig. 8 The convergence speeds of the scheme for different k: (a) e1; (b) a1
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