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Abstract This article introduces a new chaotic sys-
tem of 3-D quadratic autonomous ordinary differential
equations, which can display 2-scroll chaotic attrac-
tors. Some basic dynamical behaviors of the new 3-D
system are investigated. Of particular interest is that
the chaotic system can generate complex 3-scroll and
4-scroll chaotic attractors. Finally, bifurcation analysis
shows that the system can display extremely rich dy-
namics. The obtained results clearly show that this is
a new chaotic system which deserves further detailed
investigation.

Keywords Chaotic attractor · 3-D quadratic
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1 Introduction

Chaos as a very interesting complex nonlinear phe-
nomenon has been intensively studied in the last four
decades within the science, mathematics and engineer-
ing communities (see, for example, Refs. [1–5] and
many references cited therein). Recently, chaos has
been found to be very useful and has great poten-
tial in many technological disciplines, such as infor-
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mation and computer sciences, power systems pro-
tection, biomedical systems analysis, flow dynamics
and liquid mixing, encryption and communications,
and so on. It is not surprising, therefore, that acad-
emic research on chaotic dynamics has evolved from
the traditional trend of analyzing and understanding
chaos to the new direction of controlling and utiliz-
ing it.

In particular, generating complex multi-scroll or
multi-wring chaotic attractors from 3-D autonomous
systems has seen rapid development. In this endeavor,
there are two major efforts: generalizing Chua’s cir-
cuit with multi-scroll attractors and generalizing the
Lorenz system with multi-wing attractors. Chua’s cir-
cuit [6–8], as a paradigm of chaos and a bridge be-
tween electronic circuits and the chaos theory, has
been widely studied and used as a platform for engi-
neering applications. The Lorenz system and Lorenz-
like system were also intensively studied in the last
decades (see, for example, Refs. [3–5, 9–15] and many
references cited therein).

It is noted that there exist a number of results
about how to generate multi-scroll chaotic attrac-
tors, and hence it is no longer a very difficult task.
However, how to generate multi-scroll chaotic attrac-
tors form a 3-D smooth system remains a techni-
cal challenge. In such an attempt, a 3-D autonomous
quadratic system with five equilibria was proposed by
Liu [16]. Two other autonomous quadratic chaotic sys-
tems with five equilibria were designed by Lü [4] and
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Qi [10], showing that generating 4-scroll chaotic at-

tractors from 3-D smooth systems is possible. Very

recently, Li [17] proposed a 3-D smooth system with

three equilibria. It was found that a 3-scroll attrac-

tor can be generated. Moreover, it was shown that

Li’s chaotic attractor has a more complex topologi-

cal structure than the classical 2-scroll Lorenz attrac-

tor.

This paper introduces a new 3-D smooth au-

tonomous system with five equilibria, in which each

equation contains a single quadratic term. Again, the

system can generate 2-scroll chaotic attractor. How-

ever, a new 3-scroll chaotic attractor is detected in the

new 3-D smooth system proposed in the current work.

This 3-scroll chaotic attractor finally evolves into a 4-

scroll chaotic attractor in some way.

2 The new 3-D chaotic system

A new 3-D chaotic system is proposed in this paper.
The autonomous differential equations that describe
the system are

ẋ = a(x − y) − yz,

ẏ = −by + xz,

ż = −cz + dx + xy,

(1)

where a, b, c and d ∈ R+ are constant parameters of
the system.

The system is found to be periodic in a wide pa-
rameter range and has many interesting complex dy-
namical behaviors. For example, as shown in Fig. 1, it
is periodic with the parameters a = 3.1, b = 9, c = 5
and d = 0.06.

Fig. 1 Periodic orbits generated form system (1): a = 3.1, b = 9, c = 5 and d = 0.06
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3 Some basic properties of the new 3-D system

Now, some basic properties of the system (1) are ana-
lyzed.

(1) The fixed points of system (1) can be easily
found by solving the following system of equations:

a(x − y) − yz = 0, −by + xz = 0,

−cz + dx + xy = 0.
(2)

The system has five fixed points, which are respec-
tively described as follows:

O(0,0,0), S1(x1, y1, z1), S2(x2, y2, z2),

S3(x3, y3, z3), S4(x4, y4, z4).

After operating the above three nonlinear algebraic
equations, one obtains

x1 = −bd + Γ

−a + Δ
, x2 = −bd − Γ

−a + Δ
,

x3 = −bd + Λ

−a − Δ
, x4 = −bd − Λ

−a − Δ
,

z1 = z2 = −a

2
+ Δ

2
, z3 = z4 = −a

2
− Δ

2
,

y1 = x1z1

b
, y2 = x2z2

b
,

y3 = x3z3

b
, y4 = x4z4

b
,

where

Δ =
√

a2 + 4ab, Γ =
√

(bd)2 + bc(−a + Δ)2,

Λ =
√

(bd)2 + bc(−a − Δ)2.

Fig. 2 The lower two-scroll attractor; a = 4.15, b = 10, c = 4 and d = 0.1
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For the equilibrium O(0,0,0), system (1) is linearized
and the Jacobian matrix is defined as

J0 =
⎡

⎣
a −a −y

z −b x

d + y x −c

⎤

⎦ =
⎡

⎣
a −a 0
0 −b 0
d 0 −c

⎤

⎦ .

In order to gain its eigenvalues, we let

|λI − J0| = 0.

The eigenvalues corresponding to equilibrium O(0, 0,
0) are obtained as follows:

λ1 = a, λ2 = −b, λ3 = −c.

As a, b, c ∈ R+, λ1 is a positive real number, λ2 and
λ3 are two negative real numbers. This means the equi-
librium O(0,0,0) is a saddle point. Hence, the equi-

librium O(0,0,0) is unstable and yields a possibility
for chaos.

(2) In order to ensure for system (1) to be chaotic,
just like the typical 3-D autonomous chaotic systems
such as the Lorenz system, it is required thats

• system (1) be dissipative, that is

�V = ∂ẋ

∂x
+ ∂ẏ

∂y
+ ∂ż

∂z
= a − b − c < 0;

• all the five equilibria of system (1) be unstable.

It is noticed that a 3-D conservative quadratic
autonomous system can also display chaos. Indeed,
Sprott [11] found an example of a 3-D conservative
autonomous chaotic system. Here, only the dissipative
system case is discussed.

Fig. 3 The four-scroll attractor; a = 1, b = 5.7, c = 5 and d = 0.06



3-scroll and 4-scroll chaotic attractors generated from a new 3-D quadratic autonomous system 457

When a, b, c, e ∈ R+, system (1) has five equilib-
ria. To have chaotic behavior, these equilibria cannot
be stable, that is, the Jacobian should have at least
one unstable eigenvalue when it is evaluated at each
of these equilibria.

4 Multi-scroll attractors generated from
system (1)

4.1 The 2-scroll chaotic attractor

This system has been found to be chaotic over a wide
range of parameters and has many interesting com-
plex dynamical behaviors. For example, when a =
4.15, b = 10, c = 4 and d = 0.1, it is chaotic. Figure 2
shows the observed dynamics. The 2-scroll chaotic at-
tractor shown in Fig. 2 is called the lower-left attractor

or the lower-right attractor, according to its geometric
location.

Since a = 5, b = 10, c = 4 and d = 0.1 are all
positive real numbers in system (1), it is found that
x1, x2, x3, x4, y1, y2, y3 and y4 are real numbers, that
is, the system (1) has five real equilibria.

4.2 The 4-scroll chaotic attractor

With parameters a = 1, b = 5.7, c = 5 and d = 0.06,
Fig. 3 shows the 4-scroll chaotic attractor. It can be
seen that there exist many orbits freely running not
only around S1, 2, but also around S3, 4. In Fig. 4,
a similar 4-scroll chaotic attractor is given with para-
meters a = 1.46, b = 9, c = 5 and d = 0.06. From the
3-D view (Fig. 4a), it is clearly observed that the four
sub-attractors look like the inner corns of four con-
nected eddies. The orbits between any two equilibria

Fig. 4 The four-scroll attractor; a = 1.46, b = 9, c = 5 and d = 0.06
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Fig. 5 The three-scroll attractor; a = 0.977, b = 10, c = 4 and d = 0.1

Fig. 6 Bifurcation diagram
for the range
0.5 < a < 6;b = 10, c = 4
and d = 0.1
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resemble the butterfly shape of the Lorenz chaotic at-
tractor, which as a whole forms a singular tornado-like
shape with four inner holes.

4.3 The 3-scroll chaotic attractor

With parameters a = 0.977, b = 10, c = 4 and d =
0.1, Fig. 5 shows that the 3-D quadratic autonomous
system (1) can exhibit an attractor with three scrolls.
Hence, it has a more complex topological structure
than the classical 2-scroll Lorenz attractor. Notably,
the third scroll, the so-called upper-right attractor, con-
nects the other two scrolls (i.e. the lower two scrolls).

5 Bifurcation analysis

In the following, the new 3-D system is investigated by
means of bifurcation diagram, phase plots and power
spectrum diagrams.

Figure 6 shows the bifurcation diagram of the state
variable z. In the bifurcation diagram of Fig. 6, the
variable parameter is a; the other parameters are cho-
sen to be: b = 10, c = 4 and d = 0.1. Macroscopi-
cally, the dynamical behaviors of system (1) are ex-
tremely rich. Over a wide range of parameter a, chaos
can be found. As seen in Fig. 6, there are relatively
large regions of periodic motions embedded within the
chaotic region; e.g., for 1.52 < a < 1.57 and 1.67 <

a < 1.72, periodic solutions are noted. It is of interest

Fig. 7 Phase portraits on x–z plane for various a. (a) a = 0.6; (b) a = 0.92; (c) a = 0.976; (d) a = 1.09; (e) a = 3.5; (f) a = 5.42; (g)
a = 5.439; (h) a = 5.442
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that at several values of a (e.g. a ≈ 4.785), however,
discontinuities (jumps) arise, the nature of which is not
understood.

It is instructive to look at the phase plots associated
with various values of a, corresponding to different
dynamical behaviors, as is discussed in the foregoing.
The results are shown in Fig. 7. In Fig. 7a, which is
for a < 0.87 (a = 0.6), it is seen that the trajectory
is toward the stable limit cycle, which is asymmet-
ric; moreover, the signals of z are exactly positive. In
Fig. 7b, which is for 0.88 < a < 0.97, the trajectory is
still toward the stable limit cycle; in this case, however,
the signals of z may be either positive or negative. It
is of interest that, at a = 0.976 and a = 1.09, periodic
motions occur. In Fig. 7c, the periodic orbit is running

around the upper-left, the upper-right and the lower-
left equilibria. However, in Fig. 7d, the periodic orbit
is running around the upper-left, the lower-left and the
lower-right equilibria. The remaining parts of Fig. 7,
from which the initial transients have been omitted for
clarity, show the following: (e) a 4-scroll chaotic at-
tractor; (f) an upper chaotic attractor; (g) and (h) peri-
odic motions; the transition from (f) to (h) is through
a inverse period-doubling sequence. The power spec-
tra of signal z for a = 0.977 and a = 3.5 are given
in Fig. 8a and b, for the 3-scroll and 4-scroll chaotic
attractors, respectively.

Of course, similar bifurcation diagrams and phase
plots can be constructed if b, c or d were chosen as
the variable parameters, but without giving any new

Fig. 7 (Continued)
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Fig. 8 Power spectrum of signal z. (a) a = 0.977; (b) a = 3.5

insight to the problem. Therefore, no additional bifur-
cation diagrams will be given.

6 Conclusions

This paper has proposed a new 3-D autonomous
quadratic system, which can generate 3-scroll and 4-
scroll chaotic attractors with complicated topological
structures, and many other complex dynamics, over
a wide range of parameters. This chaotic system has
been analyzed in terms of bifurcation diagram, phase
plots and power spectrum diagrams.

However, there remain two unanswered questions.
First, the route to chaos for the present system is still
unclear, although the inverse period-doubling bifur-
cations can be observed. As discussed in the forego-
ing, the 2-scroll, 3-scroll and 4-scroll chaotic attrac-
tors have been observed; however, the mechanism of
switching in multi-scroll state (2-scroll to 3-scroll and
back, 2-scroll to 4-scroll and back, 3-scroll to 4-scroll
and back) is still unclear. The second question is that
the discontinuities (jumps) observed in the bifurcation
diagram of Fig. 6 cannot be explained theoretically.
Thus, the finding of this particular example of dissipa-
tive chaotic system deserves further detailed investiga-
tion on its topological structure in the near future.
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