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Abstract Different from the approaches used in the
earlier papers, in this paper, the Halanay inequality
technique, in combination with the Lyapunov method,
is exploited to establish a delay-independent sufficient
condition for the exponential stability of stochastic
Cohen—Grossberg neural networks with time-varying
delays and reaction—diffusion terms. Moreover, for the
deterministic delayed Cohen—Grossberg neural net-
works, with or without reaction—diffusion terms, suffi-
cient criteria for their global exponential stability are
also obtained. The proposed results improve and extend
those in the earlier literature and are easier to verify. An
example is also given to illustrate the correctness of our
results.
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1 Introduction
The Cohen—Grossberg neural network model, first pro-

posed and studied by Cohen and Grossberg in 1983 [1],
can be described by the following ordinary differential
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equations
du; &
b;t(l‘) — —ai(ui)[bi(ui(f))— Zaijgj(uj(f)) + L},
j=1
i=1,...,n, ey

where n > 2 is the number of neurons in the network,
u; denotes the state variable associated with the i th neu-
ron, g; represents an amplification function, and b; is an
appropriately behaved function. The matrix A = (a;;)
represents the connection strengths between neurons,
and if the output from neuron j excites (respectively,
inhibits) neuron 7, then a;; > 0 (respectively, a;; < 0).
The activation function g ; shows how neurons respond
to each other.

As we know, the Cohen—Grossberg neural net-
work model includes many models from evolutionary
theory, population biology, and neurobiology. Also,
it includes the well-known Hopfield neural network,
cellular neural network, and bidirectional associative
memory (BAM) neural network as its special cases.
In the past few years, the stability of these neural net-
works has been studied extensively. In Refs. [2, 3],
several stability conditions for BAM neural networks
have been derived. In Refs. [4—6], delayed cellular neu-
ral networks have been extensively studied and a set of
global stability criteria have been proposed.

In Ref. [29], the global asymptotical stability is
investigated for a generalized recurrent neural net-
work with hybrid delays based on LMI approach. In
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Ref. [30], the authors proposed a new Cohen-
Grossberg-type BAM neural networks with delays,
and gave several novel sufficient conditions ensuring
the existence, uniqueness and global exponential sta-
bility of the equilibrium point in the form of M-matrix.

In practice, time delays inevitably exist in a working
network due to the finite speeds of the switching and
transmission of signals in a network and thus should
be taken into account within the model equations of
the network. In Refs. [7-13], various delayed Cohen—
Grossberg neural networks have been studied and sev-
eral sufficient conditions have been obtained to check
the stabilities for the delayed Cohen—Grossberg neural
networks. However, strictly speaking, diffusion effects
cannot be avoided in the neural networks when elec-
trons are moving in asymmetric electromagnetic fields,
so we must consider the space is varying with time. In
Refs. [14, 15], the authors have considered the stabil-
ity of neural networks with diffusion terms, which are
expressed by partial differential equations.

In recent years, the dynamic behavior of stochas-
tic neural networks, especially the stability of stochas-
tic neural networks, has become a hot study topic.
The main reason is that in practice, a real system is
usually affected by external perturbations which, in
many cases, are of great uncertainty and hence may
be treated as random. As pointed out by Haykin [29],
in real nervous systems, synaptic transmission is a
noisy process brought on by random fluctuations from
the release of neurotransmitters and other probabilis-
tic causes. Therefore, it is of significant importance to
consider stochastic effects for the stability of neural net-
works. In Refs. [17, 18], the authors studied the mean
square exponential stability and instability of cellular
neural networks. In Ref. [19], the exponential stability
of linear stochastic delay interval systems was stud-
ied, and some sufficient criteria with respect to matrix
norm were given by Razumikin-type theorem. In Ref.
[20], the almost sure exponential stability for a class of
stochastic cellular neural networks with discrete delays
was discussed. In Ref. [21], a sufficient condition was
established for the stochastic delay perturbed system.
In Ref. [22], the mean square exponential stability for
stochastic delayed Hopfield neural networks with dis-
crete and continuously distributed delay is studied by
means of a variation parameter.

Motivated by the above discussion, the main ob-
jective of this paper is to consider stochastic Cohen—
Grossberg neural networks with time-varying delays

@ Springer

and reaction—diffusion terms. To the best of our knowl-
edge, few authors have considered the stochastic
Cohen—Grossberg neural networks with time-varying
delays and reaction—diffusion terms so far. Different
from the previous approach, by means of Halanay
inequality technique [23], a delay-independent suffi-
cient condition is proposed to ensure the exponential
stability of the equilibrium of the stochastic Cohen—
Grossberg neural networks with time-varying delays
and reaction—diffusion terms. Moreover, sufficient cri-
teria to guarantee the global exponential stability of de-
terministically delayed Cohen—Grossberg neural net-
works with or without reaction—diffusion terms are also
obtained. The results proposed in this paper extend and
improve some previous ones.

2 Model description and preliminaries
In this paper, we consider the stochastic Cohen—
Grossberg neural networks with time-varying delays

and reaction—diffusion terms described by the follow-
ing differential equations

29 ay;
dyitt, 0=y E(D[kay )dt

—a;(yi(t, x)) [bf(yi(f, X))

_Zcijfj()’j(tvx))
=1

- Zdijfj(yj'(f —7;;(t), X)) + Ji:|dt

J=1

+ 3 ot x), yilt—ij(1), x)) dao; (1),

Jj=1
xeQ,

fori =1,2,...,nandt > 0, where y; (¢, x) is the state
of the ith neurons at time ¢ and in space x; f;(y;(f, x))
denotes the activation function of the jth neurons at
time ¢ and in space x; J; denotes the external bias
on the ith neuron; ¢;; and d;; denote the connection
weights; 7;;(¢) denotes the transmission delay along the
axon of the jth neuron from the ith neuron and satis-
fies0 < 7;;(t) < 7; Dix = Dii(t, x, y) > 0 denotes the
diffusion operator; €2 is a bounded compact set with
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smooth boundary 92 and mes2 > 0 in space R"; p:
R" x R" — R"™" i.e., p = (pij)axn is the diffusion
coefficient matrix; w(t) = (w(t), ..., w,(¢))T is an n-
dimensional Brownian motion defined on a complete
probability space (€2, F, P) with a natural filtration
[24] {Fi}izo (e, Fr = o{w(s) : 0 <5 < 1}).

The boundary condition and the initial condition are

i _ (3yi 9y Wi\t _
on ax;” dxy T Ax ’
t>1>0, xe€0%, )

Yilto +5,x) = @i(s, x), —1;;(tp) <s <0,

where ¢(s, x) = {(@1(s, X), ..., @u(s, x)T : =T <5<
0} is C([—7, 0] x R™; R")-valued function and Fy-
measurable R”-valued random variable.

Let pj; =0,i, j =1,2,...,n, then system (2) be-
comes the following deterministic Cohen—Grossberg
neural networks with time-varying delays and
reaction—diffusion terms

dyi(t, x) o 0 dyi
T = Z —(D,’k@> —a;(yi(t, x))

= %

X [bi(yi(tv X)) — Zcijfj(yj(fv X))
j=1

— > diifiit = i), ) + J,},
j=1
x € Q, @

Furthermore, let D; =0G=1,...,n, k=1,
..., m), then system (4) is reduced to the following
Cohen—Grossberg neural networks with time-varying
delays

dy; 1
20— i) [b,- Gr) = 3 i £,

j=1

=Y dij fiyi(t — T () + Ji]. (5)
j=1

In this paper, we make the following assumptions:

(Hy) For each i € {1,2,...,n}, a;(y;) is bounded,
positive, and locally Lipschitz continuous. Fur-
thermore, 0 < «; < a;(y;) < ;.

(H,) Foreachi € {1,2,...,n}, b;(y;) is locally Lip-
schiz continuous and there exists y; > 0 such that
yibi(yi(0)) = yi ().

(H3) The activation function f; is bounded and there
exist constants L ; > 0, such that

| fiu) — fi(u2)] < Ljluy —usl,

j=12,...,n,

for any u;, u, € R.
(Hj4) There are nonnegative constants v;, u; such that

n

trace[ " (x, Y)p(x, M1 < D (vix] + wiy}).

i=1

It should be noted that assumption (H3) guarantees
the existence of an equilibrium point for system (4) by
the well-known Brouwer fixed-point theorem. For the
detailed proof of the existence of the equilibrium, refer
to Proposition 3.1 in Ref. [8]. Let y* = (y}, ..., y)T
be an equilibrium point of system (4). For the stability
of equilibrium of system (2), we furthermore assume
that

(Hs) pij(yF,y5))=0,1,j=1,2,...,n.

Then, system (2) has an equilibrium point y* =
(yf, ..., yHT. By means of a coordinate translation
z; = y; — y7, system (2) is equivalent to

"9 dz;(t)
d jt == o Dl'y dl
7 Z GRY: < e )

k=1

—a;(z(1, X))|:,3i(2i(fa X))

- Zcijgj(zj(tvx))
j=1

=Y dijgi(zi(t — Ti(0), x»}dr
j=1

+ 3 0 it %), yi(t = 1i5(0), X)) daw; (1),
j=1

x e, 6)

where ;(z;(t)) = a;(z:(t) + y{), Bi(zi(1)) = bi(zi(2)
+y7) = bi(y)), (z; (1)) = fi(z;@) + y7) — ;D).
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It follows from Ref. [24] that under the assumptions
(Hy)—(H4), Equation (2) has a global solution fort > 0,
which is denoted as y(z, ¢).

Notation. In this paper, E stands for the math-
ematical expectation operator with respect to the
given probability measure P. For any u(z,x)=
(ur(t, x), us(t, X), ..., uu(t, x))T € R", define

s, Ol = [/ |u,»<r,x)|2dx}2 ,
Q

1

(e, )| = [Z ||u,~(t,x>||§} :
i=1

To prove our main theorem, we need the following
preliminaries.

Definition 1. Letr: R — R be a continuous function,
D™, the upper right Dini derivative of (¢) is defined as

t+ At) —r(t
D*r(t) = limsup ST 20 =@
At—0t At

Definition 2 ([30]). System (2) is said to be exponen-
tially stable in the mean square if there exists a pair of
positive constants A and K such that

Ely(t, to, @)=y*II* < KE|p — y*[|Pe 7,

t>1t (N

for any ¢. In this case

1 .
lim sup — In(E||y(z. t0, ) — y*|1*) < —. ®)

t—oo [

The left-hand side of Equation (8) is called the mean
square Lyapunov exponent of the solution.

In the following, we introduce the Halanay inequal-
ity for a stochastic system which plays an important role
in the proof of the main theorem. The detailed proof of
the Halanay inequality can be found in Ref. [23].

Consider an n-dimensional stochastic functional dif-
ferential equation

dx(t) = f(t,x,)dt + g(t, x,)do(t),

X,U =§.

t = o,

€))
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Here & e szo([to — 17,0, R") and x; = {x(t +0):
—1T < 6 < 0} whichisregarded asa R"-valued stochas-
tic process. Both f and g are functions from R, X
C([—7,0]; R™) to R", satisfying the local Lipschitz
condition and linear growth condition, which guaran-
tee a unique global solution of Equation (9) denoted by

x(t, &).

Lemma 1 ([23]). Let constants o > B > 0. Assume
that there exists a positive, continuous function V (t, x)
satisfying the following inequality

DTE(V (1, x(t))) < —aE(V(t, x(1)))
+B sup E(V (s, x(s))),

s€lt—1,t]

t = fo,

then

EWV (1, x(1)))
= sup EV(s, x(s))exp(=A(r — 1)),

s€lty—1.to]

in which A € (0, « — B] is the unique positive solution
of the following equation:

h=a— BT (10)

3 Main results

In this section, we will employ the Halanay inequality
technique to present a sufficient criterion for the expo-
nential stability of stochastic Cohen—Grossberg neu-
ral networks with time-varying delays and reaction—
diffusion terms defined by Equation (2).

Theorem 1. Under assumptions (H)—(Hs), system
(2) is exponentially stable in the mean square if the
following condition holds

n n
min <2g,-)/i — Z lcijlai L — Z lcjila;L;
1<i<n - ;
== j=1 j=1
n
= ldijlaiL; - Uz‘)
j=1

djila;L; + wi |- 11
>g&>§l(;ljla, +u> an
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Proof: Consider the following Lyapunov function
Vi, 2(t) = / D A wdx = 2@ (12)
2i=1
Applying Ito’s formula [26] to V (¢, z(t)), we obtain
1+
V(t+38,z(t +8)) = V(t,z(t)) = / dv(s,z(s))
t
1+6
= / Vi(s, z(s))ds
t
148 moog 9z
[ v z(s)){ £ (D,»k Z’(s)>
t =1 8xk 8xk

— o (zi(s, x))[ﬂ,-(z,-(s, X)) =Y cijgi(zis, x)
j=1

— Y dijg(z (s — Tij(s), X))} } ds
j=1
t+6
+ f V. (s, 2(8))pij(yi(s, x),

Yils — 7ij(s), X)) dw;(s)

1 t+48
+—/ trace[,o V..(s, z(s)))plds

t+6 9z;(s)
/ /2Zz,<s){ k( o )

—ai(zi(s, x»[ﬁi(zi(s, )= Y cijgi(zs, x)

j=1

— Zd,-jgj(zj(s — 7;5(8), x)):|dx} ds

J=1

1+5 n
[ [ 2w,
t i=1

yi(s = 7ij(s), X)) dx dw;(s)
1+8
+ / f trace(p! p)dx ds. (13)
t Q

From the boundary condition, we get

Z/ Z;— 2= dx
8xk 8xk
az;i\"
:/Z,V-(D,k : ) dx
Q axk k=1

i aZ,‘ 2
_ —Zf D,-k< ) dx., (14)
Q 0xy

in which V = (ai

and
82,‘ " 32,- 82,‘ T
Di =|\Dii—,....Din—) .
Xy, kel 0xq 09Xy

According to the assumptions (H>), (H3), and (Hy), we
have

lgi(z;@)] < Ljlz;(@)l,
z(OIBi(zi(0)] = yilzi ()],

, %)T is the gradient operator,

\ (15)
trace(p” p) < Y (uilzi(OF + wilzit — T O)I).
i=1

Substituting  Equations (14) and (15) into
Equation (13), we have

V(t+8,2(t +8) — V(t, 2(t))

t+4
/ /Zay,z (s, x)dx ds
t+8
+2f /ZZ|‘1/|O‘1L |zi($)||zj(s)|dx ds

i=1 j=

t+8
+2f /ZZ"%'%L 2:(s)1l

i=1 j=

(+8 n
<z = myoldxdst [ [ (Z wlzi(s)P
! i=1

+ Z,U«i|zi(s - ‘Ei_,'(S))|2> dxds

i=1
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t+3 n
+2 / f > zi®)pi (is, x),
t Q=1

X yi(s — 7;j(5), X)) dx dw;(s)

t+6 n
o & ! + / max < djile;Li +Mi>
5/ / Z<—2Q,'Vi+Z|Cij|5liLj ¢ l=izn ; S
4 Q=1 j=1 ‘

X EV (s — 1;;(s), z(s — 7;;(5))) ds.

x EV (s, z(s))ds

n n
+ Z lcjile;Li + Z d;jla: L + vi>
= =

From the definition of the Dini derivative

x |zi($)|?dx ds DTEV(t, z(t))
(+8
EV(it+6,zt+8)—EV(, z(t
+l/ /Z(ZM}:W}L +Mz> zlimsup (¢ +9. 2 +5)) v, = )),
i=1 = §—0*

2
x |zj(s = 7ij())"dx ds and also by the mean value theorem for integrals, we

1+8 n have
+2/ / ZZi(S)Pij(Yi(S,X),
‘ Q=1

DYEV(t, z(t))

1+ . n ) =- 111.11121(20[ Yi — E |clj|al E |C11|a1
= - min | 2e;y; — E lcijlag L
+ 1<i<n =

n
; ; = ldijlaiL; - v,-)EV(r, 2(1))
_Zlcji|djLi - ZldiﬂaiL, i> /=l
j=1 j=1

yi(s — 7ij(s), X)) dx dw;(s)

x V(s, z(s))ds + max <Z ldjila;Li + Mi)
1+ n =
+ / max (Z djla; L + m) X EV(t = 13(1), 2(t — 7;(0))
! == j=1 n n
x V(s — 7;(s), 2(s — 7;(s))) ds == lrglg (Za Yi— Z |Cij|5liL,i_Z lcjiloejLi
1+8 n = =
i / f 2:(5)P1j (i, 1), o
: Q; ! =Y ldijlaiL; — v JEV (2, 2(1))
j=1
Yi(s = Ti;(s), X)) dx dw;(s). (16)

+ max (Z |dj;le;L; —l—,u) sup EV(s, x(s)).
I<i<n selt—1,1]

By Theorem 4.2.8 [27], we obtain E [ [,
D1 2i®)pi (i, X0, yils = Tij(s), ) dx dwj(s) =
0. Therefore, taking expectation on both sides of Equa- By Lemma 1, we get

tion (16), we get EV(,2() < sup EV(s)exp(—i(t — t)),

s€lty—1,1]
EV(t+38,2(t+48)— EV(t, z(1)) t> o,
146 n
< —/t [min (2%% - ; lcijlag L e,
- _ d _ Elly(r) — y*|I?
_Zlcji|ajLi_Zldij|aiLj_Ui> s
j=1 j=1 < sup Elle(s) — y*lI” exp(—A(t — 1)), t > to.

se[—1,0]
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This shows that system (2) is globally exponentially
stable in mean square. U

Remark I. When D;, =0,(i=1,...,n,k=1i,...,
m), system (2) is reduced to the following stochastic
Cohen—Grossberg neural networks:

dyi(t, x) = — ai(yi(t, x))[b,-(y,-a, X))
— Y i fi( )
j=1

— > diifiyit - rl-,-<z>,x)>+f,-]dt

j=1
+ Zpij(yi(ts Xx),
=1

Vit —1;;(t), x)) dw;(t),
xe, i=1,...,n. (17
This model has been studied in Ref. [28] and it is seen
that Corollary 1 in Ref. [28] is adirect result of Theorem

1, which shows that the reaction—diffusion term has no
influence on the stability for system (2).

In the following, we give two corollaries for the de-
terministic Cohen—Grossberg neural network with and
without the reaction—diffusion term, respectively.

Corollary 1. Under assumptions (Hy)—(H3), system
(4) is globally exponentially stable if the following con-
dition holds:

n n
lféliiéln <2%Vi - 21 lcijla; L; — 21 [cjilajL;
J= J=

n n
_Z|d,-j|&,-Lj) > max <Z|dﬁ|a,L,->. (18)
J=1 -0 N j=1

Corollary 2. Under assumptions (Hy)—(H3), system
(5) is globally exponentially stable if the following con-
dition holds:

in | 2e; iL;
ggﬂ(g,y, Dcum, Dc,,m
n n
— Y |dijla;L; djila;L; ). (19
; jla ,>>111<1?<>§1<Z|,|0!] ) (19)

Jj=1

Remark 2. InRef. [13], if we letr = 2, then Corollary
4 is the same result as Corollary 2 in our paper.

Remark 3. It is noted that in Ref. [22], the stochastic
perturbation term is independent of time delays. How-
ever, in practice, the stochastic perturbation is unavoid-
ably influenced by time delays. Therefore, our results
are more general.

4 An example

An example is presented here in order to illustrate the
correctness of our main result.

Consider the following stochastic Cohen—Grossberg
neural networks with time-varying delays and
reaction—diffusion terms

LI 3
dy(t,x) = Z 3—)61(<le8—§:/1() dt
—a(yi(t, x)) |:b1(y1(t» X))

2
_chjfj(Yj(tax))

J=1

2
=Y diifi(i =70, ) + Jl}dt

j=1

2
+Zp1j(}’1(fax),

Jj=1
it = 71;(1), X)) dw;(t),

2

9

— Dy ) ar
Za <2k8xk>

k=1

dy,(t,x) =
—ax(y2(t, x)) [bz(yz(t, X))

2
- Z €2; fi(yj(t, x))

j=1

2
=Y dy fi(i(t = Tj(0), X)) + Jz}df

Jj=1
2

+ Z P2 (y2(2, x),
=

Ya(t—=12;(1), X)) dw;(t),
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where a;(yi (1)) = 2 + sin(y; (1)), f;(y;) = 0.5(]y; + 1
| —1ly; — 1D, 7ij(®) = |cost|, i, j = 1,2.b1(y1(?)) =
Sy1(2), ba(y2(1)) = 6y2(1), c11 = 0.2, c12 = ¢21 = 0.5,
Cypp = —0.6, dl] = —0.02, d12 = —0.05, dz] = 006,
dy = 0.8.

Obviously, we have o; =1,@; =3,L; =1,y =
5,,=06,i,j=1,2.

Moreover, o: R?2 x R? — R?*2 satisfies

trace[p (x, y)p(x, y)] < x12+0.1x§ + 0.5y12+0.15y§.

Therefore, we obtain
n n
1111212 (2%%‘ - E lcijlo L — E lcjila;L;
1
== =1 =1

n
= ldijlaiL; - vi) =2.72,

j=1
dilaiL; +ui ) =217
{2?;‘2<;'J'“1 +u>

From Theorem 1, we know the neural networks are
exponentially stable in mean square.

5 Conclusions

This paper is concerned with the exponential stability
of stochastic Cohen—Grossberg neural networks with
time-varying delays and reaction—diffusion terms. Dif-
ferent from the approaches employed in the previous
literatures, the Halanay inequality technique in combi-
nation with Lyapunov method is exploited to establish a
sufficient condition for the exponential stability of these
networks. The results obtained in this paper are delay-
independent, which implies that strong self-regulation
is dominant in the networks. In addition, the methods
used in this paper are also applicable to other neural
networks, such as stochastic Hopfield neural networks
with time-varying delays and reaction—diffusion terms,
stochastic bidirectional associative memory (BAM)
neural networks with or without time-varying delays
and reaction—diffusion terms, etc.
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