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Abstract To realize large scanning angles, torsional
microscanners are normally excited at their natural fre-
quencies. Usually, a bias DC voltage is also applied
to scan around a desired nonzero tilt angle. As a re-
sult, a deep understanding of the mirror’s response to
a DC-shifted primary resonance excitation is impera-
tive. Along these lines, we use the method of multiple
scales to obtain a second-order nonlinear approximate
analytical solution of the mirror steady-state response.
We show that the response of the mirror exhibits a
softening-type behavior that increases as the magni-
tude of the DC component increases. For a given mir-
ror, we can also identify a DC voltage range wherein
the mirror exhibits a two-to-one internal resonance be-
tween the first two modes; that is, ω2 ≈ 2ω1. To an-
alyze the mirror behavior within that range, we first
treat the case where the excitation frequency is near
the first-mode frequency; that is, Ω ≈ ω1. Then we
treat the case where the excitation frequency is near
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the second-mode frequency; that is, Ω ≈ ω2. We an-
alyze the stability of the response and compare the
analytical results to numerical solutions obtained via
long-time integration of the equations of motion. We
show that, due to the internal resonance, the mirror
exhibits complex dynamic behavior characterized by
aperiodic responses to primary resonance excitations.
This behavior results in undesirable oscillations that
are detrimental to the mirror performance, namely
bringing the target point in and out of focus and re-
sulting in distorted images.

Keywords Microscanner · Nonlinear interactions ·
Method of multiple scales

1 Introduction

The area of Micro-Opto-ElectroMechanical Systems
(MOEMS) is one of the fastest growing in micro-
system industry. These systems consist of two main
components: an electronic component fabricated us-
ing integrated circuit (IC) technology, which provides
the actuation signal, and a mechanical component usu-
ally micromachined into the silicon wafer, which rep-
resents the moving parts of the device. To realize the
optical characteristics of these devices, a highly reflec-
tive surface, usually a metal film, is deposited on top of
the moving components. MOEMS are utilized in many
optical devices to steer, reflect, or modulate light, de-
pending on the application at hand.

mailto:mdaqaq@clemson.edu


232 M.F. Daqaq et al.

Fig. 1 A schematic of the
micromirror

Torsional micromirrors are some of the most fa-
mous and widely used MOEMS. As depicted in Fig. 1,
a torsional micromirror typically consists of two iden-
tical microbeams, each beam is fixed on one side and
connected to a rigid plate (the reflective surface) on the
other side. Two electrodes mounted beneath the plate
are used to rotate it in either direction by supplying a
voltage to the corresponding electrode.

Torsional micromirrors are used in projection dis-
plays [1], switching in fiber-optic networks [2, 3],
neural networks [4], phase modulating filters, opti-
cal computing [5], electrophotographic printers, and

folded spectrum analyzers [6]. Additionally, the fast
response of micromirrors to electric excitations made
them appealing substitutes for traditional scanning
technologies. Specifically, torsional micromirrors have
been successfully implemented in resonant optical
microscanners [7]. In scanning applications, the mi-
cromirror is usually excited at a resonant frequency
using an AC voltage component. This will help realize
large scanning angles while minimizing the voltage
requirements. To scan around nonzero static tilt an-
gles, a DC bias voltage can also be applied. The action
of the micromirror steers a laser beam along a sur-
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face. The beam is then reflected from the surface to be
collected and analyzed through a photo detector. Res-
onant scanning micromirrors are currently being used
in a variety of applications, including laser printing,
confocal microscopy, and scanning video displays.

There is a significant body of research on mod-
eling and dynamic characterization of torsional mi-
cromirrors. Many researchers treat the micromirror
as a 1-DOF lumped-mass attached to two torsional
springs representing the suspension beams, and inves-
tigate the static response to predict the pull-in point.
Osterberg [8] introduced a simple approach to analyze
the static tilt angle of a torsional micromirror. Using
the parallel-plate approximation to estimate the elec-
trostatic torque and a linear spring model to estimate
the torsional stiffness of the suspension beams, he de-
veloped the simplest analytical model of the mirror.
Although the model is numerically efficient, the re-
sults are 20% away from experimental findings. Horn-
beck [9] enhanced Osterberg’s model by developing an
analytical expression for the electrostatic torque based
on the solution of Laplace’s equation between two
semi-infinite tilted plates. He numerically solved for
the micromirror tilt angle at a given voltage and grad-
ually increased the voltage until pull-in was reached.
This numerical approach is extremely accurate, but re-
quires successive numerical solutions of a complex
nonlinear algebraic equation. To alleviate this short-
coming, other researchers [10–14] developed analyt-
ical methods to calculate the pull-in parameters of a
1-DOF lumped-mass torsional micromirror.

Degani and Nemirovisky [15] were the first to in-
troduce a 2-DOF lumped-mass model that includes
both torsion and bending to capture the static behavior
of a torsional microactuator. Huang et al. [16] adopted
this model to study the static behavior of a torsional
micromirror. They derived the equations governing the
response of the mirror to a DC voltage and studied the
effect of electrode size and position on pull-in. They
found that neglecting the bending of the suspension
beams can result in more than 20% error in predicting
the static tilt angles.

Most of the available dynamic models are also
1-DOF lumped-mass models [17–19]. Ataman and
Urey [20] analyzed the dynamics of a resonant mi-
croscanner subjected to pure AC voltage excitations
using a 1-DOF torsional lumped-mass model. Based
on the solution of the Mathieu equation, they analyzed
the response of the mirror and characterized its lin-
ear stability. Furthermore, for large scanning angles,

they numerically analyzed the nonlinear response and
observed a softening-type nonlinearity. This softening
behavior was also experimentally reported by Camon
and Lanaudi [21].

Zhao et al. [22] were the first to consider the cou-
pling effect between torsion and bending in a dynamic
model. They treated the mirror as a lumped mass at-
tached to two springs. The springs represent the tor-
sional and bending stiffness of the suspension beams.
They numerically simulated the dynamic response of
the micromirror to step and pure AC voltage exci-
tations. Their numerical simulations also revealed a
softening-type behavior.

To the authors’ knowledge, the nonlinear dynamics
of microscanners has yet to be addressed comprehen-
sively. In this work, we utilize the method of multiple
scales to analyze the nonlinear response of a micromir-
ror subjected to combined DC and resonant AC exci-
tations. We show that, within a range of DC voltages,
a two-to-one internal resonance might be activated be-
tween the first two modes. We identify and analyze the
response within this range. We show that, due to this
internal resonance, the energy fed to the first (torsion)
mode can be channeled to the second (bending) mode
even if the bending motions are very small. The energy
transfer results in undesirable oscillations detrimental
to the scanner performance. If not well-understood and
accounted for during the design process, these oscilla-
tions may yield aperiodic responses that will limit the
operation range of the scanner to very small tilt angles.

2 Problem formulation

We consider the micromirror shown in Fig. 1. It con-
sists of two identical microbeams of length l, width
w, and thickness h. Each beam is fixed on one side
and connected to a rigid rectangular plate (the mirror)
on the other side. The mirror has a length Lm, width
a, and thickness h2. Beneath the micromirror there are
two electrodes, each of length b and width (a2 −a1)/2.
The perpendicular distance between the undeformed
position of the mirror and the electrodes is denoted
as d . The whole microstructure is etched out of a sili-
con substrate that has a density ρ, the Young modulus
E, and a modulus of rigidity G. The material proper-
ties and dimensions of the mirror are listed in Table 1.

The mirror is rotated in either direction by supply-
ing a voltage V (t) to the corresponding electrode. This
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Table 1 Material
properties and dimensions
of the torsional
micromirror. The
parameters are typical of
torsional micromirrors and
are adopted after Zhao et
al. [22]

Properties

Modulus of elasticity, E[GPa] 170

Modulus of rigidity, G[GPa] 66

Density, ρ[kg/m3] 2330

Dielectric constant of air, ε0[F/m] 8.85 × 10−12

Dimensions

Mirror width, a[μm] 100

Mirror length, Lm[μm] 100

Mirror thickness, h2[μm] 1.50

Beam length, l[μm] 45

Beam width, w[μm] 1.55

Beam thickness, h[μm] 1.50

Electrode length, b[μm] 100

Electrode parameter, α = 2a1
a

0.3

Electrode parameter, β = 2a2
a

1

Gap height, d[μm] 2.75

results in an electrostatic potential between the elec-
trode and the mirror, which generates an electrosta-
tic pressure on the surface of the mirror, and hence
produces a downward electrostatic force and an elec-
trostatic moment around the suspension axis. Conse-
quently, the microbeams undergo simultaneous rota-
tion Θ(z, t) and deflection U(z, t). This drives the mi-
cromirror to rotate an angle θm = Θ(l, t) and deflect a
distance um = U(l, t).

The mirror can be treated as a lumped mass,
whereas each of the suspension beams is treated as
a combined torsional and translational (bending in
the x-direction) spring. Bending motions in the y-
direction due to excitation asymmetries or design
imperfections are assumed to be negligible. This
model has been developed, verified, and shown to
provide excellent representation of the mirror be-
havior when the frequency of excitation is close to
the first two natural frequencies [22, 23]. The tor-
sional spring has an effective stiffness k11 = 2GJb

l
,

where

Jb = 16w4

3

[
1 − 192(w/h)

π5

∞∑
n=0

1

(2n + 1)5

× tanh
(2n + 1)5

2(w/h)

]
(1)

is the polar moment of inertia of the suspension beams,
which accounts for cross-sectional warping effects
[24]. The two microbeams have effective bending

stiffness k22 = 24EIby

l3
, where Iby = 1

12wh3 is the area
moment of inertia about the y-axis. The kinetic and
potential energies of the reduced system can be writ-
ten as

KE = 1

2
m11θ

2
crθ̇

2 + 1

2
m22d

2u̇2, (2)

PE = 1

2
k11θ

2
crθ

2 + 1

2
k22d

2u2 − 1

2
CV 2 − Mgdu, (3)

where C is the capacitance between the micromirror
and the active electrode given by [16]

C = ε0Lm

θθcr
ln

[
1 − u − αθ

1 − u − βθ

]
, (4)

and

V = Vdc + Vac cos(Ωt),

θ = θm

θcr
, u = um

d
,

θcr = arctan

(
2d

a

)
≈ 2d

a
,

m11 = Imzz

T 2
, m22 = M

T 2
,
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Fig. 2 Variation of the static position of the micromirror with the applied DC voltage. Dashed lines represent unstable equilibria

where Imzz = 1
12ρahLm(h2

2 + a2) is the mass mo-
ment of inertia of the mirror around the z-axis,
m = ρwh is the mass of the microbeam per unit
length, M = ρh2Lma is the mass of the mirror,
Vdc is a direct voltage component, Vac is an al-
ternating voltage component, Ω is its frequency,
and

T 2 = ρwhl2(h2 + w2)

3GJb

(5)

is a time scale. We note that the capacitance has a
removable singularity at zero tilt angles. To avoid
computational overflow, we remove the singularity
by taking the limit as θ approaches zero and ob-
tain

C|θ=0 = ε0Lm

θcr

β − α

(1 − u)
. (6)

The equations of motion are given by the Euler–
Lagrange equations as

m11θ̈ + μ1θ̇ + k11θ = V 2

2θ2
cr

∂C

∂θ
, (7)

m22ü + μ2u̇ + k22u = V 2

2d2

∂C

∂u
+ Mg

d
, (8)

where μ1 = √
k11m11/Q and μ2 = √

k22m22/Q are
modal damping terms and Q is the quality factor. It is
worth noting that (7) and (8) are linearly and nonlin-
early coupled through the electrostatic potential, hence

the torsional and bending responses are both statically
and dynamically coupled.

The equations representing the static response of
the mirror can be obtained by setting the time varia-
tion in (7) and (8) equal to zero to obtain

k11θs = V 2
dc

2θ2
cr

∂C

∂θ

∣∣∣∣
θs ,us

(9)

k22us = V 2
dc

2d2

∂C

∂u

∣∣∣∣
θs ,us

+ Mg

d
. (10)

Equations (9) and (10) are solved numerically for the
equilibrium position (θs, us ) corresponding to a given
DC voltage Vdc. Figure 2(a) and (b) displays, respec-
tively, variations of the static rotation angle and de-
flection of the torsional micromirror with the applied
DC voltage. The pull-in parameters, which represent
the upper limits of the safe operating regime of the
mirror, are Vpull-in ≈ 17.95 V, θpull-in ≈ 0.399 and
upull-in ≈ 0.0264 (nondimensional quantities). Voltage
values that are beyond the pull-in point result in the
mirror snapping down and colliding with the nearest
electrode. See [10, 16] for more details on the static
response of torsional micromirrors.

3 Nonlinear analysis

We analyze the response of the micromirror to elec-
tric excitations consisting of a DC component Vdc and
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an AC component Vac cos(Ωt). We start by expressing
the response as the sum of a static part (us, θs) and a
dynamic part (uδ, θδ) as follows:

θ(t) = θs + θδ(t),

u(t) = us + uδ(t).
(11)

Substituting (11) into (7) and (8), noting that us and
θs satisfy (9) and (10), and expanding the electrostatic
force and moment in Taylor series, keeping only terms
up to third order in θδ and uδ , we obtain

m11θ̈δ + μ1θ̇δ + k11θδ

= −Γ1α11V
2
dc + Γ1V

2(α11 + α12θδ + α13uδ

+ α14θδuδ + α15θ
2
δ + α16u

2
δ + α17θδu

2
δ

+ α18θ
2
d uδ + α19θ

3
δ + α110u

3
δ

)
,

m22üδ + μ2u̇δ + k22uδ

= −Γ2α21V
2
dc + Γ2V

2(α21 + α22θδ + α23uδ

+ α24θδuδ + α25θ
2
δ + α26u

2
δ + α27θδu

2
δ

+ α28θ
2
δ uδ + α29θ

3
δ + α210u

3
δ

)
, (12)

where

Γ1 = ε0Lm

2θ3
cr

, Γ2 = ε0Lm

2d2θcr
, (13)

and the αij are the coefficients resulting from the Tay-
lor series expansions. We scale the dependent vari-
ables such that the effect of the nonlinearity balances
the effects of the damping and AC excitation as

V = Vdc + ε2Vac cos(Ωt),

μ1 = εμ1, μ2 = εμ2

(14)

where ε is a small nondimensional bookkeeping pa-
rameter. The time dependence t is expanded in terms
of multiple time scales, Tn = εnt , so that the first and

second time derivatives become [25]

d

dt
= D0 + εD1 + ε2D2 + · · · ,

d2

dt2
= D2

0 + 2εD0D1 + ε2D1 + 2ε2D0D2 + · · · ,
(15)

where Dn = ∂
∂Tn

. We seek a solution of (12) in the
form

θδ = εθ0(T0, T1, T2) + ε2θ1(T0, T1, T2)

+ ε3θ2(T0, T1, T2) + · · · ,

uδ = εu0(T0, T1, T2) + ε2u1(T0, T1, T2)

+ ε3u2(T0, T1, T2) + · · · .

(16)

Substituting (14)–(16) into (12) and equating coeffi-
cients of like powers of ε, we obtain
O(ε):

m11D
2
0θ0 + (

k11 − V 2
dcΓ1α12

)
θ0 − V 2

dcΓ1α13u0 = 0,

m22D
2
0u0 + (

k22 − V 2
dcΓ2α23

)
u0 − V 2

dcΓ2α22θ0 = 0;
(17a)

O(ε2):

m11D
2
0θ1 + (

k11 − V 2
dcΓ1α12

)
θ1 − V 2

dcΓ1α13u1

= −μ1D0θ0 − 2m11D0D1θ0

+ V 2
dcΓ1

(
α15θ

2
0 + α14θ0u0 + α16u

2
0

)
+ VacVdcΓ1α11

(
eiΩT0 + e−iΩT0

)
,

m22D
2
0u1 + (

k22 − V 2
dcΓ2α23

)
u1 − V 2

dcΓ2α22θ1

= −μ2D0u0 − 2m22D0D1u0

+ V 2
dcΓ2

(
α25θ

2
0 + α24θ0u0 + α26u

2
0

)
+ VacVdcΓ2α21

(
eiΩT0 + e−iΩT0

);

(17b)
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O(ε3):
m11D

2
0θ2 + (

k11 − V 2
dcΓ1α12

)
θ2 − V 2

dcΓ1α13u2

= −μ1(D0θ1 + D1θ0)

− m11
(
2D0D1θ1 + D2

1θ0 + 2D0D2θ0
)

+ VdcVacΓ1(α12θ0 + α13u0)
(
eiΩT0 + e−iΩT0

)
+ V 2

dcΓ1
(
α19θ

3
0 + 2α15θ0θ1 + α18θ

2
0 u0

+ α14θ1u0 + α17θ0u
2
0 + α110u

3
0

+ α14θ0u1 + 2α16u0u1
)
,

m22D
2
0u2 + (

k22 − V 2
dcΓ2α23

)
u2 − V 2

dcΓ2α22θ2

= −μ2(D0u1 + D1u0)

− m22
(
2D0D1u1 + D2

1u0 + 2D0D2u0
)

+ VdcVacΓ2(α22θ0 + α23u0)
(
eiΩT0 + e−iΩT0

)
+ V 2

dcΓ2
(
α29θ

3
0 + 2α25θ0θ1 + α28θ

2
0 u0

+ α24θ1u0 + α27θ0u
2
0 + α210u

3
0 + α24θ0u1

+ 2α26u0u1
)
.

(17c)

Equations (17a) constitute a system of two linearly
coupled differential equations with constant coeffi-

cients. Their solution can be written as[
θ0

u0

]
=

[
1
k1

]
A1(T1, T2)e

iω1T0

+
[

1
k2

]
A2(T1, T2)e

iω2T0 + cc (18)

where cc stands for the complex conjugate of the pre-
ceding terms. The eigenfrequencies ω1 and ω2 are ob-
tained from the solution of the following characteristic
equation:

D(ω) = ω4 + Bω2 + C = 0 (19)

where

B = 1

m11m22

[
V 2

dc(Γ1α12m22 + Γ2α23m11)

− k11m22 − k22m11
]
,

C = 1

m11m22

[
V 4

dcΓ1Γ2(α23α12 − α13α22)

− V 2
dc(k11Γ2α23 + k22Γ1α12) + k11k22

]
,

and

kn = α22Γ2V
2
dc

k22 − V 2
dcα23Γ2 − m22ω2

n

, n = 1,2.

Figure 3 displays variation of the two natural fre-
quencies of the micromirror with the applied DC volt-
age Vdc and obtained via (19). As the DC voltage

Fig. 3 Variation of the
micromirror first two
(dimensionless) natural
frequencies with Vdc
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is increased, the frequencies associated with the two
modes decrease. The frequency of the first mode,
which is purely a torsional mode at zero DC voltage,
drops faster than that of the second mode (a purely
bending mode at zero DC voltage) reaching zero at
pull-in.1 For the given micromirror dimensions and
electrode parameters, variation of the frequencies with
the applied voltage causes the frequency of the second
mode to match twice the frequency of the first mode
(i.e., ω2 = 2ω1) at Vdc ≈ 13.2 V. Hence, a two-to-one
internal resonance might be activated between the two
modes. It is important to note that this point varies with
the micromirror design parameters.

3.1 Primary resonance of the first mode Ω ≈ ω1

To express the nearness of the excitation frequency Ω

to the first resonant frequency ω1, and the second res-
onant frequency ω2 to twice ω1, we write

Ω = ω1 + εσ1, ω2 = 2ω1 + εσ2 (20)

where σ1 and σ2 are frequency detuning parameters
and ω1 and ω2 are the natural frequencies associated
with the first two vibration modes corresponding to
Vdc. Substituting (18) and (20) into (17b) yields

m11D
2
0θ1 + (

k11 − V 2
dcΓ1α12

)
θ1 − V 2

dcΓ1α13u1

= −iμ1
(
A1ω1e

iω1T0 + A2ω2e
iω2T0

)
− 2im11

(
ω1e

iω1T0D1A1 + ω2e
iω2T0D1A2

)
+ b11A

2
1e

2iω1T0 + b12A
2
2e

2iω2T0

+ b13A1A2e
i(ω1+ω2)T0 + b13A1Ā2e

i(ω1−ω2)T0

+ b11A1Ā1 + b12A2Ā2 + Γ1α11VdcVace
iΩT0

+ cc, (21a)

m22D
2
0u1 + (

k22 − V 2
dcΓ2α23

)
u1 − V 2

dcΓ2α22θ1

= −iμ2
(
k1A1ω1e

iω1T0 + k2A2ω2e
iω2T0

)
− 2im22

(
k1ω1e

iω1T0D1A1 + ω2k2e
iω2T0D1A2

)
+ b21A

2
1e

2iω1T0 + b22A
2
2e

2iω2T0

+ b23A1A2e
i(ω1+ω2)T0 + b23A1Ā2e

i(ω1−ω2)T0

+ b21A1Ā1 + b22A2Ā2 + Γ2α21VdcVace
iΩT0

+ cc, (21b)

1A detailed modal analysis of the mirror and the associated
mode shapes for different DC voltages can be found in [26].

where Ān(T1, T2) is the complex conjugate of
An(T1, T2) and the coefficients bij are given by

bn1 = V 2
dcΓn

(
k1αn4 + αn5 + k2

1αn6
)
,

bn2 = V 2
dcΓn

(
k2αn4 + αn5 + k2

2αn6
)
,

bn3 = V 2
dcΓn

[
(k1 + k2)αn4 + 2αn5 + 2k1k2αn6

]
,

n = 1,2.

(22)

The terms proportional to e±iω1T0 and e±iω2T0 produce
secular terms in θ1 and u1. Elimination of these terms
on the right-hand side of (21a) and (21b) yields the
following solvability conditions:

2iω1Λ11D1A1 = iω1Λ12A1 + VacΛ13e
iσ1T1

+ Λ14Ā1A2e
iσ2T1 , (23)

2iω2Λ21D1A2 = iω2Λ22A2 + Λ24A
2
1e

−iσ2T1 ,

where

Λn1 = knm22Δ1(ωn) − α22Γ2m11V
2
dc,

Λn2 = knμ2Δ1(ωn) − α22Γ2μ1V
2
dc,

Λn3 = Vdc
[
Γ2α21Δ1(ωn) − α22α11Γ1Γ2V

2
dc

]
,

Λ14 = 2Λ24 = b11V
2
dcΓ2α22 + b21Δ1(ω1)

(24)

and

Δ1(ω) = k11 − α12V
2
dc − m11ω

2,

Δ2(ω) = k22 − α23V
2
dc − m22ω

2.
(25)

We substitute for D1A1 and D1A2 back into (21a)
and (21b) and write the complete solution of the
second-order equations as

θ1 = B1(T1, T2)e
iω1T0 + B2(T1, T2)e

iω2T0

+ c11A
2
2e

2iω2T0 + c12A1A2e
i(ω1+ω2)T0

+ c131A1Ā1 + c132A2Ā2 + cc,

u1 = k1B1(T1, T2)e
iω1T0 + k2B2(T1, T2)e

iω2T0

+ c21A
2
2e

2iω2T0 + c22A1A2e
i(ω1+ω2)T0

+ c231A1Ā1 + c232A2Ā2 + cc.

(26)

The first two terms in each of (26) correspond to the
homogeneous solution, whereas the remaining terms
represent the particular solutions. The temporal func-
tions B1 and B2 are defined at the next level, and the
coefficients cij are given by
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c11 = b12[D(2ω1) + Δ1(2ω1)Δ2(2ω1)] + b11Δ2(2ω1)Γ2α22V
2
dc

V 2
dcα22Γ2 D(2ω1)

, c21 = b11Γ2α22V
2
dc + b12Δ1(2ω1)

D(2ω1)
,

c12 = b23 D(ω1 + ω2) + Δ2(ω1 + ω2)(Γ2α22b13V
2
dc + b23Δ1(ω1 + ω2)

2)

V 2
dcα22Γ2 D(ω1 + ω2)

,

c22 = Γ2α22b13V
2
dc + b23Δ1(ω1 + ω2)

2

D(ω1 + ω2)
,

c13n = b1nΔ2(0) + α13Γ1V
2
dcb2n

D(0)
, c23n = −b1nΔ1(0) − α22Γ2V

2
dcb2n

D(0)
, n = 1,2.

(27)

Substituting (18) and (26) into (17c), and eliminating
the terms that lead to secular terms, we obtain

−2iω1Λ11(D1B1 + D2A1) − Λ11D
2
1A1 − Λ12D1A1

= iω1Λ12B1 + Λ̂13VacA2e
i(σ2−σ1)T1

+ Λ14(A2B̄1 + B2Ā1)e
iσ2T1

+ Λ̂15Ā1A
2
1 + Λ̂16A1A2Ā2,

−2iω2Λ21(D1B2 + D2A2) − Λ21D
2
1A2 − Λ22D1A2

= iω2Λ22B2 + Λ̂23VacA1e
i(σ1−σ2)T1

+ Λ̂25Ā2A
2
2 + Λ̂26A1Ā1A2,

(28)

where

Λ̂13 = VdcΓ2
[
α22Δ2(ω1) − k2Γ2α23Δ1(ω1)

]
,

Λ̂23 = VdcΓ2
[
α22Δ2(ω2) − k1Γ2α23Δ1(ω1)

]
,

Λ̂15 = −V 2
dc

(
Δ1(ω1)Z2 − Γ2α22V

2
dcZ1

)
,

Λ̂25 = −V 2
dc

(
Δ1(ω1)Z̃2 − Γ2α22V

2
dcZ̃1

)
,

Λ̂16 = −V 2
dc

(
Δ1(ω1)Y2 − Γ2α22V

2
dcY1

)
,

Λ̂26 = −V 2
dc

(
Δ1(ω1)Ỹ2 − Γ2α22V

2
dcỸ1

)
,

and Zn, Z̃n, Yn, and Ỹn are given by

Zn = Γn

[
2c131(αn4 + 2αn5) + 2c231(αn4 + 2k1αn6)

+ 3
(
k3

1αn10 + k2
1αn7 + k1αn8 + αn9

)]
,

Z̃n = Γn

[
2c132(αn4 + 2αn5) + 2c232(αn4 + 2k2αn6)

+ 3
(
k3

2αn10 + k2
2αn7 + k2αn8 + αn9

)],

Yn = Γn

[
αn4(c22 + 2c132 + 2c131k1 + k2c12)

+ αn5(2c21 + 4c132) + αn6(2c22k2 + 4c232k1)

+ αn7(2k2
2 + 4k2k1) + αn8(4k2 + 2k1)

+ 6αn9 + αn10
(
6k2

2k1
)]

,

(29)

Ỹn = Γn

[
αn4(c22 + 2c231 + 2c131k2 + k1c12)

+ αn5(2c12 + 4c131) + αn6(2c22k1 + 4c231k2)

+ αn7(2k2
1 + 4k1k2) + αn8(4k1 + 2k2)

+ 6αn9 + αn10
(
6k2

1k2
)]

, n = 1,2.

Following Nayfeh [27], we choose the functions
B1 and B2 so as to eliminate D2

1A1 and D2
1A2 from

(28), thereby ensuring that, in the absence of damp-
ing, (28) are derivable from a Lagrangian. These con-
ditions lead to

D1[2iω1B1 + D1A1] = 0,

D1[2iω2B2 + D1A2] = 0,
(30)

which, upon integration with respect to T1, yields

[2iω1B1 + D1A1] = c1(T2),

[2iω2B2 + D1A2] = c2(T2).
(31)

We note from (23) that D1A1 and D1A2 are not ex-
plicit functions of T2. Therefore, it is necessary that
c1(T2) = c2(T2) = 0, which yields

B1 = i
Λ12

4ω1Λ11
A1 + Vac

Λ13

4ω2
1Λ11

eiσ1T1

+ Λ14

4ω2
1Λ11

Ā1A2e
iσ2T1 , (32)
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B2 = i
Λ22

4ω2Λ21
A2 + Λ24

4ω2
2Λ21

A2
1e

−iσ2T1 .

Substituting (33) into (28), we obtain

−2iω1Λ11D2A1

= Λ2
12

4Λ11
A1 − iVac

Λ12Λ13

4ω1Λ11
eiσ1T1

+ Vac

(
Λ̂13 + Λ13Λ14

4ω2
1Λ11

)
A2e

i(σ2−σ1)T1

+ i
Λ22Λ14

2ω2Λ21
A2Ā1e

iσ2T1

+
(

Λ̂15 + Λ24Λ14

4ω2
2Λ21

)
Ā1A

2
1

+
(

Λ̂16 + Λ2
14

4ω2
1Λ11

)
A1A2Ā2, (33a)

−2iω2Λ21D2A2

= Λ2
22

4Λ21
A2 − i

Λ22Λ24

4ω2Λ21
A2

1e
−iσ2T1

+ Λ̂23VacA1e
i(σ1−σ2)T1

+ Λ̂25Ā2A
2
2 + Λ̂26A1Ā1A2. (33b)

Since the above equations should be derivable from
a Lagrangian and a virtual work term [28], the co-
efficient associated with A2Ā1 in (33a) should be
twice the coefficient associated with A2

1 in (33b). Sim-
ilarly, the coefficient associated with A1A2Ā2 in (33a)
should be equal to the coefficient associated with
A2A1Ā1 in (33b).

To obtain the final solution to second order, we re-
constitute the solution using the following equation:

dAn

dt
= εD1An + ε2D2An + · · · , n = 1,2. (34)

We substitute (23), (33a), (33b) into (34), set Tn = εnt ,
then set ε equal to unity, and obtain the following re-
constituted modulation equations:

−2iω1Λ11
dA1

dt

= (S12 + iS̃12)A1 + (S13 + iS̃13)Vace
iσ1t

+ S14VacA2e
i(σ2−σ1)t + (S15 + iS̃15)A2Ā1e

iσ2t

+ S16Ā1A
2
1 + S17A1A2Ā2, (35a)

−2iω2Λ21
dA2

dt

= (S22 + iS̃22)A2 + (S25 − iS̃25)A
2
1e

−iσ2t

+ S24VacA1e
i(σ1−σ2)t + S26Ā2A

2
2

+ S27A1Ā1A2, (35b)

where

Sn2 = Λ2
n2

4Λn1
, S̃n2 = −Λn2ωn,

S13 = −Λ13, S̃13 = −Λ12Λ13

4ω1Λ11
,

S14 =
(

Λ̂13 + Λ13Λ14

4ω2
1Λ11

)
, S24 = Λ̂23,

S15 = 2S25 = −2Λ24, S̃15 = 2S̃25 = Λ22Λ14

2ω2Λ21
,

S16 =
(

Λ̂15 + Λ24Λ14

4ω2
2Λ21

)
, S26 = Λ̂25,

S17 = S27 =
(

Λ̂16 + Λ2
14

4ω2
1Λ11

)
, n = 1,2.

We find it convenient to express the resulting mod-
ulation equations in polar form by introducing the fol-
lowing transformation:

An = 1

2
ane

iβn n = 1,2, (36)

where the an and βn are real functions of time. Insert-
ing (36) into (35a) and (35b) and separating the real
and imaginary parts, we obtain

ω1Λ11ȧ1 = −1

2
S̃12a1 − Vac(S13 sinγ1 + S̃13 cosγ1)

+ 1

2
S14Vaca2 sin(γ1 − γ2)

− 1

4
a1a2(S15 sinγ2 + S̃15 cosγ2),

ω1Λ11a1(σ1 − γ̇1)

= 1

2
S12a1 + Vac(S13 cosγ1 + S̃13 sinγ1)

− 1

2
Vac S14a2 cos(γ1 − γ2)

+ 1

4
a1a2(S15 cosγ2 − S̃15 sinγ2)

+ 1

8
S16a

3
1 + 1

8
S17a1a

2
2,

(37a)
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ω2Λ21ȧ2 = −1

2
S̃22a2 − 1

2
S24Vaca1 sin(γ1 − γ2)

+ 1

4
a2

1(S25 sinγ2 − S̃25 cosγ2),

ω2Λ21a2(γ̇2 − γ̇1 + 2σ1 − σ2)

= 1

2
S22a2 + 1

2
Vac S24a1 cos(γ1 − γ2)

+ 1

4
a2

1(S25 cosγ2 + S̃25 sinγ2)

+ 1

8
S26a

3
2 + 1

8
S27a

2
1a2,

(37b)

where

γ1 = σ1t − β1, γ2 = σ2t − 2β1 + β2.

Using (36), we express the response of the mirror to
second order as

θ(t) = θs +
(

1 + S11

ω1

)
a1 cos(ω1t + β1)

+
(

1 + S21

ω2

)
a2 cos(ω2t + β2)

+ Λ14

8ω2
1Λ11

a1a2 cos
[
(ω1 + σ2)t + β2 − β1

]

+ 1

2
c12a1a2 cos

[
(ω1 + ω2)t + β1 + β2

]
+ Λ24

8ω2
2Λ21

a2
1 cos

[
(ω2 − σ2)t + 2β1

]

+ 1

2
c11a

2
2 cos[2ω2t + 2β2] + 1

2
c13a

2
1

+ 1

2
c14a1a2 + Vac

S̃13

Λ12ω1
cos

[
(ω1 + σ1)t

]
+ · · · , (38a)

u(t) = us + k1

(
1 + S11

ω1

)
a1 cos(ω1t + β1)

+ k2

(
1 + S21

ω2

)
a2 cos(ω2t + β2)

+ k1
Λ14

8ω2
1Λ11

a1a2 cos
[
(ω1 + σ2)t + β2 − β1

]

+ 1

2
c22a1a2 cos

[
(ω1 + ω2)t + β1 + β2

]
+ k2

Λ24

8ω2
2Λ21

a2
1 cos

[
(ω2 − σ2)t + 2β1

]

+ 1

2
c21a

2
2 cos(2ω2t + 2β2) + 1

2
c23a

2
1

+ 1

2
c24a1a2

+ k1Vac
S̃13

Λ12ω1
cos

[
(ω1 + σ1)t

] + · · · . (38b)

We illustrate the effect of neglecting the interac-
tion between the two modes on the quality of the ap-
proximation by plotting variation of the effective non-
linearity coefficient S16 with Vdc in Fig. 4. Using a
single-mode analysis results in a singularity at Vdc ≈
13.2 V, which corresponds to the location of the two-
to-one internal resonance between the first and sec-
ond modes. Neglecting this interaction yields a qual-
itatively and quantitatively erroneous solution, which
might hide the actual dynamics of the mirror. The size
of the neighborhood where energy is exchanged be-
tween the two modes can be inferred from the region
in Fig. 4 where the one-mode approximation of S16

diverges from the two-mode approximation of S16. It
can be seen in the figure that this region is not limited
to a narrow band around Vdc ≈ 13.2 V, rather it ex-
tends over a wide range of the DC voltage. Therefore,
avoiding operation in this region would place signif-
icant limits on the operation range of the microscan-
ner.

To validate the analytical solution, we integrate (7)
and (8) numerically to obtain the steady-state response
of the mirror at the critical DC voltage Vdc = 13.21 V
when the mirror is excited near primary resonance of
the first mode Ω = ω1 − 0.0002 and Vac = 0.1 V.
We then compare the numerical results with those ob-
tained analytically using (38). The phase portraits of
the steady-state response of the micromirror in Fig. 5
demonstrate excellent agreement between the numeri-
cal and analytical solutions, thereby validating the an-
alytical solution.

The micromirror behavior is characterized by solv-
ing the modulation equations of the two-mode re-
sponse. A fixed-point of the modulation equations, an
equilibrium solution, corresponds to a periodic mir-
ror response. On the other hand, when the modulation
equations have a periodic solution, the response of the
mirror is either periodic or quasiperiodic, depending
on the frequency of the limit cycle of the modulation
equations. If the frequency of this cycle is commen-
surate with the excitation frequency, the response is
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Fig. 4 Variation of the
effective nonlinearity
coefficient S16 with the DC
voltage Vdc

Fig. 5 Phase portrait of the micromirror response at Vdc = 13.21 V when it is excited near primary resonance of the first mode
Ω = ω1 − 0.0002 and Vac = 0.1 V

periodic; otherwise it is quasiperiodic with two inde-
pendent periods. When the modulation equations have
a quasiperiodic solution, the response of the mirror is
quasiperiodic with a higher number of independent pe-
riods. Finally, if the solution of the modulation equa-
tions is chaotic, then the response of the microscanner
is chaotically modulated.

To determine the periodic response of the mirror,
we found the equilibrium solutions of (37) by set-
ting the time derivatives in the equations equal to zero
and solving for the roots (a1, a2, γ1, γ2). As a con-
trol parameter was varied, the roots were found using
a Newton–Raphson numerical technique. The stabil-
ity of each equilibrium solution was determined by
finding the eigenvalues of the Jacobian matrix of the

modulation equations evaluated at the solution. Solu-
tions where all of the eigenvalues have negative real
parts are asymptotically stable. Solutions where one
or more eigenvalues have positive real parts are un-
stable. We used this method to conduct a frequency
sweep with respect to the detuning parameter σ1 for
different values of Vdc and a fixed excitation amplitude
Vac = 0.1 V. To achieve large amplitudes, microscan-
ners are designed to operate at large quality factors,
therefore we use a quality factor Q = 250. We denote
stable equilibrium solutions by solid lines and unstable
solutions by dashed or dotted lines.

At Vdc = 11 V, the response consists of a single
mode except in a small range around σ1 = 0, as shown
in Fig. 6(a) and (b). Even in this range, most of the en-
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Fig. 6 Frequency-response curves of the first and second modes when the first mode is excited near primary resonance at Vac = 0.1 V.
The letter H denotes a Hopf bifurcation

ergy is trapped in the first mode and the influence of

the second mode is extremely small. In fact, second-

mode motions are 2–3 orders of magnitude smaller

than first-mode motions, as can be seen in the time

histories of the response at σ1 = 0 shown in Fig. 7(a)

and (b). A small branch of solutions also appears at
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Fig. 7 Long-time histories of the micromirror responses for Ω = ω1 and Vac = 0.1 V

σ1 ≈ −0.00018, indicating the impending activation

of internal resonance. Further, the frequency-response

curves of both modes are bent to the left, indicating a

softening-type nonlinearity.

As Vdc is increased towards the critical value Vdc ≈
13.2 V, Fig. 6(c) and (d), the frequency-response

curves bend more to the left, indicating that the soft-

ening nonlinearity is increasing with Vdc. Further,
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the second branch of the two-mode solution becomes

more significant and shifts towards σ1 = 0. A region

of dynamic solutions appears as a result of the equi-

librium solutions of the modulation equations losing

stability via two Hopf bifurcations. This region ex-

tends between σ1 = 0 and σ1 = −0.00002, resulting

in an undesired quasiperiodic response of the scan-

ner, as shown in Fig. 7(c) and (d). The quasiperiodic

behavior causes fluctuations in the amplitude of the

steady-state response of the scanner, which brings the

target surface in and out of focus while the scanned

area changes over time.

A further increase in Vdc, Fig. 6(e) and (f), bends

the frequency-response curves further to the left and

shifts the second branch of solutions further to the

right and away from σ1 = 0. As a result, the dy-

namic solutions disappear while the effect of the sec-

ond mode becomes less important and it diminishes as

Vdc increases. Figure 7(e) and (f) illustrates the peri-

odic nature of the mirror response in this region.

3.2 Primary resonance of the second mode Ω ≈ ω2

In this case, the excitation frequency is in the neigh-

borhood of the second natural frequency Ω = ω2 +
εσ1. We follow steps similar to those used in the pre-

vious section to obtain the following modulation equa-

tions:

ω1Λ11ȧ1 = −1

2
S̃12a1 − 1

2
S24Vaca1 sinγ1

− 1

4
a1a2(S15 sinγ2 + S̃15 cosγ2),

1

2
ω1Λ11a1(σ1 + σ2 − γ̇1)

= 1

2
S12a1 + 1

2
S24Vaca1 cosγ1

+ 1

4
a1a2(S15 cosγ2 − S̃15 sinγ2)

+ 1

8
S16a

3
1 + 1

8
S17a1a

2
2,

(39a)

ω2Λ21ȧ2 = −1

2
S̃22a2 − Vac(S23 sinγ2 + S̃23 cosγ2)

+ 1

4
a2

1(S25 sinγ2 − S̃25 cosγ2),

ω2Λ21a2(σ1 − γ̇2)

= 1

2
S22a2 − Vac(S̃23 sinγ2 − S23 cosγ2)

+ 1

4
a2

1(S25 cosγ2 + S̃25 sinγ2)

+ 1

8
S26a

3
2 + 1

8
S27a

2
1a2,

(39b)

where

γ1 = (σ1 + σ2)t − 2β1, γ2 = σ1t − β2.

In the case of primary resonance near the second
mode, the equilibrium solutions of the modulation
equations are either a single-mode solution (0, a2), a
two-mode solution (a1, a2), or both. Figure 8 displays
variation of the response amplitude with the driving
frequency detuning parameter σ1. For Vdc = 11 V,
the energy is trapped in the second mode only, as
shown in Fig. 8(a) and (b). The solution of the mod-
ulation equations yields only the single-mode solu-
tion (0, a2). Therefore, the nonlinear interaction can
be neglected and a single-mode solution suffices to
accurately represent the dynamics of the mirror. The
long-time history of the response shown in Fig. 9 il-
lustrates that the second mode completely dominates
the response of the mirror. As Vdc approaches the
critical value Vdc = 13.2 V, the single-mode solution
loses stability, Fig. 8(c) and (d), via two pitchfork bi-
furcations at σ1 = −0.000073 and σ1 = 0.000058. A
two-peak branch of two-mode solutions (a1, a2) ap-
pears in the frequency-response curves in the vicinity
of σ1 = 0. In this case, most of the system energy is
transferred into the indirectly excited first mode and
a single-mode solution is not enough to represent the
dynamics of the mirror. In Fig. 10, we show the long-
time histories of the response for different values of
σ1. At σ1 = 0, there is only one two-mode solution,
where a1 is much larger than a2. The angular response
of the mirror is periodic with a period correspond-
ing to the first-mode frequency, Fig. 10(a). However,
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Fig. 8 Frequency-response curves of the first and second modes when the second mode is excited near primary resonance and
Vac = 0.1 V

due to the linear coupling, the bending response of
the mirror is periodic with both frequencies appear-
ing in the response, Fig. 10(b). At σ1 = −0.0004, both

of the single-mode and two-mode solutions coexist.
Therefore, the angular oscillations of the mirror can
be large and dominated by the first mode, Fig. 10(c),
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Fig. 9 Long-time histories of the micromirror response for Vdc = 11 V and Vac = 0.1 V

or very small and dominated by the second mode,
Fig. 10(e).

As Vdc is increased beyond the critical value,
we find that the two-mode solution shifts to the
left, Fig. 8(e) and (f), where the single-mode solu-
tion loses stability via two pitchfork bifurcations at
σ1 ≈ −0.0006 and σ1 ≈ −0.00055. Therefore, a two-
mode solution is still necessary to represent the dy-
namic response of the mirror. In Fig. 11(a) and (b),
we show long-time histories of the micromirror re-
sponse at σ1 = 0 where the second mode dominates
both of the torsional and bending responses of the
mirror, resulting in a very large bending response. At
σ1 = −0.0008, both of the single-mode and two-mode
solutions coexist. In Fig. 11(c) and (d), we show the
long-time histories of the two-mode solution. In this
case, the period of the mirror angular response cor-
responds to the frequency of the first-mode, whereas
the frequencies of both modes appear in the bending
response.

In Fig. 12(a) and (b), we show the force-response
curves of the first and second modes at the critical in-
ternal resonance voltage Vdc = 13.2 V. We excite the
second mode near primary resonance at the detuning
value σ1 = −0.00002. A single-mode response (0, a2)
is the only available solution for Vac ≤ 0.008 V. As
Vac is increased, the single-mode solution loses stabil-
ity through a subcritical pitchfork bifurcation at Vac ≈
0.011 V. As a result, the response jumps to a larger sta-
ble two-mode solution. As Vac is increased further, the
amplitude of the first mode increases, while the am-
plitude of the second mode decreases slightly. How-
ever, no saturation occurs, since the quadratic and cu-

bic nonlinearities are of the same order, and the ampli-
tude of the second mode begins to increase again until
Vac ≈ 0.315 V. At this point, the stable two-mode so-
lution experiences a saddle-node bifurcation, and the
response jumps to the nearest stable branch, which is
another larger-amplitude two-mode solution. Increas-
ing Vac beyond this point results in a gradual decrease
in the first-mode amplitude accompanied with a grad-
ual increase in the second-mode amplitude.

4 Observations and comments

As demonstrated in the preceding section, this nonlin-
ear analytical study has revealed an interesting energy
transfer mechanism that is hard to identify or under-
stand utilizing simulations, finite element methods, or
even an extensive number of experiments. When acti-
vated during a scanner’s operation, the internal reso-
nance can cause serious degradation in the mirror per-
formance. Indeed, the quasiperiodic response of the
scanner which can appear when the micromirror is ex-
cited at primary resonance of the first mode, results
in steady-state amplitude fluctuations that distort the
scanned area and the quality of the reflected beam. On
the other hand, when the mirror is excited near pri-
mary resonance of the second mode, the second-mode
amplitude does not saturate due to the considerable ef-
fects of the cubic nonlinearities, resulting in large un-
desirable bending oscillations. Consequently, it is im-
perative to take this phenomenon into account during
the design of future microscanners.
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Fig. 10 Long-time histories of the micromirror response for Vdc = 13.2 V and Vac = 0.1 V

The range where the internal resonance mechanism

is active can be altered by changing the mirror nat-

ural frequencies which are functions of the torsional

and bending stiffness of the suspension beams as well

as the mass and moment of inertia of the micromir-

ror. Further, for Vdc �= 0, the size and location of the
electrodes play an important role in determining the
rates at which the natural frequencies decrease with
DC voltage. Hence, they can also be utilized to vary
the internal resonance point. The designer should note
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Fig. 11 Long-time histories of the micromirror response for Vdc = 15 V and Vac = 0.1 V

Fig. 12 The force-response curves of the first and second modes when the second mode is excited near primary resonance
σ1 = −0.00002 and Vdc = 13.2 V
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that, while for the mirror under consideration internal
resonance occurred at a large DC voltage, slight vari-
ations in the mirror parameters can shift the internal
resonance point towards smaller DC voltages, further
limiting the operation range of the microscanner.

The simple design rule ω2
ω1

> 2.2 at Vdc = 0, Fig. 3,
can be used to eliminate the possibility of internal res-
onance between the first two modes over the whole
scanner range of operation. One way to achieve that is
to shorten the suspension beams. Since the torsional
stiffness of the beam is inversely proportional to l

while the bending stiffness is inversely proportional to
l3, the ratio ω2

ω1
is counter-proportional to l. Another

approach is to increase the aspect ratio of the beam
cross section h

w
while holding the section circumfer-

ence w + h constant. This significantly increases the
second natural frequency while keeping the first nat-
ural frequency constant. These geometric design solu-
tions can be combined with variations in the mass or
dimensions of the rigid mirror plate. It is worth not-
ing, however, that varying these parameters can in-
crease the voltage requirement to realize the desired
tilt angles. Consequently, it is important that these pa-
rameters are optimized to minimize additional volt-
age requirements. Further, it is important to keep in
mind that avoiding the two-to-one internal resonance
through increasing or decreasing the first two natural
frequencies could as well activate higher-order inter-
nal resonances.
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