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Abstract In this paper, the stability analysis problem
is considered for a class of stochastic neural networks
with mixed time-delays and Markovian jumping pa-
rameters. The mixed delays include discrete and dis-
tributed time-delays, and the jumping parameters are
generated from a continuous-time discrete-state ho-
mogeneous Markov process. The aim of this paper is
to establish some criteria under which the delayed sto-
chastic neural networks are exponentially stable in the
mean square. By constructing suitable Lyapunov func-
tionals, several stability conditions are derived on the
basis of inequality techniques and the stochastic analy-
sis. An example is also provided in the end of this pa-
per to demonstrate the usefulness of the proposed cri-
teria.
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1 Introduction

In the past two decades, neural networks have been
successfully applied in many areas such as combinato-
rial optimization, signal processing and pattern recog-
nition. In practice, time-delays are often encountered
in various neural networks and many other engineer-
ing systems due to the finite speed of information
transmission. The existence of time-delays may cause
oscillation or instability in neural networks, which are
harmful to the applications of neural networks, and
so stability analysis problems for delayed neural net-
works have gained much research attention. Up till
now, a great deal of results have been reported in the
literature [1-6], where the time delays can be classi-
fied as constant, time-varying, and distributed delays.

In real nerve systems, the synaptic transmission is a
noisy process brought on by random fluctuations from
the release of neurotransmitters and other probabilis-
tic causes [7]. Liao and Mao’s research [8, 9] showed
that a neural network could be stabilized or destabi-
lized by certain stochastic inputs. Therefore, the sta-
bility analysis issue for stochastic neural networks be-
comes increasingly significant, and the relevant results
can be seen in [10-14] and the references cited therein.
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Hybrid systems driven by continuous-time Markov
chain have been used to model many practical sys-
tems, where they may experience abrupt changes in
their structure and parameters [15-18]. Stochastic
neural network with Markovian jumping parameters
is one of such hybrid systems, where the parameters
are governed by a discrete-state homogeneous Markov
process, and every state denotes a switching mode.
For Markovian switching neural networks, there are
some developments in the recent years. For exam-
ple, Wang et al. [19] studied the exponential stabil-
ity of neural networks with discrete time-invariant de-
lays, Huang et al. [20] considered a stochastic neural
network with discrete time-delays and parameter un-
certainties. However, the stability analysis issue for
Markovian stochastic neural networks with both dis-
crete and distributed time-delays has not been fully
investigated and there is still much room left for fur-
ther investigation. This constitutes the motivation for
the present research.

In this paper, we study the global exponential sta-
bility problem for a class of stochastic neural networks
with mixed time-delays and Markovian jumping pa-
rameters. The delays include discrete and distributed
time-delays, and the jumping parameters are generated
from a finite state Markov chain. By applying Lya-
punov method, the stochastic analysis and some in-
equality techniques, several sufficient conditions are
obtained under which the delayed stochastic neural
networks are exponentially stable in the mean square.

Notations: Throughout this paper, R” and R"*™
denote, respectively, the n-dimensional Euclidean
space and the set of n x m matrices. The super-
script “T” denotes matrix transposition and the no-
tion X > O (respectively, X > 0) means that X is
a real symmetric and positive definite (respectively,
semi-definite) matrix. |-| is the Euclidean norm in R”.
I, is the n x n identity matrix and for a matrix A,
Amax (A) (respectively, Amin(A)) represents the largest
(respectively, smallest) eigenvalue of A. Moreover, let
(82, F,{Ft}+>0,P) be a complete probability space
with a filtration {F;};>0 satisfying the usual condi-
tions. Denote by L%_-O([—r, 0]; R™) the family of all
Fo-measurable C([—rt, 0]; R")-valued random vari-
ables ¢ = {¢(s) : —t < s < 0} with the norm ||¢]| =
SUP_r<5<0 |¢(S)|2
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2 Model and analysis

The neural network with mixed time-varying delays
has the following form:

du(t) = |:—Du(t) + Af(u@®)+ Bg(u(r — 11(1))
t
—i—C/ fl(u(s))ds+J:|dt, (1)
t—12(1)

where u(t) = (w1 @),u2(1), ..., u,())T is the state
vector of the n neurons; D = diag{d, d>, ...,d,} >0,
A = (aij)uxn> B = (bij)nxn, C = (Cij)nxn rEprEsent
the firing rate of the neurons and the connection weight
matrices, respectively; J = (J1, Ja, ..., J,,)T is a con-
stant  external input vector, and f (n) =
(fin), o), ..., fu(un)), 8 w) = (g1(u1), g2(u2),

ooy 8n(un)), h(u) = (hi(u1), ho(u2), ..., hn(up)) are
the neuron activation functions which satisfy the fol-
lowing assumption:

Assumption 1 There exist constant matrices K, L1,
L, € R™" such that

|f)— F)] < [K@—v)

2(u) — gW)| < |Li(u—v)|,

|h@u) —h()| < |La(u —v)
Yu,v e R".

’

3

71(¢) and 72(¢) are the time-varying delays satisfy-
ing:

Assumption2 0<t11(#) <711,0<0(t) <1, 71(t) <
S1<1,(t) <8 <.

Throughout this paper, denote T = max{ty, 12}.
Let u™ be one equilibrium point of (1) and shift

this equilibrium point to the origin by just letting x =
u — u*. Then one can have

dx(t) = |:—Dx(t) + Af(x(®) + Bg(x(t — 11(1)))
+ Cft h(x(s))ds]dt, )
t—15(t)

where f(x(1) = f(x(t) +u*) = fu*), gx(®) =
gx(t) +u*) —g™), h(x (1)) = h(x(t) +u*) —h(u™®).
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Obviously, from Assumption 1, we have

|f ()] < |Kx],
lg ()| < IL1x],
|h(x)| < [Lax|,

Vx,y e R".

Let {r(¢),t > 0} be a right-continuous Markov
process on the probability space, which takes values
in the finite space S = {1,2,..., N} with generator
I'=(y;;)(, j € S) given by:
P(r@+A)=jlr@)=i)

_ [vijA+o(h),
14+yiA+o(A),

if j #1,
if j =1,
where y;; > 0 (i # j) is the transition rate from i to j
and y;; = —Z#i ¥ij; A >0 and lima_00(A)/A =
0. Based on the discussions in the Introduction sec-
tion in this paper, we consider the following stochas-

tic neural networks with Markovian jumping parame-
ters:

dx(t) = |:—D(r(t))x(t)
+A(r()) f(x®) + B(r@))g(xt — 11(1)))
+C(r()) f

t—1(t)

+U(t,x(t),x(t — T](t)),
x(t = n(0), r())dw (). 3)

t

h(x(s))ds]dt

where r(t) is the Markov chain defined above,
w(t) = (w1 (), wa(t), ..., ws(t))T is an n-dimensional
Brownian motion defined on (£2,F, {F:}i>0,P)
and o : Rt X R" x R* x R" x § — R™" is a Borel
measurable function.

Note that the Markov process {r(t),t > 0} takes
values in the finite space S = {1,2,..., N}. For the
sake of simplicity, denote

D(i) = D;, A()=A;,

B(i) = B;, C@i)=0C,.

To conduct the stability analysis, two more assump-
tions are needed:

Assumption 3 There exist matrices Ry; > 0, Ry; >0,
Ry >0(i=1,2,...,N) such that

trace[aT(t, x(1), x(t -1 (t)), x(t — rz(t)), i)
o(t,x(@), x(t — 71 (0), x(t — 12()). i)]
<xTORoix (@) +xT(t — 1)) Rix(t — 11(1))

+x1(t — ) Roix (t — 12(1)).
Assumption 4 o(¢,0,0,0,7(z)) =0.

Definition 1 For the stochastic neural network (3), the
equilibrium point is exponentially stable in the mean
square if, for all network modes, there exist scalars
o > 0 and B > 0 such that

E|x(t,¢)|" < Be™  sup 0E|¢(9>|2 )

—T<0<

holds for every initial value ¢ € LZ}-O([—r, 0]; R™).

Lemma 1 [21] Given any real matrices X, Y and one
matrix P > 0 of appropriate dimensions, the following
inequality holds:

1

XY + 7YX <-X"PX +evTP 7y,
e

where ¢ is a positive scalar.

Lemma 2 [22] For any matrix M > 0, scalar y > 0,
vector function ¥ : [0, y] = R" such that the inte-
grations concerned are well defined, the following in-
equality holds:

y T y
(/ l/f(l)dl‘) M(/ l/f(l)dl‘)
0 0

< y( / "y TomMy ) dr>.
0

3 Main results

In this section, a set of conditions are given to guaran-
tee the exponential stability of the Markovian stochas-
tic neural network (3).
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Theorem 1 Under Assumptions 1-4, the system (3)
is exponentially stable in the mean square if there
exist matrices P; > 0, O >0, Q3 >0, Q4; > 0,
scalars ¢; > 0, n; > 0, p; > 0 and constants B1, P2,
B3, Ba such that the following inequalities hold for all
ies:

B2+ B3+ 2B < B,

Amax(£2; + Q2i + O3i + 7204i) < —B1;

N
71 Amax (Z Vij Q2j> < B2,

J=1

T2 Amax <Z Vij Q3j> < Bs,

j=1
N
T2 Amax (Z Vij Q4j> < B4;
j=l1
Amax (PO R1; +n;7 ' LTLy — (1= 61) 02 <0,
Amax(P)Roi — (1 —62)Q03; <0,
P LY Ly — (1 —82) Qi < 0;

where

2 =—P;D; — D; P; —‘,—Sl‘PiAiA;rPi
+n; PiB; Bl P; + p; P;C;C]'P; +8,-_1KTK
N

+ Amax (Pi) Roi + ZViij-
j=1

Proof Let

M1 zmaX)\max(Pi), M2=maX)\max(Q2i),
ieS ieS

M3 =max Amax (Q3i), M4 = max Amax (Q4i);
ieS ieS

obviously, u; >0 (i =1,2,3,4).
Firstly, we will prove that the following equation

E) =apm + (€™ — Do + (%™ — 1) (u3 + t2144)
+ 2By 4 P By 1afa) — f1 =0 (5)

has a unique positive root denoted by «. Choose
i for Amin(Q2i) to be the smallest of Amin(Q2;)
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(1<j<N)ie.
Amin(Q2i) = ]énjiélN)\min(Qh)y

and let y # 0 be the corresponding eigenvector of Q»;.
Then

yT 021y = Amin(Q20) Iy /%,

while
N
' <Z Yij Q2j>y
j=1

N
= ZyiijQij +viy' Qaiy
J#L
N
> > Vi dmin(Q2 )y + Vi Amin(Q20) |y
J#

N
> Amin(Q2)1y1* ) vij =0;
J=1

and so one has

N N
Amax (Z Yij QZj) PP =" (Z Vij Qz;)y > 0.

j=1 j=1

Since |y| > 0, we can conclude

N
Amax (Z Vij sz) > 0.

j=1

From the condition rlkmax(zl}lzl vij02j) < B2, we
easily have 8, > 0. Similarly, one has B3 >0and 4 >
0. Moreover, from the condition 8, + 83 + 1284 < 1,
we can deduce that (5) has a unique root « > 0 by the
existence and uniqueness theorem of equations.

Next, we choose a Lyapunov functional candidate
V(t,x(t),i) as

V(t,x(0),i) = Vi(t,x(@),i) + Va(t, x(1), 1)
+ V3(t,x(0), i) + Va(t, x(0),i)  (6)

with
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t
Vi(t,x(0),i) = e x" (1) Pix (1), Vs(t,x(1), i) =/ 6T T(5) 03ix(s) ds,

l‘—[z(t)
’ ’ J

t

= [T 0 s 0o
=71 (1) = / / Ot xT(0)04ix(0) ds db.
—1(t)Jt+s

For stochastic network (3), the weak infinitesimal operator can be computed as follows

LV (2, x(1),i)

t

=" {axT(t)Pix(t) +2xT (1) Py [—DiX(t) + Ai f(x(®) + Big(x(t = 11(1))) + Ci /
t

—12(t)

h(x(s))ds:|

N
+ Z]/iij(t)ij(t)
j=1

+ trace[o T (1, x (1), x(t — 71(1)), x(t — 12(1)), i) Pro (t,x (), x(t — 11 (1)), x (t — 72(1)), i)]}

t
<o {axT(t)Pix(l) +2" ()P, [—Dixa) + AL (x(@) + Big(x(r = 11(1)) + C; / h(x@)dS}
t

—1(1)
+ max (PO[xT@ Roix (1) + xT(t — 11 (1)) Ruix (t — 71(1))
N
+xT(t = ®)Rux(t — )]+ ) J/,-ij(t)ij(t)}.

j=1
By employing Lemmas 1 and 2, the following inequalities hold:
2O PALf (x(0) < eixT O P A AT Pix(@) + 7 £ (x(0)) £ (x (1))

<ex ()P A AT Pix(t) + 67 5 T(OKTKx (1);

2xT(1)PBig(x(t — 11(0)) < mix" ()P B; B Pix(t) + ;7 'xT (1 — 11 (1)) LT L1x (1 — 11 (1));

t t T t
2xT(1) P C; f h(x(s))ds < pixT () P;C;CL Pix (1) + p;! (/ h(x(s))ds) (/ h(x(s))ds>
t—1(t) t—1(t) t—1(1)
t
< ORGP 4o [ ST Lax()ds:
t—12(t)
so we have

LVi(t,x(t),i) < e“’{xT(z)(aP,- +2:)x(0) +xT(t — 71(0) (kmax (PO R + 17 'LTLy ) x (1 — 11 (1))

t

+xT(t = ©2(1)) Amax (P Roix (t — 12(1)) + p;le/

t—12(t)

xT(s)Lngx(s) ds}. @)
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Similarly, for Vo (¢, x(¢), i), V3(t, x(t), i), Va(t, x(t), i), we have
LV (2, x(1),i)
=TT (1) Qoix (1) — (1= 11(0) T O T (1 — 11(1) Qix (1 — 11 (1)
N t
+) v f ST () Qajx(s) ds
j=1 t—11(1)
t
< {e M xT (1) Qix (1) — (1 = 8)x" (1 — 11(1)) Qaix (t — 11 () } + T Bz ! / |x ()| ds; ®)
1—11
LV3(t,x(t),i)
=TT (1) Qaix (1) — (1 — 12(0)) e 22T (1 — 15(1)) Qaix (1 — Ta(1))
N '
+ Z Yij / O3 T (5) 03;x(s) ds
j=1 t—1(1)
t
< {22l (1) Q3ix (1) — (1= 82" (1 = 12()) Q3ix (1 — 12(1)) } + X7 3! / () ds: ©)
1—1
LV4(t, x(1),1)
t
=10 T xT(1) Quix (1) — (1 - 12(1)) / ST T(5) Quix (s) ds
1—1(1)
N 0 '
+ Zy,-j/ / O xT(0)04x(0) ds do
i=1 —0(t)Jt+s
t t
< eat{rzemsz(t)Q4ix(t) _ (1 _ 82) )CT(S)QAL[X(S) dS] + ea(l+12)‘34/ \X(S)|2ds' (10)
t—1o(1) =1

Utilizing the conditions given in the theorem and combining with (6)—(10), we have

LV(t,x(t),i) =LV (t,x(0), i) + LV2(t, x(2), i) + LV3(t,x(1), i) + LVa(t, x(2), 1)

1
< XTO[aP; + Qi + 7 Qi + 7 Q3 + 126 Qu [x(1) + TV prr ! / |x(s)] ds
-1

t

t
+ eo‘(tﬂz)ﬁﬂz_l/ |X(S)|2ds + ea(t+r2)ﬂ4/ |x(s)|2ds.
t—1) 1—1
Since
t s ) t 6+1 2 ! 2
/ eOlS (/ ’x(0)| de)ds 5/ </ eﬂlS’x(e)’ ds)d9 5 Tlearlf eas‘x(s)‘ ds
0 s—11 -1 % !
and

t Ky t
/ e*’ (/ |x(9)|2d0>ds < 1pe%™2 / e“s‘x(s)}zds,
0 s—Tp -1
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by using the generalized Itd’s formula, one has

t
IEV(I, x(1), r(t)) = EV(O,x(O), r(O)) +/ IE,CV(s,x(s), r(s))ds
0

<EV(0,x(0), 7(0)) + [orser + (%™ — 1) a2 + (%™ — 1) (i3 + T2p4) — B1 + €**" B2

t 0
+ X7 (B3 + 12 By) |E /0 ¢ |x(5)|>ds + [T By + 2 (B + 0B E | |p(9)| ds

<EV(0,x(0), r(0)) + €7 (B2 + B3 + 12B)TE[ 0 ||*. 1)

On the other hand, from

EV(t,$,7(0)) < (k1 + p2t1e®™ + u312e*™ + patse®2)E|(¢ |12,

EV (1,x(1), (1)) 2 ¢ min Amin(POE|x (1)
1A

it is easy to see that

E|x(t)|* < e *'E| |

holds for any initial value ¢ € szo([—r, 0]; R"), where

B

i peTe™ + u3me®™ + paTie? 4+ 7T (By + B3 + 124)

min;es Amin(P;)

So the Markovian stochastic network (3) is globally exponentially stable in the mean square and this completes

the proof.

O

Remark 1 1f we take C(r(t)) = 0 and remove the sto-
chastic component, Theorem 1 is reduced to the result
given in [19]. If we take A(r(¢)) =0 and C(r(t)) =0,
the criterion in Theorem 1 is just the one given in [20].
Therefore, the research in this paper is a generalization
of the previous work and is therefore significant.

Remark 2 The conditions in Theorem 1 can be con-
verted into LMIs by making minor adjustment. The
operation is as follows: replacing the conditions

Amax(£2; + O2; + O3 +1204;) < — B,

N
71 Amax (Z Vij Q2j> < B2,

J=1

N
T2 Amax <Z Vij Q3j> <B3 and
j=1

N
T2 Amax (Z Yij Q4j> gy

j=1
by

2, + Q2 + 03 + 1204 < P11,

N
TlZVijQ2j < B,

j=1

N
fzzyij Q3; <—B31 and
j=1

N
2] Zyij Q4j = —Pal,

Jj=1

respectively, and at the same time introducing positive
scalars v; (i =1,2,..., N) such that P; —v;1 <0, by
using the method proposed in [19], it is easy to see
that the conditions in Theorem 1 can be rewritten into
LMIs.
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Remark 3 The stability problem for the stochastic
neural network (3) with parameter uncertainties can
also be considered in a way similar to that in [20].

By the property of the Markov chain r(),

Y v =0. If we take Qo = Q2. Q3 = 03,
Q4i =04 (i=1,2,...,N) in Theorem 1, we have
the following corollary.

Corollary 1 Under Assumptions 1-4, the system (3) is
exponentially stable in the mean square if there exist
matrices P; >0, Q2 >0, O3 >0, Q4 > 0, scalars
& >0,n >0, pj >0 and constant B1 > 0 such that
the following inequalities hold for all i € S:

Amax(§2; + Q2 + 03 + 1204) < —P1;
Amax (PR + 07 'LTLy — (1—81)02 <0,
Amax (Pi) Roi — (1 —82) 03 <0,
pi 'L Ly — (1= 82)Q4 <0
where
Qi =—PiD; — D; Pi + & P;A; AT P;
+n; PiBi Bl P; + p; P;C;C P;
N
+8f1KTK + Amax (P;) Ro; +ZViij~
j=1

For a deterministic system with Markovian switch-
ing parameters

dx(t) = |:—D(r(t))x(t) +AGO) f(x0)
+ B(r(0))g(x(t — 11(1)))
+C(r@) /

1—1(1)

t

h(x(s))ds]dt, (12)

from Theorem 1 we can obtain its stability criterion as
follows.

Corollary 2 Under Assumptions 1-2, the system (12)
is exponentially stable in the mean square if there exist
matrices P; > 0, Oy > 0, Q3; > 0, scalars ¢; > 0,
n; > 0, p;i > 0 and constants B1, B2, B3 such that the
following inequalities hold for all i € S:

B2+ 123 < B,
Amax(£2i + Q2 + 1203;) < —P1;

@ Springer

N
T Amax (Z Vij QZj) < B2,

j=1

N
T2 Amax (Z Vij Q3j> < Bs;

j=1
—1;T

n, LiLi—(1—-681)02 =0,
pi ' wLyLy = (1—82)Q4i <0;
where
Qi =—P;Di — Di P + & P A;A] P,

+ i P BB P; + pi P,CiC['P;

N
+81_1KTK+ZVUP/
j=1

Proof Denote
M1 = Max Amax (F;),

ieS
M2 = Max Amax (Q2;),

ieS
Mu3 = max}tmax(Q%)-

ieS
Let o be the unique positive root of equation:
E(@) =apr + (™ = )uz + (%™ — )23

+ 2Ty + X1y B3 — B =0. (13)

Choose a Lyapunov functional candidate V (¢, x(¢), i)
as

V(t,x(0),i)
=Vi(t, x(0),i) + Va(t,x (@), i) + V3(t, x (1), i)

with

Vi(t,x(1),i) = e xT (1) Pix (),

Va(t, x(1), i) =/

t—11(t)

t
ST (5) Qoix () ds,

0 t
Va(t, x (1), ) :/ f ) x1(9) 03;x(0) ds do.
—1o(t)Jt+s

Similarly to the proof of Theorem 1, we can prove
that the system (12) is exponentially stable in the mean
square. (]
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4 Tlustrative example

Consider the following stochastic neural network with
Markovian switching:

dﬂﬂ:[—DQUDﬂO+AQUDf@O»
+ B(r(0)g(x(r — n1(1)))
+C(r()) /

t—12(t)

t

h(x(s))ds]dt

+o(t,x(@), x(t — 71 (1)),
x(t —n®), r@)dw(), (14)

where x (1) = (x1 (1), x2(t))T; w(?) is a 2-dimensional
Brownian motion; r(¢) is a right-continuous Markov
chain taking value in S = {1, 2} with generator I' =
(7 2)): SiGa) = 0400x + 1] — |xi = 111, gi () =
hi(xi) =03[|x; + 1] — |x; — 1] G =1,2); 1(1) =
0.5cost 4+ 0.5, 7o(¢r) = 0.5sint 4+ 0.5. Then Assump-
tions 1 and 2 are satisfied with K =0.81, L1 =Ly =
0.6, 11=1=1,38 =68 =0.5. Take

a(t,x(t), x(t -1 (t)),x(t — rz(t)), 1)

C(0.22(x1(1) + x2())  0.42x2(r — 71 (1))
T\ 02t —11() 0.42x(0 —1n(@) )’

a(l,x(l), x(t -1 (t)),x(t — rz(t)), 2)

_ <0.3x1 (0 +0.2x ¢t =11 (1)

0.25x (t — 12(1)) )
0.5x2(t — 71 (2)) ’

0.3x2(t) + 0.35x2(t — 12(2))

then Assumption 3 is satisfied with Rg; =0.17, Ry} =
Ry1 =0.2I; Rpo = Rj» =0.21, Ry, = 0.31. Further
let the parameters be as follows:

30 0.5 0.1
Dl:(o 2.5)’ Al:(o 0.4)’
03 0 020
B = <0.1 0.2)’ c1 =( 0 0.1)’
30 A — 0.5 0.1
0 3) >~ \o1 0s5)
03 0.1 02 0
BZ‘(O 0.3)’ Cz_(o 0.2)'
By simple computation, one can see that there exist

Pi=I1,P,=121,0,=0.8I,03=0.61,04=041
ande; =1, =2, 0, =2 (i =1,2), f1 =2 such that

D,

the conditions in Corollary 1 are satisfied fori =1, 2.
Therefore, one can conclude that the system (14) is
globally exponentially stable in the mean square.

5 Conclusions

In this paper, the stochastic neural network with
Markovian jumping parameters has been studied. Both
discrete and distributed time-delays have been taken
into account. The parameters in the neural system
are determined by a finite-state homogeneous Markov
process; that is, the modes among which neural net-
work changes are finite. By using the Lyapunov
method and some stochastic analysis techniques, suf-
ficient conditions have been derived to guarantee the
exponential stability in the mean square of the neural
networks. An example is also given to show the effec-
tiveness of our criteria.
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