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Abstract The identification of Multi-input Multi-
output (MIMO) Wiener systems is concerned in this
paper. The system presented is comprised of a multi-
dimensional linear subsystem and a memory-less non-
linear block which is made of discontinuous asymmet-
ric piece-wise linear functions. A recursive algorithm
is proposed to estimate all the unknown parameters of
the system with interference noises. It is shown that the
recursive algorithm for the disturbed MIMO Wiener
system is convergent. Finally, some simulation results
illustrate the identification accuracy and the conver-
gence rate.
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1 Introduction

In telecommunications, biotechnology, industrial
chemistry, automatic control, and many other fields,
nonlinear models are needed to describe real systems
[1-3]. However, due to their complexity and variety,
generally it is hard to identify the structures of these
models. Among them, a class of models called Wiener
models [4, 5] are composed of dynamic linear subsys-
tems in series with static nonlinear functions.

Because of the particular structure of this kind of
models, it is possible to simulate the structure and be-
havior of whole systems on the basis of the input—
output measurements, that is, to estimate the unknown
coefficients of the linear subsystems and the charac-
teristic curve of the nonlinear subsystem. Moreover,
systems with a finite Volterra series representation can
be approximated to arbitrary accuracy by a finite (par-
allel) sum of Wiener systems [6, 7].

By far, Wiener models have been used success-
fully in many applications, such as modeling the pH
neutralization process [8, 9], automobile [10], distil-
lation columns [11, 12], chromatographic separation
process [13], adaptive precompensation of nonlinear
distortions [14], visual systems [15], biological sys-
tems [16], chaotic systems [17], and so on. For exam-
ple, the pH system with the input reagent flow-rate and
output pH, can be approximated by a Wiener model.
The dynamic linear block is used to describe the mix-
ing state of the reacting streams in the reactor, while
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the relationship between the reaction species and the
pH inside the reactor can be represented by the static
nonlinear block [8, 9].

In the above models, however, the signals between
their two subsystems cannot be measured. It makes
the identification of such systems difficult. In order
to overcome this problem, several approaches have
been proposed for the identification and control of the
Wiener models (iterative algorithms [16], neural net-
works [13], correlation analysis [18, 19], parametric
regression [8, 20, 21], and nonparametric regression
[22]. However, most of these methods are built for the
Single-input Single-output (SISO) systems. Since the
systems in practical applications could be abstracted
as multi-dimensional models [16, 23], great attention
has been paid to the study of the MIMO Wiener mod-
els in recent years. It is also the focus of the research
presented in this paper. In [13], the neural network and
discrete Laguerre filters are used to model a MIMO
Wiener system. In [24], the MIMO Wiener system
based on a state space formulation of the model and
the subspace identification algorithm is studied. Re-
cently, a combined least squares and instrumental vari-
ables method is presented to identify MIMO Wiener
systems in [25], which uses inverse nonlinear blocks.

In this paper, the nonlinear functions of the MIMO
Wiener model treated are assumed to be discontin-
uous asymmetric piece-wise linear functions, whose
discontinuity points need not symmetric about the grid
origin, since some previous studies have indicated that
this kind of system is very important in engineer-
ing applications [26, 27], whereas most of the previ-
ous methods are not suitable for this kind of models.
Given this condition, the identification of the nonlin-
ear block of the system is reduced to the estimation
of the unknown parameters in these piece-wise lin-
ear functions. Recently, similar kinds of studies have
been carried out by some scholars [26-28]. In [26], a
key term separation principle is introduced, which is
used with an iterative algorithm for the identification
of ARMA (Autoregressive Moving Average) Wiener
systems. Although it has a good result when the sam-
ple size is fixed, especially for linear subsystems, there
is no proof of the convergence of this method. More-
over, in this method, the discontinuity points of the
nonlinear block must be symmetric about the grid
origin, which is not satisfied in many practical ap-
plications. The same method is used in [28] for the
identification of a similar Wiener model with multi-
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segment piecewise-linear nonlinearities. For better re-
sults in estimating the nonlinearity, a recursive estima-
tion algorithm is proposed in [27], and most impor-
tantly, its convergence has been proven without no re-
strictive conditions except the structural assumptions.
However, both of the two methods are not for MIMO
systems, which consequently can be further improved.
Therefore, this paper presents a brief study of this is-
sue in which the recursive estimation algorithm in [27]
is extended for MIMO case. Moreover, real systems
will inevitably be affected by noise, which is not con-
sidered in [27] whereas is also discussed in this paper.

The paper is organized as follows. In Sect. 2, we
define our identification problem explicitly. Section 3
gives the assumptions for the discussion of the identi-
fication method and its convergency. Then the detailed
identification algorithms for the nonlinear and linear
subsystems are given in Sects. 4 and 5, respectively,
and their convergence are proved at the same time.
Section 6 illustrates the identification accuracy and the
convergence rate by means of simulation studies. At
last, a conclusion is given in Sect. 7.

2 Problem description

To facilitate the following research, let us only take
system with the same input and output dimension into
consideration, as shown in Fig. 1.

In Fig. 1, we can see that the input vector

U k) = [u1 (), uz(k), ..., 1y ()]

first goes through a linear subsystem and creates an
intermediate vector

V (k) = [v1 k), v2k), . .., v ()]

e} .
w n £1() B Y
lincar
sub-
n . t n
u sys em_¢> ﬁ,() & y

ek

Fig. 1 MIMO Wiener system
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Fig. 2 Nonlinear block

Siviy= e (vt di)—b;

that is not measurable and then becomes the input sig-
nals of the nonlinearity of the Wiener model (each di-
mension goes into one nonlinear block).

Y (k) = [y1 k), y2(0), ..., ya)]"

is the output of the whole system which is measurable.
Assume that the difference equation of the linear
subsystem is given as:

V(k) = B(z)U(k), (D
where
B(z)=1+Biz7'+---+ Bz,

bjll bj12 bjln
Bj=| ... .. (G=12,...,9),
bjnl bjnZ bjmz
and [ is the n-order identity matrix, z is the unit delay
operator, and ¢ is the upper boundary of the real order.
The regressor vector and the unknown coefficient ma-
trix of the linear subsystem are expressed respectively

as

o) =[UTk—1),UT*k—-2),.... 0T k-],

and

©" =By, By, ..., B,1=161,62,...,60,1",
where fori =1,2,...,n,

0; = [b1i1s ..., b1in, b2it, ..., boin, .. ., byi1,

Y
Then (1) can be rewritten as:

Vk)y=Uk)+OT¢k).

Sivi)
)= (- dH)+ b

v

Vi

Furthermore, the nonlinear blocks are assumed to
be characterized by the same form of piece-wise lin-
ear function; the only dissimilarities are the different
values of the unknown parameters. Following is the
ith nonlinear block which is shown in Fig. 2.

¢ (i(k) —d") + b},
vitk) > d, ¢t >0,
filvik) =10, —d <vi(k) <d, 2
¢; itk)+d;) —b;,
vi(k) <—d;,c; =0,
where b;”, bl._ s cl.+ ,¢; »,and dl.+ R dl._ are the correspond-
ing preloads, slopes, and dead zones, which need to be
estimated. It is worth mentioning that these are differ-
ent from the ones in [26], in which the preloads and
dead zones are symmetric, which leading to only four
unknown parameters.

Real systems are always subject to varying degrees
of random interference [1, 29], which is not considered
in [27]. Generally speaking, in our studies an adaptive
output noise vector

T
e(k) = [e1(k), e2(k), ..., en(K)]
can substitute for this interference, as shown in Fig. 1.
If we denote the output of the nonlinear subsystem

by

F(V(R) = [i1(v1®), f(0200), ..., f(00)]",
the output of the Wiener model can be written as:

Y(k)=F(V(k)) +e(k). (3)
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For each dimension, the relationship of the input-
output signals is:

vi (k) = u; (k) + 6] ¢ (k),

“
yi(k) = fi (vi (k) + ei (k).

From the equations above, we can see that in or-
der to identify this kind of Wiener model, the prob-
lem that needs to be solved is to choose a suitable
kind of input vector and estimate the unknown para-
meters in both the linear (@) and nonlinear subsys-
tems (bl.+, bi_, cl.+, [ di"’, d;) onthe basis of the mea-
surement of the input-output vectors.

3 Assumptions

In addition to the assumptions about the structure of
the model, we should also assume the following con-
ditions:

(A.1) The input vector U (k) is an n-dimensional iid
normal random vector, and U (k) ~ (0, I);

(A2) For i =1,2,...,n (except where otherwise
specified, in this paper, i = 1,2,...,n), b;" >
mp, and b, > my,, where mp > 0;

(A.3) Noise vector e(k) is an n-dimensional iid ran-
dom vector, and the mathematical expectation
and variance of each dimension are 0 and o,
respectively, and |e; (k)| < m,, where m, is
known and 0 < m, <my/2.

4 Estimation of nonlinearity

By the characteristics of the normal random vector
[30] we know that under (A.1),

vi (k) = u; (k) + 6] ¢ (k)

must be Gaussian stationary and ergodic, and its math-
ematical expectation, variance, and marginal density
function should be:

My, = 0, Oy, = 1+ ||6i||2a
v? ©)
(v;) = 8_2%,- .
Pilv; Tn’o’v[
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For the sake of convenience, we predefine several
interim variables that will be estimated before the un-
known parameters of the model:

dr _d
af =", o=,
Oy Oy
+_ .t -_ -
.3,' =C; Oy, .3,' =C; Oy (6)

ht=crdt — b}, h; =c;d - —b;.

1 1

4.1 Estimation of interim variables

To estimate a;r and o; let us define

Th)=(1—-kgrtk—1 11 .
g (k) =( )8 ( )+ 7 ito>mel-

) @)
g k)=10-kg (k—1)+ zl[y,-(k)«mg]-

It is clear that with the arbitrary initial values gl.+ 0)
and g (0), gl.Jr (k), and g; (k) can be obtained. Then
according to the characteristics of the normal random
vector we can figure out that

g (k) =1- (o (k)),

~ B )]
g (k)= <15(—al. (k)).

Lemma 1 For the system described by (1)—(4), y; (k) >

m, is equivalent to v; (k) > df, and similarly, y; (k) <

—m, is equivalent to v;(k) < —d;”, where i = 1,2,
...

Proof On the one hand, supposing v; (k) > dl.+, by the
definition of f(-) and Fig. 1 together with (A.2), we
can see that it must be correct that

fi(vitk)) > b™ > my,.

Considering (A.3), we know that |e;| < m,, and then
it is clear that

yi (k) = fi(vi(k)) + ei (k) > mp + (—m.)
=mp — M, > M.

On the other hand, let us assume that y; (k) > m,.
Since ¢* > 0 and ¢~ > 0, which is to say, in the in-
tervals (—oo, —d;") and (df, o0), respectively, f(-)
is an increasing function, so it is inevitably right that
v; (k) > dl.+ . Because if not, we should have

yi (k) = fi(vi(k)) + ei (k) <0+ m, =m,,

which contradicts the assumption y; (k) > m,.
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Through these two aspects, we can conclude that
vi (k) > m, is equivalent to v; (k) > dl.+. In the same
way it can be obtained that y; (k) < —m, is equivalent
to v; (k) < —d; . U

Lemma 2 For the system described by (1)—(4), if
(A.1)-(A.3) are satisfied, when k — 00, we have

af ) > o, oy (k) >, ©)

where a;r (k) and a;” (k) are calculated by (8).

Proof As mentioned earlier, V (k) is a Gaussian sta-
tionary and ergodic normal random vector, and the
noise vector e(k) is also ergodic. Therefore, the sum
of the two vectors which is the output of the whole
system Y (k), is ergodic also. Then we have

1
gy =010—-kgk—-1)+— 2 i =ma

k—o00
Ity;0y>ma —> Elryi(y>m,1,

Il
1=
M»

~

! (10)

~ B 1
g k) =0-kg (k—1)+— I[y,<k>< —me]

1 k— o0
; 1y,~<z><—mg] —> Elpy;(1)<—m,)-

||M»

Furthermore, from Lemma 1, we know that y; (1) >
m, 1s equivalent to v;(1) > di‘", and y; (1) < —m,
is equivalent to v; (1) < —d,”. Then according to the
characteristics of the normal random vector, we have:

Ely,(ysm = P(yi(1) > m.) = P(vi(1) > d;)

+o0
=/+ pivi)dv; =1— (@),
d

Elpy,(h<—m = P(yi(1) < —m,) (11)
=P(vi(1) <—d;)

d;
=f pi(vi) dv;

—00

Since @ (x) is continuous and increasing, then from
Lemma 2 and (10) and (11), we know that

k—oo _

a; (k) koo af, af (k) — o as.

Let us continue to estimate for ,Bf B h:r, andh; .
‘We need to define:

1
k) =0-kytk—1)+ T

__ __ 1
i k)= A =k)y; k=1~ 23 1y ) <—me)-

Yi ) Ly dy=m.1»
12)
1
Yi =0 =Ryf k=1 + 237 O iy w=m,
- _ 1
y; () ==k, (k=1 + 370 iyt <
Similarly, with arbitrary initial values, by solving the

following equations in (13), ,B;’, B, hl.+, and 2; can
be obtained as shown in (14):

+k <oz+<k>)2
yi (k) = ﬁ—ﬂ(_n) —hf (kg (),
+k <a+<k>)2
o = (ﬁf(k))z(‘)‘&z(_; + g,+<k>>
a+ 2
—\/——ﬂ+(k)h+(k)e e
+((hf 0)* +02)gi" (),
ﬁf(k) (o <k>)2 (13)
¥ (k) = m —h; (kg (k),
T (k (@ (k>)2
Xi(k)=(/3,~_(k))2(oi‘/2(_7: e —<k>>
a 2
ﬂ (k)h (k)e ( (k))
d_
+((h7 0)* +02) 87 k),
h (k) = Tyt k) -y k),
T (k) g;r(k)(ﬁ, k)T (k) — 37 (k)
. yEk) = (5 (k)2 /g (k) — 02 g} (k)
P a;(k)y,.+(k)+g,.+<k)_(y;(k))z/gl (k)’
(14)
hi (k)= — (k)(ﬁ (k)y;~ (k) — y7 (k)),
- y7 (k) — 57 ()2 g7 (k) — 0287 (k)
.Bl' (k) = ;

af (kyy; (k) + g7 (k) — (v ()2 /g (k)
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where In the same way we can obtain
1 (o} (k)2
rh == T BB ) = as. O
b4
_ 1 e w? 4.2 Estimation of b and b}
Vi (k) = \/2—6 2. 0 i i
T

Lemma 3 Under the conditions of Lemma 2, when
k — oo, B (k), hf (k) and B; (k), h; (k) calculated
by (14) have the following characteristic:

hi (k) — h},
h (k) — h7,

B (k) — B,
B (k) — B as.

Proof Since we have determined that Y (k) is ergodic,
from the definition of (12), we have:

k
) 1
50 =23 i O ywsme)
=1

k
lo)o Eyi(l)l[y,v(l)>me] a.s.,
(15)

k
1 2
Yyt =7 ;yi D1y y>me)

k— 00
— Ey;(DIy1)>m,)  as.

Note that e(k) and V (k) are independent of each
other, so we have:

Eyi(D Iy, 1y>m.]
= E(C?U,’ (1) — hz+ + ei(l))l[v,-(l)>d+]

[ +
=Ee 2 _hi (1 —(p(Oli )),

Ey? (D) 1y, (1y>m,]

+ + 2 (16)
= E(cjvi(1) = hi +ei(1) Iy (1)=at
(@)?
+ _ L
2 %e + }
— (BN (1 - P(a

B (1= )
(@)?
_ 2 gt

/2]'[ 1 A

+((H +02) (1 - (D).
Then from (15) and (16) and Lemma 2, it is clear that

B ES B 'S ht as.
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Now we have completed the estimation for all the in-
terim variables. Then from (7), it is clear that

b (k) = a;f (k) B (k) — bt (),
(17)
b; (k) = (k)B; (k) — h; (k).

Theorem 1 According to Lemmas 2 and 3, it is clear
that b;r (k) and b;” (k) calculated by (17) are the con-
sistent estimation of bl?" and bi_ , respectively; that is,
to say, it is true that

br ) S b, b0 b as.

i
(The proof is omitted.)

4.3 Estimation of o,

Since we have obtained the consistent estimation of
all the interim variables, to estimate the unknown pa-
rameters of the nonlinearity we only need to know o, .
So, next let us estimate it with the help of the kernel
function described in [27]. First, we define the kernel
function as follows:

. 1
w; (k) = k2K w0 o ¢ (o, Z)' (18)

Define

k
1
Gitk) =2 > oDy Dy rme)
=1

=1 -kGik—-1)
1
+ Rl (k) yi () I 1y; (ky>me - 19)
Lemma 4 Under the conditions of Lemma 2, we have
—h dr
lim G;(k) = —’(1 — (15(;))
k—oo V2 16: 1

+ +
[ e

e 2
W

a.s. (20)
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Proof Denoting the right hand of (20) by G;, by
Lemma 1 and (2), (4), and (18), we have

@; (k) yi () 11y, (ky>me)
= k2K O [y (k) + ¢ 67 g

—hi + e ()] Iy, (1) > a+- 21
Since
12]{: 2 p=1*u 2(1) [ciu; (l)+c+6 ¢ —hi |1
k i Hvi()>d+]
"1’5’ G: as. 22)

which has been proven in the Appendix of [27], then
we only need to prove that

k

1 . -

2P e (- 220 as. (23)
=1

Suppose that @y is generated by the o -algebra {uy, us,
., up, ey, ea, ..., et Since

e, 2

sup E[ (ke ™1 W e; () 11y, a2 a7 gy | Fit]

k 1

2 v
k=€ +oo _ple2 _a2 T2

= e e Ze “4ydxdy
270¢; Jat o7 g —o0

y2

+00 00 xz pteg? 4s 2 T
/ / -z e “iydsdy
4710@

(24)

and Y22, (1/k'7%)2 < 0o, then by the convergence
theorem for Martingale difference sequences [31], we
have

>

k:l

—k*u?(k
—{kee™ QP Ky, = o7 4]

_k45 _Zk
— E[kge uj € )ei (k)l[ui(k)>d+—0,-7¢k] | kal]}

< Q.

Thus, by the Kronecker Lemma [31], we know

1 & 5 K42
k),
=D e e Ly g7 g0

k=1
—k*u?(k) k
- E[e e )I[u,-(k)>d+—0f¢k] | Fk—l]}
k
—0 as. (25)

Noting that ¢; (k) is independent of GiTqb(k) and u; (k),
we have

_14e,2
E[k*e™ O e; (k) Ly = a+—o7 gy | Fi1]

k—o00

— 0, (26)

so by (25) and (26), (23) can be obtained, then with
(22), (20) follows.

Then according to Lemmas 2-4, we know that
Gi(k) converges to the G; defined in (20), and if we
can find the root x(k) of (27) with respect to x, it
surely converges to 1/1/||6;||2 + 1, so the consistent
estimation of ||6;|| and oy, (k) = /14 [|6;]|> can be
obtained in succession.

h *(k
Gi(k) + ﬁ(l — & (o (k))x) — f\/(_i
=0. 27)

+(k))2)r2
2

The existence and uniqueness of the solution x (k) has
been given in [27], and we can use a numerical method
to find the solution x (k). Il
4.4 Estimation of clT", ¢; and dl.+, d-

Now that we have consistently estimated o, it is easy

to calculate the values of cl.+(k), c¢; (k) and dl.+ (k),
d;” (k) with the estimation of the interim variables:

+
cf (k)= ﬁa—(k) d (k) = o (K)o,
(28)
c; (k)= il G( ), d; (k) =a; (k)oy,.

Vi

Theorem 2 By Lemmas 24, we can easily conclude
that under the conditions of Lemma 2, cl."' (k), ¢; (k),
d+(k) d;- (k) calculated by (28) are the consistent es-
timation of ¢ =, dT, d, respectively.

7151’1’

(The proof is omitted.)

5 Estimation of linear subsystem

At this point, we have obtained all the unknown pa-
rameters in the nonlinearity; now let us continue by
estimating the linear subsystem using the least squares
algorithm.

@ Springer



38

D. Fan, K. Kueiming

Since V (k) can not be measured directly, we must
calculate it with the help of the output Y (k) and the
estimation of the nonlinearity. As in [27], define

0; (k)
i R+ i), yik) > me,
=10, —m, < yi (k) <me,
= i) = hy (). yik) < —me
i (29)
and

zi (k) = (i (k) — ;i (k) Iy, (ky>mUys (k) <—me]

= [6] 0 (k) + & (O 1y, (0> moUys (k) <,

=0T p(k) + & () 1y, (ky>moUy; () <—me1»  (30)
where
&hk)y = (k) v 1/k, ¢ (ky=c; (k)Vv1/k

are the modifications of c;r (k) and ¢; (k) and have the
same limits as them, respectively, while

G (k) = ¢ (k) I y; (k) > moUys (k) <—mie
gi (k) = 0 (k) — v; (k).

With an arbitrary initial 6; (0) and P (0) > 0, the co-
efficient vector 6; can be estimated as:

0; (k) = 0;(k — 1) + a(k) P (k) (k)

x (zi (k) — 6F (k — Dp(k)).
P(k+1)=P(k) —ak)P()d(K)$" (k) P(k),
a(k)=(1—=¢" () Pk)$K)~".

€29

6 Simulation

To illustrate the validity of the method described
above, simulation trials were conducted with the help
of Matlab, and in the following, we take a simple one
for example. Considering a 2-dimensional Wiener sys-
tem:

Vk)y=Uk)+ 0T k)

Utk—1)
_ 7| Ulk—=2)
v +iel’ | pe” |

Uk —4)

@ Springer

where U (k) = [u1(k), ur(k)]7,

01=1[b111 bz b1 b2z b3nn b3z bann

bs12]
=[0.95 0.80 0.50 0.50 0 —0.10
—045 —0.60]7,

0, =[b121 b1z b1 b b3y bzn b

bano]
—[0.85 075 0.45 020 —0.15 —0.35
—030 —0.80]7,
and
_ | fivi (k) +er (k)
V@ =F(V) + el = [fz(vz(k)) +e2(k)]’

where fori =1, 2,

fi (vi (k)
i ik) —d) + b1, vik)>df >0,
=1 —d <vik) <d,

¢; (vitk)+d;)—0b;,
1 x (vitk)—2)+5, vik)>2,
0, —(=1.75) < v (k) <2,
3.6(v; (k) + (—1.75)) — 1.36,

v; (k) < —(—1.75).

vi(k) <—d; ,c; =0

That is to say the nonlinear blocks have the same pa-
rameters.

For the noises, we let o,; = 1, m, = 0.5, which are
mentioned in (A.3). With regard to the ¢ used in (18),
let us choose the same value used in [27], that is,
1/13500.

The estimation results for this system are shown in
Figs. 3-9, where the solid lines are the real values and
the dotted lines are the estimated values. Figures 3—
6 show the simulation results of the linear subsystem.
To appear more clearly, each 6; is shown in two fig-
ures. Figure 3 and Fig. 4 show the estimates for 6y,
where the true values are (0.95, 0.50, 0, —0.45)T and
(0.80, 0.50, —0.10, —O.6O)T, respectively; Fig. 5 and
Fig. 6 show the estimates for 85, where the true val-
ues are (0.85,0.45, —0.15, —O.3O)T and (0.75, 0.20,
—0.35, —0.80)7, respectively. The experiment sample
size is 2,000. We can see that the estimates are all
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Fig. 3 Estimates for part of

O1: b1 ~ bain
: b
1 = R A A g
b3
b,
500 1000 1500 2000
Fig. 4 Estimates for the
rest of O1: b2 ~ ba1n
112 i
PO 212
0 b2 k
05k Puz :
_2 E L L L
0 500 1000 1500 2000
Fig. 5 Estimates for part of o
62 b121 ~ ban
1.5¢ 1
1 b,y 1
b,y A
by 1
. b,y 1
-1 75 T
-1.5F )
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Fig. 9 Estimates for dead
zones in nonlinearity: df
and d;”

-5

perfect after about 1,000 samples. The estimations of
the nonlinear blocks (the preloads, slopes, and dead
zones) are shown in Figs. 7-9. From these figures, we
can see clearly that the estimated values in both the
nonlinear and linear subsystems all converge to their
corresponding real values fast. It confirms the validity
of this recursive algorithm for the estimation of MIMO
Wiener systems in noisy environments.

7 Conclusion

Based on [27], this paper proposes a recursive estima-
tion algorithm which proved to have good results for
the identification of MIMO Wiener systems with the
nonlinearity being discontinuous asymmetric piece-
wise linear functions in noisy environments. Although
the system we studied had the same dimensions in the
input and output terminals, but this method can also be
applied to systems with different input and output di-
mensions. However, there is a strong restriction on the
noise signals. From (A.3), they are required Gaussian
and bounded, which is unrealistic. This problem will
be studied in the future research work.
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