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Abstract Research on chaos synchronization of dy-
namical systems has been largely reported in litera-
ture. However, synchronization of different structure—
uncertain dynamical systems—has received less atten-
tion. This paper addresses synchronization of a class
of time-delay chaotic systems containing uncertain pa-
rameters. A unified scheme is established for synchro-
nization between two strictly different time-delay un-
certain chaotic systems. The synchronization is suc-
cessfully achieved by designing an adaptive controller
with the estimates of the unknown parameters and
the nonlinear feedback gain. The result is rigorously
proved by the Lyapunov stability theorem. Moreover,
we illustrate the application of the proposed scheme
by numerical simulation, which demonstrates the ef-
fectiveness and feasibility of the proposed synchro-
nization method.
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1 Introduction

In the past three decades, there has been intensive in-
terest in the research of synchronizing chaotic dynam-
ical systems ([1–31], and references therein). In the
1990, Pecora and Carroll addressed the synchroniza-
tion of chaotic systems using drive–response scheme
[1]. Up to now, various types of synchronization
phenomena have been found, such as complete syn-
chronization [1, 3, 4], generalized synchronization
[5–7], phase synchronization [8, 9], lag synchroniza-
tion [10–15], projective synchronization [16, 17], and
so on.

Notice that because of uncertainties in nature and
artificial models, synchronization of uncertain dynam-
ical systems is a subject of great interest. Many ex-
isting synchronization methods concern the synchro-
nization of two chaotic systems with identical struc-
ture or slight parameter mismatch [18–20], also of dy-
namical systems with strictly different model struc-
ture [21–28]. Moreover, the system parameters are in-
evitably perturbed by external inartificial factors and
cannot be exactly known a priori. Therefore, synchro-
nization of two different chaotic systems with un-
known parameters is more essential and useful in real-
life applications [29, 30].

In engineering applications, time-delay always ex-
ists and affects the dynamical behaviors of chaotic sys-
tems. For example, in the telephone communication
system, the voice one hears on the receiver side at time
t + τ is the voice from the transmitter side at time t .
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So, strictly speaking, it is not reasonable to require the
response system to synchronize the drive system at ex-
actly the same time. In [9–15, 31], the authors discuss
the lag synchronization of chaotic systems.

However, less research has been done in synchro-
nizing uncertain nonlinear dynamical systems with
time-delay and strictly different structures, which is of
great relevance in many fields, such as secure commu-
nication, signal engineering, biology, etc. In this paper,
our aim is to discuss lag synchronization of uncertain
nonlinear dynamical systems with different structure
model. This scheme is presented based on parame-
ter identification and Lyapunov functional method in
Sect. 2. Section 3 examplifies the application of this
procedure by the Genesio system and Lorenz system.
Finally, the conclusion is drawn in Sect. 4.

2 The synchronization scheme

In this section, the main result for adaptive synchro-
nization and lag synchronization of uncertain dynami-
cal systems with time-delay is proposed.

Consider the drive chaotic system with time-delay
in the form of

ẋ(t) = f
(
x(t − τ)

) + C
(
x(t − τ)

)
θ̂ , (1)

where x ∈ Rn is the state vector of the system, f :
Rn → Rn is a continuous vector function, C : Rn →
Rn×p is a matrix function, θ̂ ∈ Rp denotes the para-
meter vector and τ > 0 is a propagation delay.

Remark 1 Nonlinear chaotic system (1) depends on
the parameters, and many chaotic systems belong
to (1), such as Lorenz system, Chen chaotic system
when propagation delay τ = 0.

The controlled response system with different
structure is described as follows:

ẏ(t) = g
(
y(t)

) + D
(
y(t)

)
δ̂ + U(t), (2)

where y ∈ Rn is the state vector of the system,
g : Rn → Rn is a continuous vector function, D :
Rn → Rn×d is a matrix function, δ̂ ∈ Rd is a para-
meter vector and U(t) is the controller.

Remark 2 When g(y) = f (x),C(x(t))θ̂ = D(y(t))δ̂,
the chaotic systems mentioned above are identical.

Now, the problem is to design a suitable controller
to synchronize the two systems in spite of the differ-
ence in their structure. Denote the error between the
two systems as e(t) = y(t)− x(t − τ). The problem is
to design an adaptive synchronization algorithm

U(t) = U
(
x, y, θ̃ , δ̃, t

)
,

θ̃ (t) = θ̃ (x, y, t), (3)

δ̃(t) = δ̃(x, y, t),

where θ̃ and δ̃ are the vectors of the parameter esti-
mates of the original systems parameters. The object
is to design the proper U(t), θ̃ (t), δ̃(t) and realize as-
ymptotically synchronization between the states θ̃ and
θ̂ , δ̃ and δ̂, y(t) of the response system (2) and x(t) of
the drive system (1), i.e., to achieve

y(t) − x(t − τ) → 0, t → ∞,

θ̃ (t) − θ̂ → 0, t → ∞,

δ̃(t) − δ̂ → 0, t → ∞.

Theorem The drive system (1) synchronizes with the
response system (2), if we choose the controller U(t)

as follows:

U(t) = −g
(
y(t)

) + f
(
x(t − τ)

) − D
(
y(t)

)
δ̃

+ C
(
x(t − τ)

)
θ̃ + Ke(t), (4)

where θ̃ and δ̃ are the estimate vectors of original
system parameter vectors θ̂ and δ̂, respectively. K =
diag(k1, k2, . . . , kn) ∈ Rn×n is the feedback control
gain. Then, if the gain K is updated according to the
following law:

k̇i = −εie
2
i (t), i = 1,2, . . . , n, (5)

where εi > 0 is an arbitrary constant, that guarantees
an effective feedback gain.

Meanwhile, the update law of the unknown para-
meter θ̃ is taken as

˙̃
θ = −[

CT(
x(t − τ)

)]
e(t), (6)

also, the update law of the parameter δ̃ is taken as

˙̃
δ = DT(

y(t)
)
e(t), (7)
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thus, the synchronization of the drive system (1) and
the response system (2) can be achieved globally as-
ymptotically.

Proof The dynamic equation of the error states can be
obtained easily by system (1) and system (2), which is
expressed as follows:

ė(t) = g
(
y(t)

) + D
(
y(t)

)
δ̂ − f

(
x(t − τ)

)

− C
(
x(t − τ)

)
θ̂ + U(t). (8)

Considering the controller (4), the new error system
is

ė(t) = D
(
y(t)

)
δ − C

(
x(t − τ)

)
θ + Ke(t), (9)

where θ = θ̂ − θ̃ and δ = δ̂ − δ̃ are the parameter esti-
mate errors.

Choose the following Lyapunov function

V = 1

2

(
eT(t)e(t) + θTθ + δTδ

) + 1

2

n∑

i=1

1

εi

(ki + l)2,

(10)

where l > 0 is a constant. The time derivative of
V along the trajectories in the error system (9) is

V̇ (e, θ, δ)

= eT(t)ė(t) + θ̇Tθ + δ̇Tδ −
n∑

i=1

(ki + l)e2
i

= eT(t)
[
D

(
y(t)

)
δ − C

(
x(t − τ)

)
θ + Ke(t)

]

+ (
CT(

x(t − τ)
)
e(t)

)T
θ

+ (−DT(
y(t)

)
e(t)

)T
δ −

n∑

i=1

(ki + l)e2
i

= eT(t)D
(
y(t)

)
δ − eT(t)C

(
x(t − τ)

)
θ

+ eT(t)Ke(t) + eT(t)C
(
x(t − τ)

)
θ

− eT(t)D
(
y(t)

)
δ − eT(t)Ke(t) − leT(t)e(t)

= −leT(t)e(t) < 0. (11)

Then, according to the well-known invariant princi-
ple and Lyapunov stability theorem, the error systems
are asymptotically stable. This completes the proof. �

Remark 3 In [17], the authors study the projective
synchronization of chaotic systems. However, time-
delay is not considered in their paper. In [26], the au-
thors address the sequential synchronization of spe-
cial chaotic systems. In this paper, the synchronization
scheme is more general and effective in synchronizing
the systems than in [17, 26].

3 Application of synchronization

In this section, we give an example to illustrate the ef-
fectiveness of the proposed method. The Genesio sys-
tem is taken as the drive system with time-delay. The
drive system can be described by

ẋ1(t) = x2(t − τ),

ẋ2(t) = x3(t − τ),
(12)

ẋ3(t) = −α̂x1(t − τ) − β̂x2(t − τ)

− γ̂ x3(t − τ) + x2
1(t − τ).

The Lorenz system is chosen as the response system,
and can be written as

ẏ1(t) = −ây1(t) + ây2(t) + u1(t),

ẏ2(t) = −y1(t)y3(t) + ĉy1(t) − y2(t) + u2(t), (13)

ẏ3(t) = y1(t)y2(t) − b̂y3(t) + u3(t),

where α̂, β̂, γ̂ , â, b̂, ĉ are the original system parame-
ters. Systems are chaotic if the parameter values are as
follows:

α̂ = 6, β̂ = 2.92, γ̂ = 1.2,

â = 10, b̂ = 8/3, ĉ = 28.

Then, the drive system and the response system can be
rewritten as
⎛

⎝
ẋ1

ẋ2

ẋ3

⎞

⎠ =
⎛

⎝
x2

x3

x2
1

⎞

⎠ +
⎛

⎝
0 0 0
0 0 0

−x1 −x2 −x3

⎞

⎠

⎛

⎝
α̂

β̂

γ̂

⎞

⎠ ,

(14)

and
⎛

⎝
ẏ1

ẏ2

ẏ3

⎞

⎠ =
⎛

⎝
0

−y1y3 − y2

y1y2

⎞

⎠ +
⎛

⎝
u1

u2

u3

⎞

⎠
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Fig. 1 Time evolution of
synchronization errors

Fig. 2 Dynamics of synchronization between Genesio system
and Lorenz system

+
⎛

⎝
−y1 + y2 0 0

0 0 y1

0 −y3 0

⎞

⎠

⎛

⎝
â

b̂

ĉ

⎞

⎠ . (15)

According to (3), the controller is

⎧
⎪⎪⎨

⎪⎪⎩

u1 = x2τ − ã(−y1 + y2) + k1e1,

u2 = y2 + y1y3 + x3τ − c̃y1 + k2e2,

u3 = −y1y2 + x2
1τ + b̃y3 − α̃x1τ − β̃x2τ

− γ̃ x3τ + k3e3.

(16)

The parameter εi = 1, and the feedback gain K is

⎧
⎨

⎩

k̇1 = −e2
1,

k̇2 = −e2
2,

k̇3 = −e2
3.

(17)

The estimate of parameters α̃, β̃, γ̃ , ã, b̃, c̃ obey the
update laws as follows:
⎧
⎪⎨

⎪⎩

˙̃α = x1τ e3,˙̃
β = x2τ e3,˙̃γ = x3τ e3,

(18)

and
⎧
⎪⎨

⎪⎩

˙̃a = (−y1 + y2)e1,˙̃
b = −y3e3,˙̃c = y1e2.

(19)

The chaotic systems initial values are:

x1(0) = 3, x2(0) = −4, x3(0) = 2,

y1(0) = −4, y2(0) = 5, y3(0) = 3,

hence the initial errors are: −7, 9, 1. The systems ini-
tial parameters are:

α̃(0) = 1, β̃(0) = 1, γ̃ (0) = 1,

ã(0) = 1, b̃(0) = 1, c̃(0) = 1,

k1(0) = 1, k2(0) = 1, k3(0) = 1, τ = 2.

In Fig. 1, the evolution of the synchronization
errors between systems (12) and (13) can be seen.
In Fig. 2, we can see that the drive system and
the response system are lag-synchronized. The re-
sponse system yi(t) lags 2 seconds behind the drive
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Fig. 3 The estimate of
unknown parameters
α̂, β̂, γ̂

Fig. 4 The estimate of
unknown parameters â, b̂, ĉ

system xi(t). Moreover, Figs. 3 and 4 display the

unknown parameters
	
α= 6,

	

β= 2.92,
	
γ = 1.2,

	
a= 10,

	

b= 8/3,
	
c= 28 when t → ∞.

4 Conclusion

In this paper, a global synchronization method of two
strictly different uncertain chaotic systems with time-
delay is discussed. Comparing with other researches,
we consider the systems with unknown parameters and

time-delay. Furthermore, we propose an adaptive con-
trol scheme, containing the updated laws for the es-
timate of the unknown parameters and the feedback
gain. The result is rigorously approved by Lyapunov
stability theorem. Moreover, numerical simulation is
presented to demonstrate the effectiveness and feasi-
bility of the proposed scheme.
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paper.
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