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Abstract Investigation on chaos synchronization of
autonomous dynamical systems has been largely re-
ported in the literature. However, synchronization of
time-varying, or nonautonomous, uncertain dynamical
systems has received less attention. The present con-
tribution addresses full- and reduced-order synchro-
nization of a class of nonlinear time-varying chaotic
systems containing uncertain parameters. A unified
framework is established for both the full-order syn-
chronization between two completely identical time-
varying uncertain systems and the reduced-order syn-
chronization between two strictly different time
-varying uncertain systems. The synchronization is
successfully achieved by adjusting the determined al-
gorithms for the estimates of unknown parameters and
the linear feedback gain, which is rigorously proved by
means of the Lyapunov stability theorem for nonau-
tonomous differential equations together with Bar-
balat’s lemma. Moreover, the synchronization result
is robust against the disturbance of noise. We illustrate
the applicability for full-order synchronization using
two identical parametrically driven pendulum oscilla-
tors and for reduced-order synchronization using the
parametrically driven second-order pendulum oscilla-
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tor and an additionally driven third-order Rossler os-
cillator.
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1 Introduction

Over the past decade or so, a large number of re-
searchers have been devoted to chaos synchronization
not only for its importance in theory but also for its
potential applications in various areas such as mechan-
ics, biology, neural networks, and secure communica-
tions (e.g., see review [1], recent books [2, 3] and ref-
erences therein). Meanwhile, several kinds of chaos
synchronization have been developed, such as com-
plete synchronization [4], generalized synchronization
[5], phase synchronization [6], lag synchronization [7]
and anticipating synchronization [8], along with cor-
responding techniques to steer synchronization. More-
over, it is expected that novel theories and further ap-
plications associated with chaos synchronization will
arise.

Notice that there inevitably exist uncertainties in
nature and artificial models, thus, robust synchro-
nization of uncertain dynamical systems is a subject
of great interest. Complete synchronization (CS) has
been shown to occur in structurally equivalent dy-
namical systems, i.e., either identical systems [9] or
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systems in which the nonidentity results in a rather
slight parameter mismatch [10], as well as in strictly
different dynamical systems, i.e., systems with dif-
ferent model structures [11] involving different or-
der [12].

CS was initially confined to coupled identical sys-
tems [4]. Yet in many models, including experimen-
tal systems and complex systems, every component
cannot be assumed to identical. Hence, synchroniza-
tion of oscillators with different structures is desired,
as this may play an essential role in the communica-
tion process of systems of laser arrays [13], biolog-
ical systems [14], and so on. CS has also been ana-
lyzed in high-dimension systems with different time
delays [15] and in space-extended systems with pa-
rameter misfit [16]. In addition, synchronization of
strictly different chaotic oscillators whose orders are
not equal has currently received much attention for the
reason that in some fields (e.g., biology and neurol-
ogy [17, 18]) the synchronization is carried out even
though the oscillators have different order. Synchro-
nization of chaotic oscillators not having same order is
usually termed as reduced-order synchronization [12].
It is a problem of synchronizing a slave system with
the projection of a master system. Reduced-order syn-
chronization relies upon the premise that the order of
the slave system is less than that of the master system.
The application for reduced-order synchronization of
systems with uncertainty to secure communication is
discussed in Ref. [19].

Most of what has been said describes the synchro-
nization of structurally equivalent or strictly differ-
ent, yet autonomous, dynamical systems which may
be uncertain in parameter or structure. However, less
has been done in time-varying uncertain, strictly dif-
ferent, nonlinear dynamical systems. This is of great
relevance in many areas such as chaotic secure com-
munication, engineering and other nonlinear disci-
plines. Therefore, our aim in this work is to dis-
cuss full- and reduced-order synchronization of a class
of time-varying uncertain systems with identical or
different models. To this end, in Sect. 2, we de-
scribe a unified framework for both the full-order
and reduced-order synchronization. Section 3 exem-
plifies the application of this procedure by the para-
metrically driven pendulum and additionally forced
Rossler oscillators. Finally, we present our conclusion
in Sect. 4.

2 The statement of the problem

Consider a nonlinear time-varying dynamical system

ẋ = f (x, t) + F(x, t)p, (1)

where x ∈ Ω1 ⊂ Rn denotes the state variables,
p ∈ Rk denotes the uncertain parameters, and f : Rn×
R+ → Rn and F : Rn × R+ → Rn×k (f,F ∈ L∞ for
(x, t) ∈ Ω1 × R+) represent nonlinear vector func-
tions. We view model (1) as the master system and
introduce a controlled slave system

ẏ = g(y, t) + G(y, t)q + u, (2)

in which y ∈ Ω2 ⊂ Rn1 denotes the state variables,
q ∈ Rl denotes the uncertain parameters, g : Rn1 ×
R+ → Rn1 and G : Rn1 × R+ → Rn1×l (g,G ∈ L∞
for (y, t) ∈ Ω2 × R+) are nonlinear vector functions,
and u is an input or a controller. Suppose the mas-
ter and slave systems are linearly dependent on their
respective parameters. Clearly, many kinds of time-
varying systems consisting of externally (parametri-
cally) periodically forced ones can be described by the
form of (1) or (2). Determined by the order and the
structure of the considered models, systems (1) and
(2) can be loosely understood to be completely iden-
tical (n = n1, k = l, f = g, F = G, p = q) or strictly
different (n �= n1). In the following, we plan to intro-
duce an adaptive feedback strategy, a powerful tool in
coping with control and synchronization of uncertain
dynamical systems, to synchronize systems (1) and (2)
in the case of completely identical and strictly differ-
ent model structures.

2.1 Full-order synchronization of two identical
time-varying uncertain systems

For the former case, systems (1) and (2) are com-
pletely identical yet with unknown parameters. Now,
the main purpose is to design a suitable controller
u to synchronize the two identical systems in spite
of the differences in their initial conditions. Denote
the synchronization error between the two systems as
e = y − x ∈ Rn. To determine the controller, we sub-
tract system (1) from system (2) and thus obtain the
error dynamical system

ė = f (y, t) − f (x, t) + F(y, t)p − F(x, t)p + u. (3)
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Note that synchronizing two chaotic dynamical sys-
tems is essentially equivalent to stabilizing their cor-
responding error dynamical system at the origin, that
is to say, two chaotic systems synchronize if the zero
solution of their error system is asymptotically stable.
So we can introduce the control function

u = f (x, t) − f (y, t) + [
F(x, t) − F(y, t)

]
pe − kee,

(4)

where pe is the estimate of p, and kee = (ke1e1, ke2e2,

. . . , kenen)
T ∈ Rn is the linear feedback control with

the updated gain ke = (ke1, ke2, . . . , ken)
T ∈ Rn. Thus,

the synchronization error system is reduced

ė = [
F(y, t) − F(x, t)

]
p̃ − kee, (5)

in which p̃ = p − pe is the parameter estimation mis-
match between the real value of the unknown para-
meter and its corresponding estimated value. Then the
above discussion can be summarized as the following
result.

Theorem 1 If the estimates of the unknown parame-
ters and the feedback gain contained in the adaptive
controller (4) are on-line adjusted by the algorithms

{
ṗe = [F(y, t) − F(x, t)]T e,

k̇e = σeT e.
(6)

in which σeT e = (σ1e
2
1, σ2e

2
2, . . . , σne

2
n)

T with σ =
(σ1, σ2, . . . , σn)

T representing an arbitrary positive
constant vector, then the synchronization error dynam-
ical system (5) is asymptotically stable at the origin.

Proof For convenience, we first group the two sys-
tems consisting of the synchronization error system
(5) and parameter estimation error and feedback gain
system (6) as an augmented system. The point O =
(e = 0, p̃ = 0, ke = k∗) in which k∗ = (k∗

1 , k∗
2 ,

. . . , k∗
n)T ∈ Rn denotes a certain positive constant vec-

tor, is a stationary point of the augmented system.
Construct a function in some neighborhood of this sta-
tionary point

V = 1

2

(

eT e + p̃T p̃ +
n∑

i=1

1

σi

(
kei

− k∗
i

)2

)

. (7)

The time derivative of V along the trajectories of the
time-varying augmented system is

V̇ = ėT e − p̃T ṗe +
n∑

i=1

1

σi

(
kei

− k∗
i

)
k̇ei

= [(
F(y, t) − F(x, t)

)
p̃ − kee

]T
e

− p̃T
[
F(y, t) − F(x, t)

]T
e +

n∑

i=1

(
kei

− k∗
i

)
e2
i

= −
n∑

i=1

k∗
i e2

i ≤ 0. (8)

It is easy to check that the auxiliary function V is a
Lyapunov function. According to the Lyapunov stabil-
ity theorem for nonautonomous differential equations
[20], the equilibrium point O of the augmented sys-
tem is Lyapunov stable, i.e., e ∈ L∞, p̃ ∈ L∞, and
ke ∈ L∞. From (8) one can see that e ∈ L2. Then,
by Barbalat’s lemma [21], for any initial condition,
(5) implies ė ∈ L∞, which in turn indicates e → 0 as
t → ∞. Then the error system (5) is asymptotically
stable at the origin. This illustrates that the two iden-
tical time-varying uncertain systems (1) and (2) can
attain full-order synchronization by the adaptive con-
troller (4) with the updated laws (6) for parameter esti-
mation and feedback gain. This completes the proof. �

2.2 Reduced-order synchronization of two different
time-varying uncertain systems

For the latter case of n1 < n, synchronization between
the two systems in the form of (1) and (2) would be ob-
tained only in reduced order. The reduced-order syn-
chronization, first proposed in Ref. [12], is actually a
problem of controlling a slave system to the projection
of a master system. So, the master system should be di-
vided into two parts, with the size of one part equal to
that of the slave system. Then the first part of the mas-
ter system (1), the projection, is assumed in the form

ẋp = fp(x, t) + Fp(x, t)p, (9)

in which xp ∈ Rn1 , fp : Rn × R+ → Rn1 and Fp :
Rn × R+ → Rn1×k .

The other part of the master system (1), is given as

ẋr = fr(x, t) + Fr(x, t)p, (10)
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where xr ∈ Rn−n1 , fr : Rn × R+ → Rn−n1 and Fr :
Rn × R+ → R(n−n1)×k .

Let e = y − xp ∈ Rn1 denote the synchronization
error. Then the error dynamical system between sys-
tems (2) and (9) is obtained:

ė = g(y, t) + G(y, t)q − fp(x, t) − Fp(x, t)p + u.

(11)

Now, the aim is to design an adaptive controller u to
synchronize system (2) with system (9). Viewing the
error system (11), the controller can be chosen

u = fp(x, t) − g(y, t) + Fp(x, t)pe

− G(y, t)qe − kee, (12)

where qe is the estimate of q and kee = (ke1e1, ke2e2,

. . . , ken1
en1)

T ∈ Rn1 is the linear feedback control

with the updated gain ke = (ke1 , ke2, . . . , ken1
)T ∈ Rn1 .

The error dynamical system (11) can be rewritten

ė = G(y, t)q̃ − Fp(x, t)p̃ − kee, (13)

where q̃ = q − qe is the parameter estimation misfit.
Similar to the discussion in Sect. 2.1, the error dy-

namical system (13) can be asymptotically stable at
the origin if some adapted laws concerning parameter
estimation and linear feedback gain are appropriately
selected. Omitting the detailed proof, we directly list
the main result in Theorem 2.

Theorem 2 If the updated algorithms for the es-
timates of unknown parameters and the feedback
strength included in the adaptive controller (12) are
selected
⎧
⎪⎨

⎪⎩

ṗe = −[Fp(x, t)]T e,

q̇e = [G(y, t)]T e,

k̇e = σeT e,

(14)

where σeT e = (σ1e
2
1, σ2e

2
2, . . . , σn1e

2
n1

)T with σ =
(σ1, σ2, . . . , σn1)

T denoting an arbitrary positive con-
stant vector, then the adaptive controller (12) can suc-
cessfully steer the error system (13) to the origin. That
is to say, synchronization between systems (1) and (2)
is obtained in reduced order.

3 Applications of synchronization

To show how the proposed procedure applies in chaos
synchronization, two typical chaotic systems of a para-

metrically driven second-order nonlinear pendulum
oscillator and an additionally forced third-order non-
linear Rossler oscillator are used. The chaotic behav-
iors in the considered pendulum [22, 23] and Rossler
[24, 25] oscillators as well as their control and syn-
chronization have been widely discussed by theoreti-
cal derivation, numerical simulation and experimental
analysis. However, investigation of synchronization of
the uncertain case has received less attention. Thus, in
the following, we demonstrate the full-order synchro-
nization of the two uncertain pendulum oscillators in
spite of the differences in initial conditions in Exam-
ple 1. Then we demonstrate the reduced-order syn-
chronization of the uncertain pendulum and Rossler
oscillators in Example 2.

Example 1 We first apply Theorem 1 to synchronize
the parametrically driven uncertain Pendulum oscilla-
tor [22] whose states are evolved by

{
ẋ1 = x2,

ẋ2 = −βx2 − (1 + ρ cos 2t) sinx1.
(15)

This system, containing the unknown parameters β

and ρ, represents the master. The controlled slave sys-
tem, having the same form as the master except for the
addition of a controller, is constructed as
{
ẏ1 = y2 + u1,

ẏ2 = −βy2 − (1 + ρ cos 2t) siny1 + u2.
(16)

According to the general framework addressed in
Sect. 2.1, the adaptive controller is designed

⎧
⎪⎨

⎪⎩

u1 = −e2 − ke1e1,

u2 = βee2 + 2(1 + ρe cos 2t) sin e1
2

× cos
(
x1 + e1

2

) − ke2e2.

(17)

The updated laws for the parameter estimate (βe, ρe)

and the feedback gain (ke1, ke2) in the above controller
are determined
⎧
⎪⎨

⎪⎩

β̇e = −e2
2,

ṗe = −2 cos 2t sin e1
2 cos

(
e1
2 + x1

)
e2,

k̇e1 = σ1e
2
1, k̇e2 = σ2e

2
2.

(18)

We point out that the sixth-order Runge–Kutta
method with a time step size 0.001 is employed
throughout the numerical simulation. The simulated
values of the unknown parameters of the pendulum
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Fig. 1 a and b depict the full-order synchronous behavior of
two identical uncertain pendulum oscillators. The adaptive con-
troller (17) is activated at t ≥ 60

oscillator are adopted β = 0.1 and p = 2.0 such that it
can display chaotic dynamics. Without loss of gen-
erality, the initial values for the master and slave
are located at (x1, x2) = (0.1,1.5) and (y1, y2) =
(0.3,–1.0), respectively. The parameter estimations
and feedback gains all start from zero. When select-
ing σ1 = σ2 = 1.0 and activating control at t ≥ 60,
the synchronization results of the two identical uncer-
tain pendulum oscillators are presented in Fig. 1, from
which one can see that the synchronization errors be-
tween systems (15) and (16) display an erratic behav-
ior without control actions, while they tend to zero
promptly once the controller (17) switches at t ≥ 60.

Example 2 We apply Theorem 2 to synchronize the
above described pendulum oscillator to an addition-

ally periodically driven Rossler oscillator. Thus, the
Rossler oscillator, given by the following state equa-
tions [25], is termed as the master system
⎧
⎨

⎩

ẋ1 = −x2 − x3,

ẋ2 = x1 + ax2,

ẋ3 = b − cx3 + x1x3 + d cos t.

(19)

The evolution of the controlled slave pendulum os-
cillator is depicted in (16). All of the parameters
a, b, c, d,β and ρ involved in the master and slave
systems are unknown or uncertain. To meet the aim
of synchronizing the pendulum oscillator with a pro-
jection of the Rossler oscillator, we project the Rossler
oscillator in the (x2, x3) plane
{
ẋ2 = x1 + ax2,

ẋ3 = b − cx3 + x1x3 + d cos t.
(20)

The synchronization error states can be defined as
ei = yi − xi+1, i = 1,2. According to the general
framework addressed in Sect. 2.2, the adaptive con-
troller is devised
⎧
⎪⎪⎨

⎪⎪⎩

u1 = −(e2 + x3) + aex2 − ke1e1,

u2 = x1x3 + βe(e2 + x3)

+ (1 + ρe cos 2t) sin(e1 + x2) + be

− cex3 + de cos t − ke2e2.

(21)

The parameter estimation (βe, ρe, ae, be, ce, de) and
feedback gain (ke1, ke2) should be updated by the fol-
lowing laws
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

ȧe = −e1x2, ḃe = −e2,

ċe = e2x3, ḋe = −e2 cos t,

β̇e = −(e2 + x3)e2,

ρ̇e = −e2 cos 2t sin(e1 + x2),

k̇e1 = σ1e
2
1, k̇e2 = σ2e

2
2.

(22)

The simulated values of the unknown parameters in
the Rossler system are taken as a = 0.398, b = 2.0,
c = 4.0, d = 1.0 to ensure the oscillator’s chaotic
behavior. The initial conditions for the master and
slave oscillators, for the parameter estimations and
feedback gains are set generally as (x1, x2, x3) =
(0,0,0), (y1, y2) = (0.1,1.5), (βe,pe) = (1.5,1.1),
(ae, be, ce, de) = (0.1,2.1,3.0,1.5) and (ke1, ke2) =
(0,0), respectively. The numerical results of the
reduced-order synchronization between the pendulum
and Rossler oscillators are presented in Fig. 2 when
selecting σ1 = σ2 = 1.0 and activating controller (21)
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Fig. 2 a and b display the reduced-order synchronous behavior
of the uncertain pendulum and Rossler oscillators. The adaptive
controller (22) is activated at t ≥ 60

at t ≥ 60. The evolutions of the synchronization errors
between systems (16) and (20), depicted in Figure 2(a)
and (b), display an erratic behavior when the controller
is off, while they asymptotically tend to zero as soon
as the controller is activated at t ≥ 60.

Another essential element concerning chaos syn-
chronization is to check whether the synchronization
remains against the disturbances such as the action
of external (internal) noise on the systems under con-
sideration. Now, we analyze the robustness of our
proposed adaptive control strategy in a noisy environ-
ment. Suppose there is small additive uniformly dis-
tributed random noise disturbing the master system
and the procedure as described above is still carried
out. Fig. 3 indicates that when an additively uniformly
distributed random noise in the range of [−20,20] is
working on the Rossler oscillator (19), the adaptive

Fig. 3 The graph shows the synchronization errors of the con-
trolled pendulum oscillator (16) and the driving Rossler oscil-
lator (19) when the disturbance of additive uniformly distrib-
uted random noise with the range of [−20,20] is working on
the Rossler oscillator

controller (21) is still sufficient to steer the synchro-
nization error to the origin once the control action is
activated, though the behavior of the error dynamical
system is something different from that of the noise-
free one before activating the control.

4 Conclusion

In summary, the main contribution of this paper is
in describing a unified mathematical frame for global
synchronization of both two completely identical and
two strictly different time-varying uncertain chaotic
systems. The former situation involves the synchro-
nization of two trajectories starting from arbitrary con-
ditions, namely, full-order synchronization; and the
latter situation is the synchronization of all the state
variables of the slave system with those of the projec-
tion of the master system, namely, reduced-order syn-
chronization. A remarkable feature as well as a central
distinction between the present study and the previ-
ous ones in the literature is that the dynamical systems
involved are nonautonomous and uncertain in para-
meters. Due to this fact, an adaptive control scheme,
associated with the updated laws for the estimates of
unknown parameters and feedback gains, is systemat-
ically implemented. The feasibility of the principle is
rigorously proved using the union of the Lyapunov sta-
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bility theorem for nonautonomous differential equa-
tions and Barbalat’s lemma. Applications to the full-
order synchronization of two identical nonlinear pen-
dulum oscillators and the reduced-order synchroniza-
tion of the pendulum oscillator and a nonlinear Rossler
oscillator are presented. The numerical simulations
agree well with the theoretical analysis. Moreover, the
robustness property of this synchronization strategy
against the disturbance of noise is checked, and the
results show that the procedure applies for the case of
a noisy environment.

Finally, we stress that the adaptive strategy pro-
posed in this study is introduced in a unified mathe-
matical frame and it is in particular adequate for the
synchronization of a wide class of time-varying and
uncertain nonlinear dynamical systems. Moreover, the
linear feedback strength contained in the adaptive con-
troller is on-line adjusted according to the current state
errors of the involved oscillators, which can avoid the
occurrence of the too large or too small fixed gain
value estimated before activating the control. Clearly,
these characteristics of the present scheme are of great
practical interest in synchronization theory; however,
there are also some trade-offs in terms of full knowl-
edge of the systems’ states and a little complex struc-
ture of the controller. In fact, designing a simple and
universal control strategy is desired in real-world sit-
uations. This effect will require far more research
effort and a careful investigation is left for future
work.
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