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Abstract In Part II of this two-part work, we ap-
ply an optimal linear control technique to suppress
chaotic behavior in a SMA oscillator, driven by a DC
motor with limited power supply (Nonideal sources).
Nonideal sources of vibrations of structures are those
whose characteristics are coupled to the motion of the
structure. Thus, in this case, an additional equation of
motion is written, related to the motor rotation. Special
attention is focused into the resonance region, when
the nonideal excitation frequency is near the natural
frequency of the SMA oscillator. Numerical results are
presented, which show the efficiency of the method
in resonance region. The ideal case, when we do not
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consider the interaction between an energy source and
structure was considered in Part I of this paper.
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1 Introduction

SMAs have been mainly applied in medical science,
and in electrical, aerospace, and mechanical engineer-
ing. Concerning the dissipation effect, SMAs’ high
damping capacity may be exploited in adaptive pas-
sive control employed in bridges and civil structures
subjected to earthquakes, for example [1–4]. Paper [5]
gave a state-of-the-art of the development of passive
control devices based on SMAs up to 1999. Other au-
thors have investigated applications of SMA compos-
ites for vibration and structural acoustic control [6, 7].

On the other hand, systems excited by ideal sources
are typically predictable near resonance, i.e., a fre-
quency response curve for the system closely approx-
imates the system behavior over the entire frequency
domain. We note that as the driving frequency in-
creases toward the natural frequency, there is a corre-
sponding increase in the amplitude. Once resonance is
reached, the driving frequency reduces the amplitude,
but at no point in the frequency domain curve is dis-
continuous. In contrast, a system driven by a nonideal
energy source may exhibit some peculiar deviations.
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We know that jump phenomenon is a nonlinear ef-
fect that appears, when a portion of the right branch
of the frequency response curve becomes unstable and
typically occurs in systems driven by nonideal energy
sources, or when the curve bends over and becomes
multivalued. As the driving frequency approaches the
natural frequency, the vibrating system can suddenly
jump from one side of resonance to the other. That
is, the system operating in a steady state cannot real-
ize certain frequencies near resonance. The jump ap-
pears on the frequency response curve as a discontinu-
ity which indicates a region where steady state condi-
tions do not exist [8].

For nonideal systems, if we consider the region be-
fore resonance on a typical frequency response curve,
we note that as the power supplied to the source in-
creases, the RPM of the motor increases accordingly.
However, this behavior does not continue indefinitely.
That is, as closer the DC motor speed moves toward
the resonant frequency, more power is required to in-
crease the motor speed. More formally, a large change
in the power supplied to the motor results in a small
change in the frequency, but a large increase in the
amplitude of the resulting vibrations. Thus, near res-
onance it appears that additional power supplied to
the motor only increases the amplitude of the response
while having little effect on the RPM of the motor.

We remarked that jump phenomena and the in-
crease in power required by a source operating near
resonance are manifestations of a nonideal energy
source and are often referred as Sommerfeld effect
[8, 9] (of getting stuck in resonance: the motor may not
have enough power to reach higher regimes with low
energy consumption as most of its energy is applied
to move the structure and not to accelerate the shaft.),
that is, the structural response provides a certain en-
ergy sink (one of the problems often faced by design-
ers is how to drive a vibrating system through reso-
nance and avoid the energy sink described by Som-
merfeld).

The study of nonideal vibrating systems, that is,
when the excitation is influenced by the response of
the system, has been considered a major challenge in
theoretical and practical engineering science research.
We have founded several other control devices for
nonideal systems which are well described in [9–14].

In this paper, we investigated the linear control
method based on the linear feedback control that has
been reformulated under optimal control theory view-
point and treated in more detail in [15–18]. The nu-

merical implementation of this method demonstrated
the effectiveness to control the chaotic motion in non-
ideal system. This is a first use of this kind of control
on nonideal vibrating system.

2 Problem formulation

To describe the behavior of the SMAs’ system, we will
adopt a constitutive model described in Part I which
consider, by definition (Apud [19]), the temperature
and strain relation given by

σ = q(T − TM)ε − bε3 + b2

4q(TA − TM)
ε5,

TA = TM + b2

4qe
(1)

where q and b are positive constants of the mater-
ial, while TA correspond to the temperature where the
austenitic phase is stable, TM corresponds to the tem-
perature where the martensitic phase is stable and the
constant e, may be expressed in terms of other con-
stants of the material.

The adopted model of the vibrating system and the
source of disturbance with a limited power supply are
illustrated in Fig. 1. It consists of a mass M , a SMA
element, and a linear damping with viscous damping
coefficient c. On the object with mass M , a nonideal
DC motor is placed, with a driving rotor of a moment
of inertia J and r is the eccentrically of the considered
unbalanced mass m.

In general, the mathematical modeling of this kind
of problem (treated here) is represented by the follow-
ing governing equations of motion [20]:

m1ẍ + f1(x, ẋ) + f2(x) = F(φ̇, φ̈, λ),

J φ̈ + H(φ̇) = L(φ̇) + R(φ, φ̇, ẍ, η)
(2)

Fig. 1 Nonideal model with shape memory
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where: m1 = m + M , x is the displacement of SMA
oscillator, φ is the angular displacement of the ro-
tor, F(φ̇, φ̈, λ) express the action of the source of en-
ergy on the oscillating system (angular velocity of mo-
tor is not constant), λ and η are unbalanced coeffi-
cient, J is the moment of inertia of mass, the function
R(φ, φ̇, ẍ, η) express the action of the oscillating sys-
tem on the source of energy, the function H(φ̇) is the
resistive torque applied to the motor, the function L(φ̇)

is the driving torque of the source of energy (motor),
f1(x, ẋ) is a damping term not necessary linear and
f2(x) represent the SMA spring terms.

Note that usually the inductance is much smaller
than the mechanical time constant of the system and
then in stationary regime, we can take L(φ̇) as linear
with L(φ̇) = ξ1 − ξ2φ̇, where ξ1 is related to voltage
applied across the armature of the DC motor, that is, a
possible control parameter of the problem and ξ2 is a
constant for each model of DC motor considered.

Trough of the Lagrange’s formulation, we obtain
the following equation of motion [21]

⎧
⎪⎨

⎪⎩

(M + m)ẍ + cẋ − mr
(
φ̈ cosφ − φ̇2 sinφ

)

+ q̄(T − TM)x − b̄x3 + ēx5 = 0,
(
J + mr2

)
φ̈ − mrẍ cosφ = �(φ̇).

(3)

Thus, the governing equations of motion of the sys-
tem have the dimensionless form
⎧
⎪⎨

⎪⎩

ü + 2μu̇ + (θ − 1)u − αu3 + γ u5

− λ
[
φ̈ cosφ − φ̇2 sinφ

] = 0,

φ̈ − ηü cosφ = ξ1 − ξ2φ̇

(4)

where the dot represents dimensionless time differen-
tiation and the variables are given by

u = x

L
, τ = ω0t, ω2

0 = qArTM

(M + m)L
,

α = bAr

(M + m)Lω2
0

, θ = T

TM

,

μ = c

2(M + m)ω0
, γ = eAr

(M + m)Lω2
0

,

λ = mr

(M + m)L
, η = mrL

(J + mr2)
.

(5)

3 Optimal control design problem for SMA
nonideal model

We apply the control method, following the ideas of
the works [16, 17] to the SMA oscillator driven by
a DC motor with limited power supply. We remarked
that in present paper, using the above formulated theo-
rem in order to determine the linear feedback control,
we solve more general case of the control design prob-
lem for the nonideal system when a desired trajectory
is a periodic orbit.

Equation (4) may be rewritten in the state variables
form, as following

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

u̇1 = u2,

u̇2 = 1
1−λη cos2 u3

[λ((ξ1 − ξ2u4) cosu3 − u2
4 sinu3) + αu3

1 − γ u5
1 − (θ − 1)u1 − 2μu2],

u̇3 = u4,

u̇4 = ξ1
1−λη cos2 u3

+ η cosu3
1−λη cos2 u3

[αu3
1 − γ u5

1 − (θ − 1)u1 − 2μu2 − ξ2u4
η cosu3

− λu2
4 sinu3].

(6)

The nonideal system, with the low control Z(t) is described as

⎡

⎢
⎣

u̇1

u̇2

u̇3

u̇4

⎤

⎥
⎦ =

⎡

⎢
⎢
⎢
⎣

u2
1

1−λη cos2 u3
[λ((ξ1 − ξ2u4) cosu3 − u2

4 sinu3) + αu3
1 − γ u5

1 − (θ − 1)u1 − 2μu2]
u4

ξ1
1−λη cos2 u3

+ η cosu3
1−λη cos2 u3

[αu3
1 − γ u5

1 − (θ − 1)u1 − 2μu2 − ξ2u4
η cosu3

− λu2
4 sinu3]

⎤

⎥
⎥
⎥
⎦

+ BZ (7)

where B ∈ Rn×m is a constant matrix Z ∈ Rm is a control vector m ≤ 4, n = 4.
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Let the desired trajectory be a vector ũ = [ũ1(t) ũ2(t) ũ3(t) ũ4(t)]T , which satisfies the following equation:

⎡

⎢
⎣

˙̃u1˙̃u2˙̃u3˙̃u4

⎤

⎥
⎦ =

⎡

⎢
⎢
⎢
⎣

ũ2
1

1−λη cos2 ũ3
[λ((ξ1 − ξ2ũ4) cos ũ3 − ũ2

4 sin ũ3) + αũ3
1 − γ ũ5

1 − (θ − 1)ũ1 − 2μũ2]
ũ4

ξ1
1−λη cos2 ũ3

+ η cos ũ3
1−λη cos2 ũ3

[αũ3
1 − γ ũ5

1 − (θ − 1)ũ1 − 2μũ2 − ξ2ũ4
η cos ũ3

− λũ2
4 sin ũ3]

⎤

⎥
⎥
⎥
⎦

+ Bz̃ (8)

where z̃ is a control vector which maintains the nonideal system in the desired trajectory.
Subtracting (8) from (7), the nonideal system may be expressed as

ẏ = Hy + g(y)y + Bz (9)

where

H =

⎡

⎢
⎢
⎣

2 0 1 0
1 0 1 1
1 1 3 0
1 0 2 0

⎤

⎥
⎥
⎦ , y =

⎡

⎢
⎢
⎣

u1 − ũ1

u2 − ũ2

u3 − ũ3

u4 − ũ4

⎤

⎥
⎥
⎦ , z =

⎡

⎢
⎢
⎣

Z1 − z̃1

Z2 − z̃2

Z3 − z̃3

Z4 − z̃4

⎤

⎥
⎥
⎦ ,

g(y) = 1

1 − λη cos2(y3 + ũ3)

×

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−2y1(1 − λη cos2(y3 + ũ3)) y2(1 − λη cos2(y3 + ũ3)) y3(1 − λη cos2(y3 + ũ3)) 0

[λ((ξ1 − ξ2(y4 + ũ4)) cos(y3 + ũ3)

− (y4 + ũ4)
2 sin(y3 + ũ3))

+ α(y1 + ũ1)
3 − γ (y1 + ũ1)

5

− (θ − 1)(y1 + ũ1) − 2μ(y2 + ũ2)]
− 1−λη cos2(y3+ũ3)

1−λη cos2 ũ3
[λ((ξ1 − ξ2ũ4)

× cos ũ3 − ũ2
4 sin ũ3)

+ αũ3
1 − γ ũ5

1 − (θ − 1)ũ1 − 2μũ2]
− y1(1 − λη cos2(y3 + ũ3))

0 −y3(1 − λη cos2(y3 + ũ3)) −y4(1 − λη cos2(y3 + ũ3))

y1(1 − λη cos2(y3 + ũ3)) y2(1 − λη cos2(y3 + ũ3)) −3y3(1 − λη cos2(y3 + ũ3)) y4(1 − λη cos2(y3 + ũ3))

ξ1 + η cos(y3 + ũ3)[α(y1 + ũ1)
3

− γ (y1 + ũ1)
5 − (θ − 1)(y1 + ũ1)

− 2μ(y2 + ũ2) − 2μ(y2 + ũ2)

− ξ2(y4+ũ4)
η cos(y3+ũ3)

− ξ2(y4+ũ4)
η cos(y3+ũ3)

− λ(y4 + ũ4)
2 sin(y3 + ũ3)]

− ξ1(1−λη cos2(y3+ũ3))

1−λη cos2 ũ3

+ η cos ũ3(1−λη cos2(y3+ũ3))

1−λη cos2 ũ3
[αũ3

1 − γ ũ5
1

− (θ − 1)ũ1 − 2μũ2

− ξ2 ũ4
η cos ũ3

− λũ2
4 sin ũ3]

0 −2y3(1 − λη cos2(y3 + ũ3)) 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

where y ∈ Rn is a state vector, H ∈ Rn×n is a bounded

matrix, B ∈ Rn×m is a constant matrix, z ∈ Rm is a

control vector, and g(y) ∈ Rn is a matrix, which ele-

ments are continuous nonlinear functions, g(0) = 0.
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Table 1 Material constants for a Cu-Zn-Al-Ni alloy

q (MPa/K) b (MPa) e (MPa) TM (K) TA (K)

523.29 1.868 × 107 2.186 × 109 288 364.3

We remark that the choice of H is not unique, and
this influences the performance of the resultant con-
troller.

We know that in several problems of physics and
engineering science, the chaotic regime is not desir-
able and the goal here is to find a control law z that
leads the perturbed system to a desired one. These
kinds of regimes may be an equilibrium point or a pe-
riodic or nonperiodic orbit. The vector y of the sys-
tem (9), can be considered as the deviation of the per-
turbed trajectory of system from the desired one. In
Part I of this work, we present an important result,
concerning a control law that guarantees stability for
a nonlinear system and minimizes a nonquadratic per-
formance functional.

4 Numerical results

In this section, numerical simulations are carried out,
in order to verify the effectiveness of above proposed
method. In all numerical simulations, to analyze the
behavior of the nonideal dynamical system, the spring
is assumed to be made of a (Cu-Zn-Al-Ni) alloy with
the properties presented in Table 1.

Furthermore, in all numerical simulations, we con-
sidered the parameters: μ = 0.01, η = 0.6, λ = 0.4
and ξ2 = 1.5. Note that the passage through the res-
onance is itself obtained, by varying the angular ve-
locity φ̇ of the DC motor.

In order to illustrate, the response of the nonideal
system, we consider a temperature where the marten-
sitic phase is stable (θ = 0.7). In a second situation, we
analyze the response at higher temperatures (θ = 2)

when the alloy is fully austenitic. We also plotted the
Poincare section which represents the surface of sec-
tion (u1(τn), u2(τn)). The points (u1(τn), u2(τn)) are
captured for τn = nT , where n = 1,2,3, . . . , with pe-
riod T = 2π

�M
[22]. The averaging angular velocity �M

is obtained numerically.

�M = φ(τ1) − φ(0)

τ1
= u3(τ1) − u3(0)

τ1
(10)

where τ1 is a long time period for numerical calcula-
tion.

The greatest interaction between the vibrating sys-
tem and the energy source will occur at resonance. We
define the resonance region as:

dφ

dt
− ω0 = O(ε) (11)

where dφ
dt

is the angular velocity, ε is the small para-
meter of the problem of the order of 10−3. ω0: natural
frequency of the system.

Generally, for a wide range of physical parameters
when the system was started from rest, the angular ve-
locity of the rotor would increase until it reached the
neighborhood of the natural frequency ω0. Then de-
pending upon physical parameters values dφ

dt
would

increase beyond the resonance region (Pass Through)
or it remains close to ω0 (Capture).

Next, we determined a first-order solution of (4) us-
ing the method of averaging [8], therefore, the desired
periodic trajectory is considered as follows:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ũ1 = a cos(φ̇Mt + β),

ũ2 = ˙̃u1,

ũ3 = φ̇Mt,

ũ4 = ˙̃u3,

(12)

where a, β , and φ̇M are amplitude, phase, and average
motor frequency, respectively.

Using the proposed feedback control design pro-
cedure, the chaotic motion of the nonideal system is
tracked to the desired periodic orbit (12). Therefore,
choosing

Q =

⎡

⎢
⎢
⎣

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎤

⎥
⎥
⎦ and R =

⎡

⎢
⎢
⎣

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎤

⎥
⎥
⎦

we obtain

P =

⎡

⎢
⎢
⎣

4.3598 0.4660 2.2468 0.2245
0.4660 1.1550 1.6008 0.2962
2.2428 1.6008 6.5190 0.6921
0.2245 0.2962 0.6921 0.9876

⎤

⎥
⎥
⎦ (13)

and by solving the Riccati equation using the LQR
function of MATLAB™, we obtain the linear feed-
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Fig. 2 Uncontrolled system: (a) Angular velocity time response, (b) Phase portrait, and (c) Power spectrum for the θ = 0.7, μ = 0.01,
and ξ1 = 0.7

back control below, and we reminisced that this con-
trol is optimal.

z = −

⎡

⎢
⎢
⎣

4.3598 0.4660 2.2468 0.2245
0.4660 1.1550 1.6008 0.2962
2.2428 1.6008 6.5190 0.6921
0.2245 0.2962 0.6921 0.9876

⎤

⎥
⎥
⎦y. (14)

4.1 Martensitic phase

In this section, we are going to exhibit a series of nu-
merical simulation to verify the performance of the
linear feedback control for the nonideal system. In
order to illustrate the response of the nonideal sys-
tem, we assumed that the SMA spring is initially at a
low temperature θ = 0.7, and is in its martensite state.
The parameters are selected as θ = 0.7, μ = 0.01, and

ξ1 = 0.7, thus we obtained that the system (4) without
control possesses a chaotic attractor, shown in Fig. 2.

The control law of relations (14) with desired con-
trol is applied to the nonideal chaotic system in order
to stabilize the unstable chaotic orbit of the system.
Through of the averaging method, we cannot obtain
the desired periodic orbit of (4) for θ = 0.7. With this
respect, (4), only can be determined for θ ≥ 1. Thus,
the parameter considered for the desired periodic orbit
is θ = 1.5, μ = 0.01 and ξ1 = 1.05 (value in resonance
region). In the stead-state phase, (12) has the following
form:

ũ =

⎡

⎢
⎢
⎣

0.1357 cos(0.6999t + 4.703)

−0.095 sin(0.6999t + 4.703)

0.6999t

0.6999

⎤

⎥
⎥
⎦ . (15)
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Fig. 3 Controlled system: (a) Angular velocity time response, (b) Phase portrait, and (c) Power spectrum for the θ = 0.7, μ = 0.01,
and ξ1 = 0.7

The behavior of the controlled nonideal system is

presented in Fig. 3 for θ = 0.7, μ = 0.01, and ξ1 =
0.7.

It can be observed from these figures that feedback

control (14) was efficient, reducing the displacements

and moving the system to equilibrium point in a lower

time then without control.

Now, we use the Poincare section to characterize

the dynamic of the system. When there is no control

acting on the system, a representative Poincare section

shows in Fig. 4(a) a strange attractor behavior of the

chaotic motion, but when the control is activated, the

chaotic attractor is replaced by one periodic attractor,

represented in Fig. 4(b).

4.2 Austenitic phase

In this section, a linear model based controller is de-
signed to stabilize globally and asymptotically the
nonideal pseudoelastic system. In this case, the re-
sponse of the system is considered at higher temper-
atures (θ = 2), when the alloy is fully austenitic.

The parameters are selected as θ = 2, μ = 0.01,
and ξ1 = 1.5, thus we obtained that the system (4)
without control possesses a chaotic attractor shown in
Fig. 5.

Figure 5 shows an interesting dynamical behavior
when we consider ξ1 = 1.5 (resonance regions). We
observe that the angular velocity of the rotor is cap-
tured in resonance causing instability in the motion of
the nonideal SMA system.



250 V. Piccirillo et al.

Fig. 4 Poincare section: (a) uncontrolled system (strange attractor) and (b) controlled system (periodic attractor) for θ = 0.7

Fig. 5 Uncontrolled system: (a) Angular velocity time response, (b) Phase portrait, and (c) Power spectrum for the θ = 2, μ = 0.01,
and ξ1 = 1.5
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Fig. 6 Controlled system: (a) Angular velocity time response, (b) Phase portrait, and (c) Power spectrum for the θ = 2, μ = 0.01, and
ξ1 = 1.5

We analyze the suppression of chaos on the aver-
aging system near the fundamental resonance. Thus,
the parameter considered for the desired periodic orbit
is θ = 2, μ = 0.01, and ξ1 = 1.5 (value in resonance
region). In steady-state phase, (12) has the following
form:

ũ =

⎡

⎢
⎢
⎣

0.1515 cos(0.9998t + 17.27)

−0.15146 sin(0.9998 + 17.27)

0.9998t

0.9998

⎤

⎥
⎥
⎦ . (16)

The performance of the linear feedback control of
the nonideal system can be seen in Fig. 6. This figure
shows the interaction between the nonideal pseudoe-
lastic system and linear controller when the angular
velocity of the motor is captured in the resonance re-

gion according to control parameter ξ1 = 1.5. Clearly,
the control strategy is effective around the resonance
frequency, where the angular velocity of the motor is
reduced to the average angular velocity.

Here, Poincare section approach is applied again to
check the results mentioned above and the excellent
agreement has been observed. For θ = 2, μ = 0.01,
and ξ1 = 1.5, we plot Poincare section in the Fig. 7.

Again, we use the Poincare section to character-
ize the dynamic of the system. When there is no con-
trol acting on the system, a Poincare section shows
in Fig. 7(a) a strange attractor. This behavior is pos-
sible because the Poincare section is neither a finite
set of points nor a closed orbit, the motion may be
chaotic. On the other hand when the control is acti-
vated, the chaotic attractor is replaced by one periodic
attractor, represented in Fig. 7(b). The solution of the
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Fig. 7 Poincare section: (a) uncontrolled system (strange attractor) and (b) controlled system (periodic attractor) for θ = 0.7

controlled system of period-1T in the phase will be-
come one point in the Poincare section.

5 Conclusions

We presented a procedure to suppress chaotic behavior
in a nonideal oscillator using the linear feedback con-
trol associated with the limited power supply, in such a
way that the feedback control alters the angular veloc-
ity of the motor. This method is based on the fact that
altering the original angular velocity of the DC mo-
tor to the averaging angular velocity, one can steer the
system trajectory from a chaotic attractor to a periodic
orbit, given an improved system performance.

We also remarked that this technique is analytical
and it works without dropping any important contribu-
tion, which was in the modeling of governing equation
of motion.

The method of averaging is used to determine an
approximate solution to this controlled nonideal sys-
tem.

The simulation model for proposed controllers
can be implemented through MATLAB™–Simulink®.
The numerical results showed the effectiveness of the
used linear feedback control. This is a first use of this
kind of control on nonideal vibrating system. In Part I
[23], we dealt with the ideal problem.
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