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Abstract This paper presents analysis of Lyapunov
type stability for multiplicative dynamical systems.
It has been formally defined and numerical simula-
tions were performed to explore nonlinear dynam-
ics. Chaotic behavior manifested for exemplary mul-
tiplicative dynamical systems has been confirmed by
calculated Lyapunov exponent values.

Keywords Multiplicative calculus · Lyapunov
stability · Lyapunov exponent

1 Introduction

Chaotic behavior can be observed in systems behavior
from all fields of science. Our interests concern chaos
occurring in process of defects growth in materials.
Models of fractal defects evolution presented in [1–3]
link the energy uniformly distributed over fractal and
its measure νD using essential material characteristics,
which is energy density a(D) depending on fractal di-
mension:

E = a(D)νD.
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In order to verify this theoretical model, stochastic
numerical simulations of breaking fibers in compos-
ite were performed and described in [2]. The idea we
would like to examine is if growing defects may be-
have in a chaotic way. Describing the evolution of de-
fects treated as fractals implies usage of multiplica-
tive derivatives, because ordinary additive derivative
of function depending on fractal dimension or mea-
sure does not exist. Therefore, multiplicative calculus
presented in [4] and restored in [1, 3] must be applied.

The goal of the paper is chaos examination in mul-
tiplicative dynamical systems described with multi-
plicative derivatives. Derived and tested methods will
be employed to systems of fractal defects evolution. In
this paper, calculations are performed for multiplica-
tive counterparts of well-known dynamical systems:
Lorenz system, which we will name multiplicative
Lorenz system. It can be described with multiplicative
derivatives, and also with additive derivatives, using
the relation between additive and multiplicative deriv-
atives presented in [1]. Analysis of nonautonomous
multiplicative Lorenz system described with additive
derivatives has been executed using the Lyapunov sta-
bility theory [5] and presented in [6].

This paper contains derivation of stability theory
of the Lyapunov type for system of autonomous mul-
tiplicative differential equations. Obtained formula is
tested for multiplicative Lorenz system described with
multiplicative derivatives.

This paper also contains a proposed definition of
a Lyapunov exponent for the multiplicative dynam-
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ical system. In order to verify it, numerical calcu-
lations were performed for one-dimensional multi-
plicative version of a logistic equation. For the mul-
tiplicative Lorenz system described with multiplica-
tive derivatives, the largest Lyapunov exponent was
obtained.

2 Stability of Lyapunov type

On the basis of the Lyapunov theorem about stability
for ordinary differential equations [5], its counterpart
for multiplicative dynamical system has been derived.

For the system of autonomous multiplicative differ-
ential equations:

πxj

πt
= fj (x1, . . . , xn), j = 1, . . . , n (1)

equilibria are calculated from:

fj (x1, . . . , xn) = 1. (2)

The solution close to fixed point x0 = (x
(0)
1 , x

(0)
2 ,

. . . , x
(0)
n ) is described by a small multiplicative shift

εj (t):

xj (t) = x
(0)
j

(
1 + εj (t)

)
. (3)

Behavior of derivative
πεj (t)

πt
for long time determines

if equilibrium x0 is stable. The value of this derivative
can be obtained by comparison of derivatives of both
sides of (3). The derivative of the right-hand side of (3)
is equal:

π

πt

(
x

(0)
j

(
1 + εj (t)

)) =
(

πεj (t)

πt

) εj (t)

1+εj (t)

. (4)

First order expansion of multiplicative derivative of
the left-hand side of (3) is equal:

πxj (t)

πt
= fj (x0)

n∏

k=1

(
πfj (x0)

πxk

)εk(t)

=
n∏

k=1

(
πfj (x0)

πxk

)εk(t)

. (5)

Comparison of (4) and (5) for εj (t) → 0 gives:

(
πεj (t)

πt

)εj (t)

=
n∏

k=1

(
πfj (x0)

πxk

)εk(t)

, (6)

and logarithm of both sides of (6) equals:

εj (t) ln
πεj (t)

πt
=

n∑

k=1

εk(t) ln
πfj (x0)

πxk

. (7)

For every basis in (4), we calculate derivatives along
the direction of coordinates. Therefore, the left-hand
side of (7) is always diagonal. Choosing the particular

basis in which the matrix [πfj (x0)

πxk
] is also diagonal, we

obtain:

ln
πεj (t)

πt
= λj → πεj (t)

πt
= eλj , (8)

where λj denotes the corresponding j th eigenvalue.
Application of the relationship between additive and
multiplicative derivative [3]:

πf (x)

πx
= exp

{
x

f ′(x)

f (x)

}
(9)

to (8) gives us an additive ordinary differential equa-
tion:

πεj (t)

πt
= exp

{
t
ε̇j (t)

εj (t)

}
= eλj =⇒ ε̇j (t) = 1

t
λj εj (t),

(10)

where ε̇j (t) is an ordinary additive derivative. Its solu-
tion equals:

εj (t) = ε
(0)
j tλj , (11)

where ε
(0)
j is determined by initial conditions. Accord-

ing to result (11), stability of fixed point x0 depends

on eigenvalues of matrix [ln πfj (x0)

πxk
], which is coun-

terpart of stability Jacobian matrix obligatory for mul-
tiplicative dynamical system. For complex eigenval-
ues �(λj )+ i�(λj ), their changes depend on absolute
shift εj (t):

∣
∣εj (t)

∣
∣ = ∣

∣ε(0)
j

∣
∣
∣
∣t�(λj )+i�(λj )

∣
∣

= ∣∣ε(0)
j

∣∣∣∣t�(λj )ei�(λj ) ln t
∣∣ = ∣∣ε(0)

j

∣∣t�(λj ). (12)

Similarly, as in the case of additive systems, if the
real part of eigenvalue �(λj ) is negative, for long time
εj (t) → 0 and x0 is stable. If �(λj ) is positive, value
of εj (t) increases according to power function of time
and x0 is unstable.
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3 Lyapunov type stability for the multiplicative
Lorenz system

Lyapunov type stability for multiplicative dynamical
systems has been examined using a multiplicative ver-
sion of the Lorenz system. The classical Lorenz sys-
tem contains three nonlinear equations with three pos-
itive real parameters:

dx

dt
= σy − σx,

dy

dt
= rx − y − xz, (13)

dz

dt
= xy − bz.

The multiplicative Lorenz system was formed by re-
placing both sides of (13) with their multiplicative
equivalent quantities:

πx

πt
= yσ x−σ ,

πy

πt
= xry−1x− ln z, (14)

πz

πt
= xlnyz−b,

which means that additive derivatives were replaced
by multiplicative ones, addition was replaced by mul-
tiplication, and multiplication by raising to suitable
power according to rule that alnb = blna . Finally, lnσ ,
ln r, and lnb were replaced by σ , r, and b.

Equilibria of the multiplicative Lorenz system (14)
calculated from:

πx

πt
= 1 → yσ x−σ = 1,

πy

πt
= 1 → xry−1x− ln z = 1, (15)

πz

πt
= 1 → xlnyz−b = 1

are equal:

C1 = (1,1,1),

C2 = (
exp

(−√
b(r − 1)

)
,

exp
(−√

b(r − 1)
)
, exp(r − 1)

)
, (16)

C3 = (
exp

(√
b(r − 1)

)
, exp

(√
b(r − 1)

)
,

exp(r − 1)
)
.

For the multiplicative Lorenz system matrix con-
taining logarithms of Jacobian matrix elements is
equal:

Df =

⎡

⎢⎢
⎣

ln
(πf1

πx

)
ln

(πf1
πy

)
ln

(πf1
πz

)

ln
(πf2

πx

)
ln

(πf2
πy

)
ln

(πf2
πz

)

ln
(πf3

πx

)
ln

(πf3
πy

)
ln

(πf3
πz

)

⎤

⎥⎥
⎦

=
⎡

⎣
−σ σ 0

− ln z + r −1 − lnx

lny lnx −b

⎤

⎦ . (17)

For fixed point C1, we obtain:

Df (C1) =
⎡

⎣
−σ σ 0
r −1 0
0 0 −b

⎤

⎦ , (18)

and for fixed points C2,3, we have:

Df (C2,3) =
⎡

⎣
−σ σ 0
1 −1 −c

c c −b

⎤

⎦ , (19)

where c = ±√
b(r − 1). Both matrices (18) and (19)

are equal to corresponding matrices calculated for the
classical Lorenz system according to [7]. Therefore,
stability analysis for the multiplicative Lorenz system
gives the same results as for the classical one. For r <

1, fixed point C1 is stable and for r < rc = σ σ+b+3
σ−b−1

fixed points C2,3 are stable. For r > rc, equilibria C2,3

are unstable.
The relation (9) between classical derivative f ′(x)

and multiplicative derivative πf (x)
πx

of function allows
us to describe the multiplicative Lorenz system (14)
with the additive derivatives:

dx

dt
= x

t
σ (lny − lnx),

dy

dt
= y

t
(r lnx − lny − lnx ln z), (20)

dz

dt
= z

t
(lnx lny − b ln z).

It was examined with analytical and numerical meth-
ods and results were presented in [6]. Similarly, as in
the case of classical Lorenz system (13), chaos ap-
pears when r > rc . In logarithmic scale, we may ob-
serve the butterfly shape attractor created by trajectory
alternatingly spiraling out one of the equilibria. Both
systems (14) and (20) contain values from R+.
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3.1 Numerical simulations

Similarly, as in the case of classical nonlinear dy-
namical systems described with additive derivatives,
the solutions of nonlinear multiplicative dynamical
systems can be calculated using numerical methods.
The Runge–Kutta methods belong to the most pop-
ular numerical methods of solving ordinary differen-
tial equations. Therefore, the multiplicative fourth or-
der Runge–Kutta method was derived, tested, and pre-
sented in [8]. The general formula of this method
written for multiplicative differential equation πx

πt
=

f (x, t) has a form:

xt(1+ε) = xt

p∏

i=1

ki
ci O

(
εp+1),

i = 1 ⇒ ki = f (tt , xt )
ε, (21)

i > 1 ⇒ ki =
(

f

(

t (1 + aiε), xt

i−1∏

j=1

k
bij
j

))ε

,

which contains information about midpoints position
expressed by coefficients ai , multiplicative shift ε, and
method order p.

For the fourth order multiplicative Runge–Kutta
method, the following system of equations presented
in [8] allows to indicate values of bij and ci :

c1 + c2 + c3 + c4 = 1 − 1

2
ε + 1

3
ε2 − 1

4
ε3,

a2c2 + a3c3 + a4c4 =
1
2ε − 1

2ε2 + 11
24ε3

ε − 1
2ε2 + 1

3ε3
,

a2
2c2 + a3

2c3 + a4
2c4 =

1
6ε2 − 1

4ε3

1
2ε2 − 1

2ε3
,

a2b32c3 + a2b42c4 + a3b43c4 = 1

2

1
6ε2 − 1

4ε3

1
2ε2 − 1

2ε3
,

a2
3c2 + a3

3c3 + a4
3c4 = 1

4
,

a2
2b32c3 + a2

2b42c4 + a3
2b43c4 = 1

12
,

a2b32b43c4 = 1

24
,

a2a3b32c3 + a2a4b42c4 + a3a4b43c4 = 1

8
.

(22)

Coefficients bij , where ai = ∑
j bij , and ci depend on

multiplicative shift ε value, therefore, they should be
calculated every time when it is changed.

Computer simulations of multiplicative Lorenz sys-
tem were performed for a2 = 1

3 , a3 = 2
3 , a4 = 1, and

10−10 � ε � 10−3 to provide relative error value less
then 1%.

Numerical solutions of the multiplicative Lorenz
system (14) have confirmed analysis of stability.
Chaos appears for r > rc. Trajectory spirals out two
equilibria C2 and C3 and creates butterfly shape attrac-
tor, which is visible in logarithmic scale. Exemplary
trajectories for σ = 10, b = 8

3 and various r values are
presented in Fig. 1. Bifurcation diagram is presented
in Fig. 2.

4 Lyapunov exponent for multiplicative
dynamical systems

Stability analysis (11) indicates that divergence or
convergence of trajectories with close starting points
proceeds according to power of time:

εk ≈ ε0t
λ, (23)

where εk is multiplicative shift of argument in k-step
of time. Therefore, the Lyapunov exponent for the
multiplicative dynamical system can be defined as:

λ = lim
t→∞

1

ln t
ln

εk

ε0
(24)

and if it is positive, trajectory behavior is chaotic.

4.1 Lyapunov exponent for logistic equation

The Lyapunov exponent has been calculated for sim-
ple one-dimensional nonlinear system: multiplicative
version of logistic equation, which we introduce in the
form:

x2n = exp
(
rxn(1 − xn)

)
, (25)

where n is a step number. In case of the multiplica-
tive system, shift of step must be multiplicative: n →
n(1 + �n), where �n = 1 for discrete system. There-
fore, following numbers of steps calculated as 2n cre-
ate geometric sequence with a constant ratio equal 2.

There are possible, other than (25), multiplicative
versions of the classical logistic equation known as
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Fig. 1 Trajectories of the multiplicative Lorenz system (14) for σ = 10, b = 8
3 , and various r values
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Fig. 2 Bifurcation diagram
of the multiplicative Lorenz
system

xn+1 = rxn(1−xn). In this case, replacing addition by
multiplication and multiplication by raising to a suit-
able power leads to the following form of the multi-

plicative system: rx − rx2 → xlnx

xln(rx) = x− lnx , which
does not depend on r parameter. However, we can pro-
pose several other multiplicative versions, which are
featured with similar chaotic behavior as a classical
logistic equation. For example, for x2n = rx1−x and
for x2n = (rx)1−x chaos appears for certain r para-
meter values, although the range of r value differs in
both cases. In this paper, version (25) is considered
as a simple example of the one-dimensional nonlinear
system and tested in detail.

Because (25) is a simple transformation of a classi-
cal logistic equation making use of exponential func-
tion, we expect that its behavior is similar to the classi-
cal one and the solution depends on parameter r value.
Numerical simulations were performed and their re-
sults prove that chaos manifests itself for certain r

values. The bifurcation diagram for the multiplica-
tive logistic equation shown in Fig. 3 presents limit-
ing trajectory behavior for parameter r values in range
0.01 < r < 4.

Phase diagrams and step series for various r values
are presented in Fig. 4. For r = 1.5, there are only two
solutions and for r = 4, chaotic behavior appears.

The general principle of calculating Lyapunov ex-
ponent for the multiplicative nonlinear system is the
same as for classical dynamical system described
in [9]. Two trajectories starts from nearby points with
distance determined by a very small multiplicative
shift ε0 and in each kth step, multiplicative shifts εk

between points are calculated. For many steps, we ob-
tain value of Lyapunov exponent:

λ = 1

lnn

n∑

k=1

ln
εk

ε0
, (26)

where n informs how many iterations were calculated.
In every iteration, readjustments of distance between
two trajectories are applied, therefore, in each step
starting distance is determined by a small multiplica-
tive shift ε0.

For multiplicative logistic equation (25), the Lya-
punov exponent has been calculated also in a different
way: using distance dk between points of two trajecto-
ries:

λ = 1

lnn

n∑

k=1

ln
dk

d0
, (27)

where d0 is the initial small distance, dk is distance in
kth step of iteration.
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Fig. 3 Bifurcation diagram
of the multiplicative logistic
equation

Relationship between values of Lyapunov expo-
nents and r parameter is presented in Fig. 5; it is
compatible with the bifurcation diagram and it also
indicates when behavior of the multiplicative logistic
equation becomes chaotic.

Values of the Lyapunov exponent for r = 1.5 and
r = 4 calculated according to method (26) and (27)
are presented respectively in Tables 1 and 2. Because
there are not significant differences between results
from these two methods, we assume that also for mul-
tidimensional multiplicative systems, it is appropri-
ate to calculate Lyapunov exponents tracking distance,
which means not multiplicative, but an additive shift
between close trajectories.

4.2 Lyapunov exponent for multiplicative Lorenz
system

In case multidimensional dynamical systems calculat-
ing Lyapunov exponents is more complicated, local
behavior of close trajectories may vary with the di-
rection. The small sphere centered at starting point
evolves in time into ellipsoid, which orientation in
space is changing. On the base of ellipsoid linear ex-
tent L(t), the largest Lyapunov exponent introduced in

[9] is equal:

λ = lim
t→∞

1

t
ln

L(t)

L(0)
(28)

and for multiplicative dynamical systems, the largest
Lyapunov exponent should be calculated as:

λ = lim
t→∞

1

ln t
ln

L(t)

L(0)
, (29)

because time shift is multiplicative.
Results of the largest Lyapunov exponent computa-

tion for the multiplicative Lorenz system are given in
Table 3.

In Fig. 6, values of the largest Lyapunov expo-
nent for the multiplicative Lorenz system for r = 5
and r = 28 are presented. Value n in plots in Fig. 6
is a step number: for n = 4 × 105 steps, time starts
from 0.01 with multiplicative shift 0.01 is equal
1.31031535943794 × 101726.

Comparing results obtained for multiplicative
Lorenz system described with multiplicative deriva-
tives (14) and the multiplicative Lorenz system de-
scribed with additive derivatives (20) presented in [6],
we may conclude that this is the same system ex-
pressed in various calculus. Stability analysis gives
the same results, which means that chaos appears for
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Fig. 4 Phase diagrams and step series for the multiplicative logistic equation

the same values of r parameter. Attractors in both sys-
tems have the same shape. There are differences fol-
lowing that system (20) is nonautonomous and time t

is in denominator. In numerical simulations of system
(20), construction of the attractor is delayed, which
is manifested in the bifurcation diagram presented in
[6]. Another difference occurs in Lyapunov exponent
values because dependence on time has significant in-
fluence on decreasing or increasing exponent values,
which converge to zero for a long time.

According to [5], in additive unstable chaotic sys-
tems, trajectories disperse in an exponential way. In
the same time, instability or chaos in multiplicative

dynamical systems entails power form of dispersion
of trajectories. Nevertheless, comparison of two kinds
of the Lorenz system suggests that chaotic behavior
is such a general property that it is not too sensi-
tive to this type of calculus, additive, or multiplicative
one.

5 Discussion

The paper presents method of the Lyapunov type sta-
bility examination for the multiplicative dynamical
systems described with multiplicative derivatives. Be-
cause of proportional increments in biological and
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Fig. 5 Relationship
between Lyapunov
exponent and parameter r

values for the multiplicative
logistic equation

Table 1 Lyapunov exponent of the multiplicative logistic equa-
tion for r = 1.5, starting point x1 = 1.1 and initial small distance
d0 = 10−8

2n λ based on distance d λ based on shifts ε

210000 −0.507521 −0.507559

220000 −0.507638 −0.507657

230000 −0.507678 −0.50769

240000 −0.507697 −0.507707

250000 −0.507709 −0.507716

260000 −0.507717 −0.507723

270000 −0.507722 −0.507728

280000 −0.507726 −0.507731

290000 −0.50773 −0.507734

2100000 −0.507726 −0.507711

physical systems, such as population growth or ma-
terial defects evolution, the multiplicative differential
calculus seems to be appropriate to describe their dy-
namics. Chaos in multiplicative dynamical systems
manifest itself under the same key requirement: non-
linearity. Presented in this paper are numerical meth-
ods of the Lyapunov exponent calculation that have
been successfully tested for exemplary multiplicative
dynamical systems: multiplicative logistic equation
and multiplicative Lorenz system, but we expect that

Table 2 Lyapunov exponent of the multiplicative logistic
equation for r = 4, starting point x1 = 0.1 and initial small dis-
tance d0 = 10−8

2n λ based on distance d λ based on shifts ε

210000 0.392464 0.392224

220000 0.385317 0.385151

230000 0.385328 0.385217

240000 0.384345 0.384645

250000 0.384408 0.384343

260000 0.383494 0.383786

270000 0.383787 0.383774

280000 0.384259 0.384434

290000 0.38452 0.384601

2100000 0.386334 0.386302

Table 3 The largest Lyapunov exponent of the multiplicative
Lorenz system for σ = 10, b = 8

3 , 40 000 steps, starting time
0.01 and time step 0.01

r 5 10 15 20 25 28

λ −0.93 −0.59 −0.34 −0.12 0.82 0.91

they are applicable to a wide variety of multiplicative
dynamical systems.
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Fig. 6 The largest Lyapunov exponent of the multiplicative Lorenz system for r = 5 and r = 28

References

1. Rybaczuk, M., Kedzia, A., Zielinski, W.: The concept of
physical and fractal dimension, II: the differential calcu-
lus in dimensional spaces. Chaos Solitons Fractals 12, 2537–
2552 (2001)

2. Rybaczuk, M., Stoppel, P.: The fractal growth of fatigue de-
fects in materials. Int. J. Fract. 103, 71–94 (2000)

3. Kasprzak, W., Lysik, B., Rybaczuk, M.: Measurements, Di-
mensions, Invariants Models and Fractals. Ukrainian So-
ciety on Fracture Mechanics Publishing House/SPOLOM,
Lviv/Wroclaw (2004)

4. Volterra, V., Hostinsky, B.: Operations Infinitesimales Lin-
eares. Herman, Paris (1938)

5. Lyapunov, A.M.: Stability of Motion. Academic Press, New
York (1966)

6. Aniszewska, D., Rybaczuk, M.: Analysis of the multiplica-
tive Lorenz system. Chaos Solitons Fractals 25, 79–90
(2005)

7. Sparrow, C.: The Lorenz Equations: Bifurcations, Chaos and
Strange Attractors. Springer, New York (1982)

8. Aniszewska, D.: Multiplicative Runge–Kutta method. Non-
linear Dyn. 50, 265–272 (2007)

9. Wolf, A., Swift, J.B., Swinney, H.L., Vastano, J.A.: Deter-
mining Lyapunov exponents from a time series. Physica D
16, 285–317 (1985)


	Lyapunov type stability and Lyapunov exponent for exemplary multiplicative dynamical systems
	Abstract
	Introduction
	Stability of Lyapunov type
	Lyapunov type stability for the multiplicative Lorenz system
	Numerical simulations

	Lyapunov exponent for multiplicative dynamical systems
	Lyapunov exponent for logistic equation
	Lyapunov exponent for multiplicative Lorenz system

	Discussion
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


